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GROWTH OF FREQUENTLY OR LOG-FREQUENTLY HYPERCYCLIC
FUNCTIONS

A. MOUZE, V. MUNNIER

ABSTRACT. We obtain the optimal boundary behavior of the log-frequently hypercyclic functions
with respect to the Taylor shift acting on H(D) in terms of average LP-norms. In passing we
establish some new results on the growth of frequently or log-frequently hypercyclic functions for
the differentiation operator on H(C). All these results highlight the similarities and the differences
between the lower and upper bounds on the growth of frequently and log-frequently hypercyclic
functions, on the one hand in the case of the Taylor shift operator on H (D) and on the other hand
in the case of the differentiation operator on H(C).

1. INTRODUCTION

Let D be the open unit disc {z € C : |z| < 1} of the complex plane and H (D) be the set of
analytic function in D endowed with the topology of uniform convergence on compact subsets. For
0<r<1land f € H(D), we consider the classical integral means

1

2 , 1/p '
3 [ e Pds) (1< p < o6) and Mt ) = sup|F(ret)

0<t<2r

M) = (

In the same spirit, for any holomorphic polynomial P let us define, for all p > 1,

1 2 " 1/p 4
uPup:( / \P<el>pde) and [Pl = sup |P(c)].

o 0<t<2m
1
Moreover for all p > 1, ¢ will always stand for the exponent conjugate to p, i.e. — 4+ — = 1. For
p q

any f in H(D) and any z in D, we will write f(z) = Z arz". In the present paper, we consider the
k>0
Taylor shift operator T acting on H (D) defined as follows:

T:HD) = HD), [f(z)=Y az"—=T(f)(z) =) ar12".
k>0 k>0
We know that T is frequently hypercyclic, that means there exists a function f € H(D) such that
for every non-empty open set U C H(ID) the set {n € N:T"f € U} has a positive (natural) lower

density, i.e.
d{neN:T"feU}) >0,

ke{0,...,NInA
- g (ML 00

Such a function f is called a frequently hypercyclic function for T'. Generally speaking, an operator
S on a Fréchet space X is called frequently hypercyclic if there is some x € X such that, for any
nonempty open subset U of X, d({n € N: S"x € U}) > 0. The notion of frequent hypercyclicity
was introduced by Bayart and Grivaux in [1] and since then became a very active branch of
mathematical analysis. We refer the reader to [2] or [15] for some background in linear dynamics
and we refer the reader to [3, 4, 14, 19, 22] for the dynamical properties of the Taylor shift operator

where, for a subset A C N,
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T acting on H(D). In particular, in [19] we gave the optimal rate of growth of the frequently
hypercyclic functions for the Taylor shift operator in terms of average LP-norms for p € [1,00]. The
result is stated as follows. The notation log; stands for the iterated function logo... olog where
log appears [ times.

Theorem 1.1. ([19]) The following assertions hold.

(1) Given 1 < p < +o00, there is a frequently hypercyclic function f € H(D) for T satisfying the
following estimate: there exists C > 0 such that for every 0 < r < 1

C
Mp(T, f) S (1 . T)l/maX(Z,q) .

This estimate is optimal: every frequently hypercyclic function f € H(D) for T satisfies
lim in ((1 )Y/ maxa) g f)) > 0.
r—

(2) For any | > 1, there is a frequently hypercyclic function f € H(D) for T satisfying the
following estimate: there exists C' > 0 such that for every 0 < r < 1 sufficiently large

My(r, f) < C |log(1 — )| log,(—log(1 —7)).
This estimate is optimal in the following sense: every frequently hypercyclic function f €

H(D) for T satisfies lim inf <W> > 0.
r—1 \ —log(1—r)

For results on the growth of frequently hypercyclic functions in the same vein as for the previous
theorem, we refer the reader to [5],[6, 8], [12] or [20], where the authors deal respectively with the
Dunkl operator on H(C), the differentiation operator on H(C), the partial differentiation operator
on the space of harmonic functions on RY or weighted Taylor shifts on H (D). For the Taylor
shift operator acting on H (D), it is important to observe that for p € (1,00] the lower growth of
frequently hypercyclic functions coincides with the smallest possible maximum growth. There is
a kind of regularity in their boundary behavior that contrasts with the irregularity of their orbit
under the action of T. In the present paper, we are interested in the log-frequently hypercyclic
functions for T'. The natural lower density quantifies how often the iterated T™ f visit a non-empty
open set. If we replace the natural lower density by the lower logarithmic density given by, for any
subset A C N,

1 1
d)pe (A) = liminf -1,
dhog(4) i log(N) 1<;N n
<new,
we obtain another way to measure the frequency of visits. Thus a function f € H(D) is called

log-frequently hypercyclic for T if for every non-empty open set U C H (D)
diog {neN:T"f € U}) > 0.

The inequality d < dj,, ensures that a frequently hypercyclic function for 7' is necessarily log-
frequently hypercyclic. The converse implication is not necessarily true since there exist sets A C N
with d(A) = 0 and dy,,(A) > 0. We refer the reader to the survey [13] for the notion of lower
logarithmic density and to [7, 10, 11, 17, 18] for the recent use of concepts of weighted densities
as the logarithmic density in linear dynamics. Here we are going to obtain the boundary behavior
of the log-frequently hypercyclic functions for 7T in terms of average LP-norms. As the orbit of a
log-frequently hypercyclic function should visit in some sense less often the non-empty open sets,
one can expect a weaker growth of its norms. This intuition will only be partially verified. In
particular, we will prove the following general result with the most interesting case p = co that we
highlight.

Theorem 1.2. Let f be a log-frequently hypercyclic function in H(D) for the Taylor shift. Then
we have the following estimates
(1) for p = oo,
(a) limsup (V1 — rMx(r, f)) >0,
r—1



GROWTH OF FREQUENTLY OR LOG-FREQUENTLY HYPERCYCLIC FUNCTIONS 3

(b) there exists C > 1 such that limi{lf ((1 — YO M (r, f)) > 0.
r—

These estimates are optimal: for all positive integer a large enough, there exists a log-
frequently hypercyclic function f, € H(D) for T and C > 0 such that

Moo (r, fo) < and lim inf ((1 — )Y@ (r, fa)) < +400.

C
\/ﬁ r—1
(2) more generally, for p > 1,
(a) lim sup ((1 - r)m“l@vq) M,y (r, f)) > 0,
r—1
(b) there exists C > 1 such that hgl_)i{lf ((1 — )Y n“a)‘(QC’qC)Mp(r, f)) > 0.

These estimates are optimal: for all positive integer a large enough, there exists a log-
frequently hypercyclic function f, € H(D) for T and C > 0 such that

0 = oy 0 g (0PN ) <

In contrast with the case of the frequently hypercyclic functions, the lower growth of log-
frequently hypercyclic functions is different from their smallest possible maximum growth. Nev-
ertheless one can observe that this latter is the same as in the case of frequent hypercyclicity. To
obtain the estimates of Theorem 1.2 we use in particular classical inequalities with LP-norms. To
show the assertions of optimality in Theorem 1.2, our proof is constructive and inspired by the
ideas of [8] where the authors studied the minimal growth of frequently hypercyclic functions for
the differentiation operator on the space of entire functions denoted by H(C). A crucial tool is
the Rudin-Shapiro polynomials. Theorem 1.2 will be obtained by combining Theorem 2.1 with
Theorem 3.5 below. For p = 1, we will obtain the same rate of growth as in the case of frequent
hypercyclicity: we refer the reader to Theorem 2.2. Finally we are interested in the case of differ-
entiation operator D on H(C), called MacLane’s operator. Notice that the operator D can also be
regarded as a particular weighted Taylor shift operator. It is known that the frequently hypercyclic
functions f for D satisfy the following optimal estimate [6, 8]: for p € [1, o0],

1
" i (1.5 0

r—00
Nevertheless Remark 4.3 of [8] asserts that in general a frequently hypercyclic function f for D

1
need not satisfy lim inf <r2mi“<2ﬁp) e "My(r, f)) > 0. In the last section, we complete this remark
r—00

by giving the lower bound of such functions and we prove the optimality. In particular, we obtain
the following statement

Theorem 1.3. Let 1 < p < oco. Let f be a frequently hypercyclic function for the differentiation
operator on H(C). Then we have the following estimate: for all 1 < p < +o0, there exists C' > 1
such that
lim inf (e_%Mp(r, f)) > 0.
r—r00
Moreover this estimate is optimal in the following sense: for all positive integer a € N large enough,
there exists a frequently hypercyclic function f, for the differentiation operator and a real number
Cy > 1, with Cy, — +00 as a — +o0, such that
lim inf (e_CLaMp(r, fa)> < +o0.
T—00
To conclude we show that the log-frequently hypercyclic functions for D necessarily satisfy the
estimate (1). In addition we obtain the optimal lower bounds of such functions in the same spirit
as the statement of Theorem 1.3. We refer the reader to Theorem 4.6.

The paper is organized as follows: Section 2 is devoted to the study of the boundary behavior
of log-frequently hypercyclic functions for the Taylor shift operator. In Section 3, we prove the
optimality of the results obtained in Section 2. Finally in Section 4 we give the new results regarding
the frequently or log-frequently hypercyclic entire functions for the differentiation operator.
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Throughout the paper, we will use the following well-known property: a strictly increasing

n
sequence (ny) of positive integers is of positive lower natural density if and only if sup (—k) < 00.
k>1
Moreover, whenever A and B depend on some parameters, we will use the notation A < B (resp.
A Z B) to mean A < CB (resp. A > CB) for some constant C' > 0 that does not depend on the

involved parameters.

2. BOUNDARY BEHAVIOR OF LOG-FREQUENTLY HYPERCYCLIC FUNCTIONS FOR THE TAYLOR
SHIFT OPERATOR

In this section we deal with the growth of log-frequently hypercyclic functions for the Taylor
shift operator in terms of LP-average. We begin with the case p > 1 and we establish the following
result.

Theorem 2.1. Let f be a log-frequently hypercyclic function in H(D) for the Taylor shift. Then
we have the following estimates,

(1) for all2 < p < oo,
(a) limsup (V1 — rMy(r, f)) >0
r—1
(b) there exists C > 1 such that liITILilnf ((1 - r)l/(2C)Mp(r, f)) > 0;
(2) and, for 1 <p <2,
(a) lim sup ((1 — YN, (r, f)) >0
r—1

(b) there exists C > 1 such that lim inf ((1 - r)l/(qC)Mp(r, f)) >0

Proof. Let us write f(z Z arz". Since f is log-frequently hypercyclic, there exists a subsequence
k>0
(ni) C N with positive lower logarithmic density satisfying |77 f(0) — 3| = |a,, — 3| < 1/2 for all

k > 1. Hence for all k¥ > 1 we have |a,, | > 1. Moreover since the sequence (ny) has positive lower
logarithmic density, there exists 0 < C; < 1 such that for all n large enough

1
(2) Y Lol
1<n;<2n

Let us consider the set I = {ng, k> 1} and, for all n € N, the set I,, given by I,, = {27, ..., 2"+ —
1} N 1. Observe that, for all positive integer n,
antl_q

1 1
(3) log(2) < > 7 S108(2) + ooy
k=2n

For all N € N, we define the subsets A(N) and A of N as follows

AN)=<ne{l,.. N}Zk 71 g(2) p and A= | J AW
kel N>1

First observe that

(@) > loy oy

n
1<n;<2N 7 1<k<oN; n=1kel, nEA(N) keI,
kel

?r'\r—‘
=
Enl e
:r\

¥ Z Z
neA(N)c kely
Combining (2), (3) and (4) with the definition of the set A(N) we get

CiNlog(2) < ) Z%‘l‘ > Z%

neA(N) kel, neA(N)e kel,
#A(N) (log(2) +2-+) 1 CLN — #A(N)) log(2)

#A(N) <<1 - C> log(2) + 2—<N+1>> + %Nlog(Z).

(5)

IN

IN
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The inequality (5) ensures that the set A has a positive lower natural density. Therefore the set A
is infinite. Let (V;) be an increasing sequence of positive integers of A such that (/V;) has a positive
lower natural density. Hence there exists Cy > 1 such that, for all [ > 1,

(6) N; < Csl
(1) On the one hand let us consider a sequence (r;) with 1 — QLNZ <rn<1l- QM%’ we have by

applying Parseval Theorem

(7) (M2 Tlu Z’a ’2 2k>zzk|ak|

k>0 n>1kel,
Ch
Since we have both for all k € I, |ax| > 1 and for all [ > 1 Z - > —log( ), the
kGINl
inequality (7) becomes
2
ag
YACN S S Sy
n>1kel,
(8) al 1
> on 2
22|22
n=1 keln
> oM,
Since we have the following inequality 2V <1 < 2Nt we deduce, for all [ > 1,
9 1
9 (Ml )P 2 72—
— 7

Hence, we obtain

limsup (V1 —rMa(r, f)) >0

r—1

(2) On the other hand, let us consider 0 < r < 1. Again we apply Parseval Theorem to write
(10) (My(r, )2 = " alPr® = Y farf*r?.
k>0 >1 kEINl
Since for all k£ € In,, we have |ay| > 1, we deduce, taking into account (6),

A f)? > 303 %

[>1 kely,

v
ling
8
x
%
e

By construction we have

From (V) C A and (12) we get

> 1,202+ 1
(MQTf 22 71—7‘)1/02

Therefore we have the following conclusion: if f is a log-frequently hypercyclic function in
H(D) for the Taylor shift, there exists C' > 2 such that

lim inf ((1 — )Y My (r, f)) > 0.

r—1
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Moreover, since
My(f,r) < My(f,r) for 2 < p < oo,

we obtain the result for p > 2. Finally, from the Hausdorff-Young inequality

q
Z |a;| %1 for 1 <p <2,
j>1

and arguing as in the proof for the case p = 2 (With the same notations), we get, for 1 < p < 2,

1 1
(My(f,71)) >Z|a|q e foralll—ﬁgrl<1_w
7>1

and, for any 0 < r < 1,

1
)4
(Mp(f;r)" 2 Z|a [ 2 (1—r)t/C2"

7j>1

This gives the desired conclusion. O

Now we deal with the case p = 1.

Theorem 2.2. Let f be a log-frequently hypercyclic function in H(D) for the Taylor shift. Then

we have
timint (20 Y
r—1 \ —log(l—r)
Proof. Let us write f(z Zakz We construct the sets A(N), A and the sequences (nj) and

k>0
(N;) as in the proof of Theorem 2.1. Hardy’s inequality (see for instance [9]) ensures that, for all
0<r<1i,

r) 23

k>1

Thus we can write, for all 0 < r < 1,
|ag|
rzY > 5
1=1 kely,

Since for all k € Iy, we have |ag| > 1, we deduce

2 _mn 1 & e

2N+ 2N+

13) I STl SR TS 9l

=1 keln, =1

Taking into account (6), we get, using integral comparison,

=2 Col
1
r )2 Y T 2 —log(1 - 7).
=1

This finishes the proof. O

Remark 2.3. Notice that we obtain for p = 1 the same lower bound as in the case of frequent
hypercyclicity (see Theorem 1.1). Thus this bound is necessarily optimal since a frequently hyper-
cyclic function for T is log-frequently hypercyclic and Theorem 1.1 ensures the optimality.



GROWTH OF FREQUENTLY OR LOG-FREQUENTLY HYPERCYCLIC FUNCTIONS 7

3. OPTIMALITY OF THE GROWTH OF LOG-FREQUENTLY HYPERCYCLIC FUNCTIONS FOR THE
TAYLOR SHIFT OPERATOR

3.1. Definitions and notations. Following the ideas of a construction originally presented in [8],
we are going to obtain a family of log-frequently hypercyclic functions for the Taylor shift operator
on H (D), with the most moderate possible rate of explosion near the boundary. As in [8], we
will need the so-called flat polynomials or Rudin-Shapiro polynomials. First, let us recall some
important facts about these polynomials [21, 16].

Lemma 3.1. (1) For each N > 1, there is a trigonometric polynomial py = E]kvz_ol ey rek?

where en = £1 for all 0 < k < N — 1 with at least half of the coefficients being +1 and
with
lpnllp < 5VN for p € [2, +0c].
(2) For each N > 1, there is a trigonometric polynomial py, = Z,]CV;Ol an ke*? where |ay k| < 1
for all0 < k < N — 1 with at least L%j coefficients being +1 and with

Ipilly < 3NY4 forp € [1,2).

In the sequel, we are going to build a log-frequently hypercyclic function for the Taylor shift
operator. We will use elongation of sequences in order to repeat relatively frequently any given
function that belongs to a dense set in a suitable way.

We write 2N* := U A where for any k > 1, A, = {2’“(2]’ —1);5 > 1}. Let us consider
k>1
pairs (Q,1) with @ := ZZ:O biz® a polynomial with rational coefficients and | € N satisfying
1Qlle, := EZ:O |bx| <! that we display as a single sequence (gx, lx)x>1 where (Ij) tends to infinity.
Clearly (q) is a dense set in H (D). For any k > 1, we denote by dj the degree of gy.

Let a € N. Set, for any n € N, A\, = a® . Let also 0 < e < 1 and § = 1 —e. Let us choose
a > 4 to have the inequality AL¥0 < )\, 1. We set now f, := Zajzj = ZPn(z) where (P,) is a
7>0 n>1
sequence of polynomials defined as follows, using the polynomials of Lemma 3.1,
(1) for any 2 < p < 400

0 if n is odd
Po(z) = 0 if n is in Ay, and M), < ay.
Z/\anﬁJ (2%F)qr(z) otherwise,
ag
where oy, = 1+ [max (13, di, + 31 log(1 + 11,)) J;
(2) forany 1 <p <2
0 if n is odd
Po(z) = 0 if n is in A and A0 < ay.
Iﬁj (2°%)qx(2) otherwise,
X

where aj, = 1+ [max (I, di + 3l log(1 + 1)) ].

z)‘”p

3.2. Rate of growth of the constructed function. It is easy to check that the function f,
belongs to H(ID). The following lemma gives an estimate of the supremum of the growth of f,.

Lemma 3.2. Under the previous hypotheses, we have, for all 0 < r <1,

(1) for2 <p < 400, My(r, fa) S 11 i
—r

< -

(2) for1 <p<2, Mp(rafa) ~ _T)1/q‘

Proof. For any [ large enough, let us consider 1 — )\i? <r<i1- )\?IH. Observe that )\? <(1—-7r)"L
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(1) Case 2 < p < +o0: From Minkowski’s inequality, Lemma 3.1, the definition of polynomials
P,, and the fact that r — M, (r, f,) is a non decreasing function (see [9, Theorem 1.5]), we

get,

Mp(r, fa) < ZMP(T,Pn)

n>1
1
= Z <1 )\5
S
n>1 I+1
S

n<l n>l+1

A
) HPLA”JHpH%Hel
An

Z 1ot l M
)\6 k Qe
; A
ZAHJFZ 1—A5— A2

A
“‘w\
—_

+
!
/\
v
g

>
>:>Df)

)
S NS

We obtain the desired estimate.

(2) Case 1 < p < 2: we use a similar analysis, now replacing the polynomial p,, by p}, again

3
with m = L;\TZJ The computation takes a similar form to the previous calculation

MP(T’ fa) S Z Mp(rv Pn)

n>1
<
n>1
S
5
S NS

This finishes the proof.

;r"l< >

> rpt 24 pllgr e

)

In the same spirit we establish an estimate of the infimum of the growth of f,.

Lemma 3.3. Under the previous hypotheses, we have

(1) for2 < p < +o0, liminf ((1 - 7‘) V@I (r, fa)> < +o00;
r—1
(2) for1 <p<2, limi{lf ((1 — )Y@ pp(r, fa)) < +00.
T—r
Proof. For any [ large enough, we set 1, = 1 — —. We use the same strategy as in the proof of

2\
l
Lemma 3.2 to obtain the following estimates.

(1) Case 2 <p < 4o0:
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Mp(rH—l) fa) < Z Mp(rl—l—l) Pn)

n>1

An
<> (riga) ||pL&J||pHQkH£1
A

n>1

)\5
< Py )Ml | 2
S n§21( 1) ey f -

Observe that r;y1 =1 — Af“é. Hence, we obtain

lim inf ((1 - r)ﬁMp(r, fa)) < +o00.

r—1

(2) Case 1l <p<2:

Mp(rl—&-la fa) < Z Mp(rl-i-la Pn)

n>1

< Z(THI)/\” Hptﬁj lIpll gl e
A

n>1
A\ @
q
< TR L e
< S (32
n>1

s
SN
. 1
(=)
AN S EE

lim inf ((1 - r)q%Mp(r, fa)> < +o0.

r—1

Hence, we obtain

The proof is complete. O

3.3. Log-frequent hypercyclicity of the constructed function and conclusion. We are
going to show that the functions f, defined in the previous subsection are log-frequently hypercyclic
functions for the Taylor shift operator.

Proposition 3.4. Under the previous hypotheses, for all a € N large enough, the function f, is
log-frequently hypercyclic for the Taylor shift operator on H (D).

Proof. The proof is divided into two parts.

(1) Construction of a set with positive lower log-density:
For k large enough, let us consider n in Ay such that )\fL > ay.. We denote by B, the set of
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5 in [An, ALF9] such that the coefficient of 2* in z)‘”pLA%J

Yk

(z°%) (or in 2 p* s (27%)) is equal

o]
to 1. Then we define the set 7 as follows

ﬁ:{szseBnfornGAkand)\szak}.

By the choice of oy, and by the fact that the flat polynomials possess at least half (or {%J )
coefficients being 1, we have

1 1
>, 2Cislog) 2 Y -
sEBy Se[)\ny/\nJrl]

where C}, s only depends on k£ and J. Notice that if NV is large enough so that A, < N < A4
for some positive integer n then we get, combining the previous estimate with the fact that
the elements of Ay are in arithmetic progression,

Z %>ZZ >Ck(;Zlog)\l ) 2 log(N).

s€TeN{1,...,.N} =1 seB;

We finally obtain

lim inf
N oo log(N)

> % > 0.

s€TpN{1,...,.N}

(2) The log-frequent hypercyclicity of f, along a well-chosen sequence:

Let k be a positive integer large enough to be fixed later. Let s be in B, for n in A
satisfying )\fl > ay. We are going to prove that the following inequality holds

1

sup [T°(fa)(2) —ar(2)| S -

\z|:17i k

provided that k is chosen large enough, the involved constant being uniform in s and k. It
will allow us to conclude to the log-frequent hypercyclicity of f, for T since the sequence
(qx) enumerates a dense set of H(D) and since the sequence (I) tends to +oo.

)\5
We write s = \,, + may, for some m in {0, cee {"J } . With this notation, we have
Qg
2rp s (%)= 4+ 1254 ...

lar

and the same property remains valid for z*"p* .6 (2°%). By the choice of oy, the next block

A
of coefficients is dissociated from the present one because the condition oy + di < 2ay.

So, we have that the first dj Taylor coefficients of T(f,) are precisely those of gj. Notice
again by the choice of oy, that the Taylor coefficients a; of T%(f,) of index j satisfying
s+dp+1<j<s+2llog(ly) are null. Again, by the construction of each block P, (even
in the case p in [1,2]) and since n is even, all the coefficients a; in the range [Ap41, Anyo —1]
are null. Indeed, the last index which is in B, is bounded from above by AL™0 +dp < Api1
(by the choice of n such that A2 > ay, > dy,). Therefore, we can write

+o0
T°(fa) — qx = Z a; 2775 + Z a; 2075 == 81(2) + Sa(2).
s+3lk log(lk) <j<Ant1—1 J=Ant2

By construction of f,, we observe in the range of index j lying in [s+3lj log(l), An+1 —1]NN
that all the coefficients a; coincide with the coefficients of g;, eventually signed (or multiplied
by an unimodular coefficient in the case p in [1,2]). Thus we obtain

Vj e [S + 3l log(lk), An+l — 1] NN, \aj| < ||qugl <.
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Then the triangle inequality and a classical inequality of convexity imply
1)’ ~ <2 -3log) < 1

sup ’SI(Z)‘ <l Z 1- T <y Z e v <lge sli) < T
‘Z|:1_i j>s+3l log(ly) & J>3l log(lx) g
Using Lemma 3.2 and Cauchy estimates, we get

Vi > 1,la;] S Vi
For a large enough, we have
An41 2 2acy; > 2alylog(ly) and {j — 37 > Ant2} C {j = Ay}

and we finally obtain again by the triangle inequality and an inequality of convexity

T ot (B

|Z‘ 1_* > An+1
_J

SV2 ), Viek
jZAn+1

<2 Ve T dt
2aly, log(ly)

l]% log(l ) —2alog(lx)
<1

Finally we obtain the desired result applying the triangle inequality again. Hence, since T}
has a positive lower log-density, the vector f, is log-frequently hypercyclic.

O

Combining Lemma 3.2 with Lemma 3.3 and Proposition 3.4, we have established the following
result.

Theorem 3.5. Let 1 < p < 400. For all positive integer a € N large enough, there exists a
log-frequently hypercyclic function (for the Taylor shift operator) f, in H(D) satisfying
1

< CNN _\1/ max(2a,qa)
M,y(r, fa) S = ) ) and hgl_}{lf <(1 T) My (r, fa)) < 400.

Remark 3.6. Notice that the previous result combined with Theorem 1.1 guarantee that the
functions f, cannot be frequently hypercyclic.

4. FREQUENTLY AND LOG-FREQUENTLY HYPERCYCLIC FUNCTIONS FOR THE DIFFERENTIATION
OPERATOR

In this section, let us consider the particular Taylor shift operator given by the differentiation
operator D on H(C):

D:H(C)— H(C), f~f.
The operator D can be regarded as a particular weighted Taylor shift operator since we have, for

Zakz €H(C),Df = Zk—i—l akHz

k>0 k>0

4.1. Lower bound for frequently hypercyclic functions for the differentiation operator.
It is well-known that the frequently hypercyclic functions f for D satisfy the following optimal
estimate [6, 8]: for p € [1, o0],

(14) lim sup (rQnﬁr}(ZI’)e*TMp(r, f)) >0

T—00
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In the Remark 4.3 of [8], the authors observe that in general a frequently hypercyclic function f
for the differentiation operator need not satisfy the estimate

lim inf (e_rrl/(Qmin(Q’p))Mp(r, f)) > 0.

r—00

First we want to complete this result by showing that such a function still has a minimal growth.
We establish the following result.

Proposition 4.1. Let f be a frequently hypercyclic function for the differentiation operator D.
Then we have the following estimate: for all 1 < p < 400, there exists C' > 1 such that
lim inf (engp(T, f)) > 0.

r—00

Proof. Let us write f(z) = Z EZ Since f is D-frequently hypercyclic, there exists an increasing
E>0
sequence (n;) C N with positive lower density satisfying |f()(0) — 3| = lan, — 3| < 1/2 for all

k > 1. Hence the following inequalities hold
(15) |an, | > 1 and there exists C; > 1 such that k < ng < Cik.

Case p > 2: we begin by considering the case p > 2. Since we have, for all 2 < p < oo, Ma(r, f) <
My(r, f), it suffices tor prove the result for p = 2. Applying Parseval’s Theorem and taking into
account (15) we get, for all j > 1 and for all n; <7 < njq,

+oo | 19 +oo 2 +00 oy 2n; n;
|ak]” o |an, |” o rr r "
My(r, f))? = ret > E_pelk > > > )
(Valr 11" =2 Tr™ 2 2 Gl ™ 2 2 e 2 e 2 i
By Stirling’s formula, we obtain, for all j > 1 and for all n; <r < mnj4q,
2n; 2n;
e e
M. 2> >
(Mol P2 2

Taking into account that the sequence (ny) has a positive lower density, we easily derive from the

second part of (15) that there exists A > 1 such that for all j > 1 we have nj;; < An;. Thus we

obtain, for all j > 1 and for all n; <r < nji1,

2n; Zn;

e’ eAi+1

(Ma(r, ) 2 == > > ¢ATr™
r r

Hence we deduce that there exists C > A such that

1

lim inf (e_%Mz(r, f)) > 0.

T—00

Case 1 < p < 2: for the case 1 < p < 2, from the Hausdorfl-Young inequality (see [9]) and (15),
we can write,
0 Lang

o rfq>z";;:i -zii’;ﬁir'fi(nkm-

k=1

By Stirling’s formula, we obtain, for all j > 1 and for all n; <r < nj4q,

e

(M, 1)) 2 <

We argue as in the case p > 2 to obtain for all 7 > 1 and for all n; <r < mnjiq,

which gives that there exists C' > A such that liminf (e %Mp(r, f)) > 0.

00
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Case p = 1: Finally let us consider the case p = 1. From Hardy’s inequality (see [9]) and (15),
we get for all » > 1

“+oo ‘ak‘ “+oo “+o00 Pk
M > k>
1(r7f)Nk:1 ]{Z(l{}')r —kz k kz
Again by Stirling’s formula, we get
+oo Nk Nk
ket
Ml (T7 f) 2

=1

Thus, we obtain we, for all j > 1 and for all n; <r < nji1,
n?j e oy
Ml (T7 f) 2 = .
~ i+1 "
\/rTjn?ﬁ VT

We argue as in the case p > 2 to obtain for all 7 > 1 and for all n; <r < mnjiq,

Mi(r, f) 2 exr™3/2,

which gives there exists C' > A such that lirginf (e_%Ml (r, f)) > 0.
T—00
The proof is complete. O

Now we deal with the optimality of Proposition 4.1. We keep the notations adopted in [8]. For
d d

any given polynomial ¢ with Taylor series ¢(z Z J with qq # 0, we set §(z) := quzj ,
—0/ §=0
d
d = deg(q) and and |||/, := Z lgj|. As in section 3, we set 2N = U A where for any k > 1,
j=0 k>1
A = {2’“(2]’ —1);j € N} . Denote by P the countable set of polynomials with rational coefficients

and let us also consider pairs (g,l) with ¢ € P and [ € N satisfying ||¢||,» < [ displayed as a single
sequence (g, l)r>1 where (l;;) tends to infinity. Clearly (gx) is a dense set in H(C). Hence, for any
k > 1, we set d, = deg(qx) and we have

|l Gklla < i for every k > 1.
Let p € [1,00] be given. For k > 1, let us define the integers
oy =14 |max(I2, 2d;, + 8l},) |
Let a > 10 be a positive integer. We set

Z ]zj :—ZPna

n>0
where the blocks

antl_1
ay
P.o= Z X bk
k=am
are polynomials defined thanks to ana as follows, using Rudin-Shapiro polynomials given by Lemma
3.1,
0 if n is odd
(16) Poa(z) =< 0ifne A, and a™ < 100y
z“"ptan/akj (2%)q(z) if n € Ay and a™ > 100y,
In the sequel we will consider the sequence (r,) defined as follows
n+1

3

a

rn =
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Throughout this section, we will often use the following fact:
(17) (r¥ /k!) is increasing for k < a™ and is decreasing for k > a™*?,
For our purpose, we need the following lemma.

Lemma 4.2. Let I,n > 1 be positive integers. Under the previous assumptions, we consider the

3al—1
polynomials g;(0) = Z %rﬁeike. Then we have
k=al
al
(rn)’ (rn)® )

lgelle < W\\gﬂ\z forlslsm, and |gllz <=7—lgillz  forl=n+1,

3al—1
with g; (0) = Z bie™?. More generally, we have the following inequality, for all p € [1,00], p # 2,

k=al

ng||p<F(( )) lgill. forl<i<n, and ||gz||p<f”

Proof. By Parseval’s theorem, we have

forl>n+1.

3al—1

|bk!2
g3 = > T rak.

k=al

Using the fact (17) and again Parseval’s theorem, we get

9 ( 3(1—1 )gal 2 )
lgullz < Zl sy | Noils for1<i<n,

3al—1 1\ 2
Hgl’gﬁ( ) Z’ ( ))> lgils  forl>n+1.

The result follows for p = 2. To conclude7 observe that we have the following obvious inequalities:
for all p > 1, for all polynomial P

[Pllp < [[Plloc < v/deg(P) + 1[[P]l2.

and

O

We are ready to estimate the entire function f, along the radii given by the sequence (r,) in
terms of average LP-norms with 1 < p < co.

Proposition 4.3. Under the previous assumptions, for all 1 < p < oo, there exists C,, with
Cy — 400 as a tends to infinity, such that, for all n large enough,

MP(Tm fa) S ern/Ca,

n—1
Proof. We have f = ZPZ,a = ZPM + Pha+ Z P, ,. Thanks to the choice of aj, we have
>1 =1 I>n+1
3al-1
2a! + dj, < 3a' whenever P, # 0. Hence we can write P, ,(2) = Z %zj.
j=al

First we deal with the case p = 2. Using the polynomials given by (16) we apply Lemma 4.2 and
Lemma 3.1 to obtain,

(ra)* ()™ [ o
(18) M, (Ba,Tn) S (3 ) ”p l/akJQkHQ (3@1)' ;klk for 1 <l<n
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and
(rn)” N G
(19) Ma(Pra,mn) S == IPlat o) Gll2 S = 7, OTka for | >n+1.
Clearly the triangle inequality gives
n—1
(20) MQ(faa rn) SJ Z MQ(F)I,av rn) + M2<Pn,a; rn) + Z MQ(Pl,a; Tn)~
=1 I>n+1

First we have, using oy > [2, (18), Stirling’s formula and the fact that, for 1 < [ < n — 1,
3al(n+1—1)<3a*'(n+1-1-1),
l n—1

n—1 n—1 (7" )3a L sen 3d
3 Ma(Prasrn) £ 3P e £ 3@ (5)
=1 =1 ’
(21) < 607! "2_:1 (e)3al
a -
~ 9

18 log (Z)
< er” a2

~

Then, we deal with the second term of the sum given by (20). In the same spirit, we get

3a™
MZ(Pn,au Tn) < an/2 (Tn)

3a™ n
sl s (e

9
e3a” (1+log(a)—log(9))
. 9 +log(a)—log(9))
e a

(22)

AR AR AN

Since we have a > 10, we deduce 9(1 + log(a) — log(9)) < a. Finally, we give the estimate of the
last term of the sum (20). From (19), Stirling’s formula and the inequality oy, > 2, we derive

l

> MR $ Y a3 @ (5

(23) I>n+1 I>n+1 I>n+1
e an+1 e al
(g) + Z (37> — 0 asn — 4oo.
>n+2 a

Thus the estimates (21), (22) and (23) give the announced result for p = 2.
For p € [1,00], p # 2, again thanks to Lemma 4.2 and Lemma 3.1, we can write

A

! 1
1/2 (rn)ga _ (rn)f}a .
(24) M,(P ) < / (3al)! leal/akJQkHZ S (3a0)! a forl<i<n
p l,(larn ~ l/2 (T‘n)al (Tn)al l
for 1 >n+1.

(al)! ||pLal/akjdk”2§ (al)!

3a™

™= 3k
Since we have Z\/E (g) < +00 and a("t1/? (g) — 0 as n — 400, we derive as in (21),
k=1

(22) and (23),

n-t 1 n-l e 3al 18log(a)
(25) > My(Pra,rn) S a0 > d? (5) <

=1 =1
(26) Mp(Pn7a7 Tn) 5 an/2 (g)?)a” egan S \/Ee3an(1+10g(a)710g(9)) S ern (9+5)(1+lo(gl(a)—log(9))
with 0 < e < 1 such that, for a > 10, (9 + ¢)(1 + log(a) — log(9)) < a, and

n+1 l
(27) Z My(Pra;mn) S a(m /2 (g)a + Z all? (;)a — 0 asn — 4o0.
1>n+1 [>n+2 a

Hence the estimates (25), (26) and (27) give the result. O
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Now we are ready to establish the main result of this subsection that shows the optimality of
Proposition 4.1.

Theorem 4.4. Let 1 < p < co. For all positive integer a € N large enough, there exists a frequently
hypercyclic function f, for the differentiation operator and a real number Cq > 1, with Cy — 400
as a — 400, such that

7—00

lim inf (e_T/CaMp(r, fa)> < +00.

Proof. To prove this result, it suffices to check that the function f,; built in the proof of Proposition
4.3 is frequently hypercyclic. This argument will be independent of p € [1,00]. Thus we keep the
definitions and notations of this construction. Now the proof follows that given by [8, Section 3.1]
with easy modifications. For any fixed even integer n € A with a™ > «4, denote by B, the set of
indices s such that the coefficient of z° in the polynomial z“anan Jau J(zo‘k) is 1. We are going to
prove that

1
(28) sup [(D?fa)(2) — qr(2)| < o for any s € By, n € Ay.
k

|21=lk

Indeed this estimate will allow us to conclude the claim since P is dense in H(C) and for all k£ > 1
the set {s:s € By, n € A, a" > ap} has positive lower density. This last argument follows from
the inequalities
4B, > "> b n 1 et
"~ ™ (a— 1oy ’ Y
and the fact that Ay contains an arithmetic progression of integers.
Finally we notice that the coefficients a; of f, satisfy for all j > 1 the estimate |a;| < j since we
have, for a” < j < a™! — 1, with n € Ay, if a; # 0,
n

~ a .
laj] < Nkl < b < o < 75 <a® <,

as a consequence of the choice of I, ap and the fact that the absolute values of the coefficients of
Rudin-Shapiro polynomials do not exceed 1.

Now to obtain (28) it suffices to repeat with obvious modifications the proof page 3685 in [§]
replacing n2, (n +1)%, (n +2)% by a", a®!, a2 respectively. We will have with the notations of
8]

an+1
a; . a; .
(D*fa)(2) —au(z) = > ﬁzﬂ Y (,_JS),ZJ S =: 91(z) + Sa(2),
Jj=s+8ly, J ) j>ant2 J ’

with s = a”™ + mayg, where n € Ay, n being even, a”" > ag, plgn/a,|(2) = ... +1.2" +...and n+ 1
being odd, a; = 0 for j = a™*,... a""? — 1. For " < j < a"™! — 1, we have |a;| < ||gk| < lx and
we deduce
(29) SEI<hk Y E <o

sup |S1(2)| < Ik S

|z|:lk m>8l, m)! 2lk

To estimate the last term Sp, we write j = s +m with m > a"*2 — "1 = a""1(a — 1). We get

|aj] = |astm| < s+m < a™ +m < 2m and we obtain
2m i i 1
(o) swSals 3 RS 3 h<on 3 oh<o
l2l=lk m>a™tl(a—1) m>atl(a—1)—1 m>8ly
using a”™ > ay, > 8ly.
Combining (29) with (30), we obtain (28) and the proof is complete. O

Therefore the combination of Proposition 4.1 with Theorem 4.4 gives Theorem 1.3 stated in the
introduction.
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4.2. Growth of log-frequently hypercyclic functions for the differentiation operator.
Finally we conclude the paper by studying the growth of log-frequently hypercyclic functions for
D. In fact, we are going to prove that these functions share the same upper estimate of the
boundary behavior given by (14) as the frequently hypercyclic functions. We will also establish a
bound for the lower limit of such functions. First of all we need the following lemma.

Lemma 4.5. Let (ny) be an increasing sequence of positive integers such that dy,,((nx)) > 0. Then
there exists C' > 1 such that, for all k > 1, nj, < k°.

Proof. According to Lemma 2.7 of [10], we have

1 K1
1 = lim inf — 1.
(31) g (1)) i <log(nk) — m)
We can write, for all £ > 1,
k k k
1 1 1 1 log(k) [ 1 1
(3 fognn) 2 i = Tog(me) 2 1~ Tog(m) <1og<k> 2 )

Since we have djo,((1%)) > 0, we get from (31) and (32) that there exists C' > 1 such that, for all
k>1,
log(ny,) < C'log(k).
Hence we deduce that there exists C' > 1 such that, for all k > 1,
ng < KC.
This finishes the proof. (Il

Now we are ready to prove the following result.

Theorem 4.6. Let f be an entire log-frequently hypercyclic function for D. Then we have the
following estimates:

1) foralll <p < oo,
(
1
lim sup (efrrmin@»w M,y (r, f)) > 0;

r—00

(2) for all 1 < p < oo, there exists C > 1 such that
lim inf (e_rl/ch(r, f)) > 0.
r—00
Moreover these estimates are optimal in the following sense:

(1) for p € (1,00], there exists a log-frequently hypercyclic function f satisfying My(r, f) <
pm1/@min@2p))er gnd for p = 1, given ¢(r) 1 0o, there exists a log-frequently hypercyclic func-
tion f satisfying Mi(r, f) < ¢(r)r—1/2e";

(ii) for 1 < p < oo and for all positive integer a € N large enough, there exists a log-frequently
hypercyclic function f, and a real number C,, with C, — 400 as a — 400, such that

lim inf (e_rl/CaMp(r, fa)) < +00.

7—00

Proof. We proceed in the order given by the statement.

Proof of (1): for p = 1, the result is clear since there is no hypercyclic function f for D that
satisfies limsup (e ™"/rMi(r, f)) < +oo [6]. Moreover, since

700

M(f,r) < My(f,r) for 2 < p < oo,

it suffices to prove the result for 1 < p < 2.
a

Let 1 < p < 2. Let us write f(z) = Z k—’fzk Since f is log-frequently hypercyclic for D, there
E>0

exists a subsequence (nj) C N with positive lower logarithmic density satisfying |f)(0) — 3 =
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|an,, — 3| < 1/2 for all k > 1. Hence for all k > 1 we have |ap,| > 1. Since the sequence (nj) has
positive lower logarithmic density, there exists C'y > 0 such that for all n large enough

1
—_— >
(33) E n; = Cinlog(2).
1<n;<2n

As in the beginning of the proof of Theorem 2.1 we define the sets I = {ng, k& > 1}, I, =

{2r,..., v 13N, AIN) ={¢{ne{l,...,N} Z —> —log 2) p and A = | ] A(N). The
k;eln N>1

arguments of the proof of Theorem 2.1 ensure that the set A has a positive lower natural density.

Hence the set A is infinite. Let (V) be an increasing sequence of positive integers such that

A = (N;). Now, inspired by the proof of Theorem 2.4 of [6], assume that there exists a decreasing

function ¢ : Ry — R4 with ¢(r) — 0 as » — oo, such that, for » > 0 sufficiently large, we have

Mp(r, f) < @(T)eTrii‘
From the Hausdorff-Young inequality (see [9]), we get

_l’_
8
Q=

’a’j‘q 7q r -1
ST L) < My(f,r) < o)l T,

for r > 0 large enough. Therefore we get, for » > 0 large enough,

+00 i —
riat+a/(2p) g—ar
34 a;|!————~— <1
34 B o)L

We repeat the arguments given in the proof of Theorem 2.4 of [6]: the function r — g;(r) =

W has its maximum at ¢; := j + 1/(2p) with gj(c;) ~ j7'/2 and an inflection point at

dj == c¢; ++/j/a+37/(2pqg). Thus on K; := [c;,d;], g; dominates the linear function h; defined
by hj(c;) = g;j(c;) and hj(d;) = 0. Now for m large enough and all 2™ < j < 2™F1 we have
K; C [2™,3.2™]: to see th1s observe that pg > 4 and we have the following inequalities:

m+1 1 m—+1 1 2m+1 m+1 1 —
¢ <2MT 4 —and dj < 2™ 4 o 4y f2mAl  —— <M — 4 /oMl 4 gm2,
2 2 2pq 2

Therefore we get, for all 2™ < j < 2m+1

3.2m g5 (r) - d; hj(r) N 1
L. (o))" 2/c. COACCR

J

Finally integrating (34) over [2™1,3.2M], we get, for | large enough,

oNi+1_q
ST laslt < 3D gl S (3:2 — 2Myp(2Me = oMkl oMy,
jeINl j:2Nl
We deduce ) )
N,
Z ES N, Z |aj|q 5@(2 l)q-
Jeln, JElN,

Since p(2M) — 0 as [ tends to infinity, we obtain a contradiction with the definition of the sets
In,. Therefore there doesn’t exist a decreasing function ¢ : Ry — Ry with ¢(r) — 0 as r
1
tends to infinity, satisfying M, (r, f) < @(r)e"r 2¢ for all r > 0 sufficiently large. This implies
1
lim sup <e_rr5Mp(r, f)) >0
T—00

Proof of (2): again using the log-frequent hypercyclicity of ) ;- k2, there exists an increasing
sequence (ng) C N of positive lower logarithmic density such that for all £ > 1 one has |a,, | > 1.
According to Lemma 4.5 there exists C' > 1 such that, for all £k > 1, n, < k. Thus, one can find
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A > C satisfying, for all & > 1 ngq < (k4 1)¢ < (1 +ng)¢ < ngl. Now it suffices to proceed
along the same lines as in the proof of Proposition 4.1 replacing the inequality n;+1 < An; by the
inequality n;41 < nj‘.

Proof of the optimality:

(i) On one hand, since a frequently hypercyclic function for the differentiation operator is neces-
sarily a log-frequently hypercyclic function, Theorem 1.1 of [8] ensures that the assertion (1)
is optimal.

(ii) On the other hand, to obtain the optimality for the lower bounds, it suffices to adopt the same
strategy as in subsection 4.1. We keep the notations of subsection 4.1. Let a be a positive
integer with a > 10. We consider a4 and r, such that

an+1
o =1+ |max(2d; + 8l;,12)] andr, =a 3
We replace the blocks of the function f, by

0 if n is odd
(35) pna(z) _J 0 ifnn e Aj, and a®"/? < 100y,
2 p e (2%%)Ge(2) if n € Ay and a®"/? > 10ay,
la 2 /o]
With these conditions, we have, whenever P, , # 0,
a®" +a®"? 4 dp < 2a” +d, <30 <1y < ad"

3a“l —1

b .
By considering the polynomials ¢;(0) = k—ﬁrﬁe’ke with [,n > 1 being positive integers,
k=a! .
then the result of Lemma 4.2 becomes,
CLl a
(rn)Sa * (rn)a *
lgillz <~ llgill - for 1<i<n, and |gll < -—F—llg/llz forl=n+1,
(3a")! a®

l
3a® —1
with g/(0) = Z bre'*®. With these estimates, we can use the same strategy as that
k=aa
developed in the proof of Propositions 4.3 to obtain, for all 1 < p < oo, the existence of real
numbers Cy, with C; — 400 as a tends to infinity, such that, for all n large enough,

1/Cq
My(rn, fo) Se™ .

For p = 2, we sketch the proof. For the other cases the proof is similar. First we have, using
oy > d2, (18), Stirling’s formula and the fact that, for 1 <[ < n —1, a“l(a”*1 —3d) <
aal“'l (anJrl _ 3al+1)7

n—1 n—1 al n—1

3 ¥
I I R P O
7 ~ 3a2)! ™
= =1 =1
(36) R n—1 e 3aal
< a (a 3a™"1) (7)
~ >3

=1
3/a2 4/a2
e @ 3log(rn) SJ e e

AN

In the same spirit, we get

n Z(Tn)gaa n ™ n+1 n 3aan
Mz(Pma,’rn) Sa“ /2\n) <« a=? /4aa (a"t1-3a )( )

€
(3ae™)! ™~ 3
(37) < eri/a3 log(rn)
~ 4/a
< o
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Finally, we have
a“l
1 (T
> M(Bar) 5 3 ot
I>n+1 I>nt1 (a)!
1 l
(38) < Z a_al/4aaa (a”+1/3—al)€aa
>n+1
n+1 l
_an+1/4 e a® e a®
< a (*) +Z (*) — 0 as n — +oo0.
a a

[>n+2

The inequalities (36), (37) and (38) give the announced result for p = 2.
To conclude inspired by the proofs of Proposition 3.4 and Theorem 4.4, it is easy to check that
the constructed functions f, are log-frequently hypercyclic for the differentiation operator.
More precisely, we combine the construction of a set with positive lower logarithmic density
of the proof of Proposition 3.4 with the second part of the proof of Theorem 4.4 to obtain the
log-frequent hypercyclicity.

The proof is complete. 0

Remark 4.7. Notice that Theorem 1.3 ensures that the log-frequently hypercyclic functions f, of
the proof of Theorem 4.6 cannot be frequently hypercyclic.
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