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Abstract

In the context of a network of vibrating strings, modelled by inter-
connected linear partial differential equations, we are interested in the
reconstruction of a zeroth order term of each one-dimensional wave equa-
tion involved, using some appropriate external boundary measurements.
More precisely, we are interested in an inverse problem set on a tree
shaped network where each edge behaves according to the wave equa-
tion with potential, external nodes have Dirichlet boundary conditions
and internal nodes follow the Kirchoff law. The main goal is the recon-
struction of the potential everywhere on the network, from the Neumann
boundary measurements at all but one external vertices. Leveraging from
the Lipschitz stability of this inverse problem, we aim at providing an
efficient reconstruction algorithm based on the use of a specific global
Carleman estimate. The proof of the main tool and of the convergence
of the algorithm are provided; along with a detailed description of the
numerical illustrations given at the end of the article.
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1 Introduction and main result

The goal of this article is to present a complete overview of a coefficient re-
covery inverse problem in a network of one-dimensional wave equations (also
called string equations), from the identifiability questions, such as uniqueness
and stability of the solution of the inverse problem, to the identification of
the coefficient (here, a zeroth order term, called potential) by a well suited
reconstruction algorithm. If the well-posedness of such an inverse problem was
already adressed in [6] with a Lispchitz stability result, the actual reconstruc-
tion of the coefficient of the partial differential equations system at stake is still
very challenging and we will provide a global analysis of these two connected
issues.

Taking advantage of the Carleman-based Reconstruction Algorithm pro-
posed in [7] (C-bRec in short) for the reconstruction of the potential in a mul-
tidimensional wave equation set in a bounded domain with Dirichlet boundary
condition and appropriate Neumann boundary measurements, this article aims
at considering the quite challenging case of a tree-shaped network of string
equations. In this kind of planar graph context, the simplicity of string equa-
tion considered on each branch of the network is balanced by the technicality
of the global setting stemming from the interconnection laws that describe the
communication at the nodes of the network.

On the mathematical and engineering points of view, the study of me-
chanical systems coupling flexible, elastic, or vibrating elements as strings or



beams, are very relevant as well as demanding. Concerning some control the-
ory studies in this framework, one can mention the books [I4] and [2] where
these kind of systems, also called multi-link structures, are studied according to
their observation, control and stability for various partial differential equations.

To be more precise, the goal of this article is to provide a detailed study of
the design of an effective and efficient reconstruction algorithm for an unknown
(time independant) coefficient of the string equation involved everywhere on
the tree-shaped network, from measurements only localized at the leaves of the
tree (all but one external node, called the root), as one can picture for instance
with Figure The rough idea is to use the C-bRec method to effectively
solve this inverse problem on a network. But its concrete realisation means
overcoming several difficulties such as having the appropriate global Carleman
estimate over the whole network, that cannot be the one from [6] for numerical
efficiency questions detailed in [7]. Moreover, as one will understand below,
this article will not be only the tailoring of the C-bRec approach to network’s
specificities, but rather a complete analysis of a difficult reconstruction goal,
from abstract tools and results of identifiability, to acute algorithmic and nu-
merical issues related to identification.

Figure 1: An 8 branches tree-shaped network R, with an unobserved root node
and 5 observed leaf nodes e.

Before detailing in the rest of this introduction the statement of the prob-
lem, some elements of context, and the founding idea of the proposed recon-
struction method, one should know that Section 2 will be devoted to the Carle-
man estimate, Section 3 to the description of the recontruction algorithm and
its proof of convergence and Section 4 to the numerical setting and simulations.



1.1 Problem statement

Tree-shaped networks are planar connected graphs that do not contain even
a single cycle. They represent a hierarchical structure and despite their sim-
plicity, they allow to model a lot of specific contexts and have a rich structure
to exploit. The edges of such a network are known as branches connected by
nodes, also called vertices. Except for the root, any node has a mother branch
and the nodes without child branches are called leaf nodes.

Let us thus consider a finite tree-shaped network R (see e.g. Figure . We
define the name of the tree’s branches by recurrence, with nested subscripts,
the finite set J being the set of names of all branches of the network. To the
root branch, named 1, we associate its N7 children branches denoted by 1, € N
for i = 1..IVy.

Then by recurrence, from a branch named j € J we define the names of
its N; children branches by j; for i = 1..N;. This definition only holds locally
in the network, as we will not need more until the end of the article, for the
numerical simulation’s section. Besides, we denote by /¢; the length of the
branch j and we identify the branch j with the segment (0, ¢;).

We denote by Jeqt = {j € J,N; = 0} the set of the branches having a
final leaf node and Jins = {j € J,N; > 0} the other branches. We define a
function f on the network R through its restriction f; to each of the branches
j € J and we introduce the following notations:

/Rf(l‘)dﬂr = Z/Oej fi(@)dz, (1.1)

JjeT
N;j
[f]j = f](€]> - Zf]z(o)v VJ € Jint- (12)
=1

Let T > 0. On each branch j € J of the network, we consider the one-
dimensional wave equation system

{&tuj(t,:c) — Opzuj(t, z) + pj(x)u;(t, ) = g;(t,x), V(t,z) € (0,T) x (0,¢;),

u;j(0,2) = UQ(ZL‘), Oruj(0,z) = ul-(x), Vz € (0,4),

J J

(1.3)
where the time-independant potential p; is an unknown coefficient.
In order to complete system by enough boundary conditions, we then
equip each branch j € J with boundary conditions: Dirichlet boundary condi-
tions at external nodes (root and leaves), and continuity condition and Kirch-
hoff law at any internal node. So that for all ¢ € (0,7):

for j =1, wui(t,0)=hi(t),

if j € Jewt, u;(t,€5) = hy(t),

if j € Tine, uj(t, 45) = uj,(t,0), Vie [1,N;],
[Ozul;(t) = 0,
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assuming additionally some compatibility conditions between Dirichlet bound-
ary and initial data: u{(0) = h1(0) and u?(ﬁj) = h;(0) for all j € Teut.

Let us now make clear the ‘not so classical’ functional spaces we are working

in. We define:

L®R) = {f:R—=R,f € L®0,4)VjecT};
L*(R) = {f:R—=R,f;€L*0,4;)VieT};
H' (R) = {f:R—=R,f;€ H(0,4;) Vje T,
fi(l5) = £;,(0) Vi € [1,Nj] Vj € Tint };
Hy(R) = {f€H'(R),1(0)=0,fi(£;) =0Vj € Teat};
C3(0,T)xR) = {n:(0,T) xR —R,n; € C*(0,T) x (0,¢)) Vj € T,
nj(tjej) = nji(t? 0) Vi e [[LNJ']]a [63677]j(t) =0Vje jmt}

We assume basically that the potential p belongs to L>°(R), the source
data g belongs to L'(0,7; L?(R)), the initial conditions satisfy u® € H'(R)
and u' € L?(R) and are compatible (as already mentioned) with the external
boundary data hy, h; to H(0,T). Then, based for instance on [22, Chapter 3],
the Cauchy problem — is well posed and has a unique solution

we C([0,T]; H'(R)) n C'([0,T]; L*(R)).

Details can be found also in [6, Lemma 3.2| in particular for the homogeneous
boundary data case.

We are studying the following inverse problem:

Knowing, for each branch j € J, the source term g; and the initial
data (uj,uj), for the root and for each leaf j € {1} U Jegr the
boundary source term hj, is it possible to identify the unknown
potentials p}(z) for any = € (0,¢;), from the only extra knowledge
of the flux of the solutions through the leaf nodes of the network,

meaning:
di(t) = Opuj(t,4;), forie€ Jepe and t € (0,7), (1.5)
where u} is the solution of (1.3))-(1.4) associated to potential p}?

Before getting any further, let us underline that we are interested here in
the case of a unique measurement (during a time 7T') associated to the given
data set (g;,u,u;) for any j € J and hj; for j € {1} U Jewr. Several usual
answers are expected regarding the inverse problem at stake: uniqueness and
stability of the solution of inverse problem will answer to the Hadamard well-
posedness notion, and pave the way for the reconstruction of the unknown
coefficient that is our specific final goal.



The following Lipschitz stability result will answer both the first two ques-
tions (of uniqueness and stability of the inverse problem). It also has the in-
terest of detailing the assumptions under wich we can hope for reconstruction
as well.

Theorem 1. There exist a time Ty > 0 and a scalar ag > 0 such that if we
assume the following

(Ha) Time condition: T > Ty,
(Hb) Regularity condition: uw € H'(0,T; L®(R)),
(He) Sign condition: |u°| > a® > 0 on the whole network R,

then for a fired m > 0, there exists a positive constant C = C(R,T,m) such
that, if p and p* belong to L2 (R) = {p € L>(R), [|pl|z(r) < m}, we have

Ip— 0" 22y <€ 32 00 £5) — By () s .y
iejezt

This Lipschitz stability result can be read in [6] and is proved using an
ad-hoc two-parameters Carleman estimate as in [4] for the corresponding ba-
sic multidimensional setting. The approach we used was first sketched by
Bukgheim and Klibanov in [I3] for uniqueness purposes, pursued in [27] for the
stability of an inverse problem in the wave equation similar to ours, and popu-
larized by Imanuvilov and Yamamoto [15] [16] and a large literature afterward
for various modifications in the setting. We can refer also to Klibanov’s survey
article [19)] in this area, concerning uniqueness, stability, and reconstruction of
coefficient inverse problems for evolution partial differential equations.

In this specific result, the minimal time Ty can be evaluated from [0, Lemma
2.1], or in our forthcomming Lemma and is necessarily more restrictive than
the optimal observability time for the corresponding controlability problem, for
consistency reasons (the same Carleman estimate can bring an observability
inequality).

The stability result of Theorem [I]is at the root of the reconstruction proce-
dure we are going to present. However, we will need to build another Carleman
estimate than the one used to prove it in [6], mainly for numerical efficiency
purposes. It will be a one-parameter Carleman estimate (see e.g. [16, [7]) and
this will be detailed later in Section 2.

1.2 Globally converging reconstruction methods

Given the stability result of Theorem [l| an intuitive method to compute p*
would consist in minimizing the cost functional:

1 *
J(p) =3 D 0eui- ) = df |31 .1 (1.6)
iEJezt



The problem is that the functional J is in general not convex. The presence
of local minima implies that traditional minimization algorithms generally do
not converge to the global minimum of J, unless they can be initialized in a
neighborhood of this minimum.

A method is said to be globally convergent if its convergence towards the
solution can be guaranteed from any initial data. Globally convergent methods
of reconstruction remain rare, even if decisive works in this direction have been
done since the 1990s, in particular the ones of Klibanov and his co-authors,
based on Carleman inequalities. The original idea of introducing Carleman
weights in the cost function to make the problem convex goes back to [18].
For a state of the art on these questions, we refer to the book by Beilina and
Klibanov [10].

Since then, many other works have been proposed on different models,
among which we can cite in particular Beilina-Klibanov [II] for the recovery of
a density in a wave equation, Klibanov-Li-Zhang [2I] and Smirnov-Klibanov-
Nguyen [23] in the more delicate case where the initial datum is a Dirac mass,
Kamburg-Klibanov [20] for inverse problems for parabolic equations, Thanh-
Beilina-Klibanov-Fiddy [25] on real data, Bakushinskii-Klibanov-Koshev [3] to
solve Cauchy problems for general PDEs.

The C-bRec method belongs to these globally convergent reconstruction
methods, sometimes called convezification methods. The main novelty of our
approach is that it consists in minimizing a sequence of quadratic functionals,
for which a wide range of efficient minimization algorithms exist, while the
works cited above consider a single functional which is strictly convex but
which is not quadratic and is therefore only suitable for classical gradient
descent strategies.

1.3 Founding idea of the C-bRec method

Let us here give a more precise idea of the design of the Carleman-based Re-
construction method in order to explain basically how it works.

The C-bRec algorithm is considering the unknown potential p* to be recov-
ered as the fix point of a contracting application. Indeed, an iterative process
constructs a sequence (p¥)pen converging towards p*. At step k, the idea is to
linearize the inverse problem, considering the system satisfied by

P = n®o, (uk - u*) in (0,7) xR,

where u* is the solution of - associated with potential p¥, u* corre-
sponding to p*, and 7¥ € C?((0,T) x R) is a smooth cut-off function. Ac-
tually ¥, who depends on a Carleman weight ¢ designed later in Lemma [2]
is constructed to vanish on a given subdomain of (0,7') x R where unknown
information may lie (namely, later, the subdomains O and Or; of Theorem



and Figure . Therefore, we have,
O™ (t, ) — D0 (t, ) + pP(2)0" (t, ) = f¥(t,x), in (0,T) x R,
v¥(0,2) =0, 9" (0,2) = 7?(0,2)(p" () — p(2))u’(z), inR,
where f* :=n%(p* —p*)Ou* — %, Oy — O] Oy (uk — u*), using the Lie bracket
notation ([4, B])(z) = A(Bz) — B(Az). Beware that the cut-off function n¥
will be designed to be differentiable everywhere on the network R in order

to be able to ensure continuity and Kirchhoff law (T.4)) for v* at the internal
nodes.

(1.7)

This construction is also called the Bukhgeim-Klibanov method, that goes
back to [13], and is the approach developed in the proof of the Lispchitz sta-
bility result [6] recalled in Theorem [I]

One should then notice that for all k¥ € N and all s € R, v* was built to be
the unique minimizer of the functional

1 T
FJ[pk, 1%, 1F)(2) = 3 / / eX%|0y 2 — Oppz + pFz — fF|? dadt
o Jr

T 3

id 250 (t4) 19, o (4. 0.) — 1B (4) 12t 4+ > T 1

+2,§ 00,2 (t, ) — pf (Ot + 5 L(z.2), (18)
7 ext

where we set, for all i € Jegr, pf(t) = nf (¢, €;)0; (Oul(t, €;) — d; (t)) on (0,T)
and where Z(z, z) is a residual quadratic term to be defined later that has the
specificity to be erased by the cut-off n¥. Recall also that d}(t) = 0,ul(t,¢;),
fori € Jepe and t € (0,T) is the measured extra information we have to recover
p*. The specific shape of ¢ insures good properties to the functional Fy, in
particular its strict convexity stated in Lemma [4 and proved thanks to the
Carleman estimate of Theorem [3| Fs thus has a unique minimizer.

The value of the initial speed in allows to recover p* from v*, as soon
as the cut-off ¥ is constructed so that 77;5’ (0,x) = 1, by the formula

(0
pt=pf+ H;O( ), on R, (1.9)

where we assumed that u” satisfies

Of course, one should argue that v* is unknown since the source term f*
of the equation depends on the unknown p*. The idea is actually to minimize
another functional F,[p*,0, u*] associated to f*¥ = 0. In this case the unique
minimizer is another function we denote w*. And the error made by replacing
v* by wF can be estimated with respect to f*. If we apply the initial speed
formula corresponding to (1.9]) to w”*, of course we do not obtain p* anymore
but another potential we denote

Gtwk(O)

p"=pt 0
u

, onR. (1.10)



And the key point of this design is that we are able to show that the potential
pF+1 constructed that way is closer to p* than p* was, thus leading to construct
a convergent sequence of potentials.

We are going to explain this construction scheme in a completely rigorous
way later below, and for that we first need to state and prove the appropriate
Carleman inequality.

2 One parameter Carleman Estimate

We will prove here a global Carleman estimate with one parameter s and a
weight function ¢, that can be compared to the previous result presented in
[6] where the Carleman estimate was built with two parameters s and A and
the weight function e¥. Indeed, the convergence of the C-bRec algorithm is
stemming from the use of this Carleman weight ¢ through the terms 2% in
the cost functional , and numerical efficiency, however, will benefit a lot
that the term is not like e%¢"*.

As already mentioned, this new Carleman estimate is a mandatory step
towards an efficient C-bRec algorithm, and as one can read below, even if
some structural similarities with the previous article can be pointed at, the
challenges and solutions brought here highlight the need of this new technical
result.

Lemma 2. Let us define the Carleman weight function @ on each edge of the
network R as follows:

Vi€ J, pilt,z) = (v —x;)® — B2+ Mj, (t,z) € R x (0,4;). (2.1)
There exist (z;)jeg € R™, (Mj)jeq € RT, B € (0,1) and T > 0 satisfying

BT > sup(¢; — x;) (2.2)
jeJ

such that it holds
(i) The continuity at each internal node is satisfied:

Vi € Tint, (,Dji(t,()) = @j(tafj)’ Vi € Hlij]]‘ (23)

(ii) The following matrices Af(t) satisfy some estimates for any j € Jint:
Elag > 0,85 > 0 such that, for all § = (§1,...,&N;+1) € RN+

2
el vt, [t

Z o
> oY ||l = Bilén,? vt Ty

(A2(1)¢,€)
(A% (1)¢, €)



where A;-p(t) are (Nj +1) x (Nj + 1) symmetric matrices defined by

05, (0) — ¢;(€5)  —;(€5) - —¢;(45) —¢;(45)[0];
A2 (t) = _(bj'(gj) (2.5)
Din, (0) = ¢ (4;)  —0;(£;)[¢];
a;(t)

with ¢(x) = Ozp(t, z) and a;(t) = —¢;(¢;)[0]F + [(10up(t)* — |6]?)9] -

Proof. We prove this Lemma by induction on j € J. Let us fix 8 € (0,1). We
decompose M; = C; + M where M will be determined at the end of the proof
in order to be sure that M; > 0. First let us choose 21 < 0 and C7 = 0.

The iteration goes as follows: let j € Jin: and suppose that z; < 0 and
C; € R are given, thus T; = (¢; — x;)/5 is fixed. Then we choose to take the
same value for all zj, := —¢; for ¢ € [1, N;]. The problem is now to find ¢; > 0
such that the matrix Af (t) satisfies . We can rewrite it as follows

¢ =W —z5) = —xj) - = —x5) 204 —z)(Njej — & +xj)
A%(t) =2
i (1) — (4 —zj) :
cj — (W —z5) 206 —xj)(Njej — £ +xj)
a;(t)/2
with

a;(t)/2 = —4(4; — z)(4; — z; — Njc;)°
HA(BH? — (0 — 25)*) (4 — xj) — AN; (B — &)y

The first N; leading principal minors of the matrix A}O (t) can be computed
easily and do not depend on the time variable. Indeed, for k£ € [1, N;] we
obtain 2’“0?71(0]- — k(¢; — x;)). Thus by taking

cj > Nj(l; — z;), (2.6)

we get the positivity of the first N; leading principal minors.

Besides, det(A?(T;)) = P(cj, (¢ — x;),Tj) is a polynomial in ¢; of degree
N; + 3 and its leading order term is N;(2¢;)™i+3. Moreover a;(t) — a;(T}) =
432 (t? — T]-Q)(Ej —xj —¢jNj) > 0 for ¢; sufficiently large and |t| < Tj.

On the one hand, using Laplace expansion, by choosing c; sufficiently large,
we can get for all |t| < Tj, det(Af(t)) > det(A}p(Tj)) > 0. Then, as soon as
|t| < T}, since all its leading principal minors are positive, A}p(t) is a definite
positive matrix, namely we get the first estimate of (2.4)):

(A?(6)¢,€) = ol [|€]?, for all ¢ such that [t < T}.

10



On the other hand, for T; < [t| < T, it is easy to calculate that we get the
second estimate of (2.4)):

(A7 (D€, €) = (A(T))E,€) + (a5 (t) — a;(T))én, 1> = of IIE1* = Biléw, 11,
with 8; = 882%(Njc; — (I — x;))(T? — sz) > 0, stemming from (2.6 and the
fact that N; > 2 bring indeed

Njcj > N (b; — x5) > (6 — x5). (2.7)

Furthermore, for each ¢ € [1, Nj], after choosing the ¢; = —x;,, we take
Cj, = (I — zj)* + Cj — (¢j)%, in order to have the continuity of the weight
functional at the internal nodes . The last step is to choose M > 0 large
enough such that all the M; are non-negative, which is possible as the tree R
has a finite number of edges. O

Thanks to this construction of weight functions, we are now in position to
prove the following global Carleman estimate on the whole network R.

Theorem 3. Let ¢ be a weight function defined as in Lemma[3, with appro-
priate (xj, Mj)jery, B € (0,1) and T satisfying assumption (2.2). Then there
exist C' > 0, so > 0 such that for all s = so , for all p € LY (R), we have the
following Carleman estimate

T
51/2/ e?*?0)19,2(0, z)Pda + 5/ / e**? (|0p2]* + |0p2|? + $%|2|?) dadt
R T JR
T
< C/ / 62890‘({9,%2’ — Opa? +pz|2d:cdt (2.8)
-TJR

T
+C's Z 2521 B0)19, 2 (t, 0:)|2dt + CPL(z, 2),
1€Jext -T

satisfied by all 2 € HY((=T,T); HY(R)) such that Oz —0yzz € L2((0,T) x R),
under internal continuity from the definition of H}(R) and Kirchhoff node

condition in (1.4]), and the additional null initial condition z(0,-) = 0 in R,
and where

I(z,2) = / / e*?|2 P dwdt + ) e25i ) |2 (t, ) Pdt (2.9)
(tl:z)€0 ieT, Jleor,

with
O =Ujcg0; where O; = {(t,x) € (0,T) x (0,¢;), |z — z;] — BJt| < 0} (2.10)
and

Or, ={t € (0,T),|¢; — x;| — Blt| <0},
defined only for x = {; and any j € Tine. (2.11)

11



Figure 2: Illustration of domains O; and Of; for the branch (0,¢;), denoting
Tj = [lj — x;1/B.

There is a huge literature on proof of Carleman estimates for a lot of dif-
ferent partial differential equations. Let us only suggest here the books [17]
(for the proof and the use of Carleman estimates for uniqueness and stability
of inverse problems) and [26] (for Carleman estimates of elliptic and heat op-
erators, for observability or unique continuation purposes) where one can find
some landmarks, or the seminal and technical work [24] among many other
articles.

Proof. Even if the structure of the proof is rather classical, one will need to
pay a specific attention here to the networked setting we are facing, bearing in
mind that a global Carleman estimate has to be constructed. A great part of
the work was done with the design of the Carleman weight ¢ in Lemma[2] The
goal here will be mainly to deal with the internal node terms and to explain
how the domains O, Or; end up to be part of the extra right hand side term
Z(z,z) in (3).

- Step 1. Let us first work on a generic edge of length ¢ omitting as often as
possible the index j. We set y = ze*? on (—=T,T) x (0,¢) and the conjugate
operator

Ls(y) = €*P(0n — Ouz) (e *?y). (2.12)

Easy calculations bring

Ls(y) = (Ouy — Ouay + 5°(1010” — [00*)y)
Py
+ 2500000y — 250190y — 5(0np — Oaatp)y - (2.13)
Pay Ry

12



Thanks to our choice of weight ¢ according to (2.1]), we have Oy = 0, Oppp =
2 and Oy = —2f. The main work of the proof consists in the computation
and bound from below of the cross-term

T L
I= / / Pyy Poydxdt. (2.14)
-TJ0o

Tedious, yet rather classical computations and integrations by parts (e.g. [7],
[6]) yield

T
I=2(1- 5)3/ / (|0wy)? + |02y|?) dxdt
-1 Jo

T ¥/
L / ) / 180 ((19r01? — 10:0P)910) — B (1000 — 19spl2)000) ] [y[2dwdt
¥

T
+5 / (200y0:00:y — (10> + 102y7)0ep — s> (|0sp|” — 102017 Droly|?) dx]
0
_T

14

+ s

T
/ (2090100 y — (10yI* + |02y|*) 0w + $*(|0p]? — 10:0) D lyl?) dt}
-T

(2.15)
Let us explain briefly how to estimate each term of (2.15]).

e The terms in s|0;y|? + s|0,y|? are strictly positive thanks to the assump-
tion 8 € (0,1).

e The terms in s3|y|? can be rewritten as follows, after calculations using

the definition (2.1]) of ¢:

3 ((106]* — 10:012)0rp) — 02 ((10ep|* — 10202 Dup)
= —2433t? + 8Bz — xj|2 — 832t + 24|z — xj|2
=8(38 + 1)(|lz — z;1* — B*?) + 16|z — x;*(1 — B).

This term can be bounded by below by a strictly positive constant only
where |z — xj| — f|t| > 0, which is the case in the complementary of the
set O defined by . The remaining term will appear as a part of
Z(z, z) in the right hand side of (3.

e Terms at ¢t = T and t = —T. Let us only explain what to do at time
t =T, since the case t = —T can be handled similarly.

— The term in s3|y(T)|? is positive if and only if
— (10 (T, )P = 1020 (T, @) ) Dp (T, ) = 8BT(B°T° —|ar—as|*) > 0,

which is obviously true from the assumption (2.2)) on 7" in Lemma .

13



— We also get the positiveness of the other terms

201y(T', )02 (T, )02y (T, )
— ([0y(T, ) + 18,y (T, )|*)Bup(T, )
= A(z — 2j)0y(T, 2)0sy (T, 2) + 26T (|0 (T, 2)* + |00y (T, )[*)
> 26T (10wy(T, z)| — |0ay(T, )])* > 0,
because x — x; > —|z — x;| > =T from again.

Summarizing, none of these terms should appear in the final below esti-
mates as they are all positive.

e Terms at x = 0 and x = ¢. Here, we need to reintroduce the subscript j
to explain the calculations with respect to the concerned branches. This
leads us to the next step of the proof.

- Step 2. Let us work on the sum of the boundary terms at « € {0, ¢;} over
the whole network R.
We first recall (2.3)) that says the weight function ¢ is continuous at each
internal node, so that we have the following boundary conditions for y = ze®?,
for any t € (=T,T):
lszla yl(t70):07
if J € Jeat, yj(tvéj) =0, (216)
it j € Jint, yj(t"gj) = yji(tao)a Vi e HlaNj]]'
We sum the last term of (2.15)) on all edges j € J of the network to get

T
> [/ (20093000 0ry; — (10ey51* + 102451 Dz
JjET -T
4
+5°(10vp;* — 102051%) D5y ) dt
0

We decompose this sum on J into three different sums depending on the
position of the node in the network.

e At the root node (xr = 0 on the edge j = 1), since y;(¢,0) = 0,Vt €
(_Tv T)

T
5/ - (23x3/13t</?13ty1 — (|0w1 | + 10231]?) D1
-7

(ol — |ax¢1\2>ax¢lry1\2) (t,0)di

T
= s / 1Ba (1,000t (1, 0},
T

14



and since 01 (t,0) = —2x7 and x1 < 0, this term is positive, thus, can
be omitted.

o At the leaf nodes (z = ¢; on the edges j € Jext), since y;(t,¢;) = 0,Vt €
(=T,T):

T s / <2axyjatsojatyj (10 + 10033 )Peco;

JE€Text

T 2(0hpyl? - |axsoj|2>axsoj|yj|2> (t,)dt

S s/ 100y (8, £3)P0u; (1 £;)dt.

JE€Text
This term is strictly negative since 0,¢;(t,¢;) = 2(¢; — x;) > 0, so that
it will appear in the end at the right hand side of .

e At the internal nodes (x = ¢; on the edge j € Jijnt and x = 0 on the
daughter edges j; for 1 < i < Nj), recalling y;(t,¢;) = y;,(¢,0) and the
definition (1.2) of [-];:

T
> 5</T (20930105 01y — (101y51* + [02y51%) 00

.je\yint
+ 5°(10p; [ — |000517)0upjly;1?) (¢, £;)dt

J T
- Z/T (26333/3'1&90]&6153/33 - (|8tyji‘2 + ‘axyj¢|2)aﬂc90ji
T (90 ” — 1005 2Bl 1) o>dt>

-3 / ()05t £5)045 (1,05) — 0uys (1, £5) P 0asp]s (1)
JE€Tint
— (1932000 (1) + 5 [0l — 100 0uce] ; (Dl (8, )2 )
= B1 + By + B3 + By.
(2.17)

We are going to study the sign of each of the four terms in , keeping
in mind that the positive ones can be omitted and the negative ones are meant
to be moved to the right hand side of the final estimate. In order to lighten the
writing we adopt the notations given in Lemma [2| namely ¢;(x) = 0., (t, z)
for z € (0,4;) and xj, = —c; for all i € [1, N;].

x We first calculate, using y = ze®*#, (2.3)) and the assumption [0,z2]; = 0:

0:y]5(t) = [(Dnz + 52¢)e?];(t) = sy;(t, £;)[¢];- (2.18)

15



Thus the first term of (2.17)) after integration by parts in time is

T

Bi= ) 8/ 2[02y](£)Orp; (¢, £5)Ory; (¢, £;)dt
JE€ETint -
T
= —4fs” Z/ tlo]jy; (¢, £;)0ny; (¢, £;)dt
JE€ETint -T
——2552T Z 1i(ly; (T 45 ‘Q‘Hyy( T7€j)|2)
JE€ETint
T
205 3 [ (ol e
JE€Tine ” T

Since ¢; obeys (2.6 one gets (2.7) so that [¢]; = 2(¢; —z;) —2N;c; < 0.
Thus, using a generic positive constant C' that may change from line to
line in what follows, we get

T
~48 Y (e (G- a) [ Jugtost) P
jejint -T

T
SEDY / (e, P,

jeu7int N
* The second term in (2.17) is positive thanks to [¢]; < 0: By > 0.
* From (12.18]) and the definition (|1.2)), we get

N;
0wy (£, 45) = sy; (£, €5)[@]; + D Days (¢, 0).

=1

Thus for all j € Jint, the integrand of the third term in (2.17) is

~[102y* 015 (t)

—|0zy;(t, ¢; )’ ¢ (4;) + Z |02y, (¢, 0)’ 95,(0)

=1
2
= — |sy;(t, 45)] +Zaacyh (t,0)| &;(¢; +Z‘a$y]z (t,0)*;,(0)
=1 =1

= —s2[y; (t, £;)1*[0]7 05 (€5) — 2sy;(t, 4;) Zf?xyﬁ t,0) | ¢;(¢;)

Nj Nj
+ Z |02y, (2, O)‘Q (05,(0) — ¢;(£4;)) — 2¢; (Ej)z 92y (¢,0)0zy;,, (¢, 0).

i=1 i,k=1i#k
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Therefore we can rewrite the third and forth term in (2.17)) as:

T
B b= 3 s (=l

jEJint

+ 5 (1006~ 0102)02], Ol )

T
= Z S T<A;p (t)Wj (t)a Wj (t)> dta
J€Tint -

where W;(t) € RYiT1 is defined by
+
W;(t) = (f%nyjl (t,0) ... Oayjy, (t,0) Syj(tafj)> ,
and Ai, is the matrix given in (2.5)).

Now, gathering the previous estimates, one can write

By + By + Bs + By

>ZS/T

=T

T
(AL()W(t), W;(t)) dt — C's® Z/ s (4,6t (2.19)
€T ” T

- Step 3. From the results of the two previous steps to build an estimation
by below of (2.14)), by summation of all the branches’ integrals, we get, for s
chosen again large enough:

T T
/ / PiyPyydxdt > Cs/ / (\8ty|2 + [0,y + 52\y|2) dxdt
-T7JR ~TJR

T
~Cs ) /T!(?a;yj(t,éj)\th—Cs?’//(o ly|2dzdt

jEJezt
r 2 T 2
oY s / (AL (OW;(8), W) dt — Cs2 5 / lyj (. 0;) 2.
jesjint -T jejint -

Thus, since one easily computes

2|Ls(y)|* +2|Ry|* > |Ls(y) — Ry|* = |Pry+ Poy|* = |Pry|? + | Pay|* + 2P1y Py,

T T
/ / |Ry|*dxdt < 032/ / ly|2dxdt,
-TJR -TJR

and using that

17



we obtain, for s large enough, the preliminary estimate

T T
s/ / (10eyl? + |02y)* + s2[y|?) dmdt—l—/ / (|P1y|* + |Poy|?) dzdt
~-TJR -TJR

T
oY s / AT W0, W (1)

j€u7int

T T
<C / / Ly(y)Pdadt + Cs S / 100y (£, £;) Pt
—-T JR T

jEJewt -
T
+Cs3//o ’y\Qdmdt—i-CgQ Z /T‘yj@?ej)’th- (2.20)
jezlnt -

- Step 4. Let us take one step further to explain how a term s'/2 S 10(0, -)|? das
is obtained in the left hand side of the final estimate. Indeed, if we suppose
2(0,-) = 0 in R, we get y(0,-) = 0 in R. Choosing an increasing smooth
function p : t — p(t) such that p(0) = 1 and p vanishes close to t = =T, we
multiply Piy by p0yy and integrate over (—7',0) X R, to get (from integrations
by parts),

0 0
/ / Pyy pdyy dadt = / / (Ony — Ozay + s%(|0sp)® — \8zg0]2)y) pOyy dadt
T JR -TJR
e 2 2
=3 PO (|0wy? + |0uyl?) dadt
-TJR

§2 [0 0 ..
w5 [ ook~ 0se)at) dode = S [ plowony at.
-TJR , -T
€T
We focus on the last term. Thanks to the branches boundary conditions ([2.16|),

the equation (2.18]), the properties of p and the fact that y;(0,¢;) = 0, we can
calculate, using an integration by parts, that

0 .
- Z /Tp[atyjaxyj]oj dt

JjeEIT "

0 N
= /TP D | 0yt 0500y, (8, 45) = Oy (¢, 00Dy, (£,0) | dt
- =1

jejint

0 . 0
= —/_T,O Z [8myj]j atyj(t,gj)dt: —2/_T5p Z [¢}jat|yj(t,£j)|2dt

JE€ETint JE€ETint

1 21° 1[0 2
=3 Z [Sp[¢]j|yj(t,€j)| }T+2/ sOip Z (9] ly; (¢, €5)]"dt

JE€Tint -T JETint

0

S

=5 [ ow 3 e e

- je\7int

18



Thus we have, from p(0) =1, p(—T) = 0, [¢]; < 0, and an other integration
by parts:

0 1 S 0
/ / Pry pdy dadt = / B0, )2 dzt2 S / Orpl )31y (1, 65) 2t
-TJR 2 R 2jEJint -T

1 0
=5 | [ @0 +10.07) + 20, (1o = 016l%) ) dad
1 0
Z 2/ |8ty(07 .)‘de - C/ / (‘aty|2 + |8xy\2 + 52‘y|2> dadt
R “TJRr

0
s 3 [ et

jex7int N

By Cauchy-Schwarz inequality, this implies

T
51/2/ |5ty(07')|2d$</ /|P1y!2d:ndt
R -TJR
T 0
+CS/ /<!6tyl2+|8xyl2+szly!2)dxdt+cs3/2 Z/ ly; (£, €;) 2dt.
-TJR T

j€s7int -

Therefore, this estimate and (2.20) lead to

T
2 [ o0 do s [ [ (0P + 1007 + 2lyP) dade
R T JR

T T
Y R G RALTORE R S I HCLACR O

j€s7int

T T
<c / / Ly(y)2dzdt + Cs 3 / 100y (£, £;) Pdt
—T JR T

jEJeact -

T
+Cs3//o ’y‘2dl‘dt+032 Z /T‘yj<t7€j)’2dt. (2.21)

jexyint N

- Step 5. Thanks to the properties (2.4) of Lemma [2| concerning Af(t) and
W;(t), for |t| < T}, one has

(AT (&)W (1), Wy(0) = of [W;(D)]1%,
and for [t| > T, there exist a? > 0 and 3; > 0 such that

(AZ(OW; (), W) > of [Wi(0)I|* = B;[y; (¢, 65) .
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This writes finally

Z/ |y]t£|dt—CsZ/ ly;(t, €)% dt

§€Time ” TU<T; §E€Timy > T

and this last boundary term remains in the right hand side of (2.21)) for s large
enough.
- Step 6. Going back to z = ye™*¥, one can check that

e*?10pz|” < 200wy)* + 2810 ly?,  in (-T,T) xR
2?10, 2|* < 2|0,y + 25| 0u*ly[>,  in (-T,T) x R,
e28%’(07‘)|8tz(0a )|2 = |aty(07 ')|27 in R7
2 08)10,2; (-, 4) 7 = 192y (-, £5) |2, in (=7,7),Yj € Jeat

using z(t = 0,-) = 0 and z(-, ;) = 0, Vj € Jept, and
Oz — 8mz|2 < 2[0z — Oz —|—pz|2 + 2‘|p||%°°(RX(—T,T))|Z|2
< 2|0nz — Oppz + pz|* + 2m? |22

Recalling that Ls(y) = e*?(0y — 0zs)2, (2.21) becomes
T
81/2/ e?*?(0)|9,2(0, ) * da: + s/ / e*% (|042)? + |0p2|?* + s%|2|?) dadt
R T JR

T T
< C/ / €%5°|0 2 — Opuz + pz|?dxdt + C's Z 25089, 25 (t, ) |2 dt
-TJR

jejezt -

+ O // €252 2t + C's® Z/ 250 |2 (1, 0)|2dlt

FETimt T;<|t|<T

T
+20m2/ /e2s‘p]z]2dacdt.
-TJR

By taking s sufficiently large, we can absorb the last term

T
2Cm2/ /eQSﬂZ\Qd:Udt
~-TJR

by the left hand side of the inequality, which ends the proof of the Carleman

inequality .
O
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3 Carleman based Reconstruction algorithm

This section is devoted to the rigorous presentation of the C-bRec algorithm,
as well as its convergence proof.

3.1 Cut-off and cost functional properties

Let us begin by giving some details about two tools of the iterative process

briefly presented in section namely the cut-off function n¥ € C((0,T) xR)
and the cost functional Fs given in ([1.8]).

Properties of the cut-off function n¥.

This cut-off function ¥ will be used in the algorithm to truncate appropriately
the difference between the state at current step and the measured objective,
in order to get something denoted by v* = n¥o, (ul’C — u*) on (0,7) x R in
section [I.3] Their construction is a challenge when working on a network. A
natural way to construct n¥ could be to define each component 77}0 of n¥ over
the branches (0,¢;) of R by 77;5’ = 1, o ¢j, where each n; € C*(R;[0,1]) is
a smooth cut-off function that has to be defined such that v* satisfies some
mandatory properties. It turns out that it is necessary to design it differently,
precisely in order to ensure the Kirchhoff law for v* at the internal nodes. Let
us begin by recalling the properties expected from v*:

e Encoding (p* — p*), which is the information we seek, through the initial
speed data 9,0%(0,-) = n%(0,-)(p* — p*)u’. Tt means for instance that
77;'-9((), -) = 1 would be convenient.

e Vanishing in the domains O and Or, so that Z(vF, k) = 0 (with Z
appearing in Fs ([1.8]) and defined by (2.9))). Thus one needs 77;’»0 =0 on
some domain greater than O U (Ujez,,,Or; x {¢;}).

e Allowing the source term f* of equation (I.7) solved by v* to be man-
ageable. Since one has a Lie bracket term in

FE =0 (p* — PO — 0%, On — D0y (uk _ u) ,

we will ask for ¥ to vary (between 0 and 1) only in a small region
of (0,T) x R. Actually, on each (0,7") x (0,¢;), it will be specifically
possible (meaning manageable) where M; < ¢; < a:? + M;. But it also
has to be done properly across each internal node to ensure continuity
and Kirchhoff law for v* at those nodes.

Thus, the cut-off function ¥ € C?((0,T) x R) is designed as follows:
0 < nw(tvx) < ]-a V(t,&?) € (07T) X R, and
0, ifyt,z)<M,,
%f,:oz{ At < A

Vi e J, 3.1
1, if j(t,x) = a5 + M; >0, J (3:1)
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where M; and z; are defined in Lemma |Z| and are used in the construction of
oj(t,z) = (x — x;)? — Bt? + M;. The situation for two connected branches j
and j; is described in Figure [3] and allows to see that the variation of ¥ from
0 to 1 has to be done between an upper straight line and a lower curved line
(blue or red) on each branch, paying attention to the need of a perpendicular
variation at the junction of the branches.

The goal of this last recommendation is to have specifically, for any j €
Jint and t > 0, both vf(t,éj) = vé?i(t,O), Vi € [1,N;], and [0,0%];(t) = 0.
On the one hand, since v* = 9?8, (uF — u*), we need n;-p(t,lj) = nﬁ (t,0) for
continuity. On the other hand, one observes that d,vF = 9,17%0, (uk — u*) +
NP0t (uk — u*) indicating from the boundary assumptions (1.4)) on u* and u*,
that 8x77}0(t,€j) = 8117;’; (t,0) = 0 would be sufficient for Kirchhoff condition.
Hence the need of a ‘perpendicular variation’ at the internal nodes junctions
mentioned above.

L5, Xj

2

Figure 3: Context of application of the cut-off functions ¥ over two consecutive
branches j and j;.
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Properties of the cost functional Fj.

Let us now give some insight about the chosen cost functional F; presented in
(1.8) and used in the algorithm.

Lemma 4. Let us assume that the hypotheses of Theorem[]] are satisfied. Let
© be a weight function defined as in Lemmald. Then for all s > 0 large enough,
p € L®(R), f € L*>(0,T;L*(R)) and p € L*(0,T), the functional Fy[p, f, ]
recalled here

Fslp, f, 1] / / e*P|0y 2 — Oppz + pz — f|* dadt

3
L8 Z/ 0zt ) — (1) Pt + o Tz, 2),
’LEJezt

(where Z(z, z) is given in (2.9)) is continuous, strictly convex and coercive on

T defined by

T = {z e C°([0, T); HE(R))NCH([0, T); LA(R)), ez —pwz € L2((0, T)x R),
20,) =0 inR, and[9,2);(t) =0, Vj € T, t € (o,T)} (3.2)

and equipped with an appropriate weighed norm.
Thenceforth, the functional Fs[p, f, u] admits a unique minimizer on the set T .

Proof. Let us begin by defining the following weighed seminorm for any z € 7

1215s,s = 2F5[p, 0,0)(2). (3.3)

This is actually a well defined norm thanks to the Carleman estimate (3]
applied to the extension of z € T to negative times as an odd function. Indeed,
since ¢ is a bounded function over the bounded domain (0,7") x R, as soon as
s is large enough, one has

s® HZH%Q(—T,T;LQ(R)) < CFlp, 0,0](2)

bringing z = 0 if Fs[p,0,0](z) = 0.

Moreover, the closed set T is convex thanks to the linearity of the properties
defining it. On the other hand, the functional Fs[p, f, i is continuous and
differentiable on 7T since one can calculate its gradient as follows, for any
2, Z €T

<VFs[pa /s N](Z)7Z>7—

T
:/ / e2s¢(6ttz — Opwz +pz — [)(OuZ — Ope Z + pZ) dxdt (3.4)

+ s Z e ) (0, 2i(t, 4:) — pi(1)0u Z(t, L)t + $*L(z, Z).
ZEJea:t
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Now taking y,z € T and Z = y — z one obtains

(VFslp, f,pul(y) — VFslp, f,ul(2),y — 2)7 = 2F[p,0,0](y — 2).

Therefore, it shows the coercivity condition

<VFS[p> f,ﬂ](y) - st[p7 fa u](z),y - Z>T Z ||y ZHobss

yielding the strong convexity of F[p, f, u] from basic properties of differentiable
convex functions (see the book [I] for instance if needed). As a consequence,
the functional Fi[p, f, ] admits a unique minimizer on the set 7 and allows
to define the upcoming C-bRec algorithm. 0
3.2 The C-bRec algorithm

Let us now state the steps of the algorithm for the reconstruction of the po-
tential p* over the network R in a wave equation described by (1.3))-(1.4) and
of solution u*.

Algorithm

Besides knowing, for each bmnchj € J, the source term g;, the boundary
term h;j and the initial data (u u ) of (1.3] . ., we have the extra measured
mformatzon at the leaves of the network R:

d(t) = Oul(t, 0;), fori € Jew and t € (0,T).

Initialisation: Choose any initial guess p° € L2(R).

Iteration: Knowing p* € L9(R),

1. Calculate the solution u* of (1.3)-(1.4) associated to the potential p*, and
for alli € Jext and t € (0,T), set

() = nf (600 (Dl (t,0) — 1 (1)) (3.5)

2. Minimize the functional F[p*,0, u*] defined by

F, [p 0 ,u / / 259"\&%2— exZ + D z\ dxdt
+ 5 Z / 321019, 2 (¢, 05) — pF (1)]? dt + > 5 I(z z), (3.6)
iEJemt
on the space T and denote w® its unique minimizer.

3. Then set

dpwk (0, -
p*k-i-l :pk+ twu(() ) )’ on R. (37)
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4. Finally, construct

pk+1 - T (ﬁk+1) o { ﬁk+1a Zf |]5k+1| < m,
=Tmn = L) g

sign(p"ym, if [P > m.
Stopping criterion: Choose some tolerance levels €1 and €5 and some mazimum
number of iterations K and stop the iterative loop as soon as one of the three
following criteria is satisfied:

k
pj - pj ”oo

sup ‘ " 2 < €1, or  sup |

k+1

Db (t,6;) — d

< 2, (3.8)

or when the maximal number of iterations K s reached.

The final step of the iterative process is a projection to guarantee that the
coefficient p**! remains appropriately bounded in the space LX(R) so that
one can apply again, in the next iteration, the Carleman estimate (3]).

This algorithm has the advantage to be convergent for any initial guess
po € LS9(R) without a priori knowledge on p* except its bound m. It is
therefore a globally convergent algorithm, as stated in the following result.

3.3 Convergence Result

Theorem 5. Assume the same hypothesis as in Theorem [l Let ¢ be a weight
function defined as in Lemma . Assume also that p* € LYY(R). Then there
exists a constant C' > 0 such that for all s large enough and for all k € N, it
holds

. . N[ ‘
/ Ok — P de < <1/2> / O —p P (3.9)
R o R

In particular, if s is large enough, the sequence (p*)ren given by the algorithm
converges towards p* when k tends to infinity.

Proof. Let us introduce u* and u* the solutions of (1.3)-(1.4) with potential

p", respectively p*. Then if we set zF = 9, (u* — u*) in (0,T) x R, it satisfies

{8&2? — amzf —I—p?z? = (p’j" — pé?)@tu’;, in (0,7) x (O,Ej), (3 10)

Z]k(07 ) =0, (9152’;6(0, ) = (p;k - p?)ugv in (07 gj)a

along with the internal transmission conditions and external boundary condi-
tions for all ¢ € (0,7):

for j =1, 2(t,0) =0,
lf] S je:vta Zj(tagj) = 07 (3.11)
ifj S ,,7mt, Zj(t,fj) = Zj; (t, 0), Vi € [[1,Nj]], and [&Cz]](t) =0.
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Usual a priori energy estimates, as one can read in [0, Lemma 3.2] or in a

more general framework in [22], for z* solution of equation (3.10)-(3.11)) yield
1251 2o 073113 (R)) + 102" | oo 0,72 )
< Cllp" = p* 2wy (16’ oo r) + 0™ | 1o mie(m)) - (312)

Let us now define the integral
[=s\2 / ¢250000) |+ () _ () 2 (3.13)
R

that we will estimate succesively using the informations of the algorithm and
the Carleman estimate.

One can first notice that T),, the projection operator of Step 4 of the
algorithm, is lipschitzian, and is also such that p**! = T,, (') and p* =
T (p*), since we assumed that p* € LS9(R), allowing therefore to write

J = 81/2/ 625¢(0)‘Tm(ﬁk+1) —Tm(p*)Pd.%' < 31/2/ erw(O)‘ﬁk—}-l —p*]Zdac.
R R

Moreover, the initial data u° satisfies the positivity assumption so that

1/2 25¢(0) | k41 )2 |U0\2 st/ 25¢0(0) | (~k+1 *y, 02
r<slt [ e e = I [ 0 -l P,

Let us now split the gap between $*+1 and p* using the previous value p¥,
and use the optimization information of Step 2 and 3.

On the one hand, recall that w* is the minimizer of Fy[p*, 0, u*] on T and
is used to calculate (! — p¥)u® = 9;w*(0) from (3.7).

On the other hand, one can verify that v* = n®9; (uk — u*) is the unique
minimizer of F,[p*, f*¥, u*], since I(vy,v;) = 0 thanks to the choice of n¥ (see
(3.1) and around), and since it is indeed the solution of

k ko ko k k .
8ttv_j _axwvj +p]U] :f]’ m (OvT) X (0)6])7 (314)
v;?(ov ) =0, atv;?(o’ ) = (p; —P?)U?a in (O’Ej)’
with fjk 1= n;(¢;) (P — pf)@tu;f — (@), Ou — Bm](?t(uf — uj), using the Lie
bracket notation [-,-]. Besides, from our design of n¥, one has the boundary
conditions (3.11]) satisfied by v*, so that we can ensure that v* belongs to 7.
Summing up, we get

sl/2 3 i}
1< (a0)2 /Rercp(O)‘(pk-i-l _pk>u0 + <pk —p )u0’2d:(}
/2 k k (3.15)
< )2 / e299)|9,1F (0) — 8,0F (0)|*d.
R
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One can now apply the Carleman estimate to z = w* — v¥ after extend-

ing it to negative times as well, as an odd function that satisfies the required
assumptions and in particular the fact that z(0, ) = 0 on the whole network R.
Therefore, there exists a positive constant C' (generic, as it may change from
line to line) depending on o such that

T
I< C/ / ¥ 9y (wh — vF) — Bpp (W — V%) + pF(wk — 0¥ Pdxdt

+Cs Y / e250i (b0 |9, (wh — uk) (¢, £) 2t

1€Jext
+ O T(wk — oF wh — o)

< C/ / 22| 0w — Oy + pFuFPdrdt + CS3T(wk,w")

oo 3 [ etk - a
1€Text

—|—C/ / 25‘”]87%1) — mvk—i-pkvk\dedt

O Z e25i(tli) |8xvf(t, 4;) — N§|2dt'
1€ Tewt

k .k k

Indeed, we use here that Z(w* — vF, w* — vF) = Z(wk, w*) since vF

vanish on
ou (Uje Tint (’)T].X{gj}) This splitting, using also the measurement p*, allows
to identify the functional Fi[p*,0, u*] defined in (3.6) that reaches its minimum

at w”:

1<c@mﬁame+AWmuWw0

< 2C F,[p*, 0, u¥( c/ / eZ?| ¥ 2dadt, (3.16)

where f¥ = n?(p* — p*)owu* — [n¥, 0y — Opz)2” is the source term of equation
(3.14) satisfied by v* that we can now estimate. Using therefore

[77907 Oyt — axx]z = - ((attn@ - axxnsa)z + 281577@81&2 - annvaxz) )
and the properties of ¢ and ¥, it brings easily, from

T
I<C/ /625“’|77‘p(p*—pk)8tu*\2dxdt
0o JRr
+CZ/ / 28(p]| 77 6tt mc:| k| dl‘dt

JjeT
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that
I <Ol mLoom)) /R€2W(O) p* —p*|? da
2s(M;+x? Tt k2 k|2 k|2
+ O3 e m/ / (19221 + 002k + 24 dadt.
ieT o Jo
Indeed, in the last estimate, we used both the fact that ¢(t,-) < ¢(0,-) on R
and that the support of the term [77}0, Oy — 8m] lies where 77;-0 varies, meaning
where one has M; < ¢; < M; + x?, insuring that €25 < 2s(Mjta3)
Together with the a priori estimate (3.12)) on z* that also writes
k k * k *
|2 ||L°°(07T;H(}(R)) + (|02 ”LOO(O,T;L?(R)) < Cllu ||H1(07T;L°°(R))”p -p ||L2(R)7
one gets
I < COllu*|| 0,10 (R)) (/R 2O |k — p*|2 dz
2s(M;+2
n Z 25( J+z])”pk —P*||L2(0,£j)>-
JjeJ
Combining this estimate with the definition (3.13|) of I and using that
©(0,-) > M; + x? on R, we finally obtain

81/2/ 6254,0(0)|pk—|—1 *p*|2d$ < C/ e2s<,0(0)|pk 7p*|2 dx (317)
R R

where C' > 0 depends on [|u* || g1(0,7;100(R)), @0 and 7.

By simple iteration on k, we conclude to the desired estimate and the
convergence result when k tends to infinity as soon as s is large enough to have
Cs~ 12 < 1. O

4 Numerics

Now, we present the discretization schemes and the technical solutions we have
developed to implement numerically the C-bRec algorithm on a network.
4.1 Topology of the network

The only data concerning the network that the algorithm needs as input is
the list of names (alpha-numeric character strings) of the branches, possibly
in disorder, and their respective sizes.

For example, for the network shown in Figure [I0] we can give the list

{ac2,ab, ab4,a,abl, aa, ac, ach, ab3}.
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The only rule to respect is that all the children of the same branch bear the
name of their mother to which a character has been added. Accordingly, for the
network shown in Figure[I0] the children of branch aa are for example branches
aal, aad and aad. Thus, we can easily find the mother of a given branch by
removing the last character in its name. Then the algorithm automatically
takes care of:

- sort the branch’s names alphabetically to build J, so that the instance
{ac2,ab, ab4,a,abl,aa, ac, ach, ab3} becomes

J = {a,aa,ab,abl, ab3, abd, ac,ac2, ac5};

- construct the sets Jin: and Jeqt, bringing here Jine = {a,ab,ac} and
Text = {aa,abl, ab3, abd, ac2,ac5}. One may notice that in practice, we
only need the position in J of the elements of J;,; and Jeut, so that we
only build the positions table J;,: = {0,2,6} and Jeor = {1,3,4,5,7,8}.

- create the tables that give, for a given branch j € J, the number N; of
its children, its possible position in J;,:, and the position in [J;,; of its
mother branch.

Afterwards, following the proof of Lemma , we build the x;, M; and T}
by induction on j € J. We make sure that ¢; is large enough to guarantee
that the determinant of the matrix Af(TJ) given in ([2.5)), that we calculate
numerically, is indeed strictly positive.

In order to be consistent below with the explanations already given in the
theoretical part, we will assume that the first branch bears the name 1.

4.2 Generation of the data and noise

We work here with synthetic data. To discretize equation - in (0,7) x
R, we use finite differences (explicit centered scheme) in space and time. We
introduce integers N; and N,; and fix the time step At and the space step
Ax; in the branch j € J such that {; = (N,; + 1)Az; and T = (IV; + 1)At.
Then, we define, for 0 <7 < Ny +1and 0 < n < Ny + 1, (u;‘)f‘ a numerical
approximation of the solution (u})(t",z;) with t" = nAt and z; = iAx;. It
satisfies the following system for j € J, 1 <i < Ny and 1 <n < Ng:
()i = 20u)p + ()™ ()i — 2} + (4))iy
At? Aa:jz
+ p;(wl)(u;)? = gj(tn7 xi)?

(u*)? = u¥(x;), and (u;‘)l1 = u?(:vz) + Atujl- (x4),

(4.1)

29



with the boundary conditions for 0 < n < Ny + 1:

for j=1, (u1)y =h(t"),
lf] S jext, (U]) z]+1 (tn)
if j € Tint, (W5)Rr,;41 = ( )0» Vi € [[1 Njl, (4.2)
(u;)nm +1 ’I‘ ] - ( * )8
J A - i Z .

\
Then, we compute the discrete counterpart of the continuous measurement d*

given in (|1.5) as follows:

()N, 41 — (WK,
(d}k)”: : Nljix. : Nz]v J € Jext, 0<n< Net 1
J

On the measured data, we add a Gaussian noise:
(d}‘)” — (d}“)” + H(max(d;)m)./\f(o, 1), j€JText, 0<n<N+1 (4.3)
m
where N(0,1) satisfies a centered normal law with deviation 1 and 6 is the
level of noise.

Note that the chosen model of noise is additive. In the presence of noise, the
first step of the inverse problem is to regularize the data in a way that depends
on the nature of the noise and the physical phenomena. In this article, we use
the Butterworth lowpass filter.

4.3 Discretization of the algorithm

Initialization process.

For each branch j € J, we choose a first guess function p(])- (z) satisfying

Hp?(fﬁ)HLoo(o,ej) sm
and set (pg)i = (p?)(acl) for all 1 <@ < Nyj.

Iterative steps.

Discretization of Step 1. It first consists in computing the solution u* of

system ({.1))-(&.2) associated to potential pF.
Then, for j € Jepr and 1 < n < Ny, we compute a discrete approximation

of ,u;?(t”) defined in (3.5) as:

kyn+1 _ (gxyn+1) _ kyn—1 _ (g%\n—1
<u§>“=nf<tn,ej><(d” (d) )w((d]) (d5) )7

uky o — (uk)n
where (dgi«‘)n — ( J)Nz]—i-l ( J)Nz

L and 77 is given by (B.1).
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Discretization of Step 2. The minimization process for Fi[p”,0,u*] is
equivalent to the resolution of the following variational formulation: Find
wk € T such that for all z € T,

T
/ / e*? (O — Dypw® + PPw®) (0112 — Opwz + p*2) dudt
0

+s Z QS@i(t’K")ﬁxwf(t, 0)Dpzi(t, 4;)dt + s3T(w", 2)
1€Jeat

_, Z/ 25910 k(18 25(¢, ;) dt. (4.4)

1€Jext

To discretize , we approximate the integrals using rectangle quadrature
rules and we use standard centered finite differences for the various integrands.
We do not detail here these classical developments.

Special attention must be paid to the discretization process of the minimization
space T defined by in Lemma 4, We get some additional constraints on
wk, le.for0<n<< N +1

for j=1, (wf)f=

if j € Jeat, ( f)?\f 41 =0,

if j € Tint,  (W),,01 = (w._)g, Vi € [[1 N-]] (4.5)
(w))R

a:g+1 w xg ( k)g
A o Z :

Those constraints are expressed in the form of additional equations to (4.4)).
But we must not forget that it also has an impact on the discretized basis of 7T .

k

Finally the minimizer w” is obtained as the unique solution of a linear

system associated with a sparse matrix of size (Zjej(ij + 2)) (Nt +2) cor-
responding to the discretization of the variational problem (4.4)-(4.5)).

As far as the discrete setting is concerned, we have to add new terms to
the variational formulation to guarantee its coercivity property uniformly
with respect to the discretization parameters At and Ax;. These additional
terms (sometimes called viscosity terms) that help handling high frequency
spurious waves generated by the numerical scheme take the form

Ny Naj
Z sAz;At Z 2625%& i) ((wj);‘fll - (”Wj)?+1 - (U’j)?ﬂ + (%)7)
jeg n=0 i=0

(2P = 2t 2l ). (4.6)
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For explanations and proofs, we refer to the work [9] on discrete Carleman es-
timates for the wave operator, and see also [7] for other informations regarding
this numerical issue.

Discretization of Step 3 and Step 4. We discretize equation (3.7)) as:

(wh)
uOAL’

)i = ()i + jET, 1<i< Ny (4.7)

and the discretization of Step 4 is straightforward.

Stopping criterion.

According to (3.8) and the data noise taken into account, the iterative loop is
stopped when one of the following criteria is satisfied:

dk — d*
7 %y
sup " < max(eq, 0), (4.8)
jEJeact Hd‘]H2
or k41 _ K
sup M < ey, (4.9)
jeg m

where (£1,¢2) is a fixed tolerance and 6 is the level of noise (recall (£.3)), or
when the maximal number K of iterations is reached.

If the exact solution p* is known (which is the case in a synthetic data setting
as ours), we can compute for each j € J the final error

(ee) *
> — p*|ly
err; = u (4.10)
125 1|2
with p7° the converged numerical solution of the sequence (p;“) ren. This error
ratio is reported in Table [2

4.4 Numerical challenges

The main drawback of the approach is related to the presence of large ex-
ponential factors in the functional Fj [pk ,0, ,uk] that leads to severe numerical
difficulties when performing the minimization for s large. This difficulty is
solved thanks to the three following ideas:

e As already mentionned, we proved and used Carleman estimates with a
single weight of the form e25¢ instead of the most frequently used double
weight €254 for A > 0 large enough;
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e At the discrete level, as in [7], we work on the conjugate variable
()7 = (wh)pesss =,

forj € J,0<n < Ny+1and 0 < ¢ < Ngj +1. This change of
unknown acts as a preconditioner of the linear system coming from (4.4))
and decreases its condition number. Indeed, it allows to remove the
exponential terms appearing in the matrix of the system.

e Unfortunately, there are still exponential factors in the right hand side
vector. The idea to tackle those is to develop a progressive process to
compute the solution as the aggregation of several problems localized in
subdomains in which the exponential factors are all of the same order.
See [7] for more details.

4.5 Numerical results

This subsection is devoted to the presentation of some numerical examples to
illustrate the properties of the C-bRec algorithm constructed for the network
of strings and its efficiency. All simulations are executed with PYTHON and the
source codes are available on request. Table|[l|gather the numerical values used
for all the following examples, unless specified otherwise where appropriate. In
all the figures showing reconstruction results, the exact coefficient that we want
to recover is plotted by a red line, whereas the numerical coefficient recovered
by the algorithm is represented by a dotted black line. The information about
the convergence (number of iterations, running time, convergence error) is
reported in Table

Uo Up g h m
(2,2,2) (0,0,0) (0,0,0) (2,2,2) 2
45 I3 s in Theorem €1 in €9 in
(0.5,1,0.75) 0.99 1 1073 1073
Z; in Lemma|§| M; T given by Ngj Ny
(-0.3,-2.89,-2.89) | (7.71,0,0) 3.9 100 * £; 110 % T

Table 1: Numerical values of the variables used for all the numerical examples
over the network of Figure

Simulations from data without noise

A first result of reconstruction obtained in the absence of noise is given for
the network plotted in Figure[dl Figure [5|shows the evolution of the recovered
coefficient p* at each iteration k of the convergence process and below the final
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Example | # of iterations | Running time in sec err in (4.10)
Figure 5| 4 226 (0.083,0.001,0.001)
FigureH 4 167 (0.028, 0.057, 0.001)
4 158 (0.095, 0.008, 0.007)
Figure [§] 3 200 (0.25,0.05,0.09)
3 190 (0.26,0.06,0.10)
3 150 (0.27,0.11,0.15)
Figure 10 8261 (0.080,0.014,0.043, ...
...,0.068,0.009,0.09...
...,0.032,0.020,0.004)

Table 2: Convergence results of the test cases. One can observe that in all
cases of Figure 4| the convergence criteria is met in less than 5 iterations.
The algorithm is running on a personal laptop in a few minutes. The final
error defined in (4.10)) shows the effectiveness of the reconstruction. Figure
gives the convergence results for a more complex network given in @

Figure 4: First setting - a 3 branches network, with observations at e.

result p> together with the exact solution p*. In all the examples of Figure [f]
the convergence is reached in less than 5 iterations and the solution after one
iteration is almost the final one.

First line of Figure [6] represents the results for the same potential than in
the previous case Figure [f] but on other branches. We show in particular that
regular potential are well reconstructed regardless of their place in the network
whereas rectangular pulse are less well reconstructed.

Second line of Figure [f] gives the results for potential without continuity at
internal node.

Simulations with several levels of noise

In Figure[7], we plot an example of observations measured at the point x = /13
during the time interval T' corresponding to pj(z) = —19.30.8/(7/¢1), P11 () =
sin(2rxz/011) and piy(x) = sin(brz/l12).
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Coefficient on branch 1 , Coefficient on branch 11 , Coefficient on branch 12

20 o o
t=0

15 =1 15 15
it=2

10 e 10 10

. it=4

05 05 0s

o 00

Coefficient on branch 1 Coefficient on branch 11 Coefficient on branch 12

20 20 20
— exact — exact — ex:

15 recovered 15 - recovered 15 rec d
10 10 10
0s o0s 05
00 Ao 00 00
05 -0 -05
-10 b 10 10
-15 15 15
2.0 2.0 20

00 o1 02 03 04 05 00 02 o4 06 o8 10 00 01 02 03 04 05 06 07

(a) pi(z) = —T0.3,0.8) (x/€1) (b) pii(z) = sin(2wx/l11) (c) pia(z) = sin(bmx/l12)

Figure 5: Top line: Convergence history of the reconstruction process. Bottom
line: final reconstruction result (dotted black line) and exact coefficient (red
line) for the three branches.

Coefficient on branch 1 Coefficient on branch 11 Coefficient on branch 12
20 20 20
— et — exact — et
15 == recovered 15 —-- recovered 15 == recovered
10 10 10
05 0s 05
)

00 004 A 00
05 05 o5
10 10 L 10
15 15 15
20 20 20

00 o1 02 03 04 05 ) 02 o4 o5 o8 pic) 00 o1 o2 03 04 05 08 07

(a) pi(x) =sin(2mz/tr)  (b) pii(x) = (c) piz(x) = sin(57xz/l12)
*1[0.3,0.8] (96/511)

Coefficient on branch 1 Coefficient on branch 11 Coefficient on branch 12
20 30 20
— eact — eact — et
15 --- recovered 25 —-- recovered 15 -~ recovered
10 20 10
05 15
00 o~ 10 00
05 05 05
-10 - 00 0
13 05 15
20 10 20
00 o1 02 03 04 05 00 02 o4 o5 o8 pic) 00 o1 o2 03 o0s 05 o8 07

(d) pi(z) = —Lj0.3,0.8/(x/l1) () pi1(x) =1 +sin(2rx/l11) (f) pia(x) = sin(5mz/l12)

Figure 6: Final reconstruction result (dotted black line) and exact coefficient
(red line) with other potentials.

Figures|8|show the results with different levels of noise in the measurements

(0 =1%, 6 = 2% and 5% in (4.3)).
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Observations on branch 11

oo

05 10 15 20 25 30 35 40

(a) without noise

Observations on branch 11

0 05 10

Us 20 25 30 35 40

(b) with 8 = 10% noise

Observations on branch 11

o0 o5 10 15 20

25 30 35 a0

(c) after regularization

Figure 7: Examples of observations d*(t) at © = ¢1;. We show the impact of
adding noise following (4.3) and the result obtained after applying the low-pass
filter.

Coefficient on branch 1

Coefficient on branch 11

Coefficient on branch 12

— eact
-~ recovered

— exact
-~ recovered

— eact
—-- recovered

Coefficient on branch 1

Coefficient on branch 11

Coefficient on branch 12

10
15 15 15
20 -20 20

00 o1 02 03 04 05 00 0z 04 o5 o8 10 00 01 o2z 03 04 05 06 07

Coefficient on branch 1 Coefficient on branch 11 Coefficient on branch 12
20 20 20
— et — exact — et

s - recovered s --- recovered 15 -~ recovered

10

05

Figure 8: Recovery of the coefficient in presence of 0

Wrong choices of the parameters

(c) pia(x) = sin(bmxz/l12)

= 1% (first line), 0 = 2%
(second line) and 6 = 5% (third line) noise in the data. The final error on the
coefficients is reported in Table E}

The first two lines of Figure [J] present the reconstruction result when the as-
sumption on the minimal observation time 7" given in (2.2)) is not satisfied.
On the first line, the observation time is taken equal to the intuitive physical

36



time ¢1 4+ £17 = 1.5, corresponding to the time needed for the wave travelling
at speed 1 to reach one of the observation nodes even if it starts from the root
node of the network. In that case, the reconstruction is as accurate as the
one obtained with the much larger time satisfying . Then, on the second
line, we try the same reconstructions but with a shorter time 7' = 1.25. In
that case, the result begins to deteriorate near the root node. This illustrates
the fact that the minimal time to get the convergence of the algorithm is very
likely the larger path in the network from the root node to a leaf, instead of
the more restrictive time condition (that is probably only technical).

Coefficient on branch 1 Coefficient on branch 11 Coefficient on branch 12
20 20

Coefficient on branch 1 Coefficient on branch 11 Coefficient on branch 12
20 20

(a) pi(x) = —Ljg.3,08(x/l1) (b) pii(x) = sin(2rz/l11) (c) pia(z) = sin(brz/l12)

Figure 9: Some examples of reconstructions using the C-bRec algorithm when
one assumption of the convergence Theorem [5] is not satisfied. Top line: The
observation time T=1.5 is smaller than the minimal time given in . Middle
line: The observation time T=1.25 is smaller than the minimal time given in

(2.2). Bottom line: The result when the projection step 4 of the algorithm is
discard.

In the last line of Figure [9] we also plot the results given by the algorithm
when the projection Step 4 of the algorithm is disregarded. The numerical
experiments seem to indicate good convergence of the algorithm in this case,
although it is used in a setting in which we do not know how to provide a
proof of convergence. This means that the knowledge of m such that the exact
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Laes = 0.5
Figure 10: Second setting - a 9 branches network, with observation at e.

coefficient to be recovered belongs to L9 (R) is not mandatory.

A more complex network

Finally, we give some simulations in the case of a nine-branches network as
the one sketched in Figure One should mention that here, the complexity
of the network brings the specific numerical difficulty that the |x;| are getting
very large, following the assumptions of Lemma [2] and bringing large weights
in the Carleman-based cost functional. The values used for the examples are
reported in Table [3| The result is presented in Figure

Uug (1 m
(2.2.2.2.2.2.2,2,2) (0,0,0,0,0,0,0,0,0) 2
g ¢ g
(0,0,0,0,0,0,0,0,0) | (0.2,0.6,0.3,0.2,0.4,0.3,0.6,0.1,0.5) 0.99
h xj in Lemma|§| g1 in (4.8)
(2,2,2,2,2,2,2,2.2) | (0.01,1.2,1.2.8.7,8.7.8.7,1.2,6.565) | 105
s in Theorem [3] M; g in (4.9)
1 (74.1,72.6,72.6,0,0,0,72.6,33.4,33.4) 1072
T given by (2.2)) Nyj Ny
9.15 100 = ¢; 110+ T

Table 3: Numerical values of the variables used for the numerical examples
over the network of Figure

Conclusion

As concluding remarks, one can underline that this work has the ambition
to be a technically sound and complete first step for testing on application
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Coefficient on branch a Coefficient on branch aa Coefficient on branch ab

— eact — et — et

== recovered

s == recovered s - recover 25

0
0000 0025 0050 0075 0100 0125 0150 0175 0200 00 o1 02 03 04 os 05 000

(a) ph(x) =sin(2wz/la) (b) pha(z) = 3z — 6(z — (c) pap(z) = 2cos(mx)
0.500a) 1 {250.50001

Coefficient on branch abl Coefficient on branch ab3 Coefficient on branch ab4

— et
--- recovered

— eact — exact
- recovered

0 -30
0000 0025 0050 0075 0100 0125 0150 0175 0200 000 005 010 015 020 025 030 035 040 000 005 o010

(d) Pap1 (2) =(e) Pabs () = (f) papa(®) = /labs
Li0.7,0.9) (@ /Lav1) —sin(3wz/Llaps) — 1
20 Coefficient on branch ac 20 Coefficient on branch ac2 20 Coefficient on branch ac5
— — —
7200.0 01 0.2 03 04 05 0.6 720000 0.02 0.04 0.06 0.08 0.10 72”00 01 02 03 0.4 05
(8) pac(x) = sin(dnz/lac)  (h) paca(z) = cos(mz/lacz) (1) pacs(z) = 0.5

Figure 11: Final reconstruction results (black crosses) and exact coefficient
(red line) for the nine branches of the network plotted in Figure

data related to networks of string equations. We proposed here a competitive
approach for the identification/recovery of coefficients in partial differential
equations that takes it roots in the preliminary work [5] that also inspired
results for source term identification in reaction-diffusion equations [12] and
even for main coefficient in multi-dimensional wave equation [8]. Our C-bRec
approach proves to be quite adaptable, even if it is to the price of appropriate
one-parameter Carleman estimates. One can see challenging questions to ex-
plore concerning more applicative settings or various other partial differential
equations, such as, for instance, some elasticity context.
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