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THREE-TERM ASYMPTOTIC FORMULA FOR LARGE
EIGENVALUES OF THE TWO-PHOTON QUANTUM RABI MODEL

ANNE BOUTET DE MONVEL! AND LECH ZIELINSKI?

ABsTrRACT. We prove that the spectrum of the two-photon quantum Rabi Hamilton-

ian consists of two eigenvalue sequences (E,J,Q)fno:o, (Em)S0_ satisfying a three-term

asymptotic formula with the remainder estimate O(m~!Inm) when m tends to
infinity. By analogy to the one-photon quantum Rabi model, the leading three terms
of this asymptotic formula, describe a generalized rotating-wave approximation for
large eigenvalues of the two-photon quantum Rabi model.

Keywords: unbounded self-adjoint operators, discrete spectrum, asymptotic distribution of
eigenvalues, quantum Rabi model

Mathematics Subject Classification: 47A75, 81Q10, 47B25, 47B36.

1. GENERAL PRESENTATION OF THE PAPER

1.1. Introduction. The simplest interaction between a two-level atom and a classical
light field is described by the semi-classical Rabi model [22], [23]. The quantum Rabi
model (QRM) couples a two-level system (TLS) with a quantized single-mode radiation
and is considered as a particularly important model in quantum electrodynamics: we
refer to [8] concerning the historical aspects of the QRM and to [21] for a list of recent
research works and experimental realizations of the QRM.

The simplest QRM is defined by the one-photon Hamiltonian Hg;bi given in Definition

1.2(c). The operator Hgﬁbi is a self-adjoint operator depending on two real parameters:
g (the coupling constant) and A (the energy separation in the TLS). Its spectrum
is discrete and the fundamental question is how to find a good approximation of the
corresponding eigenvalues.

The first step in this direction, is the rotating-wave approzimation (RWA) introduced
in the famous paper of Jaynes and Cummings [20]. However, the RWA is a correct

approximation only when ¢ is close to 0 and A close to 1 for Hg;bi given in Definition
1.2(c). The most popular idea of going beyond the limitations of RWA, bears the name
of the generalized rotating-wave approzimation (GRWA) after Irish [18]. The same idea
was considered before by Feranchuk, Komarov, Ulyanenkov [13], under the name of
the zeroth order approximation of the operator method (see [14]). According to the

o0
m=

GRWA, the spectrum of Hg;bi is composed of two eigenvalue sequences: (E)
(E;)_, satisfying B ~ ﬁGRWA and the formula (25) in [13] claims that

m=0>

o and
EﬁGRwA ~m—g*Et, asm — oo
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holds with
- écos(élg\/ﬁ -

= Jang i . (1.1)

In [3]-[4] we proved that if v, is given by (1.1) and € > 0, then one has
E,jg:m—gQitm—i-O(m_%ﬁ) as m — 0o (1.2)

and

Eni%GRWA :m—gQ:I:tm—&—O(m_%) as m — 0o (1.3)
Thus (1.2)-(1.3) allow one to estimate the quality of GRWA for large eigenvalues of the
one-photon QRM. In this paper we will prove a similar result for the two-photon QRM
defined by the Hamiltonian H%bi given in Definition 1.2(d).

We remark that the two-photon QRM was used in [15] to describe a two-level atom
interacting with squeezed light and we refer to [9] for the overview of works concerning
the two-photon quantum Rabi model (see also [21]). In what follows, we always assume
that the coupling constant satisfies the condition 0 < g < 1/2. This hypothesis implies
that Hg;bi is self adjoint and has a discrete spectrum. In [6] we proved that the
spectrum of ngbi is composed of two eigenvalue sequences: (E;L)%_, and (E,,)%_,
satisfying

1 1
Ei:<m+§)\/1—4g2—§+0(m71/3) as m — 0o (1.4)
In this paper we will prove the three-term asymptotic formula
1 1
Effl:<m+§>\/1—492—izlztm—i—O(m*llnm) as m — oo (1.5)

where t,, is given by (1.20). By analogy to (1.2)-(1.3), the expression

e
can be viewed as a GRWA for large eigenvalues of the two-photon QRM.
1.2. Quantum Rabi Model.
Notation 1.1. (a) In what follows, Z is the set of integers and N := {n € Z : n > 0}.

(b) We denote by ¢?(N) the complex Hilbert space of square-summable sequences
z : N — C equipped with the scalar product

oo

(T, 9) ey = Z z(m)y(m) (1.6)

m=0

and the norm ||z ||z ) := (x,x)éZ/(QN). For s > 0 we denote

25(N) = {z € (}(N) : 3 (1+m?)* [z(m)|? < oo} (1.7)

m=0
(c) The canonical basis of £2(N) is denoted {e, }nen (i-e. €n(m) = &, for n, m € N).
(

) The annihilation and creation operators, @ and @', are the linear maps 0212 (N) —

d
(2(N) satisfying

ale, =vn+1le,y forneN (1.8)

aeg=0 and de, =+ne,_1 forne N\ {0}. (1.9)
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(e) Using (1,0) € C? and (0,1) € C? as the canonical basis of the Euclidean space C?,
we denote by o, 0., I, the linear operators in C? defined by the matrices

T N

Definition 1.2. (a) The two-level system (TLS) Hamiltonian is the linear map in C?
defined by the matrix

1/A 0 1
Hris = 3 (0 _A> = §Aaz (1.11)

where A is a real parameter.

(b) The Hamiltonian of the single-mode radiation is the linear map H,.q : £>1(N) —
(2(N) defined by the formula

H,pqen = atae, = ne, for n € N. (1.12)

(c) The one-photon quantum Rabi Hamiltonian is defined as the linear map Hgibi :
C? ® (*1(N) — C? ® (?(N) given by
H{)\ = L ® Hug + Hrrs © Ipy + 90, ® (a+al), (1.13)
where g > 0 is the coupling constant.
(d) The two-photon quantum Rabi Hamiltonian is defined as the linear map Hggbi :
C? ® (*1(N) — C? ® ?(N) given by
HY) . = Ir ® Hyad + Hros © Ly + 9o, ® (a2 + (a1)?), (1.14)
where g > 0 is the coupling constant.

1.3. Main result. In what follows, we assume 0 < g < 1/2 and introduce

Bi=+/1—-4g2, (1.15)

1-2
a := arctan | 4/ 9. (1.16)
1+ 2¢g

Let H(()Qgiabi denote the operator given by (1.14) with A =0, i.e.

H) i = Io ® Hyad + 9o, © (6% + (a1)?). (1.17)

If 0 < g < 1/2, then the spectrum of Hé%abi is explicitly known (see [11], [12]): it is
composed of the sequence of eigenvalues

ES =mB+(B—-1)/2, m=0,1,2,... (1.18)
and each eigenvalue EY, is of multiplicity 2. Thus 0 < g < 1/2 ensures the fact that
Hé%abi is self-adjoint and has compact resolvent. Since Hggbi — Hffl){abi is bounded, the

operator Hgbi is self-adjoint and has compact resolvent if 0 < g < 1/2. The explicit

values of eigenvalues of H%bi are not known when A # 0, but we can describe their

asymptotic behaviour. Our main result is the following
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Theorem 1.3. Assume that 0 < g < 1/2. Then one can find {v} }men U {v;, }men, an
orthonormal basis of C*> @ (*(N), such that

HY vk = EXol, m=0,1,2,...
and the eigenvalue sequences (E))men, (B )men, satisfy the large m estimates
Ef=mB+(B—1)/2+1t, +O0(m tInm) (1.19)

with t,, given by the formula

A B . .
2\ 7gm cos((2m + 1)) if m is even

Uy = (1.20)

A B o
2\ 7gm sin((2m + 1)a) if m is odd,

where 8 is given by (1.15) and « is given by (1.16).

Remarks. (a) One has EX — E9 = O(m~"'/?) in spite of the fact that Hg;bi - Hé%abi
is not compact. A similar fact was established in [30] for the one-photon Rabi model.
(b) Following [25], one can prove that the spectrum of Hga)bi is not discrete if g > 1.
1.4. Overview of earlier results. The distribution of large eigenvalues of the QRM
has been a subject of many numerical investigations. Concerning the earliest physical
considerations, we refer to Schmutz [26]. It is well known (see e.g [28]) that the one-
photon quantum Rabi Hamiltonian can be expressed as a direct sum of two Jacobi
operators, i.e. operators defined by infinite tridiagonal matrices. Similarly, the two-
photon quantum Rabi Hamiltonian can be expressed as a direct sum of four Jacobi
operators (see [6]). A mathematical study of large eigenvalues of Jacobi matrices was
initiated by J. Janas and S. Naboko in the paper [19], which contains fundamental ideas
of the method of approximate diagonalizations.

The question of the behaviour of large eigenvalues of Hgibi, was first posed by E. A.
Tur [28]-[29] and it was considered by A. Boutet de Monvel, S. Naboko and L. O. Silva
in [1]-[2]. Due to the difficulty of the problem, the authors give a solution for a simpler
class of operators ("modified Jaynes-Cummings models"). The two-term asymptotic
formula for large eigenvalues of the one-photon quantum Rabi model, was proved by E.
A. (Tur) Yanovich in [30] (see also [29]). The three-term asymptotic formula (1.2) was
proved in [3]-[4]. We remark that the formula (1.2) allows one to recover the values of
parameters g and A from the spectrum (see [5]). The two-term asymptotic formula
(1.4) for large eigenvalues of the two-photon quantum Rabi model, was proved in [6].
The result of Theorem 1.3 and the main ideas of its proof were described in [7]. The
same result was also described in [17].

1.5. Organization of the paper. Our approach is based on an analysis of operators
acting in ¢?(Z). These operators are introduced in Section 2.1 and the corresponding
three-term asymptotic formula is given in Theorem 2.3. In Theorem 2.3(a) we consider
the operators jg, which are special case of operators considered by Edward [10]. In
Section 2.2 we describe explicit expressions of their eigenvalues and eigenvectors by
means of the discrete Fourier transform. In Theorem 2.3(b) we consider the operators
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J:‘j , which are viewed as perturbations of jg In Section 3 we show that the assertion
of Theorem 2.3(b) follows from a GRWA result given in Proposition 3.1. The proof
of Proposition 3.1 begins in Section 4 and is completed in Section 5. In Section 6 we
show how to deduce Theorem 1.3 from Theorem 2.3(b). More precisely, we follow the
following scheme:

- we prove Proposition 3.1, using Lemma 4.3 and Kato-Temple estimate (Theorem 5.2)

- we prove Theorem 2.3, using Lemma 2.6, Proposition 3.1 and an asymptotic formula
from [6]

- we prove Theorem 1.3, using Theorem 2.3, Lemma 6.2 and Lemma 6.3.

2. AN AUXILIARY PROBLEM IN ¢?(Z)
2.1. Behaviour of large eigenvalues for auxiliary operators j,‘; .

Notation 2.1. (a) We denote by B(V) the algebra of bounded operators on the Banach
space V and || - [|p(y) is the corresponding operator norm.

(b) We denote by ¢*(Z) the complex Hilbert space of square-summable sequences
x : Z — C equipped with the scalar product

(@, y)ez) = Y a(k)y(k) (2.1)
k€EZ
and the norm ||z|p2z) = (z, x)%fz). For s > 0 we denote
0?5(Z) == {z € *(Z) : ||z||p2e(z) < 00}
where
2\s 2 1/2
el == (3 (1+ k) e(B)I?) (2:2)

kEZ

(c) The canonical basis of £*(Z) is denoted {¢;};cz (i.e. €;(k) = d; for j, k € Z) and
(%2 (Z) denotes the set of finite linear combinations of vectors belonging to {€;};jez.

(d) If (d;)jez is real valued, then D := diag(d;),cz is the self-adjoint operator in £3(Z)
satisfying
Dé; =djé; for every j € Z.

We denote

A = diag(j)jez. (2.3)
(e) We denote by S the shift defined in ¢?(Z) by the formula (Sx)(j) = z(j — 1).
Definition 2.2. In what follows, v, § and g are fixed real numbers.
(a) We define jg as the linear map ¢*1(Z) — ¢*(Z) given by

J9=A+g(S(A+7)+(A+7)S™") =A+g(S(A+7) + he.) (2.4)

(b) We define J° as the linear map ¢2(Z) — 3(Z) given by the formula

JS = J) + Ds, (2.5)

where

Ds := diag(d(—1)?) ez (2.6)
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Using the above definition, we find that the action of jg can be represented by the
following tridiagonal, Z x Z matrix

246  g(-2+7) 0 0 0
9(=2+v) -1-6 g(-1+7) 0 0
0 g(=1+7) § g 0

0 0 97 1-6  g(1+7)

0 0 0 g(1+7) 2494

whose diagonal entries {ds(j)}jez are given by

ds(j) = j +6(=1), (2.7)
off-diagonal entries {B'y (4)}jez are given by
by(j) = 9(i +7) (2:8)

and jgéj = cl;(j)éj + l;v(j)éjﬂ + Ey(j —1)é;_; for every j € Z.

Theorem 2.3. Let jg be given by (2.4) and jg by (2.5)-(2.6). If 0 < g < 1/2 then

(a) the spectrum of j,? is composed of a non-decreasing sequence of eigenvalues {d. ; }jez
of the form

dg =i+ (13 )(B-1), (29)

where (3 is given by (1.15).
(b) the spectrum of J,‘Ys is composed of a non-decreasing sequence of eigenvalues {/\j(J,‘j)}jez
which can be labeled so that

Ni( L) =dy; +15(j) + O Inj) as j — oo (2.10)
where d ; is given by (2.9),
5 B \1/2 L
=6|— 4 0 2.11
G0 =0 (g7,5)  cosda +0,). (2.11)
B is given by (1.15), « by (1.16) and
- 1 s
0, = ('y— 5)(4a—7r)+1. (2.12)
Proof. (a) This result was proved in [10]. We describe a simplified proof in Section 2.2.
(b) See Section 3.2. O

2.2. Diagonalization of j,? In what follows, T := R/27Z is identified with | —, 7] and
L2(T) denotes the Hilbert space of Lebesgue square integrable functions | — m, 7] — C
equipped with the scalar product

™

7@ g0) Y

o (2.13)

(f,9)r2(T) =

—T

and the norm ||fl|2(my = (f, f>i42(T). We let Fr denote the isometric isomorphism
L%(T) — ¢*(Z) given by
T g dO
0 —ijo
F@ye

—T

(Frf)(d) = (2.14)
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and consider the operator
~ d : d
0. —1 70 . i0 .
Lo = Fp JyFr = 1d0+g(e ( 1d9—|—'y)+ h.c.)

Similarly as in [10] and [6], we observe that the assumption 0 < g < 1/2 ensures the
fact that LQ/ is the first order linear elliptic differential operator,

Lg = % < (1 + 2gcos(f)) ( - 1%) + h.c. > + (27 — 1)g cos(0)

and we introduce

0 ’
pdé
d(0) := —_—. 2.15
() /0 1+ 2gcos(6") (2.15)
An easy calculation allows one to express the right-hand side of (2.15),
1—2g 0 .
®(0) = 2arctan ( 152 tan (2)> it —m<f<m. (2.16)

Moreover ®(7) = 7 and ® is odd, i.e. (—0) = —P(d). Using the change of variable
n = ®(f), we can define the unitary operator acting in L?(T) according to the formula

(Ua f)(8) = @'(6)"/2f(2(6)) (2.17)
and the direct computation (see [6]) gives
Uy L0 = 5 (i + 1)) (2.18)
with
02() = 712 — Dgos(~1(n)). (2.19)
In the following, ¢, is given by (2.19) and
i) = [ o) a (220)
We claim that )
L(00) = (v 5)0-57'2(0)). (2:21)
Indeed,
T (@@en) =g e - BN B
2v—1

1 1 —15/
2 (1_1+29c0s(9)):(7_§>(1_5 ®(6))
implies G,(®(0)) = (v — 3)(0 — B7'®(6)) + Cy and Cy = 0 holds due to ®(0) = 0 and

37(2(0)) = ¢,(0) =
Using ®(+7) = 7 in (2.21), we compute

() = O BETD (D g (222

and remark that n — (¢,)n — ¢y(n) is a smooth 27-periodic function. Then we define
(fq,.j)jez to be the orthonormal basis in L?(T) given by

fari(m) = €7 el({ay)n—dy(m)) (2.23)
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and (see [7], [10]), for every j € Z, we get

. d
B <_1d77 + qv) Jarg = dyifar > (2.24)
where dy ; = B(j + (¢y)) = B + (v —1/2)(8 — 1) is given (2.9). Combining (2.24) with
(2.18), we obtain
Corollary 2.4. Let {fﬁj}jez be the orthonormal basis of L2(T) given by

f()’j(g) — (U@quj)(ﬁ) — (1)/(9)1/2eij<1>(0) o1 (a7)2(0) =3, (2(9))) (2.25)

i,
Then

LYfY =dy sy, (2.26)
holds with d., ; given (2.9).

It is clear that the assertion of Theorem 2.3(a) follows from Corollary 2.4. Indeed,
using (2.26) and J) = ]-'qug]:fl, we get

jf{)ugd» = d%jug’j with u&j = fqyfﬂ?’j. (2.27)
2.3. An auxiliary estimate.
Notation 2.5. (a) For f € L%(T) we write T f := f o 7 with 7, : T — T given by
Tn(0 +27Z) :== 0 + 7 + 27Z (2.28)

(b) For j, n € Z, we denote

VI(Gm) = 0(£0 5 Tafyndnaer). (2:29)
where fﬁj is given by (2.25).
Lemma 2.6. Let ¢ > 0 be small enough. Then there exists C > 0 such that

sup  [VO(n+k,n)| < Cln| /2 (2.30)
{kez: |k|<elnl}

holds for every n € Z\ {0}.
Proof. Let us assume that n # 0. By definition (2.25), Wo’n = e¢"®p, holds with
py(0) := ei<qv>¢(9)fiq~w(¢(9))51/2(1 + 2g cos 9)71/2 (2.31)

and we can express

T ——df
Vi(nt k) =3 [ O p(0) (Topy)(6) o (2.32)
with "
V=0 -T2+ —2. (2.33)
n
Denote ¥ := & — T, ®. Then
v'() b b =0 & cosf =0, (2.34)

T 1+ 2gcos 1 —2gcosf
i.e. ¥ has two critical points: —% and 7. Since

" _ 298 290 B
v) = <(1 + 2g cos 6)? * (1 —2gcos 9)2> sinf, (2:35)
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we obtain ¥ (£7) = +4g8 # 0 and choosing ¢y > 0 small enough we can ensure
[9"(0)| > co for 0 € I, == [—F —co,—F + co] U[5 — co, § + col-

However ¥,, , = ¥ + £& and denoting Cy = sup |®”| we can estimate

k

¥ (0) > [9(6)] - Co |+
and L

Co Co
Due to van der Corput Lemma (see Lemma 7.1(b)), there exists C' > 0 such that

in®, 1.(0) gy 40 —1/2
kO (0) Ty (0) 0 | < Clnf =2 (2.37)
Ty ™

Moreover

cp = inf{|¥(0)|: 0 € [-m, 7]\ Ze,} >0
and denoting C; = sup |®’| we can estimate

k
(W, 1 (0)] > [9(0)] - C1 ok
hence
Moo v 0> toroe-ma\T (2.38)
1l S 20, ok 2 - fo 7, 7]\ Zey - .

Due to the non-stationary phase estimate (see Lemma 7.1(a)), there exists a constant
C’" > 0 such that

; e df _
| [ 0T @) 5| < Ol (2.39)
[77"771']\1-00 ™
Combining (2.37), (2.39) and (2.32), we complete the proof. O

3. THE GRWA APPROCH

3.1. Statement of the result. The idea of GRWA consists in using the diagonal
entries of a perturbation as the first correction for eigenvalues of a perturbed diagonal

matrix (see [18] and [14]). Our proof of Theorem 2.3 is based on the following variant
of the GRWA :

Proposition 3.1. Let us firt fo €R, >0, C >0 and ¢ > 0. Let J : >N (Z) — 12(7)
be given by the formula

J=BA+By+V, (3.1)
where A = diag(j)jez and V is a bounded self-adjoint operator in (*(Z) satisfying
sup  [(Enri Ver) ) < Cln|™1/2 (3.2)

{keZ: [k|<éln|}

for every n € Z\ {0}. Assume that the spectrum of J is composed of a non-decreasing
sequence of eigenvalues {\;(J)};jez such that

Ai(J)=3jB+ Bo+o0(1) as j = oco. (3.3)
Then one has

AJ(J) == ],B + [30 + <éj7Véj>€2(Z) + O(j71 111]) asj — 00 (34)
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Proof. See Section 5. O

3.2. Proof of Theorem 2.3(b). In what follows, we describe how to deduce the
assertion of Theorem 2.3(b) from Proposition 3.1. We begin by introducing U, the
unitary operator in ¢2(Z) satistying U,é&; = ud ;, where {é;} ez is the canonical basis
of (?(Z) and {ug’j }jez is the basis introduced in (2.27). We claim that the hypotheses

of Proposition 3.1 are satisfied if

J=U'J0,, (3.5)
where Jg is as in Definition 2.2. Indeed, if 3 is given by (1.15) and
1
bo=(v=3)B-1), (3.6)
then U;1JSU, = BA + By + V2 holds with
Ve =U;'DsU,, (3.7)
where Ds = diag(d(—1)7) ez (see (2.6)). Therefore
(&1, VOer)2zy = (u) ., Dsul )er(zy = (f Fp ' Ds Frf) rzm), (3.8)
where we used u] N =Fr fjo,,Y and the isometry Fr. Since .FT DsFr = 6T, holds with
T, as in Notation 2.5, (3.8) gives
(€1, VOer) ey = V(5 k) (3.9)

with V2(-,-) expressed by (2.29) and due to Lemma 2.6, the estimate (3.2) holds if
V= V,f is given by (3.7). Moreover, the result of [6, Proposition 5.1] ensures the fact
that the spectrum of jﬁf is composed of the non-decreasing sequence of eigenvalues
{)\j(jg)}jez, which can be labeled so that one has the estimate

() =3B+ Bo+ 0@ %) as j — o0, (3.10)

e. (3.3) holds if J is given by (3.5). Thus all the hypotheses of Proposition 3.1 hold and
choosmg {2 (. )}gez to be the sequence of eigenvalues of J‘S such that A; (J‘S) A (J)
for every j € Z we obtain

Ai(0) = B+ Bo+ (€5, VY )ez(zy + O~ Inj) when j — oo (3.11)
due to (3.4). The assertion of Theorem 2.3(b) follows from (3.11) and
<6J,V €j)e2z) =t ( )+ O(57 ") when j — oo. (3.12)

where tg is given by (2.11)-(2.12). The proof of (3.12) is given in Section 3.3.

3.3. Proof of (3.12). Due to (2.32),

T dé
Vi(n,n) =4 " On, ()=

1
ol 27T7 (3 3)

where ¥ := & — T, ® and h(0) = p,(0) (Txp~)(0) with p,, given by (2.31). Since &7 are
non-degenerated critical points of ¥ (see (2.34), (2.35))), the stationary phase formula
gives

V7T/2 in¥(vr/2)+ivnr /4

=94
(n.m) Vzﬂ £\ 2mn| U (v /2)]

O(n™). (3.14)
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Since @ is odd, we get
U(+7/2) = ®(£7/2) — O(Fr/2) = 20(£7/2) = £2P(7/2) = +4a (3.15)
where (2.16) was used to write ®(7/2) = 2a with « given by (1.16). By definition
(2.31), one has p,(7/2) = \/Bel% with
6y = (4,)@(m/2) — 4,(®(m/2)) (3.16)

and ¢y o ® is odd, hence p,(—7/2) = \/Be_i(;W and hy(7/2) = ﬁeméﬁ. Moreover, one
has h(—m/2) = h,(7/2), hence

hey(£7/2) = Bt (3.17)

and we get two conjugated terms corresponding to ¥ = +1 in (3.14). Therefore, using
(3.17), (3.15) and |¥"(£7/2)| = 495 in (3.14), we get

2Re (5621(5w ei4na+iﬂ'/4)
Vo =9 On™*
_s VB cos(4na + 20., + 7 /4) + oMY,
2mng

To complete the proof of (3.12), it remains to check that 6., := 26, + 7/4 is given by
(2.12). However, (2.22) gives

(a)2(n/2) = (v~ 3 ) (®(x/2) — 57 (x/2)), (318)
(2.21) gives
~,(@(/2) = (7~ 5) (57 ®(x/2) — 7/2), (319)
and summing up (3 18), (3.19), we find that (3.16) gives
('y - f) (1/2) — 7/2) = (7 - 5) (2a — 7/2) (3.20)

and HA,Y =20, 4T T =(y—1)(4a—m)+ T as claimed in (2.12).

4. AUXILIARY OPERATORS (),

4.1. Definition of @,. Our aim is to introduce a sequence of auxiliary self-adjoint
operators {Qy }nen+ which will be used in Section 5 to estimate A, (J) thanks to an
analysis of the operator
J! = e7i@n Jel@n, (4.1)
Definition 4.1. Let V be a self-adjoint bounded operator in £2(Z) and denote
V(j, k) = (VEr)(j) = (€j, Vér)(z) for (j,k) € Z°.
For n € N* define (Qn(j, k))(j,k)ezz by

17‘/(]',71) n j nd k =
B(jfn)Whe j#nand k=n
liﬂ(n—k) when j =n and k #n

0 otherwise
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Then

Qn(j, k) #0 = (either (j #n and k =n) or (j =n and k # n)) (4.3)
and the relation

(Qnér)(§) = (&, Quér)ezzy = Qn(j, k) for (j, k) € Z*
defines in ¢*(Z) a self—adjoint Hilbert-Schmidt operator @, due to
2 . 2
Z |Qn (4, k Z V(j,n @HV%H%(Z) < @HVH%(@(Z))
(4,k)ez? JEZ

Notation 4.2. If n € Z then II,, € B((2(Z)) (respectively II,, € B(£2(Z))) denotes the
orthogonal projection on Cé,, (respectively on (Cé,)"), i.e.

ﬁnm = (€n, T)2(2)€n = v(n)é, and ﬁn =1 — ﬁn

4.2. Properties of Q,,. We observe that (4.3) implies
,Q,0, = 0 = 11,Q,I1, (4.4)

and N R R N
Qn = 11, Q11 + 11,Q,11,. (4.5)
More properties of @,, are given in

Lemma 4.3. Assume that V' satisfies the assumption of Proposition 3.1, i.e. V is a
bounded self-adjoint operator in (*(Z) satisfying

i =nl <éln| = [V(j,n)| < Cln|~2, (4.6)
where C, ¢ > 0 are independent of n. Let Q,, € B(¢*(Z)) be as in Definition 4.1. Then

(a) one has large n estimate

|QullBe2 (2 = O(n™1/?) (4.7)
(b) €>Y(Z) is an invariant subspace of Q,, and for every x € (*>1(Z),
iB[Qn, Alx = iB(QnA — AQp)x = Vyx (4.8)
holds with L o
V, =11, VII,, + I, VIL,. (4.9)

(c) (*Y(Z) is an invariant subspace of %" and t — e'*@nx is of class C>(R; (>1(Z))
if x € (21(Z).

Proof. (a) By definition of @,

. V()
||Qnen”/%2(z) = Z ‘Qn J,n Z ( )2 <pT ( +~/\/l/n)
JEZ\{n} JEZ\{n}
holds with
V(j,n)|? C?n! .
Mn = = o S =Cin
o Z; (G —-n)? Z m2 1
{j€Z: 0<|j—n|<én} meZ\{0}
due to (4.6) and
. . =12
V(5. n)[? VP _ IVenlleg) »
M, = Z Y SZ 22—z SO
{EZ: |j—n|>én} (G —n) ez ¢ cmn
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This shows that ||Qnﬁn\|3(zz(z)) = O(n~1/?). Moreover, due to (4.5),

QL 502 (2)) = T @nILnl52@)) < [TMnQulls2@) = [|QnIlnlls2 2y
is O(n=1/2), which completes the proof of (4.7).
(b) Let V;, be given by (4.9). Then one has

V(j,n) when j #n and k =n
V(g k) == (Vier)(d) = (€5, Valk)ezz) = { V(n,k) when j =n and k #n  (4.10)
0 otherwise

and combining (4.10) with (4.2) we obtain

i8(j — K)Qn(j, k) = —Vy(j, k) for every j, k € Z. (4.11)
However, (4.11) implies
iB(5 + 3)(Qnér)(j) = 1B(Qn(k + )& ) (7) — (Vaér)(5) (4.12)
and ensures Q,,é; € £2(Z). Moreover, (4.12) ensures the equality
BN+ HQuz = 18Qu (A + D)o — Vo (4.13)
for x € (2 (Z). If y € (2, (Z), then using (4.13) with x = (A + 1)1y, we obtain
BA+3)Qu(A+3) 'y =18QLy (4.14)
with Q!, € B({*(Z)) given by
Q= Qn— (1) Va(A+5) 7 (4.15)
Due to (4.14), for every y € (3 (Z) one has
iBQn(A+3)ly =18(A+ 3) 7' QLY (4.16)

and by continuity, (4.16) holds for every y € ¢*(Z). Consider now x € ¢*>1(Z) and take
y = (A+ )z in (4.16). This gives
iBQuz =1B(A+3)7' QL (A + )z € 71(Z) (4.17)

and

iB(A+ 3)Qur = 18Q, (A + §)z = iBQu(A + 3)z — Vo, (4.18)
implying (4.8) for every z € (*1(Z).
(c) We first observe that (4.16) holds for every y € ¢*(Z) and implies (4.14) for every
y € (*(Z). Since (4.14) implies (Q,)™y = (A + 1)(Qn)™(A + )"ty for every m € N
and y € (%(Z), we have

N nm
itQ, 1N—1,, _ 1 (it) m 1y—1,, _
(At g) Ty = lim E_ (@) (A + )y =
-~ (i)
— 1 ) IN—=1/ \m,, _ 1\—1,itQ7, 2,1
_NIE%OZ:IO m (A+2) (@) y—(A+2) e y € l5(2)

if y € (*(Z) and setting © = (A + 1)'y, we find that t — (A + 3)e"@nz = elt@ny is
C>(R; £2(Z)) for every x € (*1(Z). O
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5. PROOF OF PROPOSITION 3.1

5.1. Taylor’s expansion formula. We will investigate J! = e~'@» Je!@" using a
special version of the Taylor’s expansion formula. Assume that B and Q € B((*(Z))
and denote

Fio(B) := e @ Bel'Q for t € R, (5.1)
adig(B) = [B,iQ] = i(BQ — QB)
and
adi;™ (B) := [adigy(B),1Q)] for m € N*.
Then
am : ,
I Fra(B) = e adip(B) e'? = Fig(adiy(B)) (5.2)
and the Taylor formula gives
N-1 $m
m t,N
Fio(B) =B+ Zl —adig(B) + R (B) (5.3)
with
N tN ! N N-1
N(p).— F o(B) (1 —s)V"1ds. 4
RE(B) = gy || Pua(adiy() (1= 9" ds (5.4)

We can also consider the case when B is an unbounded symmetric operator in ¢2(Z),
defined on a dense domain D(B). Suppose that D(B) is an invariant subspace for @
and €@ for every t € R. If t — Be''Qux is C1(R, (2(Z)) for every x € D(B), then

d . . . . . .

&@MQ% Be'®y) 22y = (Be"?x,iQe" %) 2z + (iQe“x, Be''y) 2z
holds for every z, y € D(B). If the form (z,y) — (Bz,iQy) ¢ (z) + (iQx, BY)e2(z) can be
extended from D(B) x D(B) to a bounded form on ¢2(Z) x ¢?(Z), then we can introduce
[B,iQ] € B(¢*(Z)) defined by this form and we can write

d i A .
G Fia(B) = <79 [B.iQ]e"? = Fig(1B,iQ)),
hence (5.3)-(5.4) still hold for every N € N*.

5.2. Step 1 of the proof of Proposition 3.1.

Notation 5.1. If L,, L] are linear maps defined on a dense subspace of the Banach
space V and L, — L;, can be extended to a bounded operator on V, then ||L,, — L;,||5(v)
denotes the norm of this extension and the notation L, = L), + O(n,) means that
choosing ng € N and C' > 0 large enough, we ensure ||L, — L ||py < Cny, for all
n >ng. If z,, 2/, € V, then we write z,, = y,, + O(n,,) if and only if we can find C' > 0,
ng € N, such that ||z, — 2} ||y < Cn, holds for all n > nyg.

In what follows, V satisfies the hypotheses of Proposition 3.1 and without any loss
of generality we assume 5y =0, i.e. J = SA+ V. We consider

J, = e 1@ (BA + V)elOn (5.5)
and claim the large n estimate

I =PBA+V =V, + [V = 1V,,iQu] + O(n™), (5.6)
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where V,, = ﬁnVﬁn + ﬁnVﬁn is given by (4.9).
We first use (5.3)-(5.4) with N = 2 and write

e @V = V 4 [V,iQu] + R (V), (5.7)
IRG2 (Vs @) < lladiy, (V)lse2@) < CllQnllbee2)): (5.8)
We also use (5.3)-(5.4) with N = 3 and write
e @ BACn = BA + [BA,1Q,) + L[[BA,1Q,],1Q,] + RQ (BA), (5.9)
IRG? (BM||s(e2 (2)) < lladiy, (BA)|](e2(2))- (5.10)
Using [BA,iQn] = =V, (see Lemma 4.3b) (5.9)-(5.10), we obtain
¢TI BACI = A — Vi — [5Va, Q] + R (BA), (5.11)
||Ré2’3 (BM)I8e2 (2 < lladiy, (Va)llsezzy) < ClI@nllBee 2y (5.12)
and summing up (5.11), (5.7), we obtain
e @ Jel@r = BA+V =V, + [V = 1V,,,iQu] + R (V) + R (B, (5.13)
IRG2 (V) +R2 (80l < Cll@nllcz) (5.14)

To complete the proof, we observe that ||Qn||3(€2(z)) =0(n™1) follows from (4.7).

5.3. Step 2 of the proof of Proposition 3.1. We denote
Wy, = [V = $Vo,iQy] (5.15)
and we claim that the following estimate
Wo(n,n) = (Wné,)(n) = (En, Wnén)ez(z) = O(n™ " Inn) (5.16)

holds when n — oc.
Indeed, W,, = [V;/,iQy] holds with V), := V — 1V,, and

Vi (3, k)| < 2|V (4, k)| for all j, k € Z, (5.17)
hence we can estimate

(VaQn)(n,n)| <> 2V (n, )Qn(jin)| <

JET

<y AVENIE g, 4

ety Bl
with
; 2 2, —1
M, = Z M < Z Cn <Cintlnn
{j€z:0<|j—n|<én} ‘] TL| {meZ: 0<|m|<én} |m|
due to (4.6) and
)2 Ve,
M;L — Z |V jv < Z |V ], _ H AHZZ(Z) < anil
{j€Z: |j—n|>én} |J N JEL cn
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5.4. Step 3 of the proof of Proposition 3.1. Let J/, be as above and denote

d, := fn+V(n,n). (5.18)

We claim that the following estimates
(En, JhEndiz(z) = djy + O(n” " Inn) (5.19)
(1, = (Ens TnEn)e2(2))én = O(n™1/?) (5.20)

hold when n — co.
Indeed, writing
BA+V =V, = BA+V —I,VIL, - II,,VTI,
= BA + 1L, VIL, + 11, VIL, = BA + V(n, n)II,, +IL,VIL,
in (5.6), we find

Jhén = (BA+V(n,n)IL, + IL,VIL, + W,)é, + O(n™ 1), (5.21)
where W, = [V — 3V,,,iQ,] is given by (5.15). However (5.21) implies
Jhén = diéy + Wnén, +0(n 1), (5.22)
hence
(Ens Tn€n)ez(zy = dyy + (€ny Wan)z(zy + O(n™1) (5.23)

and (5.19) follows from (5.16).
In order to prove (5.20), we observe that (5.19) implies

(JT/L — (én, Jrllénﬂz(z))én = (JT/L — d;)én + O(n_l Inn) (5.24)
and (5.22) ensures
(J, — d))én = Wi, + O(n™"). (5.25)
Thus (5.20) follows from (5.24), (5.25) and

Walls(e2(z) < Cll@nllB2(@) = O(n™/?).

5.5. End of the proof of Proposition 3.1. In what follows, o(L) denotes the
spectrum of the operator L. We assume that the hypotheses of Proposition 3.1 hold
and By = 0. Then (3.3) ensures A, (J) = fn + o(1) as n — oo and

o(J) N [B(n = 3),B(n+ 3)] = {Aa(J)} for n > ng (5.26)
if ng € N is chosen large enough. Let {\;(J},)} ez be the sequence of eigenvalues of J},
labeled so that A\;(J)) = A;(J) for every j € Z. Then (5.26) gives

a(J)) N [Bn—13),8(n+3)] = {\.(J})} for n > ng (5.27)
and we willuse L=J,, z=e,, d =pB(n—1) and d’=pB(n+ 1) withn>ng in
Theorem 5.2. (Kato-Temple) Assume that the operator L is self-adjoint in the

Hilbert space H and has exactly one eigenvalue X\ in the interval [d',d"]. If x is an
element of the domain of L such that 1 := (x, Lx)y belongs to ]d',d"|, then

T =)z (2 = m=]*

T SASnt T

(5.28)

Proof. See [16]. O
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We claim that the assumptions of Theorem 5.2 are satisfied for n > ng if ng is chosen
large enough. Indeed, (5.27) holds and

N := {(€n, J;énﬂz(z) € [B(n— i),ﬁ(n + %)] for n > ng (5.29)

holds due to (5.19) and V(n,n) = O(n~'/2) as n — oo. Since (5.29) implies the
inequality min{d” —n,n — d'} > 183, the estimate (5.28) gives

An(J5) = (€ns Jnen)e(zy| < AB7HI(Jnen = (En, Jhén)ex(z))enl> = O™, (5.30)
where the last estimate is due to (5.20). The estimate (5.30) implies
M) = (En, Jhén)e(zy + O(n™1) (5.31)
and using (5.19) in the right hand side of (5.31), we obtain
An(J) = An(J),) = dy, + O(n~ ' Inn),

completing the proof of Proposition 3.1.

6. PROOF OF THEOREM 1.3

6.1. Step 1 of the proof of Theorem 1.3. As before 0 < g < 1 and {e;; }men is the
canonical basis of £2(N).

Definition 6.1. For v = 41, y = 0, 1, we define J,,, as the linear map J,, , : £>1(N) —
¢%(N) given by

jlwem = cfwt(m em + l;“(m)emﬂ + l;H(m —1)em_1 for m € N*| 6.1)
Jupeo =dy, 1 (0)eg + b,(0)eq .
where
dyu(m) == 2m + p+ (=1)™vA/2 (6.2)
bu(m) = g/@m + 1+ p)(2m + 2 + p). ’
Lemma 6.2. The operator ngzbi s similar to the direct sum
jl,O @j—l,o@jm @j—m (6.3)
Proof. See Section 2.2 in [6]. O

6.2. Step 2 of the proof of Theorem 1.3. Let jfj, ds, l~)7 be as in Definition 2.2. If

CZ,,}H and Bu are given by (6.2), then it is easy to check the following relations

di1,0(m) = 2diA/4(m)

{ bo(m) = 2133/4(m) +O(m~1!) when m — oo (6.4)
Jil’l(m) = 2cZiA/4(m) +1

{ by (m) = 255/4(m) +O(m™1') when m — oo (6:5)

The above properties allow us to prove
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Lemma 6.3. Let 0 < g < 5 and let {An (o) Inen denote the non-decreasing sequence
of eigenvalues of JA,,#. If {)\j(jjj)}jez is the sequence of eigenvalues of jﬁf satisfying
(2.10), then one has

An(J110) = 2)\n(,]~$§/4) +0(n™) asn — o (6.6)
and R R
An(Jx11) = 20 (J55" ) + 14 0(n™) as n — oo, (6.7)

Proof. We identify ¢*(N) with {z € ¢*(Z) : (k) = 0 for k € Z \ N}. Let II>( be the
orthogonal projection ¢2(Z) — ¢*(N) and let jﬁf = H20J3|22(N). Identifying é,, with
em when m € N, we get

{jfjem = dl;(m)em + zA’ﬂ/(m)em+1 + B’Y(m — em—y form € N7, (6.8)

Joeo = ds(0)eq + by (0)er
We observe that (6.4)-(6.5) imply

2J33" = Jar0 € BIEA(N), 21(N)), (6.9)

253 41— i € B(E(N), 21(N)) (6.10)

and using the result of Rozenblum [24, Theorem 1.1] as indicated in the proof of (3.6)
in [6, Section 3.2], we find that (6.9)-(6.10) ensure

20 (537" = M(2J557") = An(J10) + O(n™) as n — oo, (6.11)
20 (T3 1= Aa(2J537 +1) = \(Jir1) + O(n ™) as n — oo, (6.12)

where {)\n(jg)}neN is the non-decreasing sequence of eigenvalues of jjj .

Let {)\j(j,f)}jez be the sequence of eigenvalues of jﬁj satisfying (2.10). We complete
the proof, combining (6.11)-(6.12) and the estimate

An(J3) = Ma(J3) = O(n™N) as n — oo, (6.13)
which holds for every N > 1. The estimate (6.13) is proved in Section 6.1 of [6]. O

6.3. End of the proof of Theorem 1.3. Using the asymptotic estimates (2.10) in
the right hand side of (6.6) and (6.7), we obtain

A 1
A(Ji1o) =2 (nﬁ +5(B-1)+ t;i/‘*(n)) +O(n 'Inn), (6.14)
A 3
An(Jir1) =2 (nﬂ +5B-1+ t;t/ﬁ/‘*(n)) +14+0(n tnn). (6.15)
Due to (2.12),
0374 = 1(4 M+ =
sja=ylda—m+ 2 =0
A 3 T T
5 - - 4 —_ = — —
054 4(a 7r)+4 3a 5

and (6.15)-(6.15) give

Aﬂﬁuﬁ:%ﬁ+%W—Di

A1) = 20+ 1)+ (8- 1) +
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Due to Lemma 6.2, U(Hggbi) =o(J10)Ua(J_10)Uc(Ji1)Uo(J_1,1) and we complete
the proof, taking

2 (6.16)
for n € N.

7. APPENDIX: ESTIMATES OF OSCILLATORY INTEGRALS

Lemma 7.1. Let us fix real numbers 6y, 01 and cg > 0. Assume that {U,},c1 is a
Jamily of functions [0, 01] — R, bounded in C*([0,01]), i.e. supy <p<qp, |\Il(7k)(9)\ < oo
fork=0,1,2. For \€ R and h € C?([6y,01]) we denote

01
M.(2) = /a IO (9 do. (7.1)

(a) If |U7(0)] > co > 0 holds for every 8 € [0y,61] and T € T, then there is a constant
C such that the estimate

M, ()] < A (72)
holds for all T € T and XA € R\ {0}.

(b) If |92(6)] > co > 0 holds for every 0 € [0y, 01] and T € T, then there is a constant
C such that the estimate

M ()] < CIA[12 (73)
holds for all T € T and XA € R\ {0}.

Proof. (a) The non-stationary phase estimate (7.2) follows by using the standard
integration by parts.

(b) The estimate (7.3) follows from van der Corput Lemma (see [27, Section VIII.1.2,
p. 354)). O
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