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1 Organization of this accompanying note

This document is the accompanying note of the main paper (Sportisse et al., 2023).
We assume the data missing not at random (MNAR) values (Rubin, 1976; Ibrahim
et al., 2001; Mohan et al., 2018), i.e. the effect of missingness depends on on the
missing values themselves. An example includes clinical data collected in emer-
gency situations, where doctors may choose to treat patients before measuring heart
rate: the missingness of heart rate depends on the missing heart rate itself. For such
a setting, the observed data are therefore not representative of the population. The
main paper focuses on the specific MNAR~z setting, for which the only effect of
missingness is on the class membership; in this document, we give some details
for other MNAR settings.

1.1 Contributions

In Section 2, we present and illustrate a relevant inventory of distributions for the
MNAR missingness process in the context of unsupervised classification based
on mixture models for different types of data (continuous, count, categorical and
mixed). In Section 3, we provide the identifiability of the mixture model param-
eters and missingness process parameters under certain conditions (including the
data type and the link functions governing the missingness mechanism distribu-
tion). This is a real issue in the context of MNAR data, as models often lead to
unidentifiable parameters. When all variables are continuous or count, all models
lead to identifiable parameters. In the categorical and mixed cases, only the mod-
els for which missingness depends uniquely on the class membership have identi-
fiable parameters. These identifiability results represent a substantial extension of
the work of Miao et al. (2016) to more complex missing scenario and to the mul-
tivariate case. For each model or submodel, an EM or Stochastic EM algorithm
is proposed in Section 4, implemented, and made available for reproducibility’.
Finally, we propose a numerical experiment in Section 5 to assess the clustering
performance in each proposed MNAR setting.

1.2 Notations

Set the dataset Y = (y1]...|yn)? consisting of n individuals, where each observa-
tion y; = (vi1,...,v:q)" belongs to a space ), depending on the type of data, de-
fined by d features. The pattern of missing data is denoted by C' = (cy] ... |c,)T €
{0,1}*4, with ¢; = (ci1,...,¢iq)’ € {0,1}%: ¢;; = 1 indicates that the value
y;; is missing and c¢;; = 0 otherwise. The values of the observed (resp. missing)
variables for individual ¢ are denoted by yfbs (resp. y). The objective of clus-
tering is to estimate an unknown partition Z = (z1|...|z,)" € {0,1}"*X that
groups the full dataset Y into K classes, with z; = (z;1,..., ziK)T € {0, l}K

"The code is available on https://anonymous.4open.science/r/
Clustering—-MNAR-7E29.
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and where z;;, = 1 if y; belongs to cluster k, z;z; = 0 otherwise. Consequently,
in a clustering context, the missing data are not only the values yfﬁs but also the
partition labels z;.

Mixture models allow for clustering by modeling the distribution of the ob-
served data (y9*,c;). Assuming an underlying mixture model with K compo-

nents, the probability distribution function (pdf) of the couple (y;, c;) reads as

K
Flyireis0) = mefulyis M) frlei | i ), (D

k=1

where 0 = (,) gathers all the model parameters, v = (7, \) groups the pa-
rameters related to the marginal distribution of y;, m = (71, ..., 7)) is the vector
of proportions with Zszl 7, = land m;, > O forall k € {1,..., K}. Given
A= (A1, ., AK)s fu(-5 Ag) is the pdf of the k-th component parameterized by
Ais ¥ = (11, . ..,1K) groups the parameters of the missingness mechanisms and
fr(ci | yi;¢g) is the pdf related to the missingness mechanism under component
k (e, fr(ci | yi;vr) = f(ci | ¥iszie = 1;91)). In many cases, the parameter
1) is interpreted as a nuisance parameter. However, when the mechanism is not
ignorable, we need to consider the whole parameter # to achieve clustering since
the pdf of the observed data is

Fy,eis0) = /f(yi, ci; 0)dy™ss. 2)

Different types of pdf fi(-;Ax) can be considered, depending on the types
of features at hand. Thus, if y; is a vector of continuous variables, the pdf of a d-
variate Gaussian distribution (McLachlan and Basford, 1988; Banfield and Raftery,
1993) can be considered for fi(y;; Ax) and thus A groups the mean vector and the
covariance matrix. Moreover, if some components of y; are discrete or categorical,
the latent class model (see Geweke et al. (1994); McParland and Gormley (2016))
defining fi(yi; \x) = H;l:l frj(Yij; Akj) can be used, with A, = (A1, ..., Akd)-
In such case, fi; could be the pdf of a Poisson (resp. multinomial) distribution
with parameter Ay; if y;; is an integer (resp. categorical) variable. The next sub-
section discusses the choice of the modeling for the missingness mechanism (i.e.,
the distribution fx(c; | yi; ¥r))-

2 Variant MNAR modeling

2.1 Rationale for MNAR assumptions

To handle MNAR data in selection models, the distribution of the missing-data pat-
tern given the data and the partition should be specified. We consider the following
assumptions:

1. The elements of c¢; are conditionally independent given (y;, z;).



2. The element ¢;; is conditionally independent given (y;, z;) from y;;» for j #
-/

J.
By the categorical nature of the mask c;, the independence assumption 1. is a quite
natural hypothesis in the context of clustering (Du Roy De Chaumaray and Marbac,
2020; Chi et al., 2016). The independence assumption 2. of the variables amounts
to considering self-masked class-wise MNAR mechanisms for each variable: the
missingness of the variable j may depend on its value itself (self-masked) and on
the class membership (class-wise). Note that the self-masked feature, apart from
limiting the number of parameters to be estimated, is now commonly met in the
literature (Mohan, 2018; Sportisse et al., 2020; Le Morvan et al., 2020), and is
able to retrieve some existing ad hoc MNAR procedures already used in machine
learning community (see more details in (Sportisse et al., 2023, Theorem 1)).

More specifically, the conditional distribution of ¢;; given (y;, z;) is assumed
to be a (classical) generalized linear model with link function p, so that finally

d
frlei [ yison) = [T (plors + Brywi) (1= plaws + Bryuig)' ™, (3)
j=1

where ¢ = (a1, Bts - - - s krcs Brk)-
The parameter ay,; represents a mean effect of missingness on the k-th class

membership for the variable j (note that within a same class k, ay; is not neces-
sarily equal to oy for j # j'). The parameter (; represents the direct effect of
missingness on the variable 7 which depends on the class k£ as well. This model is
called MNARy” 27 in the following.

Some variations include fi(c;j = 1 | yi;9%) = p(arj + Yrjryijr ), where the
j'-th variable is always observed. In such a case, the missing values are missing at
random (MAR) as only depending on observed variables. Identifiability guarantees
and estimation are still valid in such a setting.

2.2 Models

Simpler models can be derived from (3) by imposing equal parameters either across
the class membership, or across the variables likely to be missing. First, we intro-
duce three models, with a lower complexity than (3), that still allow the probability
of being missing to depend on both the variable itself and the class membership.
For the so-called MNARy 2/ model, the effect of missingness on a variable is the
same regardless of the class (while keeping different mean effects a; on the class
membership), so that

MNARyz: B = ... = Bx;, Vj. S

For the MNARy*z model, the missingness has a same mean effect on class mem-
bership shared by all variables (while allowing different self-masked and class-wise
parameters ;)

MNARy 2z ap = ... = agg, VEk. (®)]



The effects on a particular variable and on the class membership can be respec-
tively the same for all the classes and for all the variables, entailing the so-called
MNARyz model:

MNARyZ: Blj =...= BKj? Vj and A1 = ... = Okd, Vk. (6)

Secondly, the probability to be missing can also depend only on the variable
itself. This is actually a particular case of MNAR mechanims, widely used in
practice (Mohan, 2018), that we call MNARy here. The only effect of missingness
is thus on the variable j, being the same regardless of the class membership,

MNARy: aj] = ... = Q1 — (91 = ...:aKdand ﬁlj = '--:ﬁKj \V/j
(N
A slightly more general case can be considered by allowing the effect of miss-
ingness on the variable j to depend on the class k, as in the following MNARy*
model,
MNARyk 1] =...=01gq =021 = ... = OK(- (8)

Thirdly, the probability to be missing can also depend only on the class mem-
bership, so that the missingness is class-wise only. In the MNARz model, we
consider that the only effect of missingness is on the class membership k, being
the same for all variables,

MNARZz: Bkj = 0, V(k‘,j) and A1 = ... = Ozkd,Vk‘. (9)

The MNAR2’ model is a slightly more general case than the MNARz model, be-
cause the effect of missingness on the class membership k is not the same for all

the variables,
MNARz7: By =0, V(k,j). (10)

Finally, the simplest model is the missing completely at random (MCAR) one,
characterized by no dependence on variables, neither on class membership, i.e.,
each variable has the same probability of missing,

MCAR: Bk’j = 0, \V/(k',j) and aly = ... = 0Ky, \V/] (11)

3 Identifiability of the model parameters

The generic identifiability (Allman et al., 2009) of parameters for continuous,
count, categorical, and mixed data (i.e., when the set of unidentifiable parameters
has a zero Lebesgue measure) is ensured by the following theorem. We consider
the following assumptions:

Al. The parameters (7, A) of the marginal mixture defined by the density Zle Tk 1 (Yi; Ak)
are identifiable;



A2. There exists a total ordering < of 7; xR, for j € {1, ..., d} fixed, where F;
is the family of the data densities { f1;,..., fx;} and R is the family of the
mechanism densities {p1,...,px} = {p(;¥1),...,p(;¥K)}, where p is
the cumulative distribution function of any continuous distribution function
and (k) re(1,... k) its parameter. The total ordering is such that Vk < £ €
{1,...,K},Vj € {1,...,d}, Fj = Fy; (denoting Fj; = py, frj and Fy; =
pufzy) implies lim,, o 2050 — 0;

A3. The missing-data distribution p is assumed to be strictly monotone.

A4. The feature are independently drawn conditionally to the group membership,
ie.,

d
Jr(s ) = kaj(ﬁ)\kj% (12)
j=1

A5. The dimension d of the observations is related to the number K of clusters
so that
d > 2[logy K] + 1,

with [z] the least integer greater than or equal to x.

Assumption Al. means that the identifiability of the parameters (, A, 1)) of
the model (2) requires the identifiability of the parameters (7, \) of the marginal
mixture of (Y, Z) (i.e., considering the case without missing values). Some authors
have already studied the identifiability of the mixture models, when no missing val-
ues in Y occur, especially Teicher (1963) for Gaussian mixtures (continuous vari-
ables) and Yakowitz and Spragins (1968) for Poisson mixtures (count variables).
Assumption A2. is the core ingredient to prove the identifiability of the parame-
ters, requiring that a total ordering of the mixture densities holds. We illustrate it
by considering concrete examples in Appendix A. Note that under Assumption A3.
requires that the link function of the missing data mechanism is strictly monotone,
but no assumption about its form (e.g. logit, probit) is made. Assumption A4.
requires the conditional independence of the features given the group membership
and Assumption AS. links the dimension of the observations and the logarithm
of the number of clusters. Both assumptions A4. and AS. are classical in the
categorical case, even without missing values (Allman et al., 2009).

Theorem 3.1. Define the conditions:

C1 The variables correspond to continuous or count data, Al. and A2. hold
true,

C2 All the variables are categorical, A4. and A5. hold true and the mechanism
is stated by (9), (10) or (11),

C3 At least one variable is continuous or count data and has a marginal distri-
bution that satisfies Al. and A2., A4. holds true,



C4 At least one variable is categorical and its associated mechanism is stated
by (9), (10) or (11), A4. and AS5. hold true.

Assume that Assumption A3. holds and that at least one of conditions CI1-C4 is
satisfied, then the parameters of the model in (2) are generically identifiable, up to
label swapping.

The proof is given in Appendix A. In the case of continuous and count vari-
ables, the proof follows the reasoning used by Teicher (1963, Theorem 2) which
proves the identifiability of univariate finite mixtures. For categorical variables,
the generic identifiability holds only for the MCAR, MNAR z and MNAR 2/ mech-
anisms. The idea of the proof is to rewrite the observed likelihood as the finite
mixture of K multinomial distributions, for which the identifiability is given by
Corollary 5 of Allman et al. (2009). For MNARy* mechanisms, the rewriting is
impossible, because of the dependency on y of the mechanism. The identifiability
of mixed data directly follows from the identifiability of continuous and categorical
components.

4 Estimation of the proposed MNAR models

Assuming identifiability, we estimate parameters via likelihood maximization us-
ing EM and SEM algorithms specifically designed for Gaussian, Poisson, multino-
mial and mixed data with MNAR data.

For the MNARz mechanism, an EM algorithm an be derived (see the main pa-
per (Sportisse et al., 2023)), because the effect of the missingness does not depend
on y;. As the MNAR2/ mechanism has the same property, an EM algorithm can
also be derived (see Appendix B). However, the EM algorithm becomes untractable
when the missingness depends on variables y, such models being generically de-
noted by MNARgy= in the sequel. In particular, some distributions entail untractable
integrals at the E-step (e.g., Gaussian components with MNARy* mechanism de-
fined with logit link, see Appendix B for more details).

The stochastic EM algorithm (Celeux and Diebolt, 1985) can overpass the
EM'’s intractability, by imputing missing values using Gibbs sampling instead of
integrating over them. In addition, it has another advantage, unlike the EM algo-
rithm, not to be necessarily trapped by the first encountered local maximum of the
likelihood function in play (Celeux and Diebolt, 1985). The principle of the SEM
algorithm is to involve a stochastic-E step (SE-step) instead of the traditional E-
step of the EM algorihtm. Details of the algorithm is given in Appendix C. The
iteration [r] then becomes:

SE-step: Draw the missing data (zy} , y?is M) according to their conditional dis-

tribution given the observed data (y®™, c;) and the current parameter 611, As
simulating according to this conditional distribution may be difficult, we simulate

instead according to the following two conditional probabilities using a Gibbs sam-



[r] :( obs miS[T])

pler, by noting y, y, .Y,

2~z |y e 6 and y ey Ly g ol a3)

M-step: Let Y = (y[{]\ e |y£f ]) be the imputed matrix and let Z["] = (z[f]\ .
zg ]) be the current and corresponding partition. The parameter 0} is computed us-
ing the maximum likelihood estimate in the complete case. Forallk € {1,..., K},

[r]
k

the parameter 7, is the proportion of rows of Y"! belonging to class k. The pa-

rameter A,[:] is updated in a standard way, depending on the parametric mixture

family in play. Finally, the parameter 1/1,[:] is the resulting coefficients of a GLM

with a binomial link function, ¢f Appendix C for details.
[r]

In the SE-step, note that the sampling of z; * is performed by a multinomial

mis obs (7]

distribution. The conditional distribution of y;™* given (y¢"*, z;,' = 1, ¢c;) param-

eterized by 0"~ is

Py [ 9™, e 61 1)
Bl [y ) fue |y )
J Fu(ys [y 001 fi(eq |y, sl =) dy s

This distribution may not be classical in general. For example, for MNARy* mod-
els, it is not explicit if the components are Gaussian and if the missing data distri-
bution p is logistic (since the product of logistic and Gaussian distributions is not
a standard law). Therefore, the SEM algorithm cannot be easily applied. However,
if p is the probit function, we can make the distribution of interest explicit (it is
a truncated Gaussian distribution when the variables are Gaussian). For MNAR~
and MNAR2/ models, all the computations remain feasible. Table | summarizes
the cases for which the EM or SEM algorithm is feasible.

EM SEM
Gaussian Categorical Gaussian Categorical
MNARZ
MNARz/ v Y Y Y
Probit Logit Probit Logit
no closed | 1° closed ;El:ngfhms
MNARy* | . form, not identifiable v & not identifiable
form ontim. bb as SIR
pum. p (costly)

Table 1: Summary of the cases for which the EM and the SEM lead to feasible
(or not feasible) computations. The symbol v' means that the computations are
feasible (derived in Appendix B).



S Implementation and numerical experiments

The SEM algorithm has been implemented for each MNAR setting for Gaus-
sian data and is available on https://anonymous.4open.science/r/
Clustering—-MNAR-T7E29.

For each MNAR setting, we assess the clustering performance through the con-
sistency of the partition, by computing the ARI between the true partition Z and
the estimated one, given by ZMAP = [ZMAP(9)1, € R K a5 follows

with Z%AP(H) = argmax P(z;, = 1|y§)bs, ci: ).

We consider thus the following methods:
* the EM algorithm (for MCAR (11), MNARz (9) and MNARZJ (10)),

« the SEM algorithm (for MNARy (7), MNARy" (8), MNARy*27 (3), MNARyz
(6))

The data are generated using a Gaussian mixture with three components having
unequal proportions (m; = 0.5, m9 = w3 = 0.25) and independent variables:

3

Vied{l,....d} i = 529%;‘2% + €5, (14)
k=1

with €;; ~ N(0,1) the noise term, p; € {0,1}¢ and § > 0. We consider d = 6
variables and we vary the number of observations n = 100, 250, 500. In Figure
1, as expected, considering the mechanism always gives better results than using
the MCAR model, especially for models with many parameters and larger sample
sizes (as the MNARyz, MNARy* 2/, MNARy* 2z, MNARy 2/ settings for n = 250
and n = 500). Finally, consistency seems satisfactory in each scenario, indicating
that our tuning parameters for the algorithm (starting values, stopping rules) are
quite suitable.

In the main paper (Sportisse et al., 2023), we compare the MNARz setting with
other ones, and discuss the computational cost of the estimation for the different
MNAR settings.
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Figure 1: Boxplot of the ARI obtained for 50 samples composed of d = 6 variables.
The sample size varies by {100,250,500}. The boxplots in green (True) correspond
to the performance of the algorithm considering the MNAR setting matching the
one that has been used for the missing value generation. The red dashed line in-
dicates the theoretical ARI. This experiment been performed for a theoretical rate
of misclassification of 10% and a theoretical missing rate in the whole dataset of
30%.
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Supplementary material

This file is a supplementary material. In Appendix A, the proof for Proposition 3.1 is given. Some complements on the
EM algorithm are given in Appendix B. The SEM algorithm presented in Section 4 is detailed in Appendix C. . Appendix
D gives the values of hyperparameters for the numerical experiments on synthetic data.

A Appendix 1: Identifiability

A.1 Continuous and count data

Proof of Proposition 3.1, continuous case. Suppose there exists two sets of parameters {~, 1} and {7,¢'} which have
the same observed distribution, i.e., f(y?, ci;y, 1) = f(y9P, ¢i;9/,1'). More precisely, one has

K d
Vy; € RY Ve; € {0,1}4, Z / e (yis M) [ p(cns + Brjwis) 9 [1 = plaws + Brgyi)]'~ dy™S

mis

7j=1
d .
= Z /m mfe(yi M) T o(( (B)kiig) (1 = p((@")j + (8" kjyig)]' 9 dy™™
7j=1

Let us consider the case when ¢;; = O forall j = 1,...,d. One has
K d K’ d
> mfilyis M) [T = ol + Brguig)) = Y mhfulyis M) [T (1 = p((@)rg + (B)ksi)-
k=1 j=1 k=1 j=1

By using the identifiability of the marginal mixture, one obtains A\, = A} and H?Zl(l — ploj + Brjyij)) =
d
T [l (= p((@)kg + (B)ksyis))-

In the sequel, we use the same reasoning of Theorem 2 in (Teicher, 1963). Let us denote F,(yi;) = fij(yij: Akj) H (1=
p(ou; + Brjviz)) and FY(vij) = fr;j(Yij: Aij) H;-lzl(l — p((&’)kj + (B")kjyiz)). Without loss of generality, assume that
Fi, < Fyand F}, < F] for k < I. If F; # FY, we assume also without loss of generality that F; < F|. Then, F} < F},
forl < k < K'. For u € Ty, where Ty = Sp, N {u : Fi(u) # 0} is the domain of definition of F} such that

f1j (s Arg) HJ 1(1 = p(a; + Brju)) # 0, one has

W1+Z K Z Z ’fF1

Letting v — +o00, m; = 0 which is in contradiction with the mixture model (where 7, > 0, Vk = 1,..., K. It implies
that F; = Fy. For any u € T}, one has
/

K p (u) K
7T1+ZTFka( Z k
k=2 k=

Letting again u — +o00, one obtains 71 = 7} and ZkK o Tk ffl‘ (Zg = Z o T 7 Eu) We repeat this argument to conclude

that Fj, = F} and 7, = 7}, for k = 1,...,min{K, K'}. Finally, if K # K', say K > K', S0 _jer. meFy(u) = 0
implies 7 = 0 for K’ + 1 < k < K which is in contradiction with the definition of the mixture model. Thus K = K.

12



Finally, F}, = F} implies that H?Zl(l — plag; + Brjvij)) = H?zl (1—p((&/)k; + (B)kjyij))- By integrating out over
all the elements but the j-th element, one has for all y;; € R, p(ak; + Brjvij) = (&) + (B")kjvij)- and ag; = ()
and Bj; = (B');» since p is an injective function. Indeed, p is assumed to be strictly monotone. O

A.2  On identifiability of the Gaussian mixture

Finite Gaussian mixtures are identifiable and, for any variable 7, there is a total ordering defined by O']% ;> O'(Qk 1) and

P > H(ks1)j if a,%j = agk +1)5° where p1;; and O']%j are respectively the mean and the variance of variable j under
component k. Example A.1 shows that the identifiability holds for Gaussian mixtures when there are missing values and
that the distribution of the MNAR mechanism is a probit one.

Example A.1 (Gaussian + Probit). Let us consider that p is the probit function and fi, (respectively fi.11) the Gaussian
density with parameters (., o)) (respectively (pgi1,0k+1)). Suppose without loss of generality that By, > [Bki1. One
want to prove that

fﬂék+1+ﬁk+1u 6_t2/2dt O exXp —w
lim B, = lim > S
u—stoo " u—too artPru 422 (u—pp)?
JOETR e dt  ok41exp BN
Let us denote ¢p(u) = \/% I e~ t/24dt. One has
lifu>0
lim ¢(u)=4¢ 1/2ifu=0 (15)
e 0if u <0

* If Bry1 > 0 (and By, > 0):

1 1
lim E, = lim exp-— Wl ———-—|+4u Pk _ HE+1 =0.
2 2
U—r+00 U—>+00 20k+1 QO‘k Ok Ok+1

assuming without loss of generality that a,% > UI%H or g > Hk+1 ifa,% = UI%H'
* If Br+1 < 0 (and By > 0):

lim E,=0
u—-+00
since
1 1
lim exp— | u? 5 — 53 +u<uk—uk+l> =0

u—+-00 QJkH 20}, Ok Ok+1

and
j‘ak+1+ﬁk+1u e~ 24t 0if Br11 <0
lim == = 1/2if Bgy1 =0and B > 0 (16)

+Bru g2
u—+00 f_o‘c’:o He—t?/2qt Lif Bgy1 = 0and B = 0.

* If Br+1 < 0 and By, < 0: One uses the upper and lower bounds for the probit function.

1 T 12 1
< /Zexp=9(t) < ,
—t+ VA \E p ol —t+ 2+ 8/
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Le, o(t) < \/gﬁ exp —% and % < (—t+Vt2+4)\/FTexp % Thus, noting that limy,_, 1 oo ¢(g+1 +

1248 /m
Br1u) = imy 400 ¢(Br1u),
a +5 u 42
ficl;:—l RH1U —t2/2 0y _ (ﬁ(ﬂk_,_lu) < ox 57;3_ B]%Jrl U2 (17)
fi%k-l-ﬁku e—t2/2d4t u—+oo gb(ﬁku) u——+o00 p 2 2 '

As Bri1 < B < 0, one has /6’,3/2 — 51%4_1/2 < 0 and it implies

fak+1+5k+1u e /2t
lim —= =0
u——+00 faﬁﬁku e—12/24t
—00

1 1
lim exp— (v’ | =5—— =5 | +u Mk Het1) ) 0,
u—r+-00 20k+1 20}, Ok Ok+1

assuming without loss of generality that 0']3 > O',%_H or g > Hk+1 ifa,% = Ul%—&-l’ one has

Given that

lim E, =0.
uU—>—+00

This result has been already stated, in the case of univariate distributions, by Miao et al. (2016). In particular, the
identifiability conditions in Miao et al. (2016) (conditions 1 and 2 of their paper) imply the existence of the total ordering
defined in Assumption A2.. However, these conditions exclude the case of Gaussian mixture with a logistic missing-data
distribution, which is very used in practice. In Corollary A.2, we therefore extend this result to the multivariate case with
a logistic missing-data distribution.

Note first that with a logistic distribution, a total ordering cannot be defined. Indeed, for variable 7, such an ordering
cannot be defined if the two univariate variances are equal (i.e., a,%j = J(Qkﬂ)j) and pgj — Brj — Pk+1)j + Bart1); = 0
However, for the specific case of Gaussian mixture where all the univariate variances are different between the components,
then conditions of Proposition 3.1 hold true with a logistic missing-data distribution and so does its identifiability. In
addition, for more parsimonious MNAR models for which the effect on the variable j does not depend on the class
membership k (i.e., Bx; = B(x41);)- the conditions of Proposition 3.1 hold true with a logistic missing-data distribution.
Finally, as stated by Corollary A.2 below, the condition on the covariance matrices (including the case of homoscedastic
Gaussian mixture) can be relaxed to obtain the generic identifiability of the model (i.e., all not-identifiable parameter
choices lie within a proper submanifold, and thus form a set of Lebesgue zero measure; Allman et al. (2009)).

Corollary A.2. Assume that Zszl 7k fr(Yi; A\k) is a multivariate Gaussian mixture, p is the logistic function and that
the missingness scenario is defined by (3), (5) or (8), then, the parameters (7, \,1) of the model given by (2) are
generically identifiable up to label swapping, i.e., all not-identifiable parameter choices lie within a proper submanifold,
and thus form a set of Lebesgue zero measure.

For the other MNAR models given in (4), (6), (7), (9) and (10), the parameters (m, X, 1) of the model given by (2) are
identifiable up to label swapping.

Proof of Corollary A.2. We use Proposition 3.1. We fix j. By abuse of notation, ay, Sk, px and oy, correspond to the
parameters o, Bij, fik; and Xy, of the variable j. Let us first consider the missing scenarios (3), (5) and (8) for which

14



Bx # Br+1. To obtain the total ordering, we need to prove that

 (u—ppg)?
—op—Pru 202
lim B (14 e ¥ Pet)e k1 o 0
11m - = U.
u—too _(”7_*‘216)2 Ok+1
1+ e—ak+1—ﬁk+1u)e 20
2 2 : : 1 1 1 2
o oy > op s limys 400 By = limy 400 €xp —5(=5— — =5 )u” = 0.

Ok+1 Tk
o If O']% = UI%H, one has limy o0 Fy = limy 400 exp (g — Bk) — (pk+1 — Br+1))u = 0 discarding the case
where (ux — Br) — (fk+1 — Br+1) = 0 and assuming without loss of generality that (ux — Bk) > (uk+1 — Br+1)-

The set of nonidenfiable parameters is {4, i, ftk-r1, Bis1 8.t (ki — Br) — (1 — Brr1) = O}pcr,...ic and is of
Lebesque zero measure.

Finally, for the missing scenarios (9) and (10), note that 8; = Sr+1 = 0. For the missing scenarios (4), (6) and (7),
one has 8y = Bry1. Following the same reasoning as above, in the case where az 41 = a,% 41, one obtains the set of
nonindentifiable parameters such that p;, = 541, which is empty since puy # pg4q if a,% = a,% 41 O

A.3 On identifiability of the Poisson mixture

Proposition A.2 can also be applied for variables with integer value (i.e., count data), as shown below in Examples A.3
and A.4 for the Poisson mixture with probit or logistic missing-data distributions.

Example A.3 (Poisson + Probit). Considering that p is the probit function and f, (respectively fi 1) the Poisson distri-
bution with parameters Ay, (respectively \p11). Suppose without loss of generality that By, > Br+1 and A\, > Ap11. One
want to prove

apr1+Brriu —2/2 u Y
) L f_oo e 2dt g€ FF .
lim FE,:= lim X =0.
u—+00 u—+00 fak+f3k“ 6_t2/2dt )\%67 k
—0

* If Bi+1 > 0 (and By, > 0): using (15), one has

: . Ak+1
uginoo E, = ugrfoo exp u log N 0.
* If Br+1 < 0 (and B, > 0): one has
lim FE, =0.
U—>+00
using
A
lim expulog Ml

u——+oco )\k
and (16) for the missing distribution part.
* If Br+1 < 0 and By, < 0: using (17), one obtains

. . B2 B\ o Met1
lim EF, < lim exp — — == | u* | expulog =0,
u— 2 2 Ak

U—>~+00 +o00o
because 37/2 — Bz, ,/2 < 0.
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Example A.4 (Poisson + Logistic). Considering that p is the logistic function and fy, (respectively fi 1) the Poisson
distribution with parameters )y, (respectively Ax11). One want to prove that

_ 1 4 e~k —Pru PR
uEI-lI—loo Eu o uEI-Eoo 1+ e ¥+1— Br1u eXPUIOg >\k

=0.

Assume that A\, > A1 without loss of generality.

* For the missing scenarios (3), (5) and (8) for which By # P11, one obtains the generic identifiability where the set
of non-identifiable parameters is { v, Bi, A\ s.t.(log Ay, — Br) — (log Agt1 — Brt1) = 0}p=1,.. Kk and is of Lebesque
zero measure.

* For the missing scenarios (9) and (10), note that B, = Bx4+1 = 0. For the missing scenarios (4), (6) and (7), one has
Bx = Bra1. It implies that idenfiability holds since

A
lim F,= lim expulog ML .

u——+00 u——+oo Ak

A.4 Categorical data

Proposition 3.1 states that generic identifiability holds only for the MNARz and the MNAR 2/ missing scenarios and that
the other missing scenarios lead to non-identifiable models. The proof uses Corollary 5 of Allman et al. (2009) which
gives the identifiability of finite mixtures of Bernoulli products.

Proof of Proposition 3.1, categorical case. Let us first consider the case where 5;,; = (0,...,0) € RG Vk=1,...,K,Vj=

1,...,d. Suppose there exists two sets of parameters {v, 1} and {7/, 1’} which have the same observed distribution.
d .
Vy; € R, Ve; € {0,1}7, Z/ mefe (i M) [ [ olan) (1 = plong)]' 9 dy™*
7j=1

d
) Z/ o A0 T () 11 pled ™

Let us consider the case where all the elements of y; are observed, i.e., ¢;; = 0,Vj = 1,...,d. One has
K d d
> mefilyis M) [T (1= play)) Zwkfk (vis M) [T (1 = plety)),
k=1 j=1 k=1 j=1

i.e., by independence to the group membership,

K K’
Zﬂ'knf y2]7)\k‘j (ak])) - Z kaj(ijv)\k])( p(a;cj))a
k=1 jzl k=1 ]:1
K d ¢ . K’ d £
= Zﬂk H(l = plag )= [T =D, H(l — plo;)) = H "y,
k=1 7j=1 h=1 k=1 j=1 h=1



We recognize the finite mixture of K" multinomial distributions with d components for w;; = ((1 — ¢i5),¥i5), 7 =
1,...,d with paramaters (\y;) = ((1 — p(akj)),)\}fj, .. .,)\ijj),j = 1,...,d and proportions 7. We can thus apply

Theorem 4 (Allman et al., 2009) with the model M (K;/¢y,...,¢4) which gives the generic identifiability of the model
paramaters up to a label swapping, i.e.,

kY4, Al = (X)"
Yk, Y], plaks) = p(aj,;)
Vk, T = 7,

As the function p is strictly monotone, the equality p(ay;) = p(«;) implies ay; = o ;. In addition, if K # K', say

K > K8 o mi [Ty (1= plarg)) Ty ()Y = 0 implies mi = 0 for K7 +1 <k < K.

We consider now the missing scenarios for which 3;; # 0. The identifiability does not hold. We can present a
counter-example. The set of parameters v = {a = (1,...,1),8 = (1,...,1)} has the same observed distribution
than another set of parameters ¢’ = {&/ = (0,...,0),8" = (2,...,2)}. Indeed, in the case where y;; = (1,...,1),

plakj + Brjvis) = p(; + Brjvig)-
0

B Appendix 2: Details on EM algorithm
The EM algorithm consists on two steps iteratively proceeded: the E-step and M-step. For the E-step, one has
QO;60Y) = Elluny(8: ¥, 2, €)™, ci; 6071,

where
n K

lomp(0; Y, Z,C) =D Y " zigelog (m fi(yis M) fr(ei | i dn) -

i=1 k=1

It leads to the decomposition

n K
QU671 = 373 1 601 [lom(me) + 7y (s 5%, 6,07 4 (s y2, 0,601
i=1 k=1

with (07~ 1) = f(z = 1 | y2%,¢;; 01" ~1). The terms involved in this decomposition are now detailed.

(a) the expectation of the data mixture part over the missing values given the available information (i.e., the observed
data and the indicator pattern), the class membership and the current value of the parameters:

7y (s y9%, ¢, 0 = By [log Fr(yis o) | y 25, 2 = 1701} ,

(b) the expectation of the missing mechanism part over the missing values given the available information, the class
membership and the current value of the parameters:

Te(Ur; ¥, ¢4, 0~ 1) = By [lOg Frlei | yisvr) | 9%,z = 17Ci] .
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(c) the conditional probability for an observation ¢ to belong to the class k given the available information and the current
value of the parameters:

(O = flzip = 1] y2%, ci 01,

Terms (a) and (b) require to integrate over the distribution f(y;} mis | yObs zik = 1, ¢;; 9[’"_1]). Term (c) corresponds to the
conditional probability for an observation ¢ to arise from the kth mixture component with the current values of the model
parameter. More particularly, one has

Flzi = 1,9, ¢;; 001

Fyg™, e 0r=1)
B 7r][: ”f (y obs.)\[r—l]) Flei | yob 2 = L glr— 1})
AT D e |y s = 1560-1)

ta (67 1) =

(18)

The quantity that can cause numerical difficulties is the probability f(c; | 955, zix = 1; olr—11).

Computations for the MNARz’ model For the MNARz and MNAR 2/ models, the effect of the missingness is only due
to the class membership. The EM algorithm for the MNARz model is detailed in the main paper (Sportisse et al., 2023).
Term (a) is the same for both MNARz and MNAR 2/ models but (b) and (c) differ. For Term (b), f(c; | 4, zix = 1;%) is
independent of y;, which implies

d
log(f(ci | zie = 1310)) = Y _ cijlog pons) + (1 — ci5) log(1 — play)). (19)
j=1
For Term (c), one remark that
d
P(ci | y9™, zip = 1,00 ) = T Plesj = 11 y§™, 2 = 1OV ) P(cij = 0 | 4™, 2 = 1;07 1)1 7% (MNAR2Y).
j=1
and that, by independence of y;, one has

Pleij = 1]y, zsp = 1,07 U) = P(eij = 1| 2 = 1;077) = p(ayy).

Using (18), one obtains

- %(y;)bs ()", (S ) Ty ety ™) (1= plafy ™) e

. — - (MNAR2/).
e G, (E ) 1L el Ty (1= ot D7

t[r 1] (9[7‘ 1})

(20)
The E-step is derived in the same way as for the MNARz model with these terms. The M-step for v consists of performing
a GLM with a binomial link for the matrices (j MNARz? ) M d and by giving t;1. (9[7" —1]) as prior weights to fit the process.

(j,i\f»NARZ" )[T] = ¢, 1 Q1)

18



Intractability of the EM algorithm for MNARy* models For missing scenarios which model the effect of the miss-
ingness depending on the variable, the computations are more difficult.

« Because of the dependence of y, f(y™* | yob%, 2, = 1,¢;; 00~ 1) = f(yMs | yoP = 1; 6"~ does not hold
anymore. Here, one has

F [y 2 =1 Cz';@[T_I])
iy o) A )0 (0= ) Al 900) 0 ST 52 = 130 )
= fy:n;s Hh:1 p(akh + ﬂ[r 1] mlb)cm(l p(akh 1] + 5 ]y?bb))lfcih,f(y?lw’yz_obs7Zl,k — 1;9[r71])dy;nis
o T (el T B ) Fye |y, 2 = 1;007Y)
= fy{nis Hh,cm:l p(agh 1] + ﬁ r— Hy?ﬁ‘b) ( mis | yobs Zik = 1;9[T*1])dy?‘is’

(22)

which implies that Term (a) requires difficult computations if this distribution is not classical.

¢ For Term (b), it is the same problem, since f(c; | yi, z;x = 1;%) is no longer independent of y, then it requires a
specific numerical integration. Using (22),

d
Te(tr; y?™, 0, 01 = [log <H plais + Brjyis) 7 (1 = plans + Briyis))' ™~ ) ly?™, 2k = 1,¢4;00 Y

=Y ey / log(p(aus + Byl ™) FWE™ |y, 2z = 1, 0100~ )ayly™

rnls

Jj=1
+ (1= cij) log(1 = plaws + Briyiy™)
where
P | 42, 2 = 1, ¢ 611
_plafy B ) (1 plall Y+ Bl ) F |y, s = 1007 1)
_ fyf?‘spakf T Al gy (- (aLZ Do B ) e Pl e = 100y
Therefore,

[7’ 1] [7° 1] misyei; mis obs oo 1.9[r—1]
p( +6 yz] ) Jf(yzj ‘y _1’9 ) i
=) cij / log(p(awj + Bryi™)) ; o vij
]Z:; e Jymin P(QLJ ! +5[ ayes f(a | g™,z = 10 Vydw

+ (1 = cij) log(1 = plow; + Bijyy™)).
* There is no closed-form expression for Term (c).
f(cij | y?bs,zik — 1;9[T71])

Flea Ly i 2o = Lol ) Fr5 | i, za = 15007 ) dyls™
y;?\s

toe is - i i
:Cz‘j/ plagy B )i () (SR Ny + (1= ) (1= plag; T+ 877 9)). @3

—o0

Using (18), the probabilities ;. (0[’"_1]) can be deduced from Equation (23).

Let us detail the difficulties for two particular cases, if p is logistic or probit.
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* pislogistic: Equation (22) leads to none classical distribution because
( mis ‘ yobs’ ) 176“9[7"—1})
1

S (), (S ),
h,cin=1 eXp( (akh ]4—5[ 1] mls))

o

Term (b) is

Te(Prs y95, e, 077 1)
d / log(1 + exp(— (O‘kJ + Bkjymls)))
o E Ciq -

1+exp( (Ozz; 1] +B[r 1@/;215))

¢(y;3115’ (ﬂ;r]ys)gr 1] (E?I?B)LJ ])dymlb
j=1

— (1 —¢i5) log(1 + exp(ou; + 6kjy§jbs)),
log(1+exp(—u))

1+exp(—u)
Finally, Equation (23) does not have a closed form either because it requires the computation of

which amounts to compute the Gaussian moment of , but it has no closed form to our knowledge.

/ N 1 Sys; (=), (S 1)yt
oo L exp(—(afy U gl Ty
i.e., the computation of the Gaussian moment of m.
* p is Probit: One can prove (presented in Appended C) that the conditional distribution (y™* | yObs zik = 1,¢;)

is a truncated Gaussian, which makes possible the computation of Term (a). Term (b) has no closed form to our
knowledge

Tc(wk; Y?bsa Ci, H[T_ll)

X

d 10g< ki) dt)
—0oQ
~mis\[r—1] /<misy [r—1] mis
Ci s <Z5(ymls,(ur-?€ls)~ 7( n ) )dy
1 N /)7;‘;‘5 1 +eXp<aL] 1] + 5[7“ 1] m1s> ] W] ik /45 ij

agj+Briysps 9
— (1 —¢4j)log 1—/ e Vdt |,
—00

Equation (23) does not have a closed form either because it requires the computation of

oo ak]+ﬁkjymls 2 mis, /~mis\[T—1] /imisy[r—1 mi
/ (/ e’ dt) (Y3 7(%1@8)5 N )Bj ])d%js~

j=

—00 —00

C Appendix 3: Details on SEM algorithm

The SEM algorithm consists on two steps iteratively proceeded as presented in Section 4. The key issue is to draw the
missing data (y™)" and z according to their current conditional distribution f(y™, z; | 95, c;; wlr =1 Ar=11 ylr=1ly,
By convenience, we use a GlbbS sampling and simulate two easier probabilities recalled here

ZET} -~ f( ‘ yz[rfl},ci;ﬂ_[r—lh)\[r—l]vw[r—l]) and (y;rniS)['r] ~ ( ‘ yobs’ :,CZ,AT 1] ¢T 1)
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where yl[-r_l} (y9bs, (yf“s)[’"*”) For the latter distribution, the membership k of zy] is drawn from the multinomial

distribution with probabilities (IP(zix = 1 | yl e AP gplr=1y), 1,....i detailed as follows
Pz = 1| yz.r_ ,ci;g[“l})
P(zix = 1,y£r71]7ci;77[7“—1]’ A= gplr=11y

- P(yl[-r_l],ci;w[rfll, Alr=1] qp[r=11) (24)
Ples |y 2 = 15yl Py | 2 = 1A P(g = 1m0 1)

- Z:hK=1 P(c; | yir_l]a Zih = 1;w[“‘1])P(y£r_1] | zin = L; A= P (25, = 1; wlr—1)
Plei | yy_l]a Zik = 15 WPHW(YZ['T_I] | 2k = 1; /\[’"*”)Wg_l]

S P |y s = LGy | 2 = A1)

(25)

The conditional distribution of ((y ™)} | yobs, Z[Z] = 1, ¢;) has already been detailed in Equation (22) and recalled
here

( mis ‘ yobs’ 1[7];] _ LCi;g[r—I])
H%c”_l f(cw -1 ‘ ymls’y;)bs iT — 1.w[r71])f( mis | yqbs [7“] =1; )\[7"71])

g (26)
e T S ey = 1y, 2 = 1l sy “—1 A1) dypis’

[r]

Gaussian mixture for continuous data First note that the probabilities of the multinomial distribution for drawing z;
given in (25) can be easily computed for all cases.

P(zir = 1] ygrfl] ci; 07 1)
1, fle =1y ,ziz*” = LW—”)%f(cJ =0yl 2l = gl ) en gyl A e
TSI T Sy = 1y T = e fley = 0 [y 2T = 1yl gy ATl

where ¢(yi; \k) = &(yi; 1k, L) is assumed to be a Gaussian distribution with mean vector u, and covariance matrix
Yi,and f(c;; =1 | yl[ }7 Z[T 1 = 1; ") is specified depending the MNAR model and the distribution p. The only
difficulty of the SE-step is thus to draw from the distribution (yis | yobs, 1[7,;] =1,c;).

In the sequel, we detail the distribution (yis | y9bs, 2 [g = 1, ¢;) and the M-step for ¢ depending the MNAR model.

For MNARyx models, the conditional distribution (y!™ | yObs, 1[2] = 1, ¢;) depends on the distribution p at hand. For
the MNARy* models, we will consider two classical dlstrlbutlons for p: the logistic function and probit one.

Logistic distribution: For the logistic function, the distribution given in (26) is not classical and drawing y;™* from it
seems complicated. Indeed, one has

( mis ‘ yobs’ 1[k] =1,¢; 9[7‘ 1])
1

1
j=1l,c;j=1 1+ exp(akj + IB[T’ ] ;’nls)

¢( mis, ('uéms)[r 1] (i%iS)[rfl]%

o

where (uf,j}s)[r*” and (f]?,;is)[’"*” are given in (33) and (34). We could use the Sampling Importance Resampling (SIR)
algorithm which simulates a realization of (y™ | y9bs, l[ k] = 1, ¢;) with a known instrumental distribution (for example:

(v; mis | yObb, Z[Z] = 1)) and includes a re-sampling step. However, this algorithm may be computationnaly costly.
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Probit distribution: For the probit function, the distribution in (26) can be made explicit by using a latent variable
L;.
More particularly, let L; such that L; = ozk —l— By, Ir= I]Yi + €;, with ¢; ~ N(0g, Iyxq)- Then, c; can be viewed as an

indicator for whether this latent variable is positive, i.e., forall j = 1,...,d,
. 1 if Lij >0
“ij = { 0 otherwise. @7

Thus, 1ndeed to draw (y™*)I") and z[ "] according to f(y™®, z; | 9, c;; 0" ~11), we draw LZ[T], (ys)I) and zgr] according

to f(Ls, ys, z; | yo™, c;; glr—1] by using a Gibbs sampling.
7] [r—1] [T 1] _

First, we have to draw L[ accordingto f(. |y, .z, @ =1l,¢ 0"~ 1). One has
J@ily T = 1)
< f(Liye |yi A = 1)
oc flei | Ly T = ol Ay v 2 = el )
S pen | LY gl p )y < gl

(u) mis ,obs [T 1] _ Lw[?“—l])

Ll
]]-{C *1}(7{14 >O}f( ’ y 7y1 ) Zk’
[r]

where we use that L;"
notation, {c; = 1} N {L[T] > 0} means that for all j = 1,...,d, {¢;;j = 1} N {L[T-] > 0}. Finally the conditional

is a function of yIs, yfbs zix = 1 in step (i). Step (ii) is obtained by using (27). By abuse of

distribution (L; | y[r 1], zlz U_q ,¢;) is a multivariate truncated Gaussian distribution denoted as N, as detailed here
(Li | YZ[T_I]7 21[2_1} =1,¢) ~ /\ft(ag_” + Bl[gr_l]}’iyjdxd; a,b), (28)

with ¢ € R? and b € R the lower and upper bounds such that forall j = 1,...,d,

0 if Cij = 1,
CLj = .
—00 otherwise.

b — —+00 if Cij = 1,
10 otherwise.

[r

Secondly, we draw the membership k of z;
detailed as follows

] from the multinomial distribution with probabilities, forall k = 1,..., K

Pz =1 LET],y[T 1],ci;0[7"_1])
Y ]P’(zlk =1 LET]’yl[T 1]’ ci; 0r=1)
o fa !sz—l v el ) fai = 1yl Y, el )
YR @z = 4y el ) £y = 1,y e 010

P(zix =1 | LZ ,y[T 1],ci;6[’”*1])

1

(29)

=)

The part involving f(z;x = 1,yl[r_1],ci;9[“1]) is given in (25) and f(LET]]zik = 1Ly, ", c;;9l~1) is only the

density of the multivariate truncated Gaussian distribution described in (28) evaluated in Lzm.
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[r]

7

o

Finally, y; ' is drawn according to f(. |L 2 =1 y"'OS c;; 0["*1}). One has

fly mls,Lyﬂ, oI p yobs, gl
Flen Ly, yes, ) = 1) s | yete, 2] = 1001)
flei \LZ S e e L L A B A L Vit Sl PEA A B )
fle | LTl pLET | yimis, yebs 2B = 10—t pymis | yebs, 20 = 150071
<L£“ |y yit ) = 1l py |yt s = 100,

Yet, one has
Py ) = o) o (= [ @™ sy @ - @ s )] ) o)

r r— 1 mis ~mis\[r s misy [r—1]\ — mis ~mis\|[r
e |y, af] = 1507 oxexp (5 [ = (SRR s - ] ) o

with (f225)I"=1 and (32i)["~1] the standard expression of the mean vector and covariance matrix of a conditional
Gaussian distribution (see for instance Anderson (2003)). In particular, one has in this case:

( mis | yobs o 1;)\[7"71]) NN(( mls)[?“ 1] (i?éiS)[qu _ (32)

with:
(i) =1 = (g mis) =1 + (e mlS obS)[r 1] ((E?I?s,obS)[r—l}>_1 (yfbs —(ugbslr- 1])7 (33)
(iﬁciS)[r—l] _ (E?];is,mis)[r—l} . (EﬁiS,ObS)[r_l] ((E;)]z)s,obs)[r_l])*l (E?]Es,miS)[r—l]. (34)

Finally combining the two equations (30) and (31) one obtains
( mis | LZ ’ B;] =1,y ¢ ) ~ N (S SEM 5 SEM) (35)
where
ZSEM («iﬁiS)[r—n)—l+((BgliS)[r—l])T(Bl?isw_u)—1,
PSP = P (Sl ) L o () )T () — () ) o) Y]

with (B)"=1 (resp. (L)l and (o) =1l) the vector By, (resp. (L;)! and (aj)"~Y) restricted to the coordinates
j c yimls‘

Finally, for fully describing the SEM-algorithm, in the M-step, /[" ] is computed using a GLM with a binomial link
function for a matrix depending on the MNAR model. In particular,

* For MNARy, the coefficient obtained with a GLM for the matrix (H?NARy) "] are ag and ﬁgr], ce g], with
cil1 g 0 00
[r]
(rHMNARy)[r} _ c2 I 0 yy ... O (36)
call 0 0 .
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« For MNARyF, the coefficient obtained with a GLM for the matrix (’HMNARy )[T] is ap and Bﬁ], cee 5?17 e
with .
T
(CUJ')U,ZLTl]:l 1 (yul) [7«1]:1 0 PN 0
) : :
(”HZINAR:U )l = (0“1)u,z1[f}(:1 1 0 (yﬂ}])wm - 0
(cua), 1 _y | 1 0 0 (yl[fjl)u’zm{ L
» For MNARyz, the coefficients obtained with a GLM for the matrix (HMNARY= )[’"] are BY], e ﬁg] and a[f], e
with
c1 y[l] 0o ... O z‘[qlﬂ] o z.[g
[r] [r] [r]
(HMNARyz)[r] _ ce| 0 yo ... 0 2z ... z2p
cqgl O 0o ... yh[g] z.[;] . z.[g
« For MNARy 2/, the coefficients obtained with a GLM for the matrix (HMNARyZJ )[7’] are [ ]T], a[l ]], .. a[K] i
MNARyz7
(’Hj Yz )[T] = ¢ ‘ Y z.[g] z.[;i .
 For MNARy* 2, the coefficients obtained with a GLM for the matrix (’HZINAR?’ Y are B ST ,[Q, ag],
(6“1)u,z3}1:1 (ygl]) Al 0 e 0 1
[r]
(’HII:[NARykZ>[T} _ (CUQ)’U:,Z,,[ZlZI 0 (yUQ),U"ZLT]l:l e 0 1
: . . 1
0 0 . 1

* For MNARy* 27, the coefficients obtained with a GLM for the matrix (’HMNARy 2 )l are Brj, oy, with

(,HMNARy 2 )[r] ( CUJ) (yl[:‘j} ) 1
uk

When p is the probit function, the SEM algorithm can be derived, see Algorithm 1.

r
' Pra

(37

ol

(38)

with

(39)

with

(40)

(4D)

Remark C.1 (SEM for MNARz and MNAR 2/ mechanisms). A SEM algorithm can also be derived for these two mech-

anisms. For continuous data, we can prove that

( mls‘yobs [r—1] .Ci; g[r 1]) ( mls‘yobs [r—1], )\[r 1])

and that this conditional distribution is Gaussian (the SE step is then just a draw from this law). The M-step for i) are

given in the following.

24



Algorithm 1 SEM algorithm for Gaussian mixture, MNARy* models, p is probit

Input: Y € R"™*4 (matrix containing missing values), iK' > 1, rpax.
Initialize Z°, 7, u?, X9 and o9, for k € {1,..., K}.
for » = 0 to rpax do
SE-step:
for i = 1ton do
Draw (L;)["! from the multivariate truncated Gaussian distribution given in

(28).
Draw zgr] from the multinomial distribution with probabilities detailed in
(29).
Draw (y™i) "} from the multivariate Gaussian distribution given in (35).
end for
Let YUl = (ygr]\ . ykﬂ }) be the imputed matrix.
Let ZI'l = (z[lr]| e |z7[:]) be the partition.
M-step:

for k =1to K do
Let 7r,[:} be the proportion of rows of Y'"! belonging class k.
Let ,ug], Eg} be the mean and covariance matrix of rows of V["] belonging
to class k.
Let ¢ ,[:] be the resulted coefficients of a GLM with a binomial link function,
i.e., the optimization problem is Vj € {1,...,d},

1-— E[C-j’Mkj])>
ElejMi] )7

Mkj%[ﬁ = log <

for a matrix My,; depending on the MNAR model (see (36), (37), (38),
(43), (41) and (42)) and c_; the missing data pattern for the variable j.
end for
end for
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» For MNARz, the coefficients obtained with a GLM for the matrix (HMNARZ )[T] are aq, . .., 0K, with

C11 ZETI} e ZETI](
c [r] [r]
1121 ... 2K Cnl znl . ZnK
(HMNARz)IT] — = | (42)
calzi oo ozx g | AL
Cnd 27[:1] PN Zg}{
o For MNARZ, the coefficients obtained with a GLM for the matrix (Hg/lNARZj)[T] are aj, . ..,k , with
(Hg/lNAsz)M = ¢, ‘ z.[;} ... z'[;} (43)

For categorical data, we have ¢(y;; ;) = H;‘i:1 O(Yijs Akj) = H?Zl Hﬁle ()\ij)yfj, For drawing from the conditional

distribution (yiniS | y?bs, zllg = 1), by independence of the features conditionally to the membership, we can draw for

j=1,...,d yf;is = ((y%lis)l, e (yg?is)lf) from the conditional distribution (yfjlis | yobs, 22[7];] = 1). This latter is a

multinomial distribution with probabilities ()\ij)gzlw.j]..

D Appendix 4: Complements on the numerical experiment

This section gives the values of § (see (14)) ¢ (see (3)) and ¢ (see (14)) used during the numerical experiments. For most
MNAR models, he values of these parameters are available in the main paper (Sportisse et al., 2023).

d ¢ Q@ 154
-3 03 -3 -3 -2 1
6 192 -0.75 05 -2 1 1 1 0.5
1 1 05 05 05 2

Table 2: Choice of the values of §, a and § for all the experiments of Section 5 for
the MNARy"* mechanism.

d ¢ e 15}
-3 03 -3 -3 -2 1
6 191 (=09 —0.15 0) (03 —3 03 —03 —2 0.2
-3 03 -3 -3 -2 1

Table 3: Choice of the values of ¢, o and 3 for all the experiments of Section 5 for
the MNARy” 2z mechanism.
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d ¢ « I5;

-14 -14 -12 -11 -1 -09
6 215 [-06 04 04 03 01 0.1 (-3 03 -3 -3 —2 1)
-0.8 —08 08 —08 —0.8 08

Table 4: Choice of the values of §, o and § for all the experiments of Section 5 for
the MNARy 2’ mechanism.
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