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Non co-adapted couplings of Brownian motions on
subRiemannian manifolds

Magalie Bénéfice!

YUniv. Bordeauz, CNRS, Bordeauz INP, IMB, UMR 5251, Talence, F-33400, France

Abstract

In this article we continue the study of couplings of subelliptic Brownian mo-
tions on the subRiemannian manifolds SU(2) and SL(2,R). Similar to the case
of the Heisenberg group, this subelliptic Brownian motion can be considered as a
Brownian motion on the sphere (resp. the hyperbolic plane) together with its swept
area modulo 47. Using this structure, we construct an explicit non co-adapted suc-
cessful coupling on SU(2) and, under strong conditions on the starting points, on
SL(2,R) too. This strategy uses couplings of Brownian bridges, taking inspiration
into the work from Banerjee, Gordina and Mariano [3] on the Heisenberg group.
We prove that the coupling rate associated to these constructions is exponentially
decreasing in time and proportionally to the subRiemannian distance between the
starting points. We also give some gradient inequalities that can be deduced from
the estimation of this coupling rate.

1 Introduction

1.1 Motivations

In this article we want to construct some non co-adapted successful coupling of subelliptic
Brownian motions on SU(2) and SL(2,R) and more precisely study its coupling rate to
obtain analysis inequalities. Let first remind the definition of a coupling. A coupling
of two probability measures p and v on M is a probability measure m on M x M such
that p is its first marginal distribution and v its second one. In fact, in the case of
two Markov processes (X;); and (X/);, one has to study the joint law of (X, X}); to
construct a coupling. Coupling probability distributions, in particular Markov chains or
Markov processes, is a topic of interest of these late decades as it can offer results not
only in Probability and Optimal Transport but also in Analysis and Geometry (see [31]
for a general introduction). We interest ourselves in the notion of "coupling time" for
a coupling of diffusion processes (Xy, X[);. This is the first meeting time of the two

processes:
7 :=inf{t > 0| X; = X}.



If the coupling time 7 is a.s. finite, the coupling is called successful. A first interest in
the construction of successful couplings, and more precisely in the study of the coupling
rate P(7 > t) for ¢ > 0, has been the estimation of the total variation distance between
the laws of X; and X]. We recall that this total variation distance is defined by:

drv(L(X), LX) = sup  {P(X, € 4) — P(X] € A)}.

measurable
The Aldous inequality also called Coupling inequality (see [2], chapter VII) states that,
for every coupling (X, X!)s and every ¢t > 0:

P(r > 1) = dry(L(Xy), L(X})). (1)

With this inequality, one can see the relevance in finding "fast" successful couplings. In
particular, couplings that change into an equality are called maximal couplings. If it
has been proved that such couplings always exist in the case of continuous processes on
Polish spaces, they can be very difficult to study (simulation, estimation of a coupling
rate) as their construction are often non Markovian and even non co-adapted, in the sense
that we don’t only need the common past of the two processes but also the future of one
of these processes to make the construction. In Riemannian manifold, the existence and
unicity of Markovian maximal couplings has been discussed in |29} 24] for the case of the
Brownian motion and in [6] for elliptic diffusions. The general idea is that the existence
of such a coupling needs a sort of "reflection structure" from the Riemannian manifold
as well as strong properties from the drift part of the diffusion process. In the case of the
Brownian motion such a coupling, if it exists, is the reflection coupling (also called mirror
coupling) introduced on R" (see [28]) and then on Riemannian manifolds (see [21]).
Since the 90’s, the study of successful couplings has also led to analytic results about
estimates of the spectral gap for elliptic operators (see for example 33|, 19} 20] 18] 32} 8])
or Harnack inequalities (see [34]) in Euclidean spaces as well as in Riemannian manifolds.
Note that most of these results use the reflection coupling cited above.

Here we place ourselves in subRiemannian manifolds and consider the subelliptic Brown-
ian motions induced by the subLaplacian operator. Our main question is to find how to
construct explicit successful couplings. The main difficulty comes from the fact that the
subRiemannian distance is, in general, not smooth on every point. Thus the comparison
of two Brownian motions become a challenge. A solution was proposed by Baudoin et.
al in [11] in the case of Sasakian foliations. It consists in approaching the subRiemannian
metric by Riemannian ones and using coupling methods from Riemannian structures.
Another solution is to use the special structure of some subRiemannian manifolds. A
lot of subelliptic, and more generally hypoelliptic diffusions, are written under the form
(Xt 2zt = f((Xs)s<t))r with (X3); an elliptic diffusion on a Riemannian manifold that
we will call "the driving noise" and f a functional (see [9] for some examples). Then, a
strategy for coupling such processes consists in coupling the driving noises and see the
effects on the "driven processes". It gives numerous examples for couplings, successful
or not [22, [10, 16 12, 28, 27, 26, B, [4, 17, B, 5]. This strategy can be used to study
the subelliptic Brownian motion B, = (X, 2;) for three model spaces of subRiemannian
manifolds:

e On the Heisenberg group H, the driving noise X; is a 2-dimensional Brownian
motion and z; is a signed area swept by (X;)s<; in R;
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e On the special unitary group SU(2), X; is a Brownian motion on the sphere and z;
is a signed area modulo 47 swept by (X;)s<;

e On the special linar group SL(2,R), X; is a Brownian motion on the hyperbolic
plane and z; is a signed area modulo 47 swept by (X)s<i.

These three models are in fact fiber bundles with, as a basis, the Riemannian manifold
of constant curvature 0, 1 and —1 respectively (for SU(2), this structure is induced by
the well known Hopf fibration). We also have a nice estimation of the subRiemannian
distance d,. for this three space models:

dee ((Xt, 20), (X[, 21)) ~ pe + v/ Ad] (2)

with p; the Riemannian distance between X; and X/ and A; a signed swept area between
the two driving noises (or its representative modulo 47 depending of the cases). These
geometrical interpretations have been useful to study couplings. In the case of the Heisen-
berg group, explicit co-adapted (see the works from Kendall and Banerjee |28 27, 26])
and non co-adapted successful couplings (see the work from Banerjee, Gordina and Mari-
ano [3]) have been obtained. In a previous work [17], we extended one of these co-adapted
couplings to the case of SU(2). The aim of this article is to continue this work by ex-
tending to SU(2) and, in a weaker sense, to SL(2,R), the non co-adapted coupling due
to Banerjee et al. Moreover, we interest ourselves in the estimation of the coupling rate.
Indeed, in the case of the Heisenberg group, Banerjee et al. obtained a successful coupling
starting from any g, ¢’ € H as well as some constant C' independent of g and ¢’ such that:

dCC ? !

p(r > 1) < ¢ Lecl9:9). (3)
Vi

In particular, if g and ¢’ are on the same fiber, they get P(7 > t) < C%g’gl), which is a

better order than for any co-adapted successful coupling (the order of P(7 > ¢) is not less

than \/Lz if the coupling is co-adapted). In this article we give estimates of the coupling
rate upon condition of the starting points of the coupling for SU(2) and SL(2,R). We

also look at some gradient estimates we can obtain with this coupling method.

1.2 Results

Our main result is thus the existence of a non co-adapted coupling with a coupling rate
exponentially decreasing and depending of the distance between the starting points of
the coupling. Using the decomposition given by the fibration, every element of SU(2)
(resp. SL(2,R)) can be written on the form g = (x, z) with z an element of the sphere
S? (resp. of the hyperbolic plane H?) and 2 €] — 27, 27].

If the starting points of the Brownian motions are in a same fiber, we obtain a suc-
cessful coupling on SU(2) and on SL(2,R).

Theorem 1.1. Let g = (z,2), ¢ = (2/,2) € SU(2) (resp. SL(2,R)). We suppose that
x =1
There ezists a non co-adapted successful coupling of Brownian motions (B, B;) on SU(2)
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resp. , starting at (g,q'). Moreover, for a >0 and 0 < q < 1, there exists
SL(2,R)) starting at (g,q'). M it >0 and0 1, th st
C, and c some non negative constants that do not depend on the starting points of the
process, such that, for allt > ts:

P(r>t) < (Coe"dec(g, g')*") A 1. (4)

In particular, in the case of SU(2), we can use the previous result to construct a
successful coupling whatever the starting points of the processes:

Theorem 1.2. Let g, ¢ € SU(2). There exists a non co-adapted successful coupling
of Brownian motions (B, B}) on SU(2) starting at (g,q’). Moreover, denoting T :=
inf{t|B; = B}}, for all ty > 0, there exists C, ¢ some non negative constants that do not
depend on the starting points of the process, such that, for all t > ts:

P(r>1t) < (Ce “dee(g,9)) A 1. (5)

Please note that, with Theorem and Theorem [1.2] we improve and give a proof of
the results announced during the GSI'23 Conference ([13], Theorem 3).
The coupling strategy is as follow:

1. Supposing that x = 2/, we construct a coupling for ¢ € [0,7] such that Xr = X/
a.s. and P(zr = 25) > 0. To do that, we use well chosen couplings of Brownian
bridges to construct (X, X]). Note that, if this construction takes inspiration from
the strategy developed by Banerjee et. al to deal with the Heisenberg group case, it
needs here a lot of adaptations due to the presence of the curvature. In particular
the coupling that is exposed here is done on the spherical /polar coordinates of the
processes whereas the one in [3] was done on Cartesian coordinates. One of the
consequences is that, if the quantity P(zr = 27.) is well described for all T for the
Heisenberg group, we obtain much less information in the model spaces considered

here. We yet get some estimations for 7" small enough comparable to the results on
H.

2. Using the fact that z; takes its values in the compact [—2m, 27|, we can obtain a
positive lower bound for P(zy = z}.) which is independent of the starting points.
The iteration of the previous construction can then be compared to the iteration of
identically and independently distributed experiments. Thus, we obtain a successful
coupling with a coupling rate exponentially decreasing. Moreover, for any ¢ty > 0,
we obtain:

P(r>1t) < Cue Nz — 2" for all t > t; (6)

with 7" > 0, C}, c independent of the starting points.

In particular, under the above condition z = 2, we have the equivalence d..(g,¢’) ~

|z = 2'| (see relation 1) in section . This leads to inequality .

3. In the case of SU(2), when z # 2/, the idea is to use a successful coupling on the
sphere, in fact the reflection coupling, to obtain X; = X at an almost surely finite
time and then, use the strategy given above. Note that this can’t be done in the
case of SL(2,R) as there exists no successful coupling on the hyperbolic plane (we
can state it using Theorem (5.4) from Wang [35], as there exists some non constant
but bounded harmonic functions on the hyperbolic plane).
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Remark 1. Please note that, by taking polar coordinates, this coupling strategy gives a
coupling on the Heisenberg group which is different from the one in [3]. However we
cannot say that this new coupling will be successful. Indeed, as the swept area is not
bounded in the Heisenberg group, to obtain a successful coupling it seems that we would
need to iterate our construction for geometrically increasing intervals of time T (see [3]
for more details). As explained before, as we lack information on the quantity P(zr = 27)
for T too large, we cannot make any conclusion.

From these theorems, we can deduce some analytic results. We denote by V4 the
subgradient induced by the subLaplacian operator and by || - ||z the norm induced by
the subRiemannian structure. We get:

Corollary 1.3. For every function f € C*(SU(2)), we have:
IV Pef (@)l < 2/ fllcCe™ ace. (7)

In particular, if f is harmonic on SU(2), then it is constant.

We also get some results for SL(2,R):

Corollary 1.4. Let g = (z,2), ¢ = («/,2') € SL(2,R). We suppose that x = 2’ and we
consider a bounded function f € C*(SL(2,R)). For all q €]0,1], there exists C,, ¢ some
constants independent of g, ¢’ such that :

Pif(9) = Pof ()] < 20| flocCoe™"dec(g, 9').

Moreover, if f is harmonic and bounded, it is constant on each fiber {(x, z) € SL(2,R) | z €
[—2m, 27|} above z.

Note that in [I], Arnaudon and Thalmaier obtained some expressions for VP, f(g)
in the cases of SU(2) (Theorem 3.2) but also SL(2,R) (Theorem 7.1). These expressions
are obtained in function of an adapted process (¢;), leaving in the cotangent bundle at
point g. In particular, this leads to:

IVuEf (9]l < (1]l x C(F) with C(t) < oo

For the moment, there is no easy estimation of (¢;), and thus no easy estimation of C(t)
contrary to our result from Corollary which offers a decreasing in long times.

1.3 Plan

The structure of the paper is as follows. In the second section we introduce the space
models SU(2) and SL(2,R) and give some results about their subelliptic Brownian mo-
tions. In section 3 we provide two lemmas about the subRiemannian distance between
the subelleptic Brownian motions and about exit times of real Brownian motions that
will be used all along the article. In a fourth section we describe the coupling strategy in
SU(2) and SL(2,R) for the case where the starting points of the Brownian motions are
in the same fiber which provides the proof of Theorem The general case for SU(2),
using the reflection coupling on the sphere and proving Theorem is completed in
section 5. Finally, the analytic results from Corollaries and are proven in section
6.



2 Preliminaries

2.1 SubRiemannian structure

We consider the two following matrices groups that we will denote Ej, with k£ € {—1,1}:

e E; := SU(2) denotes the group of the unitary two dimensional matrices with com-
plex coefficients and with determinant 1;

e F | := SL(2,R) denotes the group of two dimensional matrices with real coefficients
and with determinant 1.

Considering the manifold structure induced by the usual topology on the matrices group
and, as the application { (A,B) — A-1.B
by er the Lie algebra associated to Ej. It is canonically identified to the tangent space of
E). at the neutral point I5. To construct the usual SubRiemannian structure, we chose a
basis (X,Y, Z) of this algebra such that:

is smooth, E} is a Lie group. We denote

X,Y] =2, [Y,Z] = kX and [Z, X] = kY. (8)
For SU(2) (k = 1), we take the Pauli matrices:
170 1 1/0 4 1/7i 0
XZQ(—l o)’yzi(z' o) andZ:§(0 —z')'
10 (0 —1

1 _ 1 (0 —1
o )r=1(8 S maz=1() )

It is important to notice that every element of Ej can be written on the form

For SL(2,R) (k = —1), we take X =1

exp(p(cos(f) X +sin(0)Y)) exp(22) (9)
with:

o for k=1: ¢ € [0,7[, # € [0,27[ and z €] — 27, 27];

o for k =—1: ¢ € [0,400], § € [0,27] and z €] — 27, 27].

Note that ¢(cos(f) X +sin(f)Y) and z are unique. This provides some coordinates (¢, 0, 2)
called cylindrical coordinates. They will be of importance in all the paper. In particular
there exists a natural projection II; from E}) to the Riemannian manifold M of constant
curvature k (that is the sphere S? in the case of SU(2) and the hyperbolic plane H? in
the case of SL(2,R)), sending (p,0,2) to the point of S? (resp. H?) described by the
spherical coordinates (p, 6) according to the north pole Ny := (0,0,1) € S? and the vector
eo := (0,—1,0) € Ty, S? (resp. the polar coordinates relative to the pole Ny := i € H?
and the vector ey := i € Tn,H?) (see [17] for more details). In the case of SU(2), this
projection is the one induced by the Hopf fibration.



We can then define a basis on all the tangent space TE by considering X, Y and Z
the left-invariant vector fields associated to X, Y, Z. For g € Ej they are given by:

A 9 (gexp(eA)) for A= XY, Z.

g Oe le=0

By considering H := Vect(X,Y), we define a subspace of the tangent space TE} that
we call horizontal space. The subRiemannian structure is defined by considering curves
v :J C R — Ej that "move" only with directions in H, in the sense that ¥(t) € H, for
all t € J. Such curves are called horizontal curves. We construct a scalar product (-, )3,
on H, for all g € Ej, such that (X,,Y}) is an orthonormal basis. The same way as for a
Riemannian structure, we obtain a length L(7) of the horizontal curve ~:

L) i= [ B0 .

The Carnot-Caratheodory distance between g and h € E is finally defined by:
de.(g,h) = inf{L(7) | v horizontal curve between g and h}.

Thanks to relation , the parabolic Hormander conditions are satisfied in the sense that
‘H is Lie-bracket generating. A consequence is that d.. is finite and the subRiemannian
structure is well defined. Note that, because we have chosen left invariant vector fields,
the Carnot-Caratheodory distance is left invariant too. Moreover, from [7, 14, [15] we
have:

d.(0, (p,0,2)) is equivalent to ¢* + |z|. (10)

Because we deal with Lie groups and because the Hormander conditions are satisfied, we
can introduce a subelliptic diffusion operator, the subLaplacian operator:

L= (X2+77).

N —

2.2 Brownian motions on SU(2) and SL(2,R)

Given this operator, we can define the Brownian motion on these Lie groups as the Markov
process B; with infinitesimal generator L. By using the cylindrical coordinates, the con-
tinuous Brownian motion B; can be written B; = exp(p;(cos(6;) X + sin(6;)Y)) exp(2:2)
with ¢, 6, and z; three continuous real diffusion processes satisfying the differential
stochastic equations

dpy = dB} + 3 k cot(vVkepy)dt

_ _ Vk 2
: = Stviey 1B (11)
tan( @“Dt) 9
dZt = Td‘Bt

where B! and B? are two independent real Brownian motions. In particular, we get
from |7, 15, 4] the following geometric interpretation:



Proposition 2.1 ([7, 15, I4]). In SU(2) (resp. SL(2,R)), (¢, 0:) are the spherical
coordinates (resp. polar coordinates) relative to (No,eo) of a Brownian motion on the
sphere S? (resp. the hyperbolic plane H?) and z; — zy is the signed swept area of (o4, 0;)
with respect to the fixed pole Nj.

We now consider two Brownian motions on Ej: By = (¢, 6, 2:) and B, = (¢}, 05, 21).
To compare the two Brownian motions, and in particular to have an estimation of the
Carnot-Caratheodory distance, using , we need to study B; ' - B}. From [I7], we have:

Proposition 2.2 ([I7]). Let denote by Xy = (p4,60;) and X, = (¢},0;) the projec-
tion of the Brownian motions By = exp(g:(cos(0;) X + sin(6;)Y))exp(z2) and B, =
exp(p}(cos(0;) X +sin(6;)Y)) exp(z,Z) on the sphere (resp. hyperbolic plane). The cylin-
drical coordinates of By - B} are given by (p;, ©y,(;) with

o p; equal to the usual Riemannian distance between X; and Xj.

® (=2 — 2 + sign(0; — 0;) Ax, x;n, mod (47) with Aqp. the area of the spherical
(resp. hyperbolic) triangle of vertices a,b and ¢ and Ny the pole of reference chosen
by the projection 11.

In particular, reminding that, by definition, ¢, €] — 2w, 27|, we have:
dz.(Bt, By) ~ pf + |Gl

Remark 2. Similar results are well known (and easier to obtain) in the Heisenberg group.
First, the subRiemannian structure is defined such that the relations (@ are true for
k = 0. The same way, the Brownian motion can be seen as a Brownian motion X; in the
plane together with its swept area z; (the Levy’s area). In fact when X, is expressed in the
polar coordinates (¢y,0;), the Brownian motion exactly satisfies equation , taking the
limit O for k. Propositions and are also true with the use of planar triangles.

3 Some useful Lemmas

3.1 Stability of z; — z; under changes of coordinates

In Proposition the quantities p, and ¢, are intrinsic to B;'B, and do not depend on
the choice of the projection II;. As seen in this same proposition, this does not seem to
be the case of the quantity z{ — z; as the quantity sign(0; —0;)Ax, x n, mod (47) depends
on the choice of the pole Ny and the vector eg. To prove our theorems, we study this non
intrinsic quantity. For various reasons we need to change the system of spherical /polar
coordinates on M), induced by Il, that is we change the pole and the vector of reference.
Thus it is interesting to see how z; — z; reacts. Let consider (X;); and (X]); as in Propo-
sition We chose (N, e) € TMy. Let introduce some notations.

o We denote by (o™ 0™ (resp. ('™ 0"V the spherical /polar coordinates

of X; (resp. X]) relative to N and e.



e We denote by I;(N,e) (resp. I/(N,e)) the signed area swept by (X)s<¢ (resp.

(X1)s<t) relative to N and e and starting at point zo (resp. z{). More precisely, it

is defined such that (o{™, 0 I,(N, e)) satisfies the stochastic differential equa-

tions (L1).

e We denote by A; the signed swept area between (X)s<; and (X!)s<;, that is the
area delimited by (X;)s<t, (X!)s<: and the geodesics joining X, to X and X; to
X, with the sign changing when the paths are crossing (see [17] for more details).
Note that this quantity does not depend on the choice of N and e.

In particular, we have (¢, 6;) = (o 61Ny and 2, = I,(Ny, eo). Note that z #

I;(N,e) in general for (N,e) # (No,e9). Then we have the following results:
Lemma 3.1. For all (N,e) € T M, we have:
Ay =TI (N,e) — I,(N,e) — (2, — 20) + sign <9§N’e) - 9'§N’e)) Ax, xI.N
— sign (GSN’e) — Q'éN’e)> Ax xi N (12)
In particular, we have:
¢ =1I(N,e) — I(N,e) + sign <9§N’6) - G’EN’e)) Ax, xi.n — sign ((9(()]\[’6) - Q'éN’e)> Axo X158

+ sign (GSNO’BO) — 0’8N0’60)> Axo,xsn, mod (4m). (13)

Proof. Relation is an immediate geometric result. We look at the second relation
(13). From Proposition 2.2 we have:

¢ = I[(No, eg) — I;( Ny, €g) + sign (QENO’QO) - 6’£N0’60)> Ax, x;n, mod (47).
Then using with Ny, we get:
G =25 — 20 + Ay + sign (9(()N()’e°) - 0’5N0’60)> Axyxin, mod (47).

Using this time with N, we obtain the expected result. O
Remark 3. If we have Xo = X and Xp = X/, then for any (N,e) € T My:
¢ =IL(N,e) — I,(N,e) mod (4m).

Remark 4. The impact of these change of coordinates can also be seen directly in Ej on
the process B;. Let (N,e) € TMy. We claim that the process:

Ji == exp <gp§N’e) (COS(@t(N’e))X + sin(QﬁN’e))Y>> exp (I;(N,e)Z)
can be obtained from B; by looking at g 'B;exp(zZ) for g depending only on the choice
(N, e) and z depending on N, e but also Xo. Let explain this fact. Taking g = (¢g4, 04, 25) €

Ey., it is possible to prove that for all h € Ey, (g~ *h) = m, (IIx(h)) with m, a direct
isometry in My, that can be decomposed as follow:
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e we first make a rotation of angle —z, and of axis directed by (0,0,1) for SU(2)
(resp. of center Ny for SL(2,R)). It keeps the pole Ny invariant but acts on the
vector of reference eq = Tp,11(X);

o we then apply a direct isometry which acts by translation on the geodesic from g (g)
to No. In particular this isometry transports the new vector obtained above parallelly

along this geodesic. The vector obtained finally is equal to T,I1;(X).

Thus, for (N,e) € TMy, we can find g € Ey such that (g) = N and T,I1;(X) = e.
For all t, T (g~'B;) gives the polar coordinates of 1y(B;) relative to N and e, that is

<<p§N’e), Gt(N’e)>. With similar results as in Proposition we have g~'B, equal to:
exp ((piN’e) (COS(@t(N’e))X + Sin(QEN’e))Y>>
X exp ((zt — 24 + sign <99 — 9§N°’e°)> AN,Xt,N()) Z) :
Using some geometric comparisons, we can obtain:
2 — 2y + Sign (99 — 9§N°’€°)) Anx,.n, = L(N,€) — z, + sign (99 — OéNO’EO)) AN Xo.No -
The process J; is then equal to:

J, = g 'Byexp ((zg — sign <99 — HéNO’eO)) AN7XO,NO> Z>

We now consider this change of coordinates for the two processes By and Bj that we
want to compare. As before, we define

J = exp (cp’gN’e) <cos(9,’5(N’e))X v sm(enge))y)) exp (I/(N, €)Z) .

We have
J =g 'B,exp ((zg — sign (99 - 96(N°’e°)> AN,X{),M)) Z)

Here it seems evident that, in general d..(Bi, B)) # deo(Ji, J}). However, if Xy = X
and Xp = X}, as exp(aZ) and exp(3Z) commute for all o, B € R, we have B;'B} =
exp(—zr) exp(2}) and:

J Tk = exp <<—zg + sign <99 — 95N0’60)> AN,Xo,N()) Z) exp(—zr) exp(z7)
€xp ((Zg — sign (99 - ‘96(%760)) AN,XO,NO) Z) = exp(—zr) exp(27).

Thus at time T, deo(Br, By) = dec(Jr, J7). This gives an echo of Remark |3

In general, by left invariance of the Carnot Carathéodory distance, we have d..(B:, B}) =
dee(g™ By, g7'B,). In fact, (g7 B,) " ¢7'B, = B;'B, and thus, the third cylindrical coordi-
nate of (g_l[Bt)_1 g B, is equal to ¢; as defined in Proposition . Applying Proposition
on g B} and g7 By, we obtain the following equality modulo 4:

G =1I;(N,e) — I,(N,e) + sign ((99 — 06(N0’60)>AN7X67N0 — sign <99 — 96N0’60)> AN Xo.No

+ sign <9§N’e) - HQ(N’E)> Ay (X7),my (X0),No

10



As we have:
sign <9g — 06(N°’eo)> AN x4 Ny — Sign (99 - 96N0’60)> AN, X0,No

= —sign <0(()ND’60) B 9(/)(N0760)> AXQ,Xé,N + sign <9(()N0760) o 06(]\[0760)) AXo,Xéva

and Ap, (x1),me(x0.N0 = Axt xymzt (Ng) With m, " (No) = N, we obtain the relation
from Lemma

3.2 First hitting time, first exit time for one-dimensional Brow-
nian motions

Let W be a one dimensional Brownian motion starting at 0. The results we give here are
well known and can be found in numerous references. They will be used later to obtain
estimates of the coupling rates. We first begin with relations about first hitting time.

Lemma 3.2. Let a € R. We denote D, := inf{t > 0 | W, = a}, the first hitting time of
a by W. We have, for all t > 0:

P(D, >1t) < (\)%) Al
la|

Proof. The density of D, is well known, given by g,(u) = Wexp(—%) X 110, +oof ().
We just have to upper bound the exponential part in this density to obtain the above
inequality. O

We now list some relations involving the first exit time of a Brownian motion from an
open set:

Lemma 3.3. We set two reals a and b such that a < 0 < b and H,, = inf{t > 0|W; ¢
la,b[}. Then, for 6 >0, we get:

Ee-ttes] — cosh (\/E(a + b)) (14)

cosh (\[ (b a))

[E[eéHwb]COSE Hbng\f b—a) e, 2 (15)

E[HqpeMer] < b if \/i(b —a) €]0, (16)
cos? <\/§ b—a) 2 2

E[H, ;) = —ab; (17)

P(H,, = Dy) = b‘_aa (18)

11



4 Brownian bridges Coupling

As announced we first deal with the proof of the two Theorems in the case where z = /.
Let first consider some deterministic constants T' > 0, g €]0,i(M)[ and 0y €]0, 27| with
i(My) the injective radius of My. We begin with the construction of a coupling strategy
on [0,7:

Proposition 4.1. We fiz (N,e) € TMy. We consider X, and X; two Brownian motions
!/ /
on M and <¢§N’e),9£N’e)>, <¢§N’e) ,Ht(N’e)) their spherical/polar coordinates relative to

(N,e). We suppose that o = gp(()N’e)/ = o and OV = GSN’e)/ = 0. We also consider

the swept area I;(N,e) and I;(N,e), as defined in Lemma starting from zy and z
respectively such that zg — z{ €| — 4w, 4.

There ezists a coupling of X; and X[ such that Xo = X/, a.s. and such that, for T small
enough, we have:

min (P(Ir(N,e) — I(N,e) =0 mod (47))) > 0.

!
20,20

4.1 Construction of the coupling on [0, 7]

Proof of Proposition[{.1. To simplify the notations and as the change of coordinates in-
duced by (NN, e) doesn’t intervene in this section, during this proof we will simply denote

(#8708 1N, €)) by (0,00, 1) and (o 00 (N, €)) by (1,01, 1)), By ex-

changing the roles of X; and X] if needed, we can suppose that zy — z{, > 0.

We first chose B} = B} and thus ¢, = ¢}. We define the change of time o(t) =
fg mds, there exists two Brownian motions 3 and B’ adapted to the filtration

(J’-"U(t))t such that:
0r = 0o + Bo
0; = 00 + By

As in the coupling described in [3], we are going to couple 3 and B’ using Brownian
bridges. Knowing all the path of (¢;):co,7] We define, for o € [0,0(7)]:

_ Rbr o

{ 8, = BZ + +85G
I ! o

Bo =B + 50

with B” and B’ two Brownian bridges on [0, o(T')] and G a Gaussian variable with mean
0 and variance o(7T), independent of the Brownian bridges. This way we will be able to

define B? (resp. B?) such that dB}? = Sin(ﬁ‘m)dﬁg(t) (resp. dB? = %d,@;(t)). Using

the Karhunen Loéve decomposition of the Brownian bridges, for o € [0,0(T)], we can

write:
b \/5 . jTo
BY = +/o(T) ]E>1 Zj—j7T sin (—U(T)> (19)

12
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j>1

with (Z;); (resp. (Z});) a sequence of independent standard Gaussian variables, inde-
pendent of B'. Note that, because of this independence with B!, knowing (B!)sej017,

B? = fot %dﬁa(s) defines an almost surely continuous process with independents
increments and such that B? L N(0,t), that is a Brownian motion. As that distribution
doesn’t depend of the conditioning, B' and B? are two independent Brownian motions

and our coupling is well defined.
We now explain how we chose (Z;); and (Z});. If we take Z; = Z for all j > 2, we get:

8, -8, = (z - )22 g (;g;)) |

Note that, with this choice of (7}, Z}) >0, X; and X are equal only for ¢t € {0,7}. When
we look at the impact of the choice of (Z1,Z}) on the swept areas, we have:

It—It’ZZo—Z(/)+/t tan E/\;}s)Sln(\\//_;Ps)(Zl_Z/) 2;:(T) (sin( ) ))

— i+ / (1—COS<\/_905>>( —7) 2;( ( ) a(ai

1
k
— 29 — 2) + / (1 — cos( \/_905 > (2, - 21) 0(2T) o8 (7:?(8))) sin (\/_%)

Z1 Z1

with K (¢ _2\/7/0 1+ cos \/_905) (‘7((;)(1&

In order to obtain a successful coupling at time 7', we need Iy — I, = 0 mod (47),

that is K(T)%%Z{ = —(20 — 2,) mod (4m). Let’s take (I/}); a Brownian motion in-
dependent of B!, G and (Z;);52. We define ¢ := inf{t|W; ¢] — ZI%Eng)’ 7(Z01;(Z;6r;+4ﬂ [} and

W, if ¢t <
W) .= ! BE=S Note that, by the strong Markov property, (W/), is a real
W, —2W. else

Brownian motion starting at 0 and independent of . We then chose Z; = W ~ N(0,1)
and Z; = W, ~ N(0,1).

In fact, with this construction we have: A

= Wiac. Thus, we get two cases:

o If ¢ < 1, then K(T)2-4 = K(T)W. = —(z — 2})(47).

2

o If ¢ > 1, then K(T)Z=24 = K(T)W, # — (20 — 2) mod (47).

2

We have P(Ir — I, = 0 mod (47)) = P(¢ < 1). For this probability to be positive, we
need to ensure that K (7)) = 0 does not occur a.s. This can be obtained from the following
Lemma:

13



Lemma 4.2. Let define A(T [fo sin % dB1 Then, for every curvature k € R,

K(T) = —Em T)+o (TS In (%))

with o the Landau’s notation for an a.s. convergence with T close to 0. In particular,
as A(T) has a standard Gaussian distribution, we have ™) TLO> N(0,1) and, thus,
—

P(K(T) = 0) —— 0. N

we have:

The proof of Lemma will be given in subsection From Lemma we get

that —22 (;0 and — ZOK(Z,};HW are finite with a non zero probability for 7" small enough.

Moreover, by construction, K (7") is independent of (W;);. Thus we have:

0<P(sc<1).

Note that, with this strategy, as X; and X| only meet at time 0 or 7', the coupling is
successful after time 7" if and only if ¢ > 1. Note also that, by defining ¢ := inf{t| |W;| =
|K(T ‘} we have ¢ > ¢ and thus P(¢ < 1) is bounded below by P(¢ < 1) that does not

depend of the starting points (2o, 2{)-
This end the proof of Proposition O

4.2 Proof of Theorem [1.1]

We now have all the tools to construct the successful coupling if the starting points are
in the same fiber. We first begin with the construction of an exponentially decreasing
successful coupling without dependence with the starting points of the Brownian motion.
We remind that Ej denotes SU(2) and SL(2,R) depending of the value of k.

Proposition 4.3. Let g = (z,2), ¢ = (2/,2') € Ex. We suppose that x = z'.

There exists a non co-adapted successful coupling of Brownian motions (B, B;) on Ej
starting at (g,¢') and T, é, ¢ some non negative constants that do not depend on the
starting points of the processes, such that, for allt > T':

P(r>t) < Ce ™. (21)

Proof of the Proposition[{.5 To define the coupling on [0,+oc[, we divide the time in
intervals [t,,, t,1] with length T), small enough, as in Lemma and we repeat the cou-
pling from Proposition 4.1} As we proved that the probability of success at time 7}, is non
zero, reproducing this strategy identically and independently on each interval [t,, ¢, 1|
should be efficient.

With this in mind, we consider (T,), constant with 7,, = T. We define K™(T'), W/
and ¢" the objects used in the construction of the coupling from Proposition for each

interval [t,,,t,1]. It is true that the experiments will not be identical non independent
( (No,eo) Q(No,eo) I,

i s Opir i1 (No, eg)) is, in general, non constant and dependent of
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<<ptivo’€° 0(N0,60 Ay (No,eo)>. To avoid this problem, the idea is to change the spheri-

cal /polar coordinate system on each interval of time |t,,, t,,+1| by considering a sequence of

tangent vectors (N, e, ), such that the new sequence of coordinates <90§N"’e") 9;7"’6"))
n

stays constant equal to (¢, o).

To obtain a successful coupling on SU(2) (resp. SL(2,R)), we need to obtain ¢(;, =0

mod (47) for some n. It is true that, for any (N,e) # (No,eg), we have in general
¢ # I;(N,e) — I](N,e). However, using Remark [3| we have ¢; = I](N,, e,) — I;(N,, e5)
mod (47) at last at times ¢ = ¢, for all n (because X;, = X for all n). Thus, the
coupling is successful if and only if there exists n such that I} (Ny,e,) — Iy, (Np,e,) =0
mod (47).
We consider the variables ¢" := inf{¢| |[W;| < ‘Kn(T ‘} as introduced in the last part of
Proposition By choice of (T},), and (N,,e,),, we have (K"(T)), independent and
identically distributed and thus (¢"),, is too. In particular <" > ¢" for all n. This way we
get:

P(r>t,) =P >1V0<i<n-—1)
<PE>1V0<i<n—-1)=PE >1)" (22)

This last quantity tends to zero when n — 400, thus 7 is finite a.s., the coupling is
successful and the coupling rate is clearly exponentially decreasing. More precisely, we
obtain for t € [t,,, t,q1]:

P(r>1) S P(T > 1) < exp (‘”ln (ﬁ))

In <;>
1 0 ~
S

Wlthc_Tl) andé:%ln(m)

Note that, if we change the system of coordinates (Ny,ep) on S? at the first step, we
can chose (ngN"’e") et(ff"’e"))n constant equal to a value chosen independent of the initial
position (g, fy) of the Brownian motions. Thus the random variables K"(T') and <" do
not depend of these starting points and P(¢ > 1) neither. The coupling rate obtained in

this case does not depend of the starting points. O

We now want to study how the coupling built above depends on the starting points
of the Brownian motions.

Proposition 4.4. Let g = (x,z2), ¢ = (2/,2') € E,. We suppose that x = x’'. We choose
tf > 0.

There ezists a non co-adapted coupling of Brownian motions (B, B}) on Ej starting at
(9,9") such that for all 0 < q < 1, there exists some non negative constant C' that does
not depend on the starting points g and g’ satisfying for all t > t;:

P(r > ts) < C|¢]|In ( ) for |Co| small enough.

ol
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In particular, there exists some non negative constant C’q that does not depend on the
starting points g and ¢' satisfying for all t > ty:

P(r > t;) < (éq X |¢0|q) Al

Proof of Proposition[{.4]. Without loosing generality, we can still suppose that zy — 2} €
] — 4w, 4x]. Then, from Proposition 2.2] as X = X{, we have exactly (s = zp — z(, thus
we need to prove:
1
P(r > ts) < Clzp — 2| In (—,) : (23)
|20 — 2|

Let n be an integer that we will precise later, we consider T = %f We construct on [0, t¢]
the coupling described in Proposition [4.3|using the decomposition in the intervals [t;, ;1]
with ¢; := j7y and t;1, := (j + 1)Ty. We simply denote by I, — I] the concatenation of
all the (1;(Nj41) — I{(Njﬂ))te[tj 40, Observing that, for ¢ € [0,2¢], we have:

n—1
L—I=z—2+Y K@tANT)W! . (24)
j=0
we define:
n—1
o ] J J
M, = zy — zh + ; K (Tf)WM(%)ﬂtztj. (25)

On the event 7 > t;, we have ¢/ > 1 for all j < n —1, and M, = I, — I] at times ¢;.
Moreover, by construction of ¢;, M; # 0 mod (4n) for all ¢ € [0,%f]. As a consequence,
7 >ty if and only if M; 0 mod (47) for all ¢ < ¢;.

As M, is a martingale, for all ¢ € [0,ty], using the change of time defined by S(t) :=

n—1 ) )

> KJ(Tf)Q%]ltztj, we can write M; = 2y — 2; + Cgq) with C' a Brownian motion
j=0

starting at 0. As in Lemma we denote D_,, .y 1= inf{t > 0|C; = —(2 — 2;)} and

we get:

P(T > t;) = P(20 — 25 + Cs(s) € (0,4m) for all s < ty) (26)
B n—1 ; )
< [P<D*(zofz{)) > S(an)) =P Df(zofz{)) > ZK (Tf) : (27)
=0

We separate the cases where |K7(T})| is large enough and the cases where it is not. From
Lemma using the convergence in law, there exists 0 < e < 1 and 7 > 0 such that

forall T < Ty, P (% < %) < €. Supposing that n is large enough, we have Ty < Tj
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and thus:

P(r>t;) =P ({r>tf}m {Elj e{0,..,n—1}| T BT 1})

o7 2

+P ({T >t N {W €{0,...n—1}, Wug—qngf)‘ = %})

<P (D—(zo—z(l)) > j;:Kj(Tf)2 > g) +P (ﬂKzJ—Tfm = %)n
< 7T|ZOT; 2 L

where we use Lemma to get the left hand side term. Finally, we have
|20 — 2]

[P(T > tf) S
ty

n+ €.

If we chose n such that % <n< % + 1, we get:

o " < |z — z;

o Ty = %f < tf%@nd thus, Ty < Tj for 2y — 2, small enough;

(lz0—2{

m|z0—2z{| w|zo—z{| ( In(|zo—z(])
° ty n < ty In(e) +1).

We thus obtain the inequality for |29 — zj| small enough. Note that the obtained

constant does depend of the chosen time t;. O
Remark 5. Note here that, if ——=—— s integrable, then, P(r > nTy) < Clzp —
K3 (Ty)?
3=0

zy| (with C independent of the starting points) which would be better than the expected
inequality. Here, contrary to the case of the Heisenberg group dealt in [3] we have not
been able to prove this integrability.

Remark 6. The process (M;); introduced in the above proof is the one used in [3] to deal
with the case of the Heisenberg group. We can also use it to obtain a proof of Proposition

[{-8 Denoting H = inf{t > 0|C} ¢] — (20 — z(), 47 — (20 — 2)[}, we get:

P(7 > t,) = P(z0 — 2z, + Cs(s) € (0,47) for all s <t,)

:HH>S@»:P<H>§yﬁUY>

k=0

Taking some § > 0 such that \/g x 4m # T mod (), and using Lemma .'

mq %M—%%—®0
P(H > u) = E[e®Te™ 1y.,] < e E[e’7] < e70 ’

B cos <\/§ x 4r )
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Then, P(t > t) < [E[e*‘ss(t”)]ﬁ. As (K®(T)), is a sequence of independent and
COS §>< 7

wdentically distributed variables, we get:

n n ex — 0 2
Ele 5] = T E [ewmw} _E [eﬂsmom)z]" < ot (efw(s0ctn?)))
k=0

c(8,T)
T

As P (KO(T)2 = O) < 1, we have E [exp <—(5K0(T)2>] <1 and E[e5t0)] < enT

with ¢(6,T) = —In ([E [exp (—5K0(T)2>D > 0. This gives the expected rate of conver-
gence.

We can now give the final construction of the successful coupling from Theorem [I.1}

Proof of Theorem [I.1, We first use the coupling from Proposition [4.4]on [0,¢;] and, then
we construct the rest of the coupling using Proposition [.3|on [ts, 7]. We have, for t > t;:

P(r > t) =P(r > t;)P(r > t|7 > ty)
< Cy X GlC expl— (¢ — 1)),

As Xy = X{, we have d..(By, By) ~ 1/|¢o|. This give the expected inequality. ]

4.3 Proof of Lemma

Proof. The proof is using series expansion for T" close to 0. In all that follow Landau’s
notations o and O are used for an a.s. convergence with 7" close to 0. We give the proof
for k # 0 but note that the same method can be used for k = 0. Let t € [0,T]. We first

claim that:

t k
o(t): :/0 mds

- SmQ(k"—t\/Em <1 - 2\/%(30’5(\/%@0)% /Ot Blds+o (Tln (%))) : (28)

Indeed for s € [0, ], using Ito’s relation, we have:

sin(Vke,) = sin(Vkey) + /OS Vk cos(Vky,)dB:

+ g /05 (— sin(\/E%J + —Cs(iz<(\>/§;1;>> du.

We remind that, using the law of the iterated logarithm, we have, for s small enough:
B, =o0 ( sln (%)) More generally, if we consider the martingale M, = [ v(w, u)dB;,

for s — 0, we have:
M,=o0 <\/<Ms, M) In (ﬁ)) ) (29)
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Indeed, we just have to use Dambis-Dubins-Schwartz theorem to write M, as a time-
changed Brownian motion. Then the law of iterated logarithm gives the attended result.
Thus, for s — 0, using for v(u) = vk cos(vVke,) and remarking that s v(u)?du =
O(s) (we use the continuity of ¢ and the compacity of [0,7T), we get:

/OS Vi cos(Vkp,)dBL = o ( sIn (%)) .
Thus:

s 1
sin?(Vke,) = sin?(Vkeo) + 2 sin(Vkgo) / Vk cos(VEkg,)dBL + o (s In (g)>
0
The same way, using It6’s formula and relation (29), we have:

cos(Vkep,) = cos(Vpg) — /Ou VEksin(Vkg,)dB? - k/u cos(VEg,)dv (30)

0

= cos(Vkpo) + €(u).

with e(u) = o ( uln (%)) In particular, fos e(u)?du = o (82 In (%)) Thus, applying
to 5 e(u)dB,, we get:

/08 Vkcos(Vkg,)dBL = Vk cos(Vkpo) BE + o (Sln (é)) |

Finally we obtain:

sin?(Vkep,) = sin?(Vkey) + 2Vk sin(Vkgo) cos(Vkpo)BL + o (3 In (l)>

S

= sin?(Vkgy) (1 + 2Vk cot (Vo) Bl 4 0 (T In (%))) as s < T.

and:

SmQ(\l/Egps) N sinQ(\l/Egoo) (1 ~ 2Vkcot(Vhgo) By + 0 (Tln <%>)) ‘

We just have to integrate this expression to obtain . We then can deduce an estimation

for cos (7;‘2%)) Indeed, we have:

- st [ (o) o

Thus, as %f; Blds =0 < T 1In (%)) for all 0 <t < T, we obtain:

iy = (12 (3 [t [ i) o (i (7))
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Finally:

s (Z70) o (20 i (1) 2 eaeon (1 [ s L [ o)
ro(rm (L))

Using same methods as in the first part of this proof, we have:

\/ESiH(\/ESOu) = \/Esin(\/Egoo) + e(u) with e(u) = o (, [uln (i))
an .

d so: cos(Vke;) = cos(Vkpg) — /Ot Vksin(Vky,)dB: — k:/ou cos(Vkp,)du
— cos(v/ko) — Vi sin(vEgo) B + 0 (Tln (%)) |

Then we get
1 11— cos(Vkpy)
1 + cos(VEkgy) sin”(¢;)

_ (1 — cos(Vkpo) + Vi sin(Vio) B + o0 (T n (%)»

X m <1 — 2k cot (Vo) B} + 0 (Tln (T)))
1 — cos(Vkpo) +VE <sin(\/Egoo) — 2cot(VEeo)(1 — cos(\/Egpo))> B}

sin®(v/kgo)

—_

1
Thn|=]]).
We can now finalize the calculation of K(T') = ,/ U(QT) fOT 1+COS(2\/E<M cos (Z‘Zg))> dt. Using

the previous results, we get:

2 mo(t) 2 1

1+ cos(Vhgr) (O'(T) ) = (g O+ Falt) + Fs(0)) + 0 (Tln <T>) ,
With

(1) :

(1= cos(Vpo) ) co (7;)

VE (sin(Vgo) — 2 cot(Vipo) (1 - ¢ <f%0>)> (W_t>

\/E( —cos(\/_goo)>>< (?)T (/Bd——/Bd)

20
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In particular fo Ry (t)dt vanishes. We also have:
r t\ nt (1 [ 17
/ sin (ﬂ—) ™ (—/ Blds — —/ leds) dt
0 T) T\t ) T J
T
:/0 %sin (?)/0 B dsdt——/ Blds ([ t cos (%)} coS <%t) dt)
t T T
= [—cos(w—t)/ B;ds} +/ cos ( )Bdt / Blds
T) Jo 0 0
T
= B}d
/0 COS(T) t.

ThuS f() 2 + Rd( ))dt = \/ESIH<\/ESOO)I Bl oS (71'?) dt AS fOT Btl oS (%t) dt _
7 fo sin (%) dB}, we obtain:

T 2cos ( oy )> NET T t 1
/ "D g = —L/ sin (”-) dB! + o (T2 In (—)) .
o 1+ cos(vVkepy) sin(vkwo)m Jo T T
Using we also have U(lT) = Sini/\%m) (1 - 0( T1n (%))) and:

K(T) = _2\/_ sm( >d31+o(Tzln(;)).
A(T

As fOT sin® (2) dt = L, the distribution of \/7f0 sin (2t) dB} is a standard
Gaussian and K(T) = —2LA(T) + o (TE In (%)) O

5 Successful coupling in SU(2)

5.1 Reflection coupling

We first explicit one possible construction for a successful coupling in S?. As explained
in [29], the reflection coupling is maximal in S2. Tt can be constructed by different ways.
See for example [29] 21I] for a construction using projections, [I7] for a construction
using covariant derivatives. We can also obtain this coupling directly with the spherical
coordinates (y, 0;) and (¢}, 0}):

dsot—dBl goot(pdt dso;—dBl’+1cot<so;>dt
df, = —1~dB? 9, = —~dB?

bln((pt) in( )

Changing the pole and vector of reference in S? if needed,we can suppose that ¢y = m— ¢y,
¢o €]0,%[ and 6y = 6. To construct the reflection coupling, we take B} = —B} and
B? = BY, we get ¢, = m— ), and 6, = 0, for all . With this construction the paths of the
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two Brownian motions in S? have a symmetry with respect to the equator. In particular
for t € [0, 1], defining p; := p ((¢, 01), (¢}, 0})), we have p, = ™ — 2¢;. We obtain:

Pt 1 Pt
This is the equation obtained in [17] using the covariant derivatives to define the reflection
coupling.

Proposition 5.1. We consider the reflection coupling described above. For any 0 < u <
5, let denote T, :=inf{t | & =u}. If B> <u < 7, then:

E[Ty AT, < % <2u - %) . (33)
Moreover the reflection coupling is successful. If we denote by 11 its first coupling time,
we have:

o E[r] = E[Tp] < 2 (7 — 2).

e there exists some constants C,c > 0 independent of the distance between the starting
points such that:

—ct

[P(Tl > t) < Cpoet .

Proof. We first prove inequality . Let § > u > 2. Let define three processes:

o W, := 2 + By, with B; a standard Brownian motion;

o Uy :=u—|u—Wy|=2+p —LYW) with 8, :== — fot sign(u — Wy)dBs defining a

2
standard Brownian motion and L}(W) the local time of (W}); in w.

o (V}); starting at £ satisfying: dV; = d; — %tan(%)dt. In particular (p;); and (V}),
have the same distribution.

We also define the stopping time T, := inf{t > 0 | V; = v} for v € R. We claim that
Vi<U,forall 0 <t < TO A Tu. Let explain this fact.
We consider T := inf{t > 0 | Uy = V;}. As 2 < u, for ¢ small enough, we have U, < u.
Thus, d(U; — V;) = %tan(Vt)dt >0 and T > 0 a.s. We suppose that T < Ty A T,. Then,
we have Ur = Vp < u and, by continuity of U, there exists ¢ > 0 such that, for all

te L —e¢T], Uy < u. In particular, L} (W) = L(W). We obtain:

0=Ur—Vp
1 T
= sze - sze + 5/ tan(VS)ds

T—e

with Up_—Vpr_. > 0 and with % sz_e tan(V;)ds > 0 since T’ < To. We get a contradiction,

thus T > Ty AT, so V, < U, on }OjTO /\Tu[.
As U; = 0 if and only if W; € {0,2u}, we get:

Ty AT, < inf{t >0 | W, ¢]0,2ul} := H_c 5, _e0.
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Finally, as and Ty A T, has the same distribution as T, WA Tu we get:
£o Po
E[Ty ATy) < E[H g 5, g9] = 2 <2u . 5) .

We can now interest ourselves in the coupling rate of the reflection coupling. As, & < 7
a.s., we have 7 = Tp A Tz. Using the previous results, we have Tj A I% < H,;, with
a=—% and b=m — . From Lemma 3.3} we obtain:

—6Ho
P(ri >t) <E { Hmbe‘SH“*b]lHapt}
a,b
L, -5
t cos? <\/§7r>
with  such that 0 < \/g < 5 that is 0 < 0 < 5. Taking C 2cos2(\/§7r> and ¢ = ¢, we

have: .
—C

[P(7'1 > t) < [P(Sl > t) < pOC’et

with ¢ and C' not depending of the initial distance between the Brownian motions. In
particular, the coupling is successful. O

5.2 Proof of Theorem

We now deal with the coupling (B; = (X, 2¢), B, = (X¢, 2:)) on SU(2) announced in The-
orem As explained before, the idea is to use reflection coupling until the first time
71 such that X; = X/ and then to use the Brownian bridges coupling to couple the
"area parts". According to Theorem we need to have an estimation of the quantity
E[|, ]9 A 1] for at least one ¢ €]0,1[. Thus we need the following Proposition:

Proposition 5.2. At the end of the reflection coupling we have, for 0 < p < %
1 ~
[E[|§71|§+p] < decc([BO; [Bé))-
with C, some constant independent of By and B).

Proof of Proposition[5.3. By construction of the reflection coupling using the change of
pole (Ny,ey), the quantity Ax, x;n, = 0 for all . Then by Lemma , we have ¢, =
I{(N1,e1) — I;(Ni,e1) mod (47). As & = T — ¢, using the equation of Ij(Ni,e;) —
I,(Ny,er) we get ¢ = (o — 2f0 tan ( =) dB? mod (47) (this expression of (; is the one
obtained in [I7]). We define gzﬁp €]0, +oof— 2217 with 0 < p < 1. We are interested
in the quantity E [gbp (|Co tan (

) dBZ2| N4m)]. As ¢z +y) < ¢p() + ¢p(y) for
all z,y >0,
T1 ps
Co — 2/0 tan <§> dB?

o

XIS \_O \/

A4W)]f§¢pﬂ®0
+E [gbp (‘2/0 tan (%) B2
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Since |(o| is bounded by 27, we have ¢,(|Co|) < 9p1/]C0] < dpdec(Bo, By) with 6, and 4,
two constants independent of By and Bj, . We now just need to prove that the quantity
[gbp ’2 tan ps) dBﬂ A 47r } is upper bounded by pg up to a multiplicative constant.
It is 0bV10us for py large enough, thus we consider py < m, with m > 0 chosen later in
the proof. We can write:
A 47r>]

[E{¢p(‘2/0n tan <%>dB§
- /O%(M) P (¢p (‘2/0 tan () dB2| A 47r> > y) dy
:/MP@AF ﬂm()d§)>%@0%@m
0 0
= /OMHD (‘2/{;1 tan (%) dB?| > x) <; +p) 23 d.

We set 0 < o« < 1. We are going to split the integral into two parts:

/0(’)20)“ P (‘2/071 tan (%) dB?

and

/(; (‘ / tan ps>ng

By simply upper bounding the probability by 1, the quantity (34]) can be upper-bounded

by ¢, (( ) ) < (f;’) o . For « S + p and m small enough we have (%0) £ < 2.

To deal with the second quantity we look at the quantity P (|2 [ tan (%) dB?| > z).
Using the same notations as in proposition [5.1} we consider 2 < u < . We have:

T1 ps ) B T & )
IP(‘Z/O tan<2)dBS >m)—ﬂ>(‘2/ tan 2>dBS
+P <‘ / tan d32

TuNTo p
<P(T, < Tp) +P (‘2/ fan (5) dB?
0

1 TuNTo ps
<P(L, < Ty) + E {4/0 tan? (2>d5]

4 tan? (u)
22

> x> ¢ (x)dx (34)

> x) ¢ (x)d. (35)

> I’,Tu < T())

>£CT >T0)

)

<P(T, < Ty) + E[T, ATy .

As the drift part in the equation of p; (given by (32))) is negative, we have T, > inf{t >
0|2 —-B =u}and Ty < inf{t > 0| 2 — B} = 0}. Thus, using relation from
Lemmawith a=—%and b=u—2, weget P(T, <Tp) < £2. From Proposition ,
we have E[T, A Tp] < 2 (2u — £). Thus:

n Ps\ ;2 po (1 | tan’(u) Po
rs <22z _ YY)
[P(’Q/O tan<2>dBS >x)_ . <u+4 = (2u 2) (36)
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We introduce 3 such that 0 < § < 1. We first chose u(z) := 2. If (2)* <z <1 and

B < a, we have 28 < u(x) < 5. Then we use inequality with © = u(x). We get:

/(po (‘ / tan m)de

7

> x)qb (x)dx
< ro ) (x—ﬁ + 8Mﬂ3) dx
2 ) o

1
< (55% i (270 + 2%°2) 2?3 du,

Q‘H

with ¢z independent of py. The last integral is finite if and only if p 4 % > 0> % —£. In
particular, this is the case for g = % If £ > 1, we use inequality with u = 1. We

get:
47
)d);,(x)dx < %/1 (1 + 8%&) & (x)da.

/IM[P(P/O tan<2>d82

We thus have upper bounded by py up to a multiplicative constant only depending
of m, 8 and p. O

We can now give the proof of Theorem

Proof of Theorem[I.2 To construct our successful coupling on SU(2), we first construct
the reflection coupling described above until time 7, that is until X; = X . Then,
we use the coupling from Theorem to deal with the swept area coordinates. As the
coupling rate from the two couplings have an exponential decay, we obtain a successful
coupling with an exponential decay on SU(2). We want to obtain the initial distance-
control from inequality (5). We denote 7, := inf{¢t > 7 | B, = B;}. The first meeting time
7 of the Brownian motions in SU(2) satisfies 7 = 71 + 7. Then we have, for 3 < ¢ < 1:

t t t t t
|P(7'>t):|]3(7'>t,7'1§§)+[P<T>t,7'1>§)SHD<7'2>§,7'1§§>+[P(T1>§)

t e~
S[E|:[P <7'2>§ ' |<7—1‘) ;:| +Cp0

2
ock
2

2
2

<L |:qu_6%|Cﬂ|q %] + 2Cp0

et

< Cye S E (|G| + 200"

As po < po + +/|Co| with pg + +/|Co| equivalent to d..(By, Bf), using Proposition ,
we obtain the expected inequality. O
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6 Applications to gradients estimates

In this section, we show gradient inequalities involving the heat semi group (P), that is
the semi-group with infinitesimal generator %L, the subLaplacian operator. For a function
f on Ey and g € Ej, we consider the norm of the gradient:

IV @l = /(X D)2g) + (Y )2(9):

We recall the definition of an upper gradient. We say that a function u is an upper
gradient of f in the sense that for every horizontal curve « : [0,T] — E) parametrized
with the arc-length, we have:

VMW—ﬂWMSAumww

As Ej, has a left-invariant subRiemannian structure, it is a regular subRiemannian man-
ifold as described in [25] and so, we get, for all u upper gradient of f:

IVaf(@)llu < u(g) ae. in Eg. (37)
See 25 23] for some proofs. In particular, for f Lipschitz, an upper gradient will be
given by the gradient length |V f|(g) := ligl sup ‘%ﬂi/) (see |30, 23]). Thus we
T ?é / cclg,9
dccé}g:gg/)<r
have:
IV f (9)ll < [V FI(g) ae. in Ej. (38)

Then, we can use the coupling rate of Theorem to obtain the gradient inequality
of Corollary

Proof of Corollary[1.53, Let g,¢" € SU(2). We consider (B, B}); the coupling constructed
in Theorem [1.2] starting from (g, ¢’) and 7 its first coupling time. As SU(2) is compact
and f continuous, then it is bounded and we get:

|Pif(9) — Pof ()] = [ELf(By) — F(B)
< E[|f(B) — (B[] = E[lf(B:) — f(B))[1r>]
< 2[[flloP(7 > 1) (39)
< 2| fllcCe "dec(g, 9').

In particular, g — P, f(g) is Lipschitz and |V P, f|(g9) < 2||f||ccCe™". We just use to
obtain: ||VyPif(9)|ln < 2||f]lCe™ a.e.

If f is harmonic on all SU(2), we have P, f = f and so ||V f(9)|lx < 2||f]|lecCre™ 2! for
all t a.e. Then, letting ¢ tend to +oo, we obtain ||V f(g)|/|x =0 and so Xf =Y f =0
a.e. Using the Lie bracket generating property of % = Span(X,Y), we get f constant
a.e. and, by continuity, f is constant on SU(2). ]

The computations to prove Corollary [1.4] are quite similar:
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Proof of Corollary[I.4. We suppose that g = (x,2), ¢’ = (2/,2') € SL(2,R) with z = 2.
The same way as for inequality (39), using Theorem [L.1} we obtain |F,f(g) — P.f(¢')| <
2[|fllooCoe™"dce(g, g').

Moreover, if f is harmonic, P,f = f and so |f(g) — f(¢)] < 2||fl|lcCye™dce(g, g’ )%

Taking t — 0, we get f(g) = f(¢'). Thus, z — f(z,2) is constant for all x € H2. O
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