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Optimal propulsion of an undulating slender body with
anisotropic friction

Baptiste Darbois Texier,a Alejandro Ibarra,a and Francisco Meloa

This study investigates theoretically and numerically the propulsive sliding of a slender body. The
body sustains a transverse and propagative wave along its main axis, and undergoes anisotropic
friction caused by its surface texture sliding on the floor. A model accounting for the anisotropy of
frictional forces acting on the body is implemented. This describes the propulsive force and gives
the optimal undulating parameters for efficient forward propulsion. The optimal wave characteris-
tics are effectively compared to the undulating motion of a slithering snakes, as well as with the
motion of sandfish lizards swimming through the sand. Furthermore, numerical simulations have
indicated the existence of certain specialized segments along the body that are highly efficient for
propulsion, explaining why snakes lift parts of their body while slithering. Finally, the inefficiency
of slithering as a form of locomotion to ascend a slope is discussed.

1 Introduction
Locomotion is an essential factor in the survival of most living
organisms, facilitating feeding, reproduction, and escape from
predators. Depending on their capacity and environment animals
use different modes of locomotion, most commonly walking, run-
ning, jumping, swimming and flying1–5. However, in the terres-
trial animal kingdom some species are limbless and thus require
alternative methods of locomotion6. This is the case for slugs
and snails which move by means of a pedal locomotory wave, in-
volving the rippling the underside of their body on a thin layer of
mucus7. Similarly, earthworms move via retrograde waves, alter-
natively swelling and contracting throughout the length of their
body8.

Due to the versatile nature of snakes body, they are able to
adapt their gait according to their situation and terrain9. In
walled environments a concertina locomotion is observed, where
the snake alternately braces sections of its body over the sur-
rounding substrate10. Sidewinding occurs on sand or loose soil,
where the snake alternates between projecting its front section
in the direction of motion and following with the back part in
a transverse motion11,12. For silent movement, snakes prefer a
rectilinear locomotion, where large scales on the underside of
the body facilitate propulsion through pushing backwards and
downards13–15. Finally, over flat surfaces, slithering is achieved
through a transversal undulation along the entire body. These
four modes of locomotion are also employed by legless lizards16.

During the last decade there has been considerable theoreti-
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cal and experimental efforts to understand the physical mecha-
nisms underlying each mode of locomotion. Hu et al. identified
that the primary propulsive force in slithering is the anisotropy
friction force of snake skin against the substrate17. The topic
of propulsion through optimal lateral undulating motion with an
anisotropic friction force has been previously addressed through
various approaches. Jing et al. studied the optimal motion of both
a two-link and a three-link body18. For a two-link body, it is ob-
served that with a sufficiently high transverse friction coefficient,
the internal angle amplitude to maximize propulsion efficiency
is about p/2. The limits upon bodies with an infinite number
of links were addressed by Alben, who used a Chebyshev poly-
nomial decomposition and a numerical optimizing algorithm in
order to find the optimal undulating motion of a body subjected
to anisotropic friction19. It has been found that for intermediate
transverse friction coefficients the optimal undulating motion is a
backwards traveling wave of sufficiently large amplitude and sin-
gle wavelength. Furthermore, Guo and Mahadevan introduced
internal elasticity and viscosity in order to mimic the effect of
muscles in the mechanics of wave propulsion20.

The problem of an undulating filament subjected to anisotropic
forces is also encountered in viscous fluids in the context of mi-
croorganism locomotion21. Indeed, the flow around a slender
body moving at a low Reynolds number induces a larger viscous
force for perpendicular motion than for a tangential one22. This
problem was initially addressed by Gray and Hancock23 to de-
scribe the propulsion of sea urchin spermatozoa, and other stud-
ies followed, such as an analysis of the flagellum propulsion or
the tridimensional trajectories of sperm cells24. However, vis-
cous stress in fluids differs from solid friction since it depends on
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the object velocity and involves the presence of fluid motion at
relatively large distance. Thus, the Resistive force theory that ne-
glectes long-range interactions has been proved to poorly describe
the propulsion at low Reynolds number. Others methods have
been proposed to solve this problem such as the Slender-body
theories of Lighthill and Johnson25 and the regularized Stokeslet
method26.

From a different perspective, investigation into modes of snake
locomotion has inspired the development of various snake robots,
capable of proceeding through complex environments27. How-
ever, the optimal motion of an undulating body experiencing
anisotropic friction still lacks of simple physical understanding.
The present study assumes that a slender body has appropriate in-
ternal mechanisms to sustain an undulatory motion, i.e. a flexural
traveling wave. The aim of this work is to identify the optimal pa-
rameters and strategies for efficient propulsion, via the coupling
of anisotropic frictional forces with the flexural traveling wave.
The model used in this study partially follows the guidelines de-
fined by Hu et al.17, but accounts for anisotropic friction differ-
ently through dissipation energy arguments. First, a theoretical
model is developed based on anisotropic friction forces in Section
2 and the predictions of the model are considered qualitatively,
regarding an optimal configuration for forwards propulsion. Sub-
sequently, the model is solved numerically in Section 3 and the
best undulating wave characteristics in terms of speed and energy
consumption are determined. In addition, numerical results for
snake and sandfish motion are compared with the one reported
in the literature. Finally, the numerical simulation is extended in
order to include non-uniform mass repartition along the snake’s
body and inclined substrates.

2 Model
2.1 Kinematics

Fig. 1 Notation used to describe the problem of an undulating slender
body subjected to anisotropic friction forces.

A snake is modeled by a one-dimensional and inextensible
slender body of length L and uniform mass per unit length r.
The body shape is described by the curvilinear coordinates (s,q),
where s is the curve arc length measured from the head, and q the
local angle of the body respectively to the x-direction as sketched
in Fig. 1. The gravity acceleration ggg applies along the z-direction,
which is normal to the plane of motion of the snake. The time evo-
lution of the body shape within the frame of its center of mass is
considered to be a flexural traveling wave following ∂q/∂ s(s, t) =
qmk cos(wt +ks) with qm the angular amplitude, k the wavelength
and w = 2p f the pulsation. This expression represents the motion
used by Pueblan milk snakes while slithering17. In addition to its
undulation, the body undergoes an overall motion of its center of

mass within the frame of the laboratory, which is characterized
by a velocity VVV = ( ˙X , ˙Y ). Finally, each body segment has a local
velocity vvv, which is a composition of the center of mass veloc-
ity and the undulating velocity. In the x,y�base, the tangential
and normal directions of the body are given by the unit vectors
eees = (cosq ,sinq) and eeen = (�sinq ,cosq) and the tangential and
normal directions of the velocity are given by the unit vectors
eeev = (cos(q +a),sin(q +a)) and eeev? = (�sin(q +a),cos(q +a)).

2.2 Anisotropic friction force

It is assumed that all segments of the body slide against a sub-
strate and experience solid friction. The friction is considered to
be anisotropic and is characterized by a friction coefficient µ(a),
which depends on the angle a made by the local velocity and the
direction tangent to the body. Hu et al. considered a friction force
expression that is the weighted average of the independent fric-
tion responses to forwards, backwards and transverse motions17:

fff =�r g [µn(eeev · eeen)eeen +[µsH(eeev · eees)+µb(1�H(eeev · eees))] · (eeev · eees)eees] .

(1)
where µs, µb ans µn correspond to the forwards, backwards and
normal friction coefficients respectively and H is the Heaviside
step function used to distinguish between the forwards and back-
wards directions. This approach is understood to be a result of
the generalization of Coulomb’s law. However, energetic consid-
erations lead to a different expression of anisotropic frictional
forces28. Indeed, the work per unit length dW of the force fff
associated with the a displacement dl eeev of a body segment is
dW = fff · eeev dl. Considering that such a work is dissipated by
friction, fff · eeev = �µ(a)rg is obtained, which indicates that the
projection of the frictional force along the velocity is simply the
frictional coefficient of the corresponding direction times the nor-
mal force. As demonstrated by Chateau and Géminard28, through
the progressive increase of the norm f of the force, an additional
condition providing the minimal frictional force able to produce
body motion is obtained from a tangent condition. This condition
determines the component of the force perpendicular to the body
speed and reads, fff · eeev? = �µ 0(a)rg. Finally, the full expression
of the friction force per unit length is,

fff =�r g
⇥
µ(a)eeev +µ 0(a)eeev?

⇤
. (2)

Recently, Chateau and Géminard have successfully used Eq.
(2) in order to predict the path of a moving disk subjected to
anisotropic friction force according to the texture of a substrate28.
Furthermore, Tapia et al. verified the validity of Eq. (2) by mea-
suring the tangential and normal friction force experienced by a
slider on a textured surface29. Because, these experiments sus-
tain the validity of Eq. (2) compared to Eq. (1), in the follow-
ing, the friction force provided by Eq. (2) is considered. In-
dependently from the force expression, Hu and colleagues mea-
sured the anisotropic friction coefficient of Pueblan milk snakes to
be µ(a) = µs cos

2 a + µn sin

2 a, with µs and µn the forwards and
transverse friction coefficients, respectively17. This expression of
the friction anisotropy has been then used in further studies con-
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cerning slithering locomotion18,19. Following the experimental
determination of µ(a), it is inferred from Eq. (2) that fff · eeev =

�rg(µs cos

2 a + µn sin

2 a) and fff · eeev? = �2rg(µn � µs)cosa sina.
It is worth noting that the latter differs by a factor two from the
frictional force, perpendicular to the segment speed, predicted by
the Eq. (1) proposed by Hu et al.17. Finally, the angle b made by
force and the body tangent (cf. Fig. 1), relates to a through the
implicit expression,

tan(b �a) =
2(µn �µs)cosa sina
µs cos

2 a +µn sin

2 a
. (3)

The speed of each body segment is orientated forwards, and it
is not necessary to introduce a backwards friction coefficient, as
noted by Hu and Shelley30.

2.3 Theoretical analysis

Prior to solving numerically the dynamics of a slender body sub-
jected to anisotropic frictional forces, it is useful to first estab-
lish qualitatively how anisotropy couples to the propagative wave
and results in the forward propulsion force of the body. A sin-
gle segment of the body is considered with an orientation of
q with respect to the horizontal, as illustrated in the inset of
Fig. 1. Assuming that the body is motionless when the prop-
agating wave starts, the segment has a initial velocity which is
purely vertical, i.e. q +a = ±p/2. In this instance, the projec-
tion of the force experienced by the segment in the x-direction is
fff · eeex = 2rg(µn �µs)cosq sinq , which indicates that a greater dif-
ference between the friction coefficients leads to a larger initial
acceleration of the body segment. Furthermore, it is concluded
that the most appropriate body angle for forward acceleration is
q = p/4.

Immediately after this acceleration stage, a possible steady
state of the moving body along the horizontal direction is in-
vestigated. Primarily, a triangular-wave approximation is consid-
ered, where all segments have an orientation ±q relative to the
x-direction, and a vertical speed ±c tanq , ensuring a wave phase
speed equals to c [cf. Fig. 2(a)]. During this stage, the local veloc-
ity of the segment within the laboratory frame ceases to be along
the vertical, and instead forms the angle a with the body tangent.
The steady state is given by the absence of frictional forces along
the x-direction, fff · eeex = 0, i.e. q + b = ±p/2, which in Eq. (3),
yields

tan(q +a) =
1+ µn

µs
tan

2 a

2

⇣
µn
µs

�1

⌘
tana

(4)

By knowing q and a, it is possible with geometrical consider-
ations to deduce the velocity expression of the body’s center of
mass in the laboratory frame: U/c = tanq/ tan(q +a). Equation
(4) is solved numerically to provide the solution of a and esti-
mate the velocity ratio U/c. Figure 2(b) shows the numerical
solution of U/c as a function of q for different ratios of friction
coefficients. It is observed that the normalized speed increases
with µn/µs. Also, U/c increases rapidly with q , reaching a zone
of slow variation located above q ⇠ 50

�, which is maximal for a
body orientation of q ⇠ 70�80

�. Thus, this approach predicts the

high efficiency of relatively large angles for propulsion.

(a)
(b)
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µn/µs = 1.1
µn/µs = 1.5
µn/µs = 2
µn/µs = 3

Fig. 2 (a) Sketch of a triangular wave propagating to the left at phase
speed c, along a slender body with respect to its own frame. (b)
Normalized velocity, U/c, of a body propagating according a triangular
wave as a function of the body angle q and for µn/µs = 1.1, 1.5, 2, 3.
Solutions are found numerically from Eq. (4) and U/c, obtained through
the relation, U/c = tanq/ tan(q +a), with q +b = 89.5�.

2.4 Numerical method

The dynamics of a slender body subject to a propagating flexu-
ral wave and anisotropic friction forces does not present a sim-
ple analytical solution. Thus, it is more appropriate to solve it
numerically. The friction force experienced by each segment is
projected along the x and y directions, and these projections are
integrated along the whole body length, L, providing the total
forces Fx and Fy it experiences. Then, the position of the body’s
center of mass (X ,Y ) is predicted by integrating the equations of
motion, rL ¨X = Fx and rL ¨Y = Fy through a fourth order Runge-
Kutta method. Such relations are due to the fact that the sum of
the internal forces fff

int

exerted by the snake along its body length
is null. The mean angular position hqis =

R L
0

q ds/L of the body
over time is determined through torque equilibrium, as detailed
by Hu et al.17. This procedure provides the motion of the body in
the laboratory reference frame as a function of the wave angular
amplitude qm, wave frequency f = w/2p, wavelength l = 2p/k
and the friction coefficients ratio µt/µs.

3 Numerical solutions
3.1 Dynamics

The dynamics of the undulating body is solved numerically fol-
lowing the model developed in section 2.4. The motion of the
body’s center of mass is shown in Fig. 3 as a function of time
for a given set of parameters, corresponding to parameters de-
termined by Hu et al.17 for Pueblan milk snakes (L = 0.36 m,
r = 0.042 kg/m, qm = 63

�, kL/2p = 1, f = 0.5 Hz, µs = 0.11 and
µn = 0.19). The body’s center of mass is observed to move for-
ward along the x-direction and undergoes oscillations, without
drift, along the y-direction. Figure 3(b) shows that following the
initial few oscillations the body reaches a steady state, where the
horizontal velocity, ˙X , is oscillatory and has a positive mean value.
This corroborates the global motion that takes place along the
x-direction. Figure 3(a) demonstrates that the horizontal speed
predicted in these simulations is more similar to experimental
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data from Pueblan milk snakes than Hu’s calculations17. This
fact arises from the factor two in the perpendicular projection of
the force as underlined in section 2.2. Finally, the mean loco-
motion speed U of the body is defined to be in the steady state,
as U = 1

T
R T

0

p
˙X2 + ˙Y 2 dt where T = 1/ f . For the corresponding

set of parameters, examples of local velocities and forces in the
steady state over different time periods are shown in Fig. 4. Sub-
sequently, it is ensured that the mean value of the body motion
along the x-axis is directly proportional to the wave frequency,
consistent with the low inertial regimes common to undulating
snakes17,19. Moreover, as a check of consistency, the numerical
simulation results are verified to be independent from the linear
body mass r, the time and space resolution.

(a)

0 2 4 6 8 10

0

0.5

1

1.5

2

f t

X
/L

,Y
/L

 

 

X
Y
Data for Pueblan milk snakes

(b)

0 2 4 6 8 10
−0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

f t

Ẋ
/
c

Fig. 3 Numerical simulation to solve the position of the center of mass
in an undulating body with L = 0.36 m, r = 0.042 kg/m, qm = 63

�,
kL/2p = 1, f = 0.5 Hz, µn/µs = 1.72 (µs = 0.11). (a) Normalized
horizontal position X/L (solid line) and vertical position Y/L (dashed
line) of the body center of mass as a function of the dimensionless time
f t. Black dots show the experimental horizontal position of the body
center of mass for Pueblan milk snakes extracted from Hu et al. 17. (b)
Normalized horizontal velocity ˙X/c with c = w/k as a function of the
dimensionless time.

Fig. 4 Numerical simulation of an undulating body in a flexural wave
motion, while undergoing anisotropic friction forces. Red arrows indicate
local velocity vvv, blue arrows indicte local force per unit length fff . The
parameters of the numerical simulation are: L = 0.36 m, r = 0.042 kg/m,
qm = 63

�, kL/2p = 1.0, f = 0.5 Hz, µn/µs = 1.72 (µs = 0.11). The wave
propagates toward the left and the body propels to the right.

Thereafter, numerical simulations are employed to study the
mean velocity U as a function of the problem’s parameters. Figure
5 shows the velocity ratio U/c (with c = w/k the wave speed) as
a function of the friction coefficient ratio µt/µs. The propulsive
speed increases with the friction coefficient ratio, and follows a
non-monotonic dependency with the wave angular amplitude qm.

The effect of the wave angular amplitude and the wave num-
ber is inspected in greater detail in Fig. 6(a) for the same set of

1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

µn/µs

U
/c

 

 

θm =15 ◦

θm =30 ◦

θm =45 ◦

θm =60 ◦

Fig. 5 Normalized mean velocity U/c as a function of the friction
coefficient ratio µn/µs for different wave angles qm. The blue, green,
orange and red lines correspond respectively to qm = 15

�, 30

�, 45

�, 60

�.
The other parameters are: L = 0.36 m, r = 0.042 kg/m, kL/2p = 1.0,
f = 0.5 Hz and µs = 0.11.

parameters previously studied. It is clear that the mean veloc-
ity U presents local maxima for certain angular amplitudes and
wavelengths. These maxima are reached for large angular am-
plitudes qm ' 65

� and for wavelengths close to integer numbers
of the body length (l ' L,2L, etc..). The wave characteristics
for an efficient forward speed is comparable to those exhibited
by snakes. Thus, the undulating characteristics of Pueblan milk
snakes as determined by Hu et al.17 (l ' L and qm ' 63

�) are
indicated by a white dot in Fig. 6(a). It is noted that the undulat-
ing characteristics of Pueblan milk snakes are similar to the first
maximum speed predicted by the model.

A further example of propulsion by a traveling wave and
anisotropic friction is the motion of sandfish lizards within desert
sand. Indeed, Malden et al. showed that sandfish lizards are able
to propel up to twice their body length per second in sand by
undulating their body31. Moreover, they proved that the friction
force experienced by a cylinder dragged into a granular medium
is anisotropic, being larger for a transversal motion than for a lon-
gitudinal one. Such experiments reveal that friction anisotropy
in a granular material can be approached by two coefficients of
friction µs and µn having a ratio µn/µs ' 2.1. Also, a similar ap-
proach was successfully employed to describe helical locomotion
in a granular medium32. Figure 6(b) shows the influence of the
wave angular amplitude and the wave number on the mean lo-
comotion speed U for such a ratio of friction coefficient. It is
apparent that the first optimum of undulating parameters in or-
der to propel forwards (qm = 54

� and l = L) is similar to the
characteristics employed by sandfish lizards (qm ' 51

� and l ' L)
as reported by Malden et al.31. It seems that both Publean milk
snakes and sandfish lizards use the optimal motion in order to
maximize traveling speed for a given frequency of undulation.

Furthermore, the fact larger speeds are reached when the body
length is an entire number of wavelengths may be attributed to
the stationary distribution of body angle in such a configuration.
Indeed, when the body length is not an entire number of wave-
lengths, the body angle distribution changes with time as the
wave propagates, leading to a non-stationary dynamic which re-
duces the mean moving speed of the body.
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Fig. 6 (a) Normalized mean horizontal velocity U/c as a function of the
wave amplitude qm and wave number L/l for L = 0.36 m, r = 0.042

kg/m, f = 0.5 Hz, µn/µs = 1.72 (µs = 0.11). The white dot shows the
undulating characteristics used by Pueblan milk snakes as determined
by Hu et al. 17. (b) Normalized mean horizontal velocity U/c as a
function of the wave amplitude qm and wave number L/l for L = 0.08 m,
r = 0.20 kg/m, f = 2.0 Hz, µn/µs = 2.1. The white dot shows the
undulating characteristics used by sandfish lizards as determined by
Malden et al. 31 (qm ' 51

� and l ' L).
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Fig. 7 (a) Probability distribution of the angular orientation q +b of the
friction force relative to the horizontal, for a numerical simulation with
L = 0.36 m, r = 0.042 kg/m, qm = 63

�, kL/2p = 1.0, f = 0.5 Hz and
µn/µs = 1.72 (µs = 0.11). (b) Power efficiency h as a function of the
friction coefficient ratio µn/µs for different wave angles qm. The blue,
green, orange and red lines correspond respectively to
qm = 15

�, 30

�, 45

�, 60

�. The other parameters are: L = 0.36 m, r = 0.042

kg/m, kL/2p = 1.0, f = 0.5 Hz and µs = 0.11.

One remarks that the optimal motion encountered in a flexural
wave differs from a triangular one [cf. section 2.3]. This differ-
ence may be attributed to the fact that flexural waves contain a
large range of body orientations compared to triangular waves,
which leads to a more complex steady state. In this steady state,
the local orientation of the friction force may differ from the ver-
tical as the constraint of a null horizontal force only applies on
the sum of all the forces. The mean distribution of the local force
orientation relative to the horizontal, q +b , is obtained numeri-
cally and presented in Fig. 7(a) for a specific set of parameters.
It is observed that the angular distribution is not centered around
±90

� and is widely distributed. The difference in propulsion be-
tween flexural and triangular waves is due to the difference in the
steady states they generate.

For the sake of comparison, we remind briefly some results for
undulating locomotion in viscous fluids. According to Berman et
al.33, a body of slenderness equals to 1/30, moving in a fluid at
low Reynolds numbers, is subjected to forces of anisotropy ratio
of about 1.5. The same authors demonstrated that for a sinusoidal

body wave, the maximal propulsion speed (at a given frequency)
is reached for a wave amplitude of 0.3L and a wavelength of 0.7L.

3.2 Energy consumption

The minimal power required from the body to move is P =
R L

0

( fff
int

· vvv)ds where fff
int

=� fff under the assumption of negligible
inertia. The ratio between the minimal power output µsrLgU re-
quired by the body to follow its own path and the effective power
output is h = µsrLgU/ f

R T
0

Pdt. The closer that h is to one,
gives a more efficient undulating movement in terms of energy
consumption. Figure 7(b) shows h as a function of the friction
coefficients ratio µn/µs. It is apparent that the power efficiency
increases with µn/µs, and follows a non-monotonic dependency
to the wave angular amplitude qm. Figures 8(a)-(b) present the
evolution of h with both the angular amplitude qm and wavenum-
ber L/l for the sets of parameters corresponding to Pueblan milk
snakes and sandfish lizards, respectively. The power efficiency h
presents local maxima for given sets of angular amplitude and
wavelength. These maxima occur for lower angular amplitudes
than the ones of the mean body speed [cf. Fig. 6]. Regarding
the mean horizontal speed, maximum power efficiency is reached
when the body length corresponds to an entire number of wave-
lengths. For figures, larger h values presented in Fig. 8(a) corre-
sponds to an efficiency of about 27%.
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Fig. 8 (a) Power efficiency h as a function of the wave amplitude qm
and wave number L/l for L = 0.36 m, r = 0.042 kg/m, f = 0.5 Hz and
µn/µs = 1.72 (µs = 0.11). The white dot shows the undulating
characteristics of Pueblan milk snakes, established by Hu et al. 17. (b)
Power efficiency h as a function of the wave amplitude qm and wave
number L/l for L = 0.08 m, r = 0.20 kg/m, f = 2.0 Hz, µn/µs = 2.1. The
white dot shows the undulating characteristics used by sandfish lizards
as determined by Malden et al. 31 (qm ' 51

� and l ' L).

As previously noted, the characteristics of efficient wave motion
can be compared to snakes and sand lizards. The white dot in Fig.
8(a) shows the undulating characteristics of Pueblan milk snakes
as determined by Hu et al.17 (l ' L and qm ' 63

�). Similarly, the
white dot in Fig. 8(b) indicates the undulating characteristics of
burrowed sandfish lizards (qm ' 51

� and l ' L) as determined
by Malden et al.31. One observes that the undulating character-
istics of Pueblan milk snakes and sandfish lizards are similar to
the prediction of the first maximum in efficiency from the previ-
ous model. It is remarkable that while optimizing speed, these
animals seen adapted to reach energy consumptions that are very
near the optima predicted by the theory. However, the greater dis-
tance of snake’s undulating parameters to the efficiency optimum
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than sandfish’s undulating parameters may be attributed to the
fact that sandfish lizards are at lower risk from predators when
burrowed. Finally, it is noted that legless animals do not use
other alternative wavelengths in order to reach greater speeds,
probably due to biomechanical constraints as suggested by Guo
and Mahadevan20.

3.3 Following its own path

A specific case has been addressed by Guo and Mahadevan, where
an undulating body follows its own path while including internal
visco-elastic constraints20. The same problem is considered here
for a slender body moving with a travelling flexural wave and sub-
jected to anisotropic friction. In such a situation, the friction coef-
ficient ratio µn/µs is sufficiently large to minimize lateral sliding.
As a consequence, the friction force writes fff = �rgµseees � fneeen

where the transversal force fn remains undetermined. Thus, we
use the fact that the sum of internal body forces is null which
leads to

R L
0

fff ds = 0

0

0 and assume a non-inertial regime. Projecting
the previous relation in the x� y base, the following is derived:
R L

0

fn sinq ds = rgµsLx where Lx =
R L

0

cosq ds. The simplest solu-
tion respecting the conditions of this equation is, fn = g sinq , that
can be introduced into the previous relation and gives to the fol-
lowing expression of the peak force:

fn,m = rgµskLx
sinqm

R
2p
0

sin

2 [qm sin(s0)]ds0
. (5)

The numerical solution of Eq. (5) is presented as a function
of the angular amplitude qm in Fig. 9(a). It is apparent that a
greater angular amplitude qm, allows for a reduced normal peak
force fn,m to follow the wave motion. Assuming that qm ⌧ 1, Eq.
(5) is developed at the first order and yields fn,m ' rgµskLx/p qm.
Such an approximation is plotted in Fig. 9(a) and is observed
to give an accurate description of the solution. Above qm ' 30

�,
the normal peak force decreases gradually along with the angu-
lar amplitude. This implies that angular amplitudes larger than
qm ' 30

� are not so advantageous to animals and robots which
operate under the context of reducing normal forces. Besides, for
Pueblan milk snakes the transversal sliding criteria ( fn,m = rgµn)
is indicated by the way of the dashed black line in Fig. 9(a). One
observes that the normal peak force fn,m is larger than the sliding
criteria up to qm = 75

�. In practice, lateral sliding is prevented by
slithering snakes over sand substrates as it can lead to the accu-
mulation of material in the transversal direction, thus generating
additional normal resistance12.

3.4 Body lift

Previous studies have reported that snakes lift the curved parts
of their body during slithering6,17. This phenomenon has been
considered by Hu et al.17 by including a non-uniform linear mass
within simulations. It was shown that through modulating the
mass distribution, snakes can increase their forwards speed by up
to 50%. In order to account for this lifting capacity, a threshold
in curvature was introduced into the previous numerical simula-
tion, ks, above which no friction forces apply (the body curvature
being defined as k = ∂q/∂ s). Furthermore, the weight of lifted
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Fig. 9 (a) Normalized peak normal force fn,m/rgµs as a function of the
angular amplitude qm for an undulating body that does not slide laterally.
The black solid line shows the numerical solution of Eq. (5) and the red
dashed line denotes the first order approximation. The black dotted line
indicates the normal peak force reaching the sliding criteria
( fn,m = rgµs). (b) Normalized mean speed of the undulating body U/c as
a function of the fraction of the body length in contact with the ground
sc/L. Simulations are run according to the model developed in section 2,
however the force is considered null for segments presenting a
curvature exceeding the curvature threshold kt . The parameters of the
numerical simulation are: L = 0.36 m, r = 0.042 kg/m, qm = 63

�,
kL/2p = 1.0, f = 0.5 Hz, µn/µs = 1.72 (µs = 0.11). The three sketches in
red indicate the body segments in contact with the ground for the
corresponding curvature threshold.

segments was redistributed uniformly along the segments in con-
tact with the ground. Figure 9(b) shows the calculated mean hor-
izontal speed of the body as a function of the fraction of the body
length in contact with the ground, sc/L. A body permanently in
contact with the substrate (sc/L = 1) is provided by kt = max

s

(k).
One observes in Fig. 9(b) that a reduction in the length of body
in contact with the ground increases the mean horizontal speed
of the body. Such an effect persists for up to a contact length
of about 40% of the body length in contact with substrate. For
lower contact fractions, the mean speed reaches a plateau prior
to decreasing, due to the absence of propulsive force. This result
demonstrates that snake propulsion is provided by segments hav-
ing a low curvature, and explains why snakes lift the curved parts
of their body to slither faster and more efficiently.

3.5 Slope climbing

This section considers the case where the substrate presents a
slope of angle f relative to the horizontal. Through modifica-
tion of the force balance presented in section 3.1 (the force ex-
perienced by each segment writes in the plane of motion fff =

�r g cosf [µ(a)eeev +µ 0(a)eeev? ]� r g sinf eeex), it was possible to
obtain the effect of the slope on the overall motion of the un-
dulating body. The results of this study are presented in Fig. 10,
where the normalized mean velocity U/c of the body along the
slope is plotted as a function of f , for a given set of parame-
ters corresponding to Pueblan milk snakes, and for two different
contact situations. In the case where the entire body is perma-
nently in contact with the ground (sc/L = 1), it is noted that
the mean velocity of the body decreases with f up to zero for
fc = 2.5�. Above the critical angle fc, the body cannot climb up-
hill and slides downwards. The same procedure has been carried
out in the case where the segments of the body with a curva-
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ture exceeding 50% do not experience friction (corresponding to
a contact fraction of sc/L = 0.33). In such a situation, the max-
imal accessible slope increases to fc = 4.0�. In addition to an
increase in velocity, lifting curved sections also supports slither-
ing snakes to climb steeper slopes. The maximal slope fc can
be approached theoretically by equalizing the maximal propul-
sive force 2rg(µn � µs)cosq sinq with the horizontal component
of the weight rgsinf . This consideration yields sinfc = µn � µs,
which results in fc = 4.6� for Publean milk snakes. Therefore,
it is shown that snakes which effectively lift a part of their body
are able to climb a slope close to this theoretical limit. However,
the maximal slope a snake can climb using a slithering motion is
relatively small compared to the slopes encountered in natural en-
vironments. For example in sandy deserts, the typical avalanche
angle of dunes ranges from 30

� to 40

� 34. In order to progress
through a sloped environment, snakes adopt another mode of lo-
comotion known as sidewinding12. The main difference between
the sidewinding and the slithering is that sidewinding does not
involve a sliding motion, and instead involves static friction with
the ground. Consequently, the maximal slope that a snake is able
to climb using sidewinding is given by the equilibrium of static
forces as by tanfc = µn. For µn = 0.19, it yields fc = 10.8�. Fur-
thermore, in the case of sandy slopes, the substrate deformability
induces an extra resistance to sliding and increases fc, reaching
about 20

� for sidewinder rattlesnakes12.

0 1 2 3 4

0

0.1

0.2

0.3

0.4

φ (◦)

U
/c

 

 

sc/L = 1
sc/L = 0.33

Fig. 10 Normalized mean speed of an undulating body U/c as a
function of the slope inclination f . The parameters of the numerical
simulations are: L = 0.36 m, r = 0.042 kg/m, qm = 63

�, kL/2p = 1.0,
f = 0.5 Hz and µn/µs = 1.72 (µs = 0.11). The blue solid line represents a
situation where the entire body is in contact with the substrate (sc/L = 1)
and the green dashed line represents the case with a third of the body
length in contact with the ground (sc/L = 0.33).

Conclusion
This study focused on the propulsive motion of a slender body
subjected to a lateral traveling wave and anisotropic friction
forces. The optimal wave characteristics to which maximize the
mean forwards speed and minimize the total energy consump-
tion was observed. In the animal kingdom, Pueblan milk snakes
and Sandfish lizards adopt undulating characteristics to maximize
speed. In addition, these numerical simulations highlighted the
body parts which contribute efficiently to propulsion, and explain
why snakes lift their curved segments while slithering. Finally,
slithering locomotion has been proved to be ineffective for climb-

ing slopes steeper than few degrees, which leads to the explana-
tion for the use of the sidewinding gait in such a context.

More generally, a better understanding of the different gaits
employed by snakes will help to development of snake robots,
which may prove as useful tools in rescue missions within con-
fined spaces27, and for exploration of complex environments such
as planets and asteroids. However, several aspects of snake lo-
comotion remain poorly understood and require further studies.
For example, the context under which slithering is preferred to
sidewinding by snakes remains to be investigated. Also, the phys-
ical origin of the friction anisotropy is still an open problem and
requires further investigation. This last point is crucial for the
development of artificial textures with a high friction anisotropy
that could be used to mimic the slithering mode of locomotion
with robots. In conclusion, contrary to leg or wheel locomotion,
legless gaits remains poorly understood and facing this challenge
may lead to the development of novel strategies to succeed com-
plex locomotion tasks.
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