N

N

Optimality Conditions for Parabolic Stochastic Optimal
Control Problems with Boundary Controls

Piero Visconti

» To cite this version:

Piero Visconti. Optimality Conditions for Parabolic Stochastic Optimal Control Problems with
Boundary Controls. 2024. hal-04360452v2

HAL Id: hal-04360452
https://hal.science/hal-04360452v2

Preprint submitted on 14 Mar 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04360452v2
https://hal.archives-ouvertes.fr

Optimality Conditions for Parabolic Stochastic Optimal Control
Problems with Boundary Controls

Piero Visconti*

March 14, 2024

Abstract

Optimality conditions are provided for a class of control problems driven by a cylindrical
Wiener process, which amount to a stochastic maximum principle in differential form. The
control is considered to act on the drift and the volatility, both of which may be unbounded
operators, which allows us to consider SPDEs with control and/or noise on the boundary. By
the factorization method, a regularizing property is established for the state equation which is
then employed to prove, by duality, a similar result for the backward time costate equation. The
costate equation is understood in the sense of transposition. Finally, the cost is shown to be
Gateaux differentiable and it’s derivative is represented in terms of the costate, the optimality
condition is deduced using results of set valued analysis.

Keywords: Stochastic optimal control, Boundary control, Neccessary optimality conditions,
Backward stochastic evolution equations.

1 Introduction

The aim of this paper is to give optimality conditions in the form of a maximum principle for optimal
control problems involving stochastic parabolic evolution equations. Specifically, we consider the
situation where all functions defining the dynamics are allowed to take values outside the state
space, which enables us to consider a broader class of boundary control problems for stochastic
partial differential equations (SPDEs) than is covered in the literature.

Let X and H be separable Hilbert spaces, let U be a Banach space, U% C U be a closed subset,
and let €2 be a probability space. Suppose W is a cylindrical Wiener process on H with underlying
probability space €. Let A be the generator of an analytic semigroup on X.

Consider the stochastic evolution equation (SEE)

dx(t) = [Az(t) + b(t, z(t), u(t))] dt + o(t,z(t), u(t))dW (t), x(0) = xo. (1.1)

Consider as well the cost function
T
T(z,u) = E / F(t,2(8), u(t))dt + Eh(x(T)). (1.2)
0

A pair of predictable stochastic processes (z, u) with values in Xx U d i5 said to be an admissible
pair if it satisfies equation (1.1), and it is an optimal pair if J(x,u) is minimal among admissible
pairs.
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If we set X = R"™ and omit ¢ and W, we are left with a control system governed by an ordinary
differential equation, and the expectation can be omitted from the cost functional. In the influential
work [5], the costate equation

y(t) = —[A"y + by (¢, 2(t), u(t)"y(t) — fu(t, z(t),u(t)], y(T) = —he(z(T)), (1.3)
was introduced, as well as the Hamiltonian

H(t,z,u,y) = (y,b(t,z,u))x- x — f(t,x,u), (1.4)

and it was established that under mild assumptions (most notably differentiability with respect to
(w.r.t.) = and continuity w.r.t. u of the functions b, f and h), for a given optimal pair (Z,u), and
the respective solution g of (1.3), the function

U 54— H(t, Z(t), u, j(t))

is maximized at u(t) a.e. in [0,7]. The power of this results is that it reduces an optimization
problem in infinite dimensions (the space of controls) to a family of optimization problems in U ad
We refer to [32, 7].

For optimal control in infinite dimensions, we refer to the monographs [22, 31]. More specifically,
for semilinear parabolic equations with boundary control, we refer to [6, 28, 29], it is worth noting
that the adjoint equation is also parabolic and typically the same regularity holds for its solutions as
for those of the state equation, this is of particular importance when considering boundary controls,
as the optimality conditions often involve a trace of the costate.

We briefly consider again X = R” and now let H = R? and consider ¢ in the control system again,
the dynamics now involve two expressions, as a consequence, the costate includes an additional
process ¢, taking values in R"*?%. The costate equation is given by

dy(t) = —[A%y + b (t, 2(t), u(t)) "y () + ou(t, 2(1), u(t)) q(t) = fo(t, z(2), u(t)]dt + q(t)dW (2),

y(T) = —he(2(T)).
(1.5)

In this case, the process ¢ is part of the solution, and the costate corresponds to the pair of

processes (Y, q).
We define the Hamiltonian

H(t,z,u,y,q) = (y,b(t,z,u))x=x +tr (¢ o(t,z,u)] — f(t,z,u), (1.6)

where tr denotes the trace of an matrix or operator (recall that R™*¢ is a Hilbert space with
Frobenius product).

The naive extension of the maximum principle would say that for any optimal pair (Z, ), there
are solutions (g, ) of equation (1.5) such that the stochastic Hamiltonian (1.6) is maximized at
u(t) a.e. in [0,7] x Q. However, even in finite dimensions, the Hamiltonian is not necessarily
maximized at an optimal control (see [34, Chapter 3, Example 3.1] for a simple counterexample
with X = U = H = R). A maximum principle can be established under additional assumptions,
one may point as very early examples to [20, 19] (o independent of the control) or [4] (convexity
assumptions).

In [27], the author proves the maximum principle for general stochastic differential equations, in
such generality, it is necessary to impose more regularity for b, o, f and h (up to second derivatives



w.r.t. z) and introduce a second order adjoint equation with solutions (Y, Q) taking values in
L(X) x L(H, £(X)) and add to the Hamiltonian the quadratic correction term

%tr[(d(t, Z(t), u) — o(t, Z(t), u(t))"Y (¢)(o (¢, 2(t), u) — o(t, 2(t), u(t)))]. (1.7)

We refer the reader to [34] and the references therein for a revision of what is by now the classical
theory of stochastic optimal control in finite dimension. We mention [14], where the authors are
able to obtain a first order optimality condition involving only first derivatives of b,o, f and h
without the assumption that the admissible control set U is convex, the present paper takes a
similar approach.

We revert back now to our original setting in which X and H are separable Hilbert spaces
and U is a Banach space. We refer to [2] for a pioneering work, where it is shown that, while a
maximum principle doesn’t necessarily hold, assuming differenciability w.r.t. u and imposing that
the admissible control set is a convex subset of a Hilbert space U, the derivative of the Hamiltonian
at an optimal control is not positive along feasible directions.

See [25] and the rich references therein for a recent review on the state of control theory for
infinite dimensional stochastic control systems. We refer in particular to [12, 15, 24], all of which
give meaning (in different ways) to the correction term (1.7) in the infinite dimensional case, this is
a delicate technical question and in the case that o is unbounded (i.e. does not belong to £(H, X)),
it would not be enough to have Y take values in £(X), one should prove that it is in some sense
regularizing, this kind of well-posedness for the second order adjoint is not available at the moment,
we therefore aim for an optimality condition in the spirit of [2, 14], making use of only one adjoint
equation.

Unlike in the deterministic setting, backward time stochastic equations are not equivalent to
their forward time counterparts through a simple change of variable as the adaptedness of solutions
is lost in the process, however, much like in the deterministic case, it is possible to establish
additional regularity in the parabolic case. This regularity for the costate is relevant because, a
priori, the Hamiltonian as found in equation (1.6) is not well defined when b and ¢ are unbounded.
For a maximum principle involving stochastic boundary control systems we refer to [18, 35] where
additional regularity of the costate y is shown to hold and optimality conditions are established.
In order to treat the case where o depends on the control, the properties of the process ¢ become
relevant, even when o is assumed to take values in L(H,X) it could be necessary to establish
additional regularity for ¢, for instance, when the noise is infinite dimensional (see [16], where the
authors need to prove an integrability condition for the trace of ¢). As far as we know, there
is no work establishing optimality conditions for a controlled SEE with o being simultaneously
unbounded and depending on the control. The main novelty of the present paper is to consider
unbounded b and o, both possibly depending on wu.

The rest of the paper is organized as follows: In section 2 we introduce the notation and some
preliminary concepts. In section 3, we provide a mathematical setting and define the optimal control
problem considered. In section 4, we provide well posedness results for the state equation, in doing
so, we refine the known results for the regularity of solutions of parabolic stochastic evolution
equations, which may be of independent interest. In section 5 we prove the well-posedness and
regularity of the solutions of the costate equation. Section 6 concerns the optimality conditions of
the solutions of our optimal control problem, finally, we give two worked out examples for which
we write our costate equation and optimality conditions.



2 Notation and preliminaries

2.1 General notation

Let (X, |||l y) and (Y, ||-|ly-) be Banach spaces. We denote by £(X,Y’) the space of bounded linear
operators from X to Y, which we endow with the operator norm:

1Bl ix vy = sup{llBelly : [lzflx <1}

Denote £(X) := L(X, X), we denote Idx € L(X) the identity operator Idxx = z, when it is
clear from context, we omit the subscript. We define the dual space X* := L(X,R). For z* € X*
we denote z*(z) = (x,2™) x x=.

For B € L(X,Y), define the adjoint operator B* € L(Y™*, X*), given by

(xa B*y*>X,X* = (va y*>Y,Y*'

2.2 Analytic semigroups and interpolation spaces

Let A be the infinitesimal generator of an analytic semigroup S. For large enough 5 € p(A) N R,
we have

1 o0
BId—A)™ = / e Le S (1) dt 2.1
(B1a -2 = o | (v (21)
where I(ar) = [t te"dt.

We denote X, = D((8Id—A)*) with the norm [[z[|y_ = [|(8 — A)%z[|yx and X_, the completion
of X with the norm ||(81d — A)™%z|| .

Analytic semigroups have the following regularizing property:

Proposition 2.1 ([26, Chapter 2, Theorem 6.13]). Let S be an analytic semigroup and {X,}a
defined as before. Then for allt > 0 and o > 0 we have S(t) € L(X, X,). Moreover, there exists
M, such that for all t > 0,

IS 2xx0) < Mot~

2.3 Stochastic processes

Let (2, Foo, P) be a probability space and let the filtration F = {F;};cr, be an increasing collection
of o—algebras contained in Fu.

We define F, to be the smallest g-algebra on Ry x 2 containing all sets of the form (s,t] x B
with Bs € Fs and s < t, and of the form {0} x By for By € Fy.

A function f : R4 x Q — M where (M, Fjr) is any measurable space is said to be F-predictable
if it’s measurable w.r.t. the predictable o-algebra Fy,, i.e. if f71(B) € Fp for all B € Fy.
We write My for the set of M—valued predictable functions. When M is a topological space (in
particular, for a Banach space), we consider on it the Borel o-algebra.

For T' € (0,00], 1 < p,q < oo and a Banach space X we will use the following notations:

r/q p/q] /P

o LL(L9(0,T; X)) = {x € Xy:E <f0T ll2¢]% dt) < oo} with norm [E (fOT )ell% dt) } .
1/q
o LL(0,T; LP(; X)) = {33 € Xt [i (B Ja|%) "7 dt < oo}withnorm [fOT (E||(-)t|\§()q/pdt} .

Both defined up to equality a.e. in [0,7] x © with the obvious adjustment when p or ¢ are
00.



o LE(Q;C([0,T), X)) is the subspace of LL(2; L>°(0,T;X)) consisting of processes z which
almost surely have continuous paths, i.e. for almost every w € Q, t — z4(w) is continuous
from [0,7] to X.

e Dp([0,T],LP(£2; X)) is the subspace of Lg°(0,T; LP(£2; X)) consisting of processes « which are
cadlag (right continuous with left limits) from [0, 7] into L'z (Q; X), i.e. for every ¢ € [0,T7,

lim E |lz; — z4||" =0
s—tT

and the limit lim,_,;- x5 in L?_-t (X) exists.

e Cr([0,T7, LP(£2; X)) is the subspace of Lg°(0,T’; LP(€2; X)) consisting of processes « which are
continuous from [0, 7] into L’]’_-T(Q;X), i.e. for every t € [0, T,

ImE ||z, — z4||” = 0.
s—t

2.4 Hilbert-Schmidt space & stochastic integration

Let Z and K be Hilbert spaces. By the Riesz representation theorem, it is possible to identify Z
with Z* and K with K*, and thus the adjoint P* of a bounded operator P € L(Z, K) may be
thought of as belonging to £(K, Z), and it is defined by the relation (z, P*k); = (Pz, k) k.

Let I be an arbitrary set of indices, we say that {e;};c; C Z is a Hilbert basis of Z if it’s an
orthonormal set, i.e.
<€i,€j>Z = {é z#i 9

and {e;};cr spans a dense subset of Z.
Fix a Hilbert basis {e;};c;. For any positive bounded operator T € £(Z), i.e. one satisfying
(Thz,z)z > 0 for all z € Z, we define

tr(Ty) = (Tyei ez

el

It can be checked that tr(7) doesn’t depend on the choice of Hilbert basis {e;}ics. Define the
space L1(Z) of trace-class operators on Z as

L1(Z) = {T € £(Z) : tr(|T]) < oo},

where |T'| = (T*T)'/2, then tr(T) is also well defined by the same formula for T' € £1(Z).
We denote L£o(Z, K) the space of Hilbert-Schmidt operators P : Z — K, defined as

Ly(Z,K):={P € L(Z,K): P*P € £1(Z)} = {P € L(Z,K) : tr(P*P) < oo}.

We list below some facts about Hilbert-Schmidt and trace-class operators (see for instance [30,
Section VI.6]):

Proposition 2.2. Let Z and K be Hilbert spaces. The following statements hold.
o Fwvery Hilbert-Schmidt operator is compact.

o FEvery trace-class operator is Hilbert-Schmidt: £1(Z) C Lo(Z). In particular, every trace-class
operator is compact.



o Let T € L1(Z). There exists (at least) a Hilbert basis {e;}icr of Z such that

Y ITeill, < oo

iel

One such basis is the one consisting of eigenvectors of |T| (whose existence follows from
Hilbert’s spectral decomposition theorem,).

e The composition QP of two Hilbert-Schmidt operators P € Lo(Z,K) and Q € Lo( K, Z) is a
trace-class operator on Z.

o Lo(Z,K) is itself a Hilbert space with the inner product (P,Q) = tr(Q*P), which is again
well defined by
tr(Q'P) = Y (Q" Peiyes)y = S (Pes, Qei)ic
i€l el

and is independent of the choice of basis. If Z, K are separable, Lo(Z, K) is again separable.
We have the following identification:

Proposition 2.3. Assume Z, K are Hilbert spaces. Then (L2(Z,K))" = Lo(Z, K*) with the duality

(P,Q) £o(2,K),L2(2,K*) = Z<P€z‘7 Qei) i K+
iel

for an orthonormal basis {e;}icr of Z. Moreover, if H is another Hilbert space densely and con-
tinuously included in K, then Lo(Z,H) C Lo(Z,K) and Lo(Z, K*) C Lo Z, H*) with dense and
continuous inclusions and

(P,Q) £o(2.5),L2(2,K%) = Py Q) £0(2,H),£2(2,H*)
when P € Lo(Z,H) and Q € Lo(Z, K*).

See appendix A for a proof.

We now define a cylindrical Wiener process. Let H be a separable Hilbert space densely embed-
ded in another separable Hilbert space H_4 such that the inclusion Z : H — H_1 is Hilbert-Schmidt.
Let W : Q2 x Ry — H_; be a measurable function, we write W(w,t) = Wi(w) and often omit de-
pendence on w. We say that W is a cylindrical Wiener process on H if for all A,k € H_1, t,s5 € Ry,
(Wi, h)m_, is a centered Gaussian random variable, W(w,-) € C(Ry,H_;) a.s. and

Ep [(Wt, h>H71 <W5, k>H71] = (t A 8) <I*h,I*k>H.

We say the filtration F is admissible for W if for all ¢ > 0, W, is F;—measurable and Wy, — W,
is independent of F; for any s > t. For a given process W, an admissible filtration can always
be constructed, the smallest such filtration is called the natural filtration of W and it consists of
{FV }ier, , where F}V is the smallest o—algebra for which Wj is measurable for all s € [0,].

In the rest of the paper, we assume the filtration F is admissible for W.

For a Hilbert space K, the It6 stochastic integral is then defined for predictable Lo (H, K')—valued
processes which belong to L? (0,00; Lo(H, K)) a.s. (see for instance [10, Part I, Chapter 4]).

loc



3 Setting of the problem

In this section we introduce the functional setting for our control problem, we then give conditions
under which the state equation is well-posed and the cost is well defined, we also provide some
estimates that will be useful in the rest of the paper.

Let X be a separable Hilbert space, A : D(A) C X — X is the infinitesimal generator of an
analytic semigroup. For s € R, write X; = D((ald — A)®) and X} = D((ald — A*)®) for « € R
large enough, so that (X4)* = X*_ (we don’t identify X with X*).

Let H be a separable Hilbert space and W a cylindrical Wiener process on H. Let (£, Foo, P)
a probability space endowed with a right-continuous filtration F = {F;}ser, (i.e. Fy = Mgy Fs for
every t € Ry ) which is admissible for .

The control space U is assumed to be a reflexive and separable Banach space.

Consider the state equation

dx(t) = [Az(t) + b(t, z(t), u(t))] dt + o(t, z(t), w(t))dW (t), (0) = xo € L (X)), (3.1)
Hypothesis 3.1. Assume p > 2 and n € R. Let b : [0,T] x X x U x Q — X_y/5 and o :
0,T] x X xUxQ — Lo(H,X_,;). Assume the following conditions hold:

1.
n< - —— (3.2)

2. b(-,x,u),0(-,z,u) are predictable for any x € X, u € U.
3. b,o are Lipschitz continuous w.r.t. x,u, i.e. for some Cy,Cy >0

16Ct; 21, u1) = b(E, 22, u2)llx_, , + < Cp (21 = 22l + [lua = wally) , (3-3)

—1/2

lo(t, 21, u1) — ot z2,u2) |l £y x_,) < Co (l21 — 22llx + [lur — ually) - (3.4)
4. b(-,0,0) € L§(0, T5 LP(;X_1 5)), 0(-,0,0) € LE(; LP(0, T; Lo(H, X_y))).

Definition 3.2. Let xg € X a.s. A predictable X-valued process x is said to be a mild solution of
(3.1) if for every t > 0 we have S(t — s)b(s,x(s),u(s)) € L'(0,t;X) a.s., S(t — s)o(s,z(s),u(s)) €
L?(0,t; L2(H, X)) a.s. and

x(t) xo—i—/St—s (s,z(s),u(s) ds+/St—s) (s,z(s),u(s)dW(s) a.s. (3.5)

Definition 3.2 is similar to the notion of mild solution given in [10, Chapter 7], the difference is
that we have relaxed the assumption that b(s, z(s), u(s)) takes values in X and that o (s, z(s), u(s))
takes values in Lo(H,X), we assume instead that they belong to the larger spaces X_;/ and
Lo(H,X_,). We don’t assume that o(s, z(s),u(s)) takes values in L(H, X) either.

Example 3.3. Let Wy be a cylindrical Wiener process on L(0,1) (from now on LP := LP(0,1)),
so that Wy is (formally) a space-time white noise. Let wy and wy be 1-D Wiener processes,
independent of each other and of Wg.

Consider the equation

at‘r = 85556 + bSt(t7 57 z, ust) + USt(t7 57 Ust)Wst(tv 5) te (07 T)? € € (07 1)
Onx(t,) = b'(t,u;) + ot (t, u;)w;(t) te (0,7),i=0,1 (3.6)
2(0,€) = 2o () £ (0,1)

where © = x(t,§), ust = us(t,€) and u; = ui(t), 1 =0, 1.



1. Let b : [0, T] x Q x (0,1) x Rx R — R be a function which is continuously differentiable and
uniformly Lipschitz continuous w.r.t. z,u a.e. in [0,T] x Q x (0,1). Assume b*t(-,&, z,us)
is predictable for fized values of (&, x,us) and b%(-,£,0,0) € LP([0,T] x 2 x (0,1)).

2. Let B : [0,T] x Q x R — R be a function which is continuously differentiable and uniformly
Lipschitz continuous w.r.t. u a.e. in [0,T] x Q. Assume b°(-,ug) is predictable for fived values

of ug and b°(-,0) € LP(QL?(0,T)).

3. Let b1 1 [0,T] x Q x R — R be a function which is continuously differentiable and uniformly

Lipschitz continuous w.r.t. u a.e. in [0,T] x Q. Assume b'(-,u1) is predictable for fived values
of up and b'(-,0) € LP(QL?(0,T)).

4. Let 0%t : [0,T] x 2 x (0,1) x R = R be a function which is continuously differentiable and
uniformly Lipschitz continuous w.r.t. u a.e. in [0,T] x Q x (0,1). Assume o%(-, &, ug) is
predictable for fived values of (&, ust) and o%'(-,&,0) € LP([0,T] x Q x (0,1)).

5. Let 0¥ :[0,T] x Q x R — R be a function which is continuously differentiable and uniformly
Lipschitz continuous w.r.t. u a.e. in [0, T]|x Q. Assume (-, ug) is predictable for fived values

of ug and o°(-,0) € LP([0,T] x Q).

6. Let o1 : [0,T] x @ x R — R be a function which is continuously differentiable and uniformly
Lipschitz continuous w.r.t. u a.e. in [0,T] x Q. Assume o'(-,uy) is predictable for fived values

of uy and o*(-,0) € LP([0,T] x ).

We consider A = O¢¢ and D(A) = {xz € H*(0,1) : 9ex(0) = dex(1) = 0}, so that A generates an
analytic semigroup on L?. Define Has = D((ald— A)®) for a fizred o > 0. With this, Hs = H*(0,1)
for s € (—%,3) (see [21, Theorem 3A.1]). Letr = 1%2, notice that due to [11, Theorem 6.7], we
have the inclusions Hy, C L" C L’cL” cC H_1/p, where % + T% =1.

The function b (t, €, -, -) is Gateaux differentiable w.r.t. (x,u) from L?x LP to L?. Its derivatives
at z,u are the multiplications by bt (t, &, x(€),u(€)) and bSi(t, &, x(€), u(€)).

Notice that for ¥t € LP, the product h — X%h maps L? linearly and continuously into L™,
and therefore, into H_y .

It follows from the spectral decomposition of A that when n > i%— ﬁ, the inclusion from H_y
into H_g, is Hilbert-Schmidt.

The function ot (t,&, ) is Gateauz differentiable w.r.t. u from LP to LP, and its derivative at u
is the multiplication by ost(t,&,u(€)). Therefore, the mapping u — [h + ot(t,-, u(-))h] is Gateauz
differentiable w.r.t. w from LP to EQ(L2,’H,27,).

For u € R?, define b2(t,u) = (ald — A)z where

az — Ogez =0, Opz(i) =b'(t,u;) i=0,1,

so that b2(t, ) is Gateauz differentiable from R? into H_g for B > 1/2 (see for instance [21, Section
3.3]). Notice that, integrating by parts, the adjoint (b2(t,u))* is then the following Dirichlet trace
operator

(bu(t,u)"y = (bu(t, w)y(0), by (£)y(1)).
Define as well [0?(t)ulw = (ald — A)z where

az — Ogez =0, Opz(i) = o' (t,u))w; i=0,1,



we have that o?(t,-) is Gateauz differentiable from R? into L(R?,H_g) ~ Lo(R2, H_3) for B> 1/2.
Notice that, integrating by parts, the adjoint (o0(t,u))* is then the following Dirichlet trace operator

(o0 (t,u)* (g0, 1) = (o (t, w)a0(0), 0 (¢, u)gr (1))

Define H = L? ® R? so that W = (W, wo,w1) is a cylindrical Wiener process on H.
In the notation of 6.2, denote Xg = Has.
Denote also U := U = LP & R?, we write u = (ug, uo,u1), and define

bt w,u) = b (t, &, @, use) + b7 (t, w0, u1) € Hoy.
Similarly, we define
o(t,z,u) = (0% (t, &, us) 09 (t,ug,ur)) € Lo(H, H_sy).

We have hypothesis 6.2 for n € (i, %) and p > max{ﬁ, ﬁ} (this imposes p > 6, and p may
be chosen arbitrarily close to 6 by choosingn =1/3).

This SPDE is similar to some of those considered [9], with the difference that we consider a
vartable volatility term on the boundary condition which is controlled.

It is worth mentioning that in [16], the authors take hypotheses similar to 3.1, however, neither
setting completely encompasses the other. In the particular case that A is analytic, [16, Assumption
3.3] implies that the inclusion from X into X_,, is Hilbert-Schmidt for some 1 € (0, 3), and therefore
[16, Assumption 2.1] implies hypothesis 3.1.

The advantage of the present approach is twofold: In removing the assumtions that b and o take
values in X and £L(H, X), this setting gives flexibility in choosing a functional setting for a concrete
equation, for instance, in example 3.3 we are able to consider the control space to be LP(0,1) (which
is reflexive) instead of L°°(0, 1). More importantly, our approach yields improved regularity for the
costate, which allows us to define the Hamiltonian and obtain optimality conditions even when
b(s,z(s),u(s)) ¢ X and o(s,z(s),u(s)) ¢ L(H, X), both of which happen, for instance, in problems
with a control on the boundary whose action is perturbed multiplicatively by a noise.

For z € LL(Q;C([0,T],X)) and u € LE(Q; LP(0,T;U)) (chosen freely, not solving any particular
equation) define

T
T(z,u) = E / F(t,2(t), u(t))dt + Eh(z(T)). (3.7)
0
The following will be our working hypothesis in order to have a well defined cost function.

Hypothesis 3.4. Let p > 2. The mappings f : [0, T] x X xUx Q = R and h: X x Q@ — R satisfy
the following:

1. f(-,z,u) is predictable and h(x) is Fr—measurable for any x € X, v € U.

2. For some Cy > 0:

|f (2, u)] < Co(1+ JJully + [l=]%)-

()] < Co(1 + [|z[|%).



3. For some Cy > 0:
—1
|f(t,x1,u) = f(t, 22, u2)| < CL(1+ [lually + lluzlly + l[#1llx + [[22ll)? (21 = 22llx + [Jlur —u2lly) -

|h(x1) = h(x2)| < C1 (1+ [zl + lw2ll)P " o1 — 22l
We now define our optimal control problem. Let U% c U be a closed subset. Define
Y .= {u € LE(Q; LP(0, T U))  uw € U™ ace. [0, T] x Q} (3.8)

Problem P. Let zg € LE(S;X). Find a pair (Z,4) € LE(9; C((0,T), X)) x U which solve equation
(3.1), such that for all (z,u) € LE(;C([0,T),X)) x U also solving equation (3.1) we have

J(&,u) < J(z,u).

We call such (Z,a) an optimal pair, T an optimal trajectory and 4 an optimal control for the
problem.

4 State equation

We will now establish the basic existence and uniqueness results for our state equation. In order
to do so, we first refine some results on the existing literature for stochastic evolution equations.
Specifically, regarding the regularizing properties of the stochastic convolution which defines the
mild solution of equation (3.1).

4.1 Well-posedness for parabolic stochastic evolution equations

The aim of this subsection is to extend the regularity results in [10, Theorem 5.15] to the case
where the stochastic convolution has a source that isn’t constant, in order to be able to incorporate
the action of the control. Proposition 4.2 states the regularity for the stochastic convolution, and
mixes techniques from the proof of [10, Theorem 5.15] and that of [10, Proposition 7.3]. We then
show the regularity of mild solutions for linear and semilinear equations, in propositions 4.3 and
4.4 respectively.

We first establish a generalized version of the factorization formula [10, Theorem 5.11], here we
allow the integrand to be a stochastic process, and we allow its values to be unbounded operators.
The proof is essentially contained in that of [17, Proposition 3.2], but in said proposition the authors
consider ¢ : [0,T] x Q — L(H, X).

Lemma 4.1. Suppose A is the infinitesimal generator of a C°—semigroup S, write X; = D(A)
and X_1 = (D(A*))*, so that X1 € X C X_1. Assume for some « € (0, %), D> i, g:[0,T] x Q —
L(H,X_1) is predictable, S(t — s)g(s) € Lo(H,X) a.e. on {0 <s <t <T} xQ and

2

[ (5[ o150 ot i) < m
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Then x(t fo (s)dW (s) has a.s. continuous paths in X. Moreover, x € LP(Q; C([0,T],X))

and
T t ) p/2 1/p
Izl 2200 < C (/0 <IE [/0 (t = 5) 72 IS(t = 9)9(5) Iz, ) dSD dt)

with C' only depending on A, a,p, T (and not on g), moreover, C — 0 as T — 0.

Proof. 1t is clear that y(t) = f(f(t —5)7*S(t — s)g(s)dW (s) is well defined for almost all ¢ € [0, T
and by the Burkholder-Davis-Gundy inequality ([10, theorem 4.36])

. 1/2
o) < Gy (£] [ 150 - 90y ] )

for any p > é, with which

U Hy(t)'gdt])l/p = ([ Elwton ) ””

T t , p/2 1/p
<y (/0 E [/0 (t— 3)_20‘ St — s)g(s)HEQ(HX) ds] dt) < 00

in light of (4.1), so that y € LL(Q; LP(0, T; X)).

We now want to rewrite x as a deterministic integral of a process involving y, to this end we
apply the stochastic Fubini theorem ([10, Theorem 4.33]) to the function defined for fixed ¢ € [0, T]
by

(r,s) = (t = 7")"_1(7" - S)O‘S(t — 8)lo<s<r<tg(s) € L1([0,2], L*(0,t; L2(H, X))).

We have for p > 7, p* =t Lo < 1 , 80, letting Mrp = sup;c(on) I1S(©)]],

/ot(t - (E [ / T(r S — )9 B ds] > o
= </ot(t - dr) " (/Ot <E [/OT(T = 8) 72 |IS(t — 5)g(5) |7 em.5) ds] )p/2 dt) v
< (/Ot(t —~ T)(a—l)p*dr> 1/p* </0t <IE [/OT(T —8) St = IS — )9 () 2y .50 dsbpﬁ dt)

1/p

< My (/Ot(t - r)(al)P*dr> 1/p* (/OT (E [/OT(T —8) 72| (r — $)g(8) 2y 130 dst/Q dt) < 00

for all ¢ € [0,T], so we may indeed interchange the stochastic and deterministic integrals, notice
that [*(t —7)*~!(r — s)~dr = ¢ doesn’t depend on s, t, with this

1/p

/ S(t—s)g(s)dW(s) =c* / / —8)"%drS(t — s)g(s)dW (s)

_Cfl t r _Taflr—sia — s s s)dr
_ /0/0@ )2 — 5) 7S (t — 5)g(s)dW (5)d
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= [ [ e S0 - st

—ct [e-nise-n [ (= 5)7 S — 5)g(s)dW (s)dr = ¢! [ = ntse = nytryar.

We now have by [10, Proposition 5.9] that y — z(t) = ¢! fo )2 1S (t — r)y(r)dr maps

L%(0,T;X) into C(]0, T] X) for ¢ large enough, namely, When q> E Applylng this result for ¢ = p,
we find that ¢! fo )4 ES(t — r)y(r)dr € LE(Q;C([0,T),X)) so that x € LE(Q; C((0,T],X)),
redefining = on a subset of 2 x [0, 7] of null measure if necessary.

Finally,

1/l Lo scqo.mx)) <

sup | sup [|S(s)]| s lyll
1e0,7] L[Ot] L o)

< tsup HS(t)” HtailuLp*(O/T) HHyHLT’(O,T;X)H

= sup [|[S@)| >, - Y TPl T
p up IS@IE o o) 19l zsreo,r:x)

Lr(Q)

T 1/p
< M1 6 g oy Wiy = Mo 6 oy (E| [ 1% t])

T t p/2 1/p
< Mz [t e o) Co (/0 E [/0 (t— )2 S(t = 9)g(5) 2.5 dS] dt) :

When T' — 0, we have Hta_l — 0 so that C' — 0. O

H LP*(0,T)

In lemma 4.1, there is no additional requirement made directly on A beyong generating a
C"—semigroup (hence the explicit introduction of X_1, as the construction of Xy made in the pre-
vious section for analytic semigroups doesn’t apply). In the sequel, we will establish the integrability
assumption (4.1) by imposing that the semigroup generated by A is analytic.

Proposition 4.2. Let A be the infinitesimal generator of the analytic semigroup S on X, for
some B € p(A) fized, denote Xg = D((SI1d — A)®) the respective interpolation spaces for s € R
(see section 2). If there exist 1 > 0 and p > 2 such that g € Lp(%; Lp(O T; Lo(H, X)), then

fo (t—15)g(s)dW (s) has continuous paths in X a.s. fory <mn —|— 5 — =. Moreover, we have
x E LP(Q,C([O,T],X )) and
12l o ucqo.rx,)) < Cl9leir 0, 1icomx,)))
with C' only depending on A,;n,~,p, T (and not on g).

Proof. Fix v <n+ % — ]l) and choose a € (%, N+ % — ) (in particular, p > é), so that

1St = $)g() 2omx,) < NSE =)l 2ex, %) 19| 2omx,) < CE =) lg() Ly x,) >
due to proposition 2.1, from which it follows that

2

[ [t = g, ] " i

p/2
<c / [ g ]
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1-2(a—n+7)
<C ( T < 00

p/2
1—2(04—774—7)) HgHLP (L7 (0,T;L(H,Xy)))
by Young’s convolution inequality with exponents 1, 5. The result follows by lemma 4.1. O

Proposition 4.3. Let A be the infinitesimal generator of the analytic semigroup S on X, for some

B € p(A) fized, denote Xy = D((BId— A)®) the respective interpolation spaces for s € R (see section

2). Assume f € L%(OjT;val) and there exists 7 > 0 such that g € LP(Q'LP(O T; Lo(H, X))
2

and we assume also xg € X, a.s. is Fo—measurable with v < n + 5 — =, then the mild solution

(3.5) of

dx(t) = [Az(t) + f(t)]dt + g(t)dW (t)
x(0) = xg

is well defined and has continuous paths in X a.s. Moreover, there exists C = C(A,~v,n,p,T),

such that szE[HfHL2 015X, ) )+ lzolli, ] < o0, then

l\J

12/l Lo scqo.rx, ) < C <’f‘L§(Q;L2(O,T;XW%)) + ll9ll sz 0,130 mx,)) + ||$0’L1}0(Q;X7)> :

Proof. We decompose x = % 4 z5t¢" with

et " : — $)f(s)ds xstoch (1) = t —8)g(s s).
(t) = S(t)zo + /0 S(t — 5)f(s)ds, (t /0 S(t — 5)g()dW (s)

The result follows from [3, Chapter II1.1 Theorem 3.1 & Remark 4.2] for % and from proposition
4.2 for xstoch, O

We now will consider the following equation:

da(t) = [Az(t) + b(t, 2(t))]dt + o(t, () dW (t)

o(0) o (4.2)

Proposition 4.4. Let v < n + % - ;1) Suppose A is the infinitesimal generator of the analytic
semigroup S on X, denote Xy = D((BId — A)®) the respective interpolation spaces for s € R (see
section 2). Assume aditionally that b : [0, T] xXyx Q=X 1 ando:[0,T]x X,y xQ = Lo(H, X))
2
satisfy
16(t, 21) — b(t, 22) %

y—

< L(t) a1 — oy, lottr) = olt,22)l sy, < Lo(®) 21 — @l
(4.3)

Nl

for some Ly € L?(0,T) and L, € LP(0,T). Assume also that
zo € Ly (X)), b(-,0) € LE(; L*(0, T; X, 1)) o(0) € LE(; LP(0, T; L2(H, Xy)).-

Then problem (4.2) has a unique mild solution x € Ly (Q;C([0,T),X,) and there exists C' =
O(A7 v, 0,0, T, Ly, LU) such that

) + o (-, 0)||Lﬁ(Q;L”(QT;Ez(HaXu))))
(4.4)

”33||L§(Q;C([O,T]7X7) < <|ZL‘0||LP @x.) T+ 116C, )||L§(Q;L2(0,T;x%%
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Proof. Let < t; < to < T. We define for z € LL(Q;C([t1,t2],X,)) and a4, € L%tl (;X,) the
application F : z — F(z) given by

F(2)t) =85t —t1)xy, + [ St —9)b(s,y(s))ds+ | S(t—s)o(s,y(s))dW(s).

t1 t1

Since

160 ¥ 2oLz 1 X ) S 150> Ol o220 1) Lol L2ty ) 191l L2 (@s0 (102 t20.%,)) < 2©

l\.’)

and

oGy ser oo @xg))) < M0G0 Lo@ure e oo x,)) T Lol o) 19 Lo(se e t2).x,)) < ©

it follows by proposition 4.3 that F : LL(Q; C([t1, t2], X)) — LE( C([t1, t2], X)) is well defined.
Clearly, = is a mild solution of equation (3.1) (on [T}, T, ]) if and only if it is a fixed point of F'.
Notice that

1F(z1) = F(22)l oo a1 x0)) < CULbl L2 00) + 1 Lol Loy 1)) 120 = 20l Lo i 1))

it follows that for ¢1,t9 sufficiently small, F' is Lipchitz with constant smaller than one, so it has a
unique fixed point. Existence on [0, T] follows by subdividing the interval and finding fixed points
successively, uniqueness follows from the uniqueness on each subinterval. The estimate follows from
the previous inequalities. O

Remark 4.5. For x1,z9 € LE(Q; C([T}, T.), X)) C Cr([T}, Tu), LP(Q; X)) we have
bes 1)) — b, a() € LA(TL Tus DX,y ).

In particular, if we assume that b(-,0) € L2(T}, T; LP (£ Xv—%))’ we find b(+, x(+)) € LE(Ty, Tu; LP(SY; X,-

4.2 Controlled state equation

Proposition 4.6. Under hypothesis 3.1, for any zo € LL(;X) and u € LE(Q;LP(0,T;1)),
equation (3.1) admits a unique mild solution xz* € LL(;C([0,T],X)). Moreover, there exists
C=C(An,p,T,Cy Cy) such that

12| L2 o(0,17,%)

CI6C5 0,0 20,7 zr %y 2)) T 197G 0,0 Louim oo x_myy) + 120l 20y + 1l L2 (une 0.7:0))-

(4.5)

Proof. Follows from proposition 4.4 (for v = 0) and the fact that
16C: 0w p@irz0mx_, 00y < 106 0,0l o@.r20m:5, 0)) T O lullLeos2 0,709

<16 0,0l 20z (05, o)) + Cb 1l 2222070y

and

lo (0, ul ) Loz 0,150 x_my)) < 110G 0.0 Lo 0,150 x_my)) + Co lull 20 Lo 070y -
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Fix z¢ € LE(Q; X). Denote z* the solution of equation (3.1) for a given u € LE(Q; LP(0,T;1)).
Proposition 4.7. Assume hypothesis 3.1. Then the mapping
w " LE(Q; LP(0,T;U)) — LE(Q; C([0,T), X))
is Lipschitz continuous.
Proof. Let u; and ug be in LE(Q; LP(0,T;U)). We have

d(z" — x*?)(t) = [A(z™ — x2"2)(t) + b(t, " (1), u1(t)) — b(t, 2 (t), ua(t))] dt

+ [o(t, 2" (1), wi(t)) — o(t, 2" (t), ua(t))] dW (2),
£(0) — 2" (0) = 0 € Lk (2 X).

The estimates of propositon 4.4 provide C' > 0 such that for any ¢t € [0, 7]

||$U1 - UQHLP Q;C(]0,4],X)) (Hb( ()7u1()) - b('7$UQ(')7UZ('))||z£§(Q;L2(07t;X71/2))

o (), w1 () = 02" () w2 o oo seatizy) )

t p/2
< C(C+ DR ( / [||a:“1<s>x“2<s>||x+uul<s>m(s)HUFds)

b T 6) = a0+ )~ )l

< C/ lz* — a2 HLP (@0, 95+ llur = “2Hi§(ﬂ;m(o,t;m)) ’

and the result follows from the Grénwall inequality.

5 Adjoint equations

Throughout this section we assume that hypotheses 3.1 and 3.4 hold. We wish to quantify variations
in the cost in terms of changes in the trajectories. For this we introduce the adjoint or costate
equation at the pair (z", u):

Define, for any u € LE(Q; LP(0,T;U)), 2* as the solution of

dx®(t) = [Az"(t) + b(t, z"(t), u(t))]dt + o(t,x"(t),u(t))dW (t), z*(0) = xo.

Define the costate (y*,¢") as the solution of the following backward stochastic evolution equation
(BSEE):
dy*(t) = —[ATy"(t) + ba(t, 2" (1), u(t)) y" (t) + oo (t, (1), u(t))"q"(t) — falt,x"(t), u(t))]dt + ¢*(t)dW (1),
y“(T) = =ha(z*(T)).

(5.1)

Equation (5.1) may be written more compactly as

dy*(t) = =[A%y"(t) + Ha(t, 2"(t), u(t),y"(t), ¢" (t))]dt + " (£)dW (),

YH(T) = —ha(a™(T)). (5:2)
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where
H(tv €, u,y, Q) = <ya b(ta z, u)>X’{/2,X_1/2 + <q7 U(t) z, u)>£2(H,X;),EQ(H,X,7,) - f(ta z, u)

The aim of this section is to give a framework for equation (5.1) and establish existence, unique-
ness and regularity results.

Hypothesis 5.1. Assume hypothesis 3.1 holds and b, o are differentiable w.r.t. x a.e. on [0,T]x €.

Hypothesis 5.2. Assume hypothesis 3./ holds and f is differentiable w.r.t. x a.e. on [0,T] x Q
and h is differentiable w.r.t. x a.s.

Remark 5.3. Assuming hypotheses 5.1 and 5.2, the Hamiltonian

H(ta Z,u,Y, Q) = <y7 b(ta z, u)>X’{/2,X_1/2 + <Q7 U(t7 z, u)>£2(H,X:}),£2(H,X_n) - f(ta Zz, U),
is differentiable w.r.t. x and it’s deriwative H, is given by by(t,x,u)*y + o4(t,x,u)*q — fo(t,z,u).
With this, equation (5.2) is not only a formalism, but actually the same as equation (5.1).
5.1 Regularity for solutions of parabolic BSEEs
Notice that in the BSEE (5.1) equation both ¥, ¢ are unknown. We now consider the general BSEE:

dy(t) = — [A"y(t) + g(t,y(1), q(t))] dt + qdW (), y(T) = yr € Lk (% X). (5.3)
Definition 5.4. Let A be the generator of an analytic semigroup and
g:Qx1[0,T] x X’{/z x Lo(H,X7) — X*

be a function. Let p > 2 and write p* = We say the pair

_p_
p—1°
(v) € [ (0, T], L7 (X)) N L2(0,T5 L (@ X} )| x LY (0,3 I (% Lo(H, X;)

is a transposition solution of equation (5.3) if g(-,y(-),q(-)) € LL(0,T; LP" (Q;X*)) and for every
tel0,T], x € L'y (X), B e LE(t,T; LP(;X_q 2)) and ¥ € LE(t, T LP(Q; L2(H, X_;)))) we have

T
Elyr, o(T))x % +E / (9(5,y(5), a(5)), (5))x+ xls
t (5.4)

T T
=Bt aex +E [ () By ads + B [ a(s) Z0estry eatr 05
where
dx(t) = [Az(t) + B(t)] dt + X(t)dW(t), x(t) = x.

The preceding definition differs from [25, Definition 4.13] in the fact that we assume the weaker
condition
g: Q2 x[0,T] x X7 5 x Lo(H, X7) — X*

instead of
g:Qx[0,T] x X* x Lo(H, X") = X*,

it is for this reason that we impose
() € LEO, T3 L7 (9 X] ) x g (0,75 L (©; L(H, X3))).
We begin by considering the case where g doesn’t depend on y, q. Consider
dy(t) = — [A"y(t) + G()] dt + qdW (t), y(T) = yr € Ly (4 X"). (5:5)
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Proposition 5.5. If G € LL(0,T; LP (;X*)) and yr € LZ}*T(Q;X), then equation (5.5) has a
unique transposition solution (y,q). Moreover

HyHD]F([OvT]va* (@x) T ”yHL?F(O,T;LP* (X7 )5)) + HqHLg* (0,T;LP" (L2 (HX})))

<€ (el o + 16 symar ey )
Before we prove proposition 5.5, we state the following lemma.

Lemma 5.6 ([25, Theorem 4.16]). If G € LL(0,T; LP" (€;X*)) and yr € LZ;T(Q;X), then there
erists a unique pair of processes

(y,9) € Dr([0,T], L” (X)) x LF(0,T; L (€; L2(H, X))

such that for everyt € [0,T] , x; € L% (4 X), B € Ly(t, T; LP(Q; X)) and X € L (t, T; LP(; Lo(H, X))
we have

T
E(yr, »(T))x+ x + E/ (G(s),z(s))x+ xds
¢ (5.6)

T T
— E(y(t), zi)ye x + E / (y(3), B(5))x- xds + E / I 1y———

where
dz(t) = [Az(t) + B(t)] dt + Z(t)dW (t), x(t) = .

Moreover

191l Deio,17,L0* (5x)) T 1l 20,7520 (@u22 1 x0))
< 0 (el oy + 1o @iy )
Proof of proposition 5.5. First, by proposition 4.3, (B,X) — I'(B, %) = ((T), z), where
dx(t) = [Az(t) + B(t)] dt + 2(t)dW (t), x(0)=0.

defines a bounded linear operator from LE(Q; L?(0,T;X_1/5)) x LE(0,T; LP(; L2(H, X_y))) to
L% (9 X) x Lg(Q;C([0,T7,X)). Notice that

G € LE(0,T; LF" (4 X%)) C [Cr(0, T; LP (4 X)))* € [LE(Q C([0,T), X))

Define (g, q) = I'*(yr, g) so that

T
]E(yT,x(T)>X*7X+E/O (G(s),z(s))x=xds

T
= <:’~77 B) [Lﬁ(ﬂ;L%O,T;X,l/Q))]*,L§(Q;L2(O,T;X,1/2)) + E/O <‘j(8)> E(S»ﬁg(H,X;),Eg(H,X,U)ds'
Due to [23, corollary 2.3, remark 2.4] we have

[LR(9; L2(0, T3 X1 2))] " € [LR(0, T; LP(Q; X1 2))] " = LE(0, T5 LP (X5 1)),
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so that

HQHng(O,T;LP* (Q;XI/Q)) + HqHLg* (0,75 LP* (L2 (H,X3))) < HFH <HyTHLi’;__*T(Q;X) + ”GHL]}(O,T;LP* (Q;X*))) :

When B € L(0,T; LP(Q;X_1/3)), the term <gj,B)[Lﬁ(Q;LQ(&T;X_I/Q))]*’Lﬁ(Q;LQ(&T;X_l/Q)) can be
replaced by EfOT@(s), B(s))x;,,% 4,05, meaning
T
E(yr, o(T))x-x + E / (G(s), (s))x- xds
. 0 . (5.7)
B [0 By o + B [ 0060, D06 iy cntin
Now, let
(y-9) € Dp([0,T], L (4 X)) x Li(0, T5 L (; L2(H, X7)))
be the processes given by 5.6.
Let (B, X) belong to
L (0,5 LP(9; X)) x Ly (0, T3 LP(8; Lo(H, X)),
then
T T
E/O (y(s)aB(S»X*,deﬂLE/O (q(8),2(8)) £o(Hx%),0(8,x) A5
T
=E(yr,z(T))x*x + IE/ (G(s),z(s))x=xds
0 (5.8)

T T

B [ 05) By s + B [0 500) s catin
T T

—E /0 (5(5), B(s))x- xds + E /0 (@(5), £(5)) o sy, 0 5135

It follows that (y,q) = (9,q). Let t € [0,T), z; € L% (Q;X) and (B,X) be supported on [t,T],
then (5.8) together with (5.6) imply (5.4).
Finally, the result follows because

LE(t, T; LP (X)) x LE(¢, T; LP(Q; Lo(H, X)))

is dense in

Li(t,T5 LP(Q; Xy o)) x LE(t, T; LP(; Lo(H, X_y))).
Il

Our next step is to use a fixed point argument to deduce well-posedness for equation (5.3) from
proposition 5.5.

Theorem 5.7. Let yr € L’]’:T(Q;X*). Let

g:Qx[0,T] x X7 )5 x Lo(H, X]) — X*
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be a function such that g(-,y,q) is predictable for every fized (y,q) € XT/Q x Lo(H,X7) and
9(:,0,0) € L (0,T; LP" (2, X¥)).
Suppose aditionally that

lg(ty1,a1) = 9(t, y2, @2)llse- < L (Hy1 —2llx; , +llor - QQ”LQ(H,X;)) :

Then equation (5.3) has a unique transposition solution (y,q). Moreover, there exists C' de-
pending only on A,p,n,T, L such that

H?JHDF([O,T],LP* (92:X)) + ”yHL%(O,T;LP* (X7 5)) + Hq‘|L§* (0,T5LP" (.L2(H,X3)))

<C <HyTHL§__* (Q:X%) + ”g(VO?O)HL]}(O,T;LP* (Q,X*))) :
T

Proof. If follows from proposition 4.3 that for 0 < t; < to < T there exists a bounded operator
from

ry: L’}tl (4 X)X L (t1, to; LP(Q Xy 9)) X LE(t1, ta; LP (S Lo(H, X_p))) — LI;Q (0 X) < LE(Q; O([t, t2], X))
given by Fif (x4, B, %) = (x(t2), ) where x solves
dx = Bdt + XdW, x(t1) = xy,.

Moreover, there exists some uniform constant A such that Hlﬂg H < A (we may take A = HFE‘)FH)
Notice that

*

Li(t1, to; LP" (X)) C [Cr(t1, to; LP(Q; X))]* [L%(Q;C([tl,tg],X))}
and due to [23, corollary 2.3 & remark 2.4] we have
[LR(92; L2 (11, ta; X_12))] " C [LR(t, to; LP(X_1p0))] " = Lig(ta, to; I (X5 5)).

For (Y, Q) € L3(t,ta; L' (X3 ) x L (t1, 10 L7 (2 Lo(H, X)) we have

Hg('v Y()7 Q()) ||L]%(t1,t2;LP* (£2;X*))

< 1lgC5 0,00l ity oo (o)) + L <||Y‘|L]%,(t1,t2;LP*(Q;X* ' HQHLgF(tl,tz;Lp*(Q;LQ(H,X;))))

1/2)

< ||g(',070)”LHl?(t1’t2;Lp* @ix=y+L <(t2 —tq)"/? HY”LfF(tl,tz;Lp* (X ,)) + (tg — t1)Y/7 HQHL{ (t1,to;LP* (Q;EQ(H,X;)))>
< 00

which makes the mapping

F o LRty to; LY (X5 ) x LY (1,125 L (; L£o(HL X))

— LE(t, to; P (X 1p)) x LE (1,25 LY (; Lo(HL X))

given by
F(Y,Q) = m23(T2)* (41, 9( Y (), Q())),
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where 723 projects LY. (X x L (tr, 1 L (X5 ) X LY (t1, ta; L7 (Q; L2(H, X3))) onto the

subspace L2(t1,t; LP" (€ X’{/Z)) X Lﬁf (t1,to; LP" (Q; Lo(H, X3))), well defined for y;, € L’]’;Q (Q; X%).

Moreover, we have
[ F'(Y1, @1) — m2F' (Y2, Q)| 224y ;0" (Q;x;/z))+||7T3F(Y1, Q1) = msF (Y2, Q2)ll 1o 1, 10:10 (La(HX)))
< Allg(Ya(), Qi) — 9(5 Y2(), Q2D L2ty e (253
<AL ((t2 = )" Y3 = Yall 20, 0 1 W H = t)Q = Qall e (sz;z:xH,X;))))

1/2 1/p*
<AL ((ts = 1) + (t2 = 1)) (I = Yol 2y smsrr s )+ 190 = @l 1 o i)
so that F' is a contraction for small enough to — ¢;. In such case, the Banach fixed point theorem

yields the existence of a fixed point (y, ¢), which moreover satisfies

90 22 e iz s )+ 19l Lo 4, s (0150

A <‘yt2 HLP* (:X) + ||g('7 0, O) ”L]%(tl,tz;LP* (Q;X*)))
< Tt
- 1— AL ((ta — t)V/2 + (t2 — t1)1/7")

We partition 0 = Ty < T1 < --- < T,, = T such that F' is a contraction on each subinterval
[T;—1,T;]. Define (y,q) as the fixed point of F on [T},_1,7T,] with y7, = yr. Define inductively
yr,_, = Wl(ngil)*(yTi,g(-,y(-),q(-))) and (y,q) on [Tj_2,T;—1] as the fixed point of F' on that
subinterval. Fix i, we clearly have

T;
Blm o)+ E [ (gls9().0(s)).2(s) e s
i1
Ti Ti
=E{yr,_,, xTi—l>X*,X + E/T (y(s), B(3)>X’{/27x_1/2d8 + IE/T (q(s), E(S»Eg(H,X;),EQ(H,X_,,)dsv
i—1 i—1

where z solves do = Bdt + XdW and z(T;_1) = x7,_,. To conclude, leting = solve
dx = Bdt + XdW

with z7, = xo = 0, setting x7,_, = z(T;—1) and summing over ¢, we find that (y, ¢) is a transposition
solution. The uniqueness follows from uniqueness on each subinterval.
The bound for the norm on [0, T] follows from the bound on each subinterval. O

5.2 Adjoint equations for the optimal control problem

Notice that the Lipschitz conditions for b and ¢ given in hypothesis 3.1 guarantee that the deriva-
tives given by hypothesis 5.1 are uniformly bounded. On the other hand, the local Lipschitz con-
dition for f given in hypothesis 3.4, means that the derivative f, (¢, z"(t),u(t)) given by hypothesis
5.2 satisfies

1t 2 (8), ()l < Cr (14 2]|ul®) [y + 2 |2(6)]l)"

and therefore belongs to Lﬁ* (0,T; LP"(Q;X*)) € LE(0,T; LP™ (€;X*)), and similarly

e (z(T)) - < C1 (142 [[a(T)ll)" ",
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so that it belongs to LI;:T(Q; X*). These facts combined mean that the function defined by
9(t,y,q) = Ha(t, 2%(t),u(t), y, q) = ba(t, 2"(t),u(t))"y + 0o (t, °(t), u(t))"q — fo(t, 2 (1), u(t))
satisfies the hypoheses of theorem 5.7. As a result, we have:

Proposition 5.8. Let 5.1 and 5.2 hold. Let zy € LE(;X), u € LE(Q; LP(0,T;U)) be given, let
z € LL(;C([0,T),X)) be the respective solution of equation (3.1).
Then equation (5.1) admits a unique transposition solution (y*,q"). Moreover

Hyu|’L]§(O,T;LP* (X} )5)) + ”quHLg* (0,T3LP* (L2 (H,X})))
<C (Hhx@(T))HLz}* —— ufm<-,x“<->,u<->>HL;F(O,T;LP*(Q;X*)))
T

~ p—1
< € (1+l2ollzz, @) + lullz@uzrory) -

6 Optimality conditions

In this section, our objective is to give necessary optimality conditions for solutions of problem P.

Our first step is to paremetrize the problem in terms of the control. As we have seen, for fixed u €
U, under hypothesis 3.1, we have existence and uniqueness of a trajectory z € LE(€; C([0,T], X))
solving (3.1). This means that the set of pairs (z,u) € LE(Q;C([0,7],X)) x U solving (3.1) is
parametrized by v € U, and this parametrization is given by u + (2% ,u). With this, we may
interpret problem P as

urélbilgd J(u) (6.1)
where
J(u) = T (" u). (6.2)

Under hypotheses 3.1 and 3.4, J is well defined and finite. Furthermore we have the following
local Lipschitz property.

Proposition 6.1. Assuming hypotheses 5.1 and 3.4, the cost function J : LL(Q; LP(0,T;U)) — R
is Lipschitz continuous on bounded subsets of LE(Q; LP(0,T;U)).

Proof. 1t follows from proposition 4.7 and hypothesis 3.4, since

) = Tua)] < 1™ () () = £ () ua ) pxgoires oy HIAE™ (T)) = B (). q)

< Co (TY7 + Jutll (oo + 2l sz ooy + T2 o™ lzqeqomiay + T 12 e )
X (Hl‘”l — 2| Lp oz + llun — U2HL§(Q;LP(0,T;U)))

+Co (1 + = 1(T)”L§;T(Q;X) + [l Z(T)HL’}__T(Q;X)) [z“1(T) — = 2(T)HL1;T(Q;X)

p—1
<C (1 + ’|U1||L§(Q;LP(O,T;U)) + ||U2||L§(Q;LP(O,T;U))) lur = ”2||L{;(Q;LP(0,T;U)) :
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Our next step is to quantify the variations in the cost in terms of variations in the Hamiltonian.

Hypothesis 6.2. Assume hypothesis 5.1 holds and b, are differentiable w.r.t. u. Assume also
that the derivatives by, by, 05, 0y, are strongly continuous w.r.t. x,u a.e. on [0,T] x €.

Hypothesis 6.3. Assume hyopthesis 5.2 holds and f is differentiable w.r.t. u. Assume also that
the derivatives fy, fu are strongly continuous w.r.t. x,u a.e. on [0,T] x Q and hy is strongly
continuous w.r.t. T a.s.

Notice that hypotheses 6.2 and 6.3 are similar to hypotheses 3.1 and 3.4. In both cases, the only
additional assumption is differenciability w.r.t. « and strong continuity of all derivatives. Because
for a Banach space X strong continuity into £(X, C) is equivalent to weak* continuity into X*, we
have that f., fu, he are weak™ continuous, and therefore, weak continuous, by the reflexivity of X
and U.

Remark 6.4. Assuming hypotheses 6.2 and 6.3, the Hamiltonian
H(tv €, u,y, Q) = <ya b(ta z, u)>X’{/2,X_1/2 + <q7 U(t) z, u)>£2(H,Xf}),EQ(H,X,n) - f(ta z, u)7
is differentiable w.r.t. w and it’s derivative H,, is given by by (t,x,u)*y + oy (t,x,u)*q — fu(t, z,u).

Proposition 6.5. Fiz u,v € LfI;(Q;Lp(O,T;U)), and write u® = u + ev. Assume hypotheses 6.2
and 6.3. Then the costate equation 5.1 for u admits a unique transposition solution (y“,q"), we

have Hy (-, z%(-),u(-),y"(-),¢"(-)) € Lﬁ*(Q;Lp* (0,7;U*)) and we have

T
J(u®) — J(u) + EIE/O (Hy(t, 2" (t),u(t),y"(t),¢"(t)),v(t))u-vdt| = o(e).

The proof is in appendix B.
Remark 6.6.

Let X be a Banach space, let K C X be a subset. We define T}’{(:U), the adjacent cone to K at
x € X (see, for instance, [1, section 4.1]) as

{de X :V[{er}ren C (0,00) : e, — 0 as k — oo] I[{drtren C X :dr — d as k — oo and z +erd, € K Vk]}.

Proposition 6.7. Assume hypotheses 6.2 and 6.3 hold. Let @ be a solution of problem P. Then
the costate equation 5.1 for v = u admits a unique transposition solution (y*,q") and we have

T
E/O (Hy(t, 2" (t), a(t), y" (), ¢" (1)), v(t))u+ wdt <0 Vv € T},q(a). (6.3)

Proof. Tt follows from propositions 6.1 and 6.5. Let v € Tgad (), {ek}ren C (0,00), and {vg}ren C
LE(Q; LP(0,T;U)) satisfying (g, v) — (0,v) such that 4 + egvy, € U, Denote still {ef }ren the
subsequence given by proposition 6.5. Let L be the Lipschitz constant of J in a ball to which
U + €k, U + €10 are confined. We have

0 < J(a+epvx) — J(a) = J(u+epvg) — J(u+ exv) + J(a + exv) — J(a)

T
< Le [lv = vkl 2o, e 0.00)) — 8sz/0 (Hy(t, 2(t), u(t), y*(1), ¢" (1)), v(t)) v~ wdt + o(ex)

<
—
o~
N~—
LS}
S
—~
~+
~—
N~—
<
S
~
N~—
~——
=
¥
g
QU
~
-
QS
—
m
=
N—

T
=t [ 0,50,

22



Theorem 6.8. Assume hypotheses 6.2 and 6.3 hold. Let u be a solution of problem P. Then the
costate equation 5.1 for u = u admits a unique transposition solution (y*,q"“) and we have

[(Hu(t,mﬂ(t),ﬂ(t),ya(t),qﬁ(t)),vm*w <0 Wwe Tg}ad(ﬂ(t)) a.e. in [0,T] x €. (6.4)

We will need the following result, which is proven in [33, Lemma 4.6 for p = 2, and X finite
dimensional; and in [13, Lemma 3.2.], also for p = 2, with the Clarke tangent cone in place of the
adjacent cone and with the assumption that X is a separable Hilbert space.

Lemma 6.9 ([33, Lemma 4.6],[13, Lemma 3.2.]). Assume X is separable, (S,%, ) is a o—finite
measure space, p € [1,00) and p* = p%l (1* = 00). Denote

K={uelP(S,u; X):u(-) e K pu—a.e}.

Suppose also that F € LP" (S, u; X*) and for every v € T,lé(u),

/QUNS%U@»XﬁXdM@)g(L

Then (F(s),v)x+x <0 Vv € TS (u(s)) for u—a.e. s € S.

The proof is omitted as it is the same as that of [13, Lemma 3.2.], replacing 2 with p and
the Clarke cone with the adjacent cone, this can be done because the latter is closed as well, and
therefore T% (u(s)) is a measurable set-valued mapping with closed values, so a suitable measurable
selection can be constructed (see [1, theorem 8.5.1] for the measurability of 7% (u(s))). In the proof
of [13, lemma 3.2.], X being Banach and separable are the sole relevant properties of the space X.

Proof of theorem 6.8. Follows from proposition 6.7 and lemma 6.9. O

Example 6.10. Recall the setting of example 3.3.
For

7w = 28 [ o (O, + ooluo O + ol (O] de+ 58 [ (00 dt+ G [T o

we have hypothesis 6.3. Moreover, if the functions b and o are linear, existence of a solution

(u,Z) of the optimal control problem is guaranteed by the Weierstrass minimization theorem, as the

equation is linear, the cost convexr and coercive, and the control space is a reflexive Banach space.
Formally, the abstract costate equation 5.1 may be regarded as

aty(tv 5) = _agﬁy(tv 5) - brsrt(sv 57 z, u)y(ta 5) + O‘xx(sv g)

+qst(t7 g)Wst(t f) + QO(tJ g)wO(t) + a1 (ta f)wl (t) te (07 T)? § € (07 1)
Ony(t,i) = 0 te(0,7),i=0,1
y(T7 €> - _QSm(Tv &) §€ (07 1)

where

(gst g0 @1) = q € Lo(H, Hay) = Lo(L?, Hap)DLo(R, Hop) ®LoA(R, Hay) = Lo(L?, Hay) ©Hon®Hay.
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Notice that because n > 3 —l— > 4, the inclusions from Hay into Hyy,, and hence into L?, are

Hilbert-Schmidt, therefore, CQ(L2 Hon) C L1(L?). Fiz ¢*' € Lo(L?, Hay), if we choose a Hilbert
basis {p;}tien of L? which consists of eigenvectors of |¢t|, then

/Z| o€ pi(©)dE = Z/| ‘G ©pil)lde < 3 el 2 il o

€N ieN ieN
= Z HqSt%‘HL2 = Z H’(JSt\(PiH,y = Z<\q5t|<ﬂz’, @iz < 00,
€N €N €N

it follows that the function [Tr(q*)](€) = > enla™@il(§)wi(€) is well defined for a.e. & € (0,1)
and belongs to L', moreover, for ¥ € L™ C LP, and [BY**|h = X% h, we have

1
/0 S B*¢*(€)dE = (BX™, %) £5(12 3 _0y) £2(L2 Hay) = Z@St%,qﬁ%m,gn,%zn
ieN

1

= Yoo o = [ ST

ieN 0

It follows that Tr(q®t) = B*¢®* and therefore belongs to LP" and depends linearly and continu-
ously on ¢° (the linearity is not obvious from the definition because the choice of {@;}ien depends
on q*t). )

Recalling that (b2)*, (03)* correspond to the Dirichlet traces we have, denoting b, = by(t,z,u)
and similarly for ¢, and f,,

) i bil(t, @, us )y (¢, ) + o3l (2, ,ust)[TT(th(t))]( ) - ast\ﬂst\p”@st(t, )
buy*(t) + 0,q"(t) — fu = by (t, u0)y"(t, 0) + oy (t, uo) g (£, 0) — aoluo|P~>uo(t) ;
by (8 un )y (t,1) + o (t,ur)gi (8, 1) — aafur [P~ >ua (1)
It follows from theorem 6.8, because Tyaa(-) = U, that
by (6, & @y ust)y™ (1) + o3 (8 & ust) [Tr(age (1)) () = el P> ase (L, €) (6.5)
and ' . . .
b (t, )y (t,4) + o' (t, 1) (t, 1) = aglaP~2a(t,i), i=0,1. (6.6)

Example 6.11. Let D C R%. Let Wy be a cylindrical Wiener process on L?(D) (from now on
LP .= LP(D)).

a(t, €) = Aa(t, &) + (=A) ut, )W (t,§) t€(0,T),6 €D
z(t,&) =0 te (0,7),6 € 0D (6.7)

z(0,€) = zo(§) £eD
We consider A = A and D(A) = H*(D) N HY(D), so that A generates an analytic semigroup
on L2. Define Has = D((—A)*). Notice that Hs = H*(D) for s € (—3,3).
Letp >2d, r= 2 5, notice that due to [11, Theorem 6.7], we have the inclusions Hap C L C
L>CL” CH_ d/ps wheref—i—f—l
For u € LP(D) we define ¥(u)xr = uzx, we have % + L =1 with this, ©(u) € L(L* L"), and

||E(U)||£(L2,Lr*) = HUHLP(D)‘
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It follows from the spectral decomposition of A that when n > il + % -,

(—A)7E(u) € LQ(Lz,H_Qn) and H(—A)_7E U < Cullp-

) HﬁQ(LQ,H_Qn)

Wy is a cylindrical Wiener process on L?. Denote Xy = Has.
Denote U := LP, and define o(u) = (—A)~YS(u) we have hypothesis 6.2 for n € (%, 1) and

. 2 2d
max
b 1—2p dn+4y—dJ’

this imposes v > 92
For

1 T 1 T
30 = 58 [ asllelag i+ 1 [ o o) de+ ST (D)

we have hypothesis 6.35.
Formally, the abstract costate equation 5.1 may be regarded as

Oey(t,€) = —Oeey(t,€) + az(s, &) + a(t, YW (t,€) € (0,T),6 €D
y(t,i) =0 te(0,T),i=0,1
y(Tag) = —O(TIE(T, g) 5 eD.

Notice that because n > il + % -y > % — 7, the inclusions from Hay into Hg/p_o,, and
hence into H_o, are Hilbert-Schmidt, therefore, for q € Lo(L?, Hay), we have (—A) Vg € L1(L?).
Fiz q € Lo(L? Hay), if we choose a Hilbert basis {@;}tien of L* which consists of eigenvectors of
[(—A)7q|, then

/Z\ gl (€)pi(€)1dE = Z/I i) (©)i(©)1dE <Y [[(=A) il 2 @il 1

€N ieN ieN

= [[(=8)"qgi]l 2 = D I(=A)ales]| 1 =D ((=A)Valps, i) 2 < o0,

ieN ieN ieN
it follows that the function [Tr((=A)77q)](&) := > ienl(=A)Vqpil(§)wi(§) is well defined for a.e.
€ € D and belongs to L', moreover, for u € L™ C LP, we have

/Du(f) (00l (§)dE = (Tuthy @) £(L2 10, Lo(L2 Hay) = Z((—A)_W%,qwman,ﬂan

1€EN

=D (Wi (=) 40U 2 Hagiay = D (i (=) api) e = / ulTr((—A)77g)](€)d¢.

ieN iEN D

It follows that Tr((—A)™7q) = o%q and therefore belongs to LP" and depends linearly and
continuously on q (the linearity is not obvious from the definition because the choice of {p;}ien
depends on q).

It follows from theorem 6.8, because Tiaa(-) = LP that

bu(t, Z, @)y (t) + ou(t, Z,0) ¢ (t) — fult,Z,a) = Tr[(=A)'q"] — an|alP~a(t) = 0.
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A Dual of Hilbert-Schmidt space

Proof of proposition 2.3. Recall that HP||%2(Z’K) = el HPeiH%( and HQH%Z(Z’K*) = el HQeiH?(*.
So that, by the Cauchy-Schwarz inequality in #2(1),

(P, Q) ry(z.5).L22.5%) < Pl 2oz 1QN 2o (2,504 -

It follows that the duality defines a mapping Z : Lo(Z, K*) = (L2(Z, K))" with at most unit norm.
Fix Q € Lo(Z, K*), for each i € I, define P; € K as the Riesz representative of Qe;, so that

(k,Qei) i ik = (k, Pk,

meaning

(P Qeq) i = (Po P = 1Pl = Qe
since || P € f2(1) it follows that P? defined as P%e; = P, belongs to L£2(Z, K) and HPQHLQ(
”QHKEQ(Z,K*)a with this,

ZK)

HPQHEQ(Z,K) 1@l 2, (2,54) = ||QH%2(Z,K*) = lQeillie =D (P, Qe i i+ = (P2 IQ) £,(2,k) (Lo(2K))
ieN ieN

so that Z is in fact an isometry from Lo(Z, K*) into (L2(Z, K))".

We have left to prove that Z is onto. Let F' € (£L2(Z, K))*. Begin by noticing that £2(Z, K) is a
Hilbert space so that, again by the Riesz representation theorem, there must exist P¥' € £o(Z, K)
such that

(P,F)y 21002250 = (P PP pyzp0) = Y _(Pei, Pre)i,
icl
now define @); € K* given by
(Qi, kY e = (PFei k)i

with which [|Q;| g = || PFei]| - so that Q defined by Q%e; = Q; belongs to L2(Z, K*) and

I

(P, QF>£2(Z,K),£2(Z,K*) = Z(P% Qei) KK+ = Z<P6i7 PFe))
icl iel

= Z<P€iaPF€z’>K =P, F) £,(2,K),(L2(Z.K))*
il
so that ZQ = F.
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The continuity of the inclusions L£o(Z, H) C Lo(Z, K) and Lo(Z, K*) C Lo(Z, H*) is direct, the
density follows from the density of finite rank operators in the respective Hilbert-Schmidt spaces
and the density of the inclusions H C K and K* C H*.

The identity

(P,Q) £y(2.5),L2(2,K%) = Py Q) £5(2.H),£2(2,H")
follows from the fact that (Pe;, Qe;) k k+ = (Pei, Qei) i i+~ when Pe; € H and Qe; € K*. O

B Proof of proposition 6.5

Proof of proposition 6.5. For x1,x2 € X and uy,us € U, define

1
bx(-,.%'l,.%'g, ui, UQ) = / b$(~, 0.%'1 + (1 — 9)332, 6u1 + (1 — Q)UQ)de,
0

1
bu(-,xl,xg,ul,ug) = / bu(-,9:1:1 + (1 — 9)1’2,9114 + (1 — H)UQ)dQ,
0
1
G2, @1, T2, u1,u2) = / 0z(+, 0z1 + (1 — 0)z2, Our + (1 — O)uz)db,
0
1
5’u(-,$1,x2, ui, UQ) = / O'u(‘, 91‘1 + (1 — 9)%2, 0u1 + (1 - 9)U2)d0,
0
3 1
Foloonsaaun i) = [ £l 01+ (L= 0)2,0un + (1 - O)ua)d,
0

5 1
fu(-,xl,.%'g, ui, UQ) = / fu(, 02?1 + (1 — 0)%2, 0u1 + (1 — 0)1@)d0,
0

and

1
hx(m,xg) = / hz(e.%j + (1 - Q)JIQ)dG
0
Write
So that, for ¢ = b, 0, h, f, we have
90('7‘,1:27/“2) - QO(',l’l,Ul) = @x('7$1,$2,U1,U2)($2 - .Tl) + @u(';th?aulauQ)(UQ - Ul).

Due to hypothesis 6.2 and 6.3,

(QOI(HxlvxZa Uut, u2)v @u(',xbx%ula u2)) — (@x('7x17u1)7 SOU('a I, ul))

€

strongly when zo — x1 and us — uq.
We introduce the notations @2(-) = @, (-, 2%, 2%
which

u u

yu,uf) and @5 (1) = @y (e, 2%, 2% u,uf), with

(2" uf) — (2 u) = gLt (" —a") +edy (b,
as well as @, (t) = @ (t,2%(t),u(t)) and @, (t) = wu(t, (1), u(t)).
Consider the equation
doy(t)
6, (0)

[A85 () + ba ()05 () + bu(v(8)]dt + 62 (1) (1) + Fu(t)o ()W (1)

] (B.1)
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Because of theorem 4.4, there exists a unique 0y € L% (€; C([0, T, X)) solving equation (B.1),

moreover ||53||L1}(Q;C([0,T],x6)) < Clvllzzizr0,rm)):-
We now define r§ = 2% — 2" — &4y, which the is a solution of

dri (t) =[Arg(t) + b5r5 (1) + e[(B5(t) — ba(£))83 () + (B(t) — bu(t))v(t)]Jdt
+ (0o (t) +l(05(8) = 62(4))0, (1) + (5,(8) — Gu(t))0(D)]dW () - (B.2)
r5(0) =0

It follows again from theorem 4.4 that

75l oo < &||@50) = b)) + Ga(E) = bu@®)o(t)|

LE(L2(0,T5X_ 1))
2

+e [[(5(8) = 02(8))0, (8) + (75,(t) = Gu()) 0O L2 Lr (0,1 (.,))) -

Let {ex}ren C (0,00) be a sequence such that e — 0.
Due to proposition 4.7, 2%* — 2% in L5(Q;C([0,T],X)) as k — oo, with this, there is a

subsequence {ey, }xen for which 2 7 — 2% uniformly on [0,7] a.s. as k — oc.. Because of the

strong continuity of the derivatives and the dominated convergence theorem, we have

@ = B)ou) + (B = bu)o(o) 0

LYBL2OTX_y)

and . .
~ ] _ ~ U ~ ] _ ~
H(O’m Uz)(s,u (t) + (Uu Uu)U(t)‘ L%(Q;LP(O}T;L2(H7X7]))) — O,

because the choice of {e} is arbitrary, it follows that

—0

BE — by )SU(E) + (B — by)v(t
H( T ) v( )+( u )U( )‘ L%(Q;LQ(O,T;Xi%))

and
162 = 62)0, (t) + (50 — 6w)v (D) Lo Lr (0,7:20(1.%,))) — 05
and therefore
7ol L2 @i o, x) = 0(€)-

It follows from the definition of the transposition solution (y*,¢") of equation (5.1), that
E(—ha(z*(T)), 05 (T))x=x

T
+E/o (b (s, 2"(s),u(s))"y" (1) + ouls, 2"(s),u(s))"q" () — fult, 2" (t), u(t)), 0, (t))x- xds

T (B.3)
= +]E/0 (4" (), b (s, 2% (s),u(8)) 8, (8) + bu(s, 2%(5), u(s))v(s))xr , x_, ,ds
T
+E /0 (4" (5), 005, 2 (), u())52(5) + 05, 2 (), w(5))0(8)) £ 01,50 011505,

it follows that

T
E(—ha(z*(T)), 05 (T))x= x +E/ (= fa(t, 2"(t), u(t)), 6, (t))x- xds

0 (B.4)

T
N /o (bu (t, 2 (), u(t))"y" (1) + ou(t, 2" (1), u(t))"¢" (t), v(t) )u- wdt.
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The local Lipschitz condition for f given in hypothesis 3.4, means that the derivative f (¢, " (t), u(t))
given by hypothesis 5.2 satisfies

1t 2 (8), u(®)) s < Cr (14 2]|ul®)lly + 2 |24 (6)]lx)" ™
with which
u 1/p 1/p ||..u p-l
1£ul )y ulD Lo 0 7,10 () < € (T + 2wl 20,1520 Uy + 2777 |2 (t)HLg(Q;C([o,T},X))) ;
the derivative f,(t,z"(t),u(t)) given by hypothesis 6.3 satisfies

[ fults 2 (2), u(t))]

o <1142 [u(t)]ly + 2 124 @) |l )P "

with which

£l 2 C)s w2 0 7,100 () < €1 (Tl/p + 2[Ju®)l 220,00y + 2TV/7 |l (ﬂ”Lﬁ(Q;C([O,T],X)))

Similarly the local Lipschitz condition for A given in hypothesis 3.4, means that the derivative
hy(z*(T')) given by hypothesis 5.2 satisfies

[ (2 (T))]

x- < O1(1+2]a(T) %)™

with which -
rmmmﬂuvnugiﬁyqs<n(1+zH¢%Tnu;#QXQ .

We may show in a similar way that fs , ff and fNLE are uniformly bounded for ¢ € (0,1) in
LE (0, T; LP"(92;X*)), LE (0,T; LP" (2;U*)) and L” . (Q; X¥) respectively.
We now have:

J(u) — T(u) + <E /0 H (127 (1), u(), 5 (8), 4% (0) o(0) o it
=5 [ 500 0,0 @)+ B (1) B [ (000, a0~ B
+eE /0T<Hu(t7fL‘“(t%u(t),y”(t),qu(t))w(t)m*,mdt
—=E /0 ) (20,2 (1) = & (O) e + e Fa (1), 0(O) v ] dt + BARE, 2 (T) = (1)) x
tel /0 T<bu(t, 2 (1), u(t)) Y () + ou(t, 2 (1), u(t))*q" () — fult,z"(t),u(t)), v(t))v- pdt
—E /OT [(F20), o @)+ €((FE (1), 820+ (Fo(8), 0o )] it + B [(REr (7)) 2 + GBS, 62(T) e
—mM—M@%ﬂ%%Uwyx+fEAZ—ﬁ@@%mu@%%@kwwaEAZ_h@w%mu@%memﬁ

= / (20,7505 + () = o), 820 x + () = Fult) v(®)we )] at

0
B [R5 (T))xe x + (b5 — halw™(T)), 04(T) e
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it follows that

T
J(W") = J(u) +€E/O <Hu(taw“(t)aU(t),y"(t%Q“(t))W(t»U*,Udt)

Iz

L2 (LI (0.T3X)) HTiHLg(Q;C([o,T],X) I " (@ix) ([ (T )||LP (4X)

T . R ~
+ B [ [0 - o). 80z + (Fo(0) - fu(t),v(t»tu*,ru}dt+E(h§—hz(xu(T)),(Sff(T»X*,X

=€ +o(e).

T
B[ [0 = 200820+ (o0 = Fult) o) o] e+ BOhS = (o (D)), 52T

As before, let {ex}ren C (0,00) be a sequence such that e — 0.
Due to proposition 4.7, x* Ty pin L2 (9, C([0,7],X)) as j — oo, with this, there is a

ukﬂ

subsequence , which we still denote {ey, }jen, for which x — " uniformly on [0,7] a.s. as

Jj — oo.

Because of the strong continuity of the derivatives, it follows that f;kj (t) — f(t) in X* ae.
on [0,7] x © and he? — hy(z"(T)) in X* a.s. on € (this because for a Banach space X strong
convergence in £(X,C) is equivalent to weak* convergence in X *)

Because Lﬁ-* (0, T; LP" (£; X*)), Lﬁ* (0,T; LP" (; U*)), and Lp (Q X*) are reflexive, there is a
subsequence , which we still denote {Ek]. }jen, and elements

®, € L (0,T; L (%X")), @, € LY (0,T; L (U%)) and &p € LY (Q;X"),

for which f;kﬂ — o, fzkj @, and hy? — Oy as j — oo.
Because of the Mazur lemma there exists a sequence of weights a;; such that a;. is supported
on a finite subset of {i e N:¢ > j}, 0 <a;; and Zizj a;; = 1, satisfying
® = ajifa" = @ in LY (0,15 L (X)),
(2]
® = ajifdt = @y in LE (0,T; L7 (Q; U"))
i>j
and
@7, —Zaﬂ —><I>T1an (5 X9).

i>7

With this, there is a subsequence {j}¢en such that ®% — &, and & — &, a.e. on [0,T] x Q
and <I>M — @7 a.s. on . This implies that ¢, = fm, w = fu and hg(x*(T)) = ®p. The weak
convergence means that

T ~Ef A ~Ek,
B[ [0 = £2(0. 00+ (2 () = Fult) v(Oun ] A B o (D). 85Tz 2= 0,
because the choice of {e;} is arbitrary, it follows that
T
B[ [(F500) = Fle). 02+ (i) = Fult), o) ] i + B — hola(D)), 8D =0,
O

Remark B.1. The assumption that U is reflezive can be relazed if we assume that f is Lipschitz
continuous w.r.t. u, as in that case we can treat the term Efg(fj( t) — fult), v(t ))u=udt using the
dominated convergence theorem.
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