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A B S T R A C T 

During the Epoch of Reionization (EoR), the ultraviolet radiation from the first stars and galaxies ionized the neutral hydrogen of 
the intergalactic medium, which can emit radiation through its 21 cm hyperfine transition. Measuring the 21 cm power spectrum 

is a key science goal for the future Square Kilometre Array (SKA); ho we ver, observing and interpreting it is a challenging task. 
Another high-potential probe of the EoR is the patchy kinetic Sun yaev–Zel’do vich (pkSZ) effect, observ ed as a fore ground to 

the cosmic microwave background temperature anisotropies on small scales. Despite recent promising measurements, placing 

constraints on reionization from pkSZ observations is a non-trivial task, subject to strong model dependence. We propose to 

alleviate the difficulties in observing and interpreting the 21 cm and pkSZ power spectra by combining them. With a simple 
yet ef fecti ve parametric model that establishes a formal connection between them, we can jointly fit mock 21 cm and pkSZ 

data points. We confirm that these observables provide complementary information on reionization, leading to significantly 

impro v ed constraints when combined. We demonstrate that with as few as two measurements of the 21 cm power spectrum 

with 100 h of observations with the SKA, as well as a single � = 3000 pkSZ data point, we can reconstruct the reionization 

history of the universe and its morphology. We find that the reionization history (morphology) is better constrained with two 

21 cm measurements at different redshifts (scales). Therefore, a combined analysis of the two probes will give access to tighter 
constraints on cosmic reionization even in the early stages of 21 cm detections. 

Key words: cosmological parameters – dark ages, reionization, first stars – observations. 
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 I N T RO D U C T I O N  

he Epoch of Reionization (EoR) is a large-scale phase transition
uring which the Universe transitioned from a cold and neutral to
 hot and ionized state (for a re vie w, see e.g. Wise 2019 ). During
he EoR, the first stars and galaxies formed in the densest regions
f the Universe due to the accretion of baryonic matter on to
ark matter (DM) haloes. The radiation produced by these young
tars and galaxies ionized the neutral hydrogen in the intergalactic
edium (IGM), forming H II ‘bubbles’ that progressively grew

nd o v erlapped as new ionizing sources formed. Because of this,
he properties of cosmic reionization contain information on both
osmology and astrophysics. 

A powerful probe of the EoR comes from the measurement of
he Thomson scattering optical depth τ from the cosmic microwave
ackground (CMB). As CMB photons emitted during the recom-
ination epoch travel through the IGM, they scatter off the free
lectrons produced during reionization. The Thomson scattering
enerates a polarization signal on scales larger than the horizon scale
uring reionization while it suppresses the temperature anisotropies
n angular scales lower than the horizon size during reionization.
 E-mail: i velin.georgie v@astro.su.se 
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Published by Oxford University Press on behalf of Royal Astronomical Socie
Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whi
ssuming an instantaneous reionization history, measurements of τ
 0.051 ± 0.006 by the Planck Collaboration I ( 2020 ) indicate that

he mid-point of EoR lies around a redshift of z re ∼ 8. On the other
and, observations of the fluctuations of the Ly α optical depth caused
y the Gunn–Peterson effect in high- z quasar spectra (Bosman et al.
022 ) and the inferred low mean free path of ionizing photons ( λMFP ;
aikwad et al. 2023 ) hint that reionization may extend past redshift

ix and complete by z end ∼ 5.2. 
Another promising probe of the reionization process is the kinetic

un yaev–Zel’do vich (SZ) effect where rest-frame CMB photons
catter off the free electrons along the line of sight. As the free
lectrons from the EoR have a non-zero bulk v elocity relativ e to
hat of the CMB photons, the latter gain or lose energy, producing
econdary temperature anisotropies in the observ ed CMB (Sun yaev
 Zeldovich 1980 ). This effect occurs during and after the EoR

o that it can be divided into two stages. The ‘homogeneous’ kSZ
ffect is related to the ionized IGM of the post-EoR Universe (Shaw,
udd & Nagai 2012 ), while the patchy kinetic Sun yaev–Zel’do vich

pkSZ) effect has been shown to depend strongly on the morphology
f H II bubbles during reionization (McQuinn et al. 2005 ; Mesinger,
cQuinn & Spergel 2012 ; Alvarez 2016 ; Chen et al. 2023 ). The

kSZ signal is an integrated observable and the amplitude and
eak of its angular power spectrum contains information about,
.g. the duration of reionization and the characteristic sizes of H II
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 

provided the original work is properly cited. 
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ubbles, respectively (Zahn et al. 2005 ; Iliev et al. 2007 ; Gorce
t al. 2020 ). By combining data from the South Pole Telescope 1 

Ruhl et al. 2004 ) and the Planck satellite 2 (Planck Collaboration I
020 ), George et al. ( 2015 ) and, later, Reichardt et al. ( 2021 ) have
onstrained the amplitude of the pkSZ angular power spectrum to 
 

pkSZ 
3000 = 3 . 0 ± 1 . 0 μK 

2 using the post-reionization models described
n Shaw, Rudd & Nagai ( 2012 ) for the homogeneous part and
attaglia et al. ( 2013 ) for the patchy component. They deduce a
 σ upper limit on duration of reionization from 25 to 75 per cent of
z < 4.1. Ho we ver, these upper limits are loosened when accounting

or the angular correlation between the cosmic infrared background 
nd thermal SZ power spectrum (Reichardt et al. 2021 ). Moreo v er,
he equations relating the pkSZ amplitude to reionization parameters 
sed to derive such constraints are model dependent (Park et al. 
013 ). Zahn et al. ( 2012 ) show the pkSZ amplitude can be suppressed
y up to 1 . 0 μK 

2 due to radiative cooling and depending on the star
ormation models considered, as they affect the mean gas density 
ithin clusters. In addition, in order to properly model the pkSZ
ower spectrum, the required simulations must be large as well as
ighly resolved (see e.g. Shaw, Rudd & Nagai 2012 ). One way to get
round this computational challenge is using a parametrized model 
alibrated on hydrodynamical simulations (see Gorce et al. 2020 , for
n example). 

On the other hand, an extremely promising probe of cosmic 
eionization comes from the 21 cm signal emitted by neutral hy- 
rogen within the IGM. One prospect in detecting this signal is
easuring the spherically averaged power spectrum of its spatial 
uctuations. This power spectrum contains information about, e.g. 

he global neutral fraction of the IGM and the growth of the ionizing
ubbles during reionization (Furlanetto, Zaldarriaga & Hernquist 
004 ; Furlanetto, McQuinn & Hernquist 2006 ; McQuinn et al. 
006 ). F or e xample, Georgiev et al. ( 2022 ) find a transition scale
ithin the 21 cm power spectrum which can be directly related to

he value of the mean-free path of ionizing photons λMFP through 
n empirical formula k trans ≈ 2/ λMFP . Examples of low-frequency 
adio interferometers and the large variety of upper limit values on 
he 21 cm power spectrum have been reported at various redshifts
nd scales by, e.g. the Low-Frequency Array (LOFAR 

3 ; Mertens 
t al. 2020 ), the Hydrogen Epoch of Reionization Array (HERA 

4 ;
he HERA Collaboration 2022 ; HERA Collaboration 2023 ), the 
urchison Widefield Array (MWA 

5 ; Trott et al. 2020 ; Yoshiura et al.
021 ), the Giant Metrewave Radio Telescope (GMRT 

6 ; Paciga et al.
013 ), as well as the forthcoming Square Kilometre Array (SKA 

7 ;
oopmans et al. 2015 ). Ho we ver, no detection has been made and

he derived upper limits set only weak constraints on astrophysical 
uantities (The HERA Collaboration 2022 ; HERA Collaboration 
023 ). 
Indeed, the 21 cm power spectrum is affected by extra-galactic 

oregrounds from radio bright sources, radio frequency interference, 
nd ionospheric activity, which complicate the calibration of the 
ntennas of the radio interferometers and, in turn, its measurement. 
o we v er, the fore ground signal is anticipated to mainly affect the

ower k region of the spectrum in Fourier space and techniques 
 https://pole.uchicago.edu 
 https:// www.esa.int/ planck
 www.lofar.org 
 https://reionization.org 
 www.mwatelescope.org 
 www.gmrt.ncra.tifr.res.in 
 www.skatelescope.org 
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f foreground a v oidance, suppression, and subtraction ha ve been
onsidered (see e.g. Chapman et al. 2013 ; Liu, Parsons & Trott
014 ; Mertens, Ghosh & Koopmans 2018 ). 
In this work, we leverage the complementarity of 21 cm and

SZ observations in probing cosmic reionization in order to obtain 
ignificant constraints before a complete measurement of the 21 cm 

ower spectrum is achieved. In B ́egin, Liu & Gorce ( 2022 ), the
uthors already demonstrate this complementarity at the level of 
he global 21 cm signal, showing that a combined analysis makes
t possible to reconstruct a model-independent reionization history, 
ith no assumed parametrization of the redshift-evolution. Here, we 
ush this analysis a step further by including second-order statistics 
n the assessment and considering the 21 cm power spectrum. We
lace constraints on cosmic reionization by utilizing the fundamental 
elationship between the power spectra of the 21 cm and the pkSZ
ignal from the EoR, which we formalize through a simple yet
f fecti ve parametric method. 

This paper is organized as follows. In Section 2 , we describe the
hysics behind the 21 cm signal from the EoR, the deri v ation of the
kSZ angular power spectrum, and the formalism used to formally 
ink the 21 cm signal and the pkSZ effect, and, in turn, their power
pectra. We also introduce the methodology of the Markov chain 

onte Carlo (MCMC) sampling used in our forecast. Section 3 
riefly outlines the simulation used to check the accuracy of our
orecast. In Section 4 , we present our findings for an ideal case, with
he detection of both the 21 cm with SKA- Low for two redshifts
s well as the pkSZ power spectra. We discuss how the forecast
ehaves and how constraining it is on the parameters of reionization.
n Section 5 , we outline the caveats of the forecast and explore
pecial cases. We summarize our conclusion and elaborate on future 
mpro v ements in Section 6 . Unless stated otherwise, we address
omo ving me gaparsec as Mpc. 

 M E T H O D S  

n this section, we study the connection between the neutral and ion-
zed density components of the IGM during the EoR by investigating
he relation of the 21 cm and pkSZ power spectra. We go through
he deri v ation of the 21 cm po wer spectrum, where we construct our
odel based on its relation to the electron autocorrelation power 

pectrum. Using a parametrization of the latter, we present how 

o analytically reconstruct both the 21 cm and pkSZ signals and
enerate mock data. Lastly, we describe the methodology of the 
orecast analysis based on the mock data. 

.1 Relation between the 21 cm and pkSZ signals and the 
lectron o v erdensity field 

.1.1 Derivation of the 21 cm power spectrum 

he spin-flip transition between the hyperfine states of a neutral 
ydrogen H I atom results in the emission or absorption of photons 
ith a 21 cm wavelength (Field 1957 ). The abundance of H I in

he IGM makes this radiation an appealing probe of the large-scale
tructure of the Universe and a scientific goal for radio interferometry
elescopes such as the SKA- Low . 

The 21 cm signal from the EoR is seen against the Rayleigh–
eans tail of the CMB. Assuming small optical depth and neglecting
edshift space distortions, the brightness temperature of the signal 
an be written as 

T 21 ( r , z) = T 0 ( r , z) x H I ( r , z) [ 1 + δb ( r , z) ] , (1) 
MNRAS 528, 7218–7235 (2024) 
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8 These assumptions include the Limber approximation, the assumption that 
the velocity power spectrum is a biased linear matter power spect rum, and 
the omission of third- and fourth-order correlation terms (Gorce et al. 2020 ). 
The latter implies variations of the order of 10 per cent ( ∼0.05 μK 

2 ) in the 
patchy kSZ amplitude (see Alvarez 2016 for details). 
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ith (Pritchard & Loeb 2012 ) 

 0 ( r , z) ≈ 27 mK 

(
1 + z 

10 

)1 / 2 (
T s ( r , z) − T CMB ( z) 

T s ( r , z) 

)

×
(


b 

0 . 044 

h 

0 . 7 

)
× 
b h 

√ 

0 . 15(1 + z) 

0 . 023 
√ 

10 
m 

. (2) 

ere, δb = ρb / ̄ρb − 1 is the baryonic density fluctuation and the
ar denotes a spatial average and δH I is the fluctuation of the neutral
raction x H I field, i.e. the fraction of the IGM baryons that are neutral.
aturally, x H I = 1 − x H II , where x H II is the ionization field. The pre-

actor T 0 includes most of the spatially averaged information, includ-
ng cosmological parameters, and the spin temperature information
 s . We assume the limit where during cosmic reionization the gas in

he IGM is sufficiently heated by the first ionizing sources so T s �
 CMB and the spin-temperature dependence in T 0 is dropped. 
Let us consider the electron fraction field 

 e ≡ f H x H II (1 + δb ) , (3) 

here f H is the fractional quantity of electrons per hydrogen atom.
f the first reionization of helium is considered, f H � 1.08. We
istinguish the mass-weighted x m and volume-weighted x v average
onized fractions of H I atoms. By definition, 〈 x e 〉 ≡ f H x m 

, and, if
e take the fluctuations of each element in equation ( 3 ), we have 

 m 

(1 + δe ) = x v (1 + δi )(1 + δb ) , (4) 

here we refer to the density and ionization field perturbations as ‘ b ’
nd ‘ i ’, respectively. Including these definitions in equation ( 1 ) and
sing the fact that x H I = 1 − x H II , we have 

δT 21 

T 0 ( z) 
= (1 + δb ) − x m 

(1 + δe ) (5) 

= (1 + δb ) [ 1 − x v (1 + δi ) ] , 

here the spatial- and time-dependence have been omitted for
implicity. Taking the Fourier transform and averaging, we find 

P 21 ( k, z) 

T 0 ( z) 2 
= P bb ( k, z) + x m 

( z) 2 P ee ( k, z) 

− 2 x v ( z ) 
(
P bb ( k, z ) + P bi ( k, z) + P bi,b ( k, z) 

)
, (6) 

here P 21 is the power spectrum of the 21 cm signal fluctuations, P ee 

f the electron density fluctuations, P bi of the ionization fluctuations,
 bb of the baryon o v erdensity, and their respective cross-terms. Note

hat the cross-terms in the brackets can also be re-expressed as the
ross-correlation between the 21 cm signal and the baryonic density
eld following Georgiev et al. ( 2022 ). 
To a v oid modelling the cross-terms and the three-point correla-

ions, we simplify equation ( 6 ) as 

P 21 ( k, z) 

T 0 ( z) 2 
= [ 1 − 2 x v ( z) ] P bb ( k, z) + x m 

( z) 2 P ee ( k, z) . (7) 

ome further simplifications of equation ( 7 ) are assumed. We identify
he mass-weighted x m and the volume-weighted x v ionized fractions
nd approximate the baryon power spectrum as a biased DM power
pectrum P bb ( k, z) = b 2 δb ( k) P δδ( k, z), such that the fully simplified
xpression used in this work, unless stated otherwise, is 

P 21 ( k, z) 

T 0 ( z) 2 
= [1 − 2 x v ( z)] b δb ( k ) 

2 P δδ( k , z) + x v ( z) 2 P ee ( k, z) . (8) 

e will investigate the limitations of these assumptions in Section
.1 . Equation ( 8 ) yields a relation between the 21 cm power spectrum
nd the electron power spectrum P ee . We will now look for a similar
elation for the kSZ angular power spectrum. 
NRAS 528, 7218–7235 (2024) 
.1.2 Derivation of the patchy kSZ angular power spectrum 

he angular power spectrum of the pkSZ effect at multipole � can
e derived from the electron density power spectrum P ee under some
ssumptions, 8 such that (Mesinger, McQuinn & Spergel 2012 ; Gorce
t al. 2020 ) 

 � = 

8 π2 

(2 � + 1) 3 
σ 2 

T 

c 2 

∫ 
n̄ e ( z) 2 

(1 + z) 2 
� 

2 
B, e ( �/η, z) e −2 τ ( z) η( z ) 

d η

d z 
d z , (9) 

ith σ T being the Thomson scattering cross-section, n̄ e ( z) and η( z)
re the mean electron density and the comoving distance for redshift
, respectiv ely. Moreo v er, P B , e is the power spectrum of the curl
omponent of the momentum field q B , e such that (2 π) 3 P B,e δD ( k −

k ′ ) = 〈 ̃  q B,e ( k ) ˜ q ∗B,e ( k 
′ ) 〉 , where δD is the Dirac delta function, the

ilde denotes a Fourier transform, the asterisk a complex conjugate,
nd we define the dimensionless power spectrum, for a given field a
nd b at a certain wave number k , as � 

2 
a , b ( k) = k 3 P a , b ( k) / (2 π2 ). We

ave 

〈 ̃ q B,e ( k ) ˜ q ∗B,e ( k 
′ ) 〉 

(2 π) 3 δD ( | k − k ′ | ) ≡
2 π2 

k 3 
� 

2 
B,e ( k, z) 

= 

1 

(2 π) 3 

∫ 
d 3 k ′ 

[ 
(1 − μ2 ) P ee ( | k − k ′ | ) P vv ( k 

′ ) 

− (1 − μ2 ) k ′ 

| k − k ′ | P ev ( | k − k ′ | ) P ev ( k 
′ ) 
]

, 

(10) 

here μ = 

ˆ k · ˆ k 
′ 

and the z-dependencies have been omitted for
implicity. P ee ( k , z) is the power spectrum of the free electrons
ensity fluctuations and P ev is the free electrons density–velocity
ross-spectrum. The latter is computed as 

 ve ( k, z ) = 

f ̇a ( z ) 

k 
b δe ( k, z ) P 

lin 
δδ ( k, z ) , (11) 

here a is the scale factor, f the linear growth rate, and the bias is
efined by the ratio b δe ( k , z) 2 ≡ P ee ( k , z)/ P δδ( k , z). 
For a given electron power spectrum, both the angular pkSZ and

he spherical 21 cm power spectra can thus be derived and it is this
elationship we will explore in this paper. Note that, reciprocally,
he pkSZ is ef fecti v ely an inte gral of the 21 cm power spectrum,
quation ( 7 ) can be used to reconstruct the former from the latter,
 potential that we investigate in Appendix A . In Section 4.2 , we
ill use this relationship to perform a joined fit of 21 cm and pkSZ
o wer-spectrum measurements. We no w turn to the model used to
elate the electron power spectrum to reionization. 

.1.3 Electron power spectrum 

e assume the P ee ( k , z) parametrization introduced in Gorce et al.
 2020 ), that is 

 ee ( k, z) = f H [ 1 − x v ( z) ] × α0 x v ( z) −1 / 5 

1 + [ k/κ] 3 x v ( z) 
(12) 

+ x v ( z ) b δb ( k, z ) 2 P δδ( k, z ) , 

here κ is the electron drop-off frequency, which can be related to the
ypical size of ionized bubbles during the EoR, log 10 ( α0 ) is the large-
cale P ee amplitude, related to the variance of the electron field during
eionization. The redshift-independent baryon–DM bias b δb ( k ) is
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Table 1. Reference cosmological and reionization parameters used to gen- 
erate the mock data, based on the tuned to best fit the RSAGE simulation. All 
parameters apart from z re , z end , log 10 ( α0 ), and κ are fixed. 

Parameter Ref. value Prior 

h 0.681 NA 


b 0.050 NA 


m 

0.302 NA 

n s 0.96 NA 

A s 2.10 × 10 −9 NA 

z re 7.37 [5.0, 10.0] 
z end 6.15 [4.5, 9.0] 
d z = z re − z end 1.22 [0.5, 5.5] 
log ( α0 Mpc −3 ) 3.12 [2.5, 4.5] 
κ/Mpc −1 0.145 [0.05, 0.25] 
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Table 2. Parameters describing the mock observations by different telescopes 
used to derive our 21 cm power spectrum errors (equation 17 ). 

Parameters SKA- Low MWA LOFAR HERA 

B (MHz) 10 10 10 10 
N ant 224 128 12 350 
A eff (m 

2 ) 600 21.5 804 150 
R core (m) 500 150 150 150 
θ (deg 2 ) 3 2 24.7 2 3.7 2 8 2 
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iven by the adapted Shaw, Rudd & Nagai ( 2012 ) parametrization,
hat is 

 δb ( k) 2 = 

1 

2 

[ 

e −k/k f + 

1 

1 + 

(
gk/k f 

)2 

] 

, (13) 

here k f = 9 . 4 Mpc −1 and g = 0.5 are constant with redshift and
alibrated on the EMMA simulation (Aubert, Deparis & Ocvirk 
015 ), which includes coupled radiative transfer and hydrodynamics 
nd is therefore sensitive to the thermal and reionization history. The 
lobal reionization history x v ( z) in equation ( 12 ) is defined according
o the following parametrization (Douspis et al. 2015 ; Gorce, Douspis 
 Salvati 2022 ): 

 < z end , x v ( z) = 1 , (14) 

 � z end , x v ( z) = 

(
z early − z 

z early − z end 

)α

, (15) 

here z early = 20 is the redshift for which x v ( z early ) ≈ 10 −4 , the
onization lefto v er from recombination. Random forests are used to 
peed up computations and predict the pkSZ power spectrum given 
he parameter set; see Gorce, Douspis & Salvati ( 2022 ) for more
etails on the training and testing of the random forests. Note that for
oth kSZ and 21 cm deri v ations, the required matter power spectrum
s obtained using the Boltzmann integrator CAMB 

9 (Lewis, Challinor 
 Lasenby 2000 ; Howlett et al. 2012 ). 
We now have the full framework enabling us to build the spherical

1 cm and the angular kSZ power spectra given a reionization model,
hich we will use to jointly fit reionization parameters to mock 
easurements of these power spectra. 

.2 Fits to mock data 

.2.1 MCMC sampling 

n Section 4 , we perform a joint fit of mock pkSZ and 21 cm data
oints, derived as described in Section 2.1 . To do so, we use a
ersion of the COSMOMC MCMC sampler (Lewis & Bridle 2002 ; 
ewis 2013 ), modified as described in Gorce, Douspis & Salvati 
 2022 ). Rather than sampling the Thomson optical depth τ , we fit
or the reionization mid- and endpoint, z re and z end , as well as for
he reionization morphology parameters log 10 ( α0 ) and κ , defined 
n equation ( 12 ). The model parameters are listed in Table 1 . The
ssumed (flat) prior range is given for sampled parameters and the 
 Available at https:// github.com/ cmbant/ CAMB . 

w
 

t  
alue of fixed parameters is listed. For each set of model parameters,
e generate the corresponding reionization history and electron 
ower spectrum P ee . With the latter, we obtain the dimensionless
1 cm power spectrum � 

2 
21 applying equation ( 7 ), as well as the

kSZ angular power spectrum according to equation ( 9 ), at each
teration of the sampler. We e v aluate the agreement of our model
ith (mock) data by assuming two independent Gaussian likelihoods 
ith uncorrelated errors for each data set: 

log L tot = − ( � 

2 
21 , true − � 

2 
21 , model ) 

2 

2( � 

2 
noise + � 

2 
var ) 

− ( C 

pkSZ 
�, true − C 

pkSZ 
�, model ) 

2 

2 σ 2 
pkSZ 

, (16) 

here uncertainty in the measurements � 

2 
noise , � 

2 
var , and σ pkSZ are

alculated in Section 2.2.2 . The true model, used to obtain the mock
ata points, is generated from equations ( 7 ) and ( 9 ) for the parameters
n Table 1 . 

We employ the Gelman–Rubin test (Gelman & Rubin 1992 ) to
ssess the convergence of the MCMC. The R parameter used in this
ethod represents the variance of the chain means compared to the
ean of chain variances. In the cases where R � 10 −2 , we consider

he chains to hav e conv erged. All parameter values in this work
re reported as the marginalized posterior probability’s maximum, 
hich is more suitable for skewed distributions. Confidence intervals 

orrespond to intervals with the highest probability density at 
8 per cent. 

.2.2 Error estimation 

ollowing equation ( 11 ) from Mellema et al. ( 2013 ), also used in
oopmans et al. ( 2015 ), we estimate the dimensionless noise power

pectrum for different experiments and observation strategies with 

 

2 
noise ( k, z) ≡ k 3 / 2 λ21 ( z ) × 2 

π

√ 

D 

2 
c ( z ) �D c 

A eff 

T sys ( z ) 2 

B t int 

A core A eff 

A 

2 
coll 

, 

(17) 

here λ21 ( z) is the redshifted 21 cm wavelength, B is the bandwidth
entred on redshift z, and � Dc is its length in comoving Mpc. We
rite the system noise T sys = 100 + 300( νobs / ν0 ) −2.55 K, for ν0 =
50 MHz and νobs ( z) = c / λ21 ( z) is the observed 21 cm frequency.
he total integration time is t int , D c ( z) is the comoving distance to

edshift z, and n base the number of baselines, roughly equal to the
umber of antennas squared N 

2 
a . The total collecting area of the

elescope is A coll , such that A coll ≡ N a πR 

2 
a where R a is the radius

f the antenna. We have A core the core area of the array and A eff the
f fecti ve collecting area of each antenna. We use the values presented
n Table 2 to estimate the noise for four different experiments: MWA,
ERA, LOFAR, and SKA- Low . Note that for the latter and LOFAR,
e consider each station as a single antenna. 
We also include the contribution of sample variance to the uncer-

ainty of the measurement following the relation (see equations 9 and
MNRAS 528, 7218–7235 (2024) 
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M

Figure 1. Measurement errors on the 21 cm power spectrum from RSAGE 

(seen in black) for 1000 h of integration with different interferometers, 
corresponding to different colours. These include noise and sample variance 
errors. The noise and sample variance errors across different k -scales are 
presented for redshifts z = 6.5, 7.8 as thick solid and dashed lines, respectively. 
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Figure 2. Slices of the differential surface brightness temperature δT 21 for 
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the same values are z = 6.52 and x v = 0.87. Both redshifts correspond to the 
mock data points used in Section 4.2 . 
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0 of Mellema et al. 2013 ): 

 

2 
var ( k, z) = 0 . 01 

(
k 

0 . 1 Mpc −1 

)−3 / 2 (
V 

1 cGpc 3 

)−1 / 2 (
ε

0 . 5 

)−1 / 2 

� 

2 
21 , 

(18) 

here ε is the logarithmic binning of � k = εk and V is the surv e y
ize, which can be expressed as 

 = 0 . 1 Gpc 3 ×
(

θ

5 ◦

)2 (
B 

12 MHz 

)[
(1 + z) 1 / 2 − 2 

]
, (19) 

nd θ is the field of view. 
An example of measurement errors for an integration time of

000 h is presented in Fig. 1 for each radio telescope considered
or two redshifts, chosen following the upper limits of Trott et al.
 2020 ). The 21 cm power spectrum for each redshift is also included.
ote that the sample variance dominates the total error budget for

he SKA- Low at k � 0.3 Mpc −1 because of its strong k -dependency
 � 

2 
var ∝ k −3 / 2 ). The opposite is true of the noise estimate for MWA,

hich has a larger field of view and as � 

2 
var ∝ 1 /θ has a lower error

ue to sample variance but a higher uncertainty on the noise due to
ts configuration. 

Regarding the measurement errors on the pkSZ angular power
pectrum, we choose a 10 per cent uncertainty on the data point
hroughout this work. We base this on the current constraint of the
otal kSZ amplitude D 

pkSZ 
3000 = 3 . 0 ± 1 . 0 μK 

2 (Reichardt et al. 2021 ),
ssuming that in future observations longer observation times will
llow to reduce the noise, while numerous frequency channels and
mpro v ed modelling will help characterizing and removing other
MB foregrounds (Maniyar, B ́ethermin & Lagache 2021 ; Douspis
t al. 2022 ; Raghunathan & Omori 2023 ). 

 DATA  

e briefly describe the RSAGE simulation used in this work
see Seiler et al. 2019 , for a detailed description) to validate our
implified parametrization of the 21 cm power spectrum given in
quation ( 7 ). The N -body data underlying RSAGE has been generated
ith the hydrodynamic KALI code (Seiler et al. 2018 ) with 2400 3 
NRAS 528, 7218–7235 (2024) 
M particles and a volume of (160 Mpc) 3 . The radiative transfer
s conducted using the seminumerical code CIFOG (Hutter 2018 ),
ccounting for star formation and feedback processes. We use
he const version of the simulation, which assumes a constant
scape fraction of ionizing photons f esc = 0.2. In Fig. 2 , we show
imulation slices of the differential surface brightness temperature
f the 21 cm signal. The cosmology used is consistent with Planck
ollaboration I ( 2020 ) and summarized in Table 1 . The reion-

zation mid- and endpoint values given in Table 1 are obtained
y fitting the asymmetric parametrization from equation ( 14 ) to
he reionization history of the simulation. Similarly, the values
f the morphology parameters log 10 ( α0 ) and κ from Table 1 are
erived by fitting the RSAGE electron density power spectrum
ith equation ( 12 ) (see Gorce et al. 2020 , for details of the fit).
e have checked that the baryon power spectrum from RSAGE

s well described using equation ( 13 ) for the given values of k f 
nd g . Overall, we find the model of the electron density power
pectrum in equation ( 12 ) to be a good fit for the redshift and k -
cales explored in this work. In the following section, we therefore
imit our inspections to the accuracy of the 21 cm power-spectrum
econstruction. 
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Figure 3. Upper Panel : The dimensionless 21 cm power spectrum at k = 

0.141 Mpc −1 as a function of redshift. The power spectrum computed directly 
from the RSAGE simulation is represented by the black dashed line. The 
coloured lines correspond to different reconstruction levels (see the text for 
details). recons no cross corresponds to equation ( 8 ), which is used 
for the forecast in Section 4.2 . Additionally, recons no cross (with 
x m ) corresponds to equation ( 8 ) but for x m �= x v . In recons with cross , 
the cross-power spectrum is included: −2 x v ( z ) P bi ( k , z ). Lastly, recons 
with third order adds three-point power spectrum contribution to 
recons with cross : −2 x v ( z ) P bi , b ( k , z ), which corresponds to the full 
form of the 21 cm power spectrum in equation ( 6 ). Middle Panel : Ratio of 
each component in equation ( 6 ) against the total 21 cm power spectrum. In 
this panel, solid (dashed) lines represent a positive (negative) contribution. 
Bottom Panel : Reionization history of the RSAGE simulation. 
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10 Note that this contribution can be positive or negative, as illustrated in 
Fig. 3 . 
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 RESULTS  

n this section, we first look at the model uncertainties associated with
ur simplified deri v ation of the 21 cm power spectrum from equation
 8 ), given an electron power spectrum by comparing it to the full
pectrum computed from the RSAGE simulation. In Section 4.2 , we 
erive forecast constraints on reionization by applying this deri v ation 
o fit mock 21 cm and kSZ data points, using equations ( 8 ) and ( 12 ), to
 reionization model with the parameters from Table 1 . We showcase
he advantages of combining the two data sets compared to a separate
nalysis. In Appendix C , we extend this analysis with 21 cm and kSZ
ata for the from RSAGE simulation to study the effect of the model
ssumptions. 

.1 Reconstructing the power spectra 

e want to understand the role of each contributing term in equation
 6 ), especially the ones we have discarded in our simplified P 21 

econstruction (equation 8 ), in order to assess its accuracy. We 
econstruct and examine the 21 cm power spectrum from the RSAGE
imulation described in Section 3 . The top panel of Fig. 3 showcases
he true P 21 plotted against different reconstruction precision levels: 

(1) The recons no cross case corresponds to the highest 
implification level, corresponding to equation ( 8 ), and the approxi- 
ation we will use in the remaining of this work. Here, it is computed
ith the true P ee ( k , z) spectrum obtained from the simulation, and
ot equation ( 12 ); therefore, we only assess the accuracy of the
1 cm reconstruction. The contributions from both third-order terms 
nd cross-terms are discarded. We also include an additional case, 
econs no cross (using x m ) , where we lift the assumption
f equating the mass-weighted and volume-weighted ionization 
ractions. 

(2) For recons with cross , we add the cross-power spectra
ontributions: −2 x v ( z) P bi ( k , z), 10 

(3) For recons with third order , we further add the
hree-point power spectrum contribution: −2 x v ( z ) P bi, b ( k , z ). 10 This
orresponds to the full form of the 21 cm power spectrum, without
implification. 

We look at the relative contribution of each of the terms in equation
 6 ) to the 21 cm power spectrum in the RSAGE simulation. This is
epresented in the middle panel of Fig. 3 for k = 0.141 Mpc −1 . We
ee that for z > 10, in the very early stages of EoR, most of the 21 cm
ower spectrum amplitude comes from the matter density. In this 
eriod, despite the low ionization level ( x v � 10 −4 ), the ionization
nd density fields are weakly correlated, and the role of higher order
erms is negligible (Lidz et al. 2007 ): All reconstruction levels of P 21 

ook identical in the upper panel. Beyond x v ≈ 10 per cent , when the
rst luminous sources have reionized their local overdensities and the 

onization field is correlated with the density field, P 21 is primarily
etermined by the difference between the electron density power 
pectrum and the P bi cross-spectrum. The third-order term P bib , in
ed, plays a minor role during most of reionization, only gaining
ignificance in the final stages. This term is initially ne gativ e and
hanges sign at the midpoint of reionization because of the change in
orrelation between the density and ionization fields (Georgiev et al. 
022 ). Conversely, for the density term, the change in sign is due to
he [1 − 2 x v ( z)] factor present in equation ( 7 ). 

We can form a clearer understanding of the impact of each
erm by examining the top panel of Fig. 3 , where the power
pectrum of the 21 cm signal is calculated according to equation
 8 ), in blue, while the full model presented in equation ( 6 ), in
reen. We see that the simplified expression in the recons no
ross model o v erestimates the true power throughout reionization. 
arly on, recons no cross follows the true recons with 
hird order model. With the onset of reionization, a positive 
ias of an order of two appears between the true spectrum and its
odel, reaching a global maximum at the midpoint of reionization. 
dditionally, in the simplified model, reionization is delayed by four 
er cent compared to the true model. Hence, our simplified model will 
end to o v erestimate P 21 and will be biased towards late reionization
cenarios, the implications of which are discussed in Section 4.2 .
dditionally, we note that by removing the x v ≡ x m assumption and

eplacing x 2 v P ee by x 2 m 

P ee in equation ( 7 ) results in a higher amplitude
seen in purple) compared to the recons no cross model (light
lue) using the volume-weighted fraction. The increased bias of the 
odel is due to the mass-weighted ionization fraction being larger 

han the volume-weighted ionization fraction x v > x m at all redshifts
n inside-out models of reionization (see e.g. Dixon et al. 2016 ). We
ave compared this across the k -scales accessible within the RSAGE
imulation volume, and we find the x v ≡ x m simplification leads 
o a P 21 model closer to the truth when excluding the higher order
ontributions. 
MNRAS 528, 7218–7235 (2024) 
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Figure 4. The 21 cm power spectrum RSAGE (seen in black) compared 
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0.37) as thick solid and dashed lines, respectively. Our model 21 cm power 
spectrum has been generated using equation ( 8 ) for the reference parameters 
in Table 1 and the CAMB non-linear matter power spectrum. 
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Adding only the contribution of the cross-power spectrum in the
alculation ( recons with cross ) does not help the reconstruc-
ion as much as one would hope. While the additional ne gativ e power
rom the cross-correlation decreases the bias of the estimate to that
f the true power spectrum, the exclusion of the higher order power
pectrum shifts the midpoint redshift and biases the result to an early
nd of reionization. 

The role of the higher order terms in the deri v ation of the 21 cm
ower spectrum is non-trivial and varies across the k -scales and red-
hifts. Generally, the ne gativ e cross-correlation between the density
nd ionization fields weakens at higher k -scales as well as with the
rogression of reionization. We see that by excluding the higher
rder power spectrum and varying the k -scale, the recons with
ross model converges to the recons with no cross model
n large k -scales. In Appendix A , we look at the possibility of using
quation ( 7 ) to reconstruct the pkSZ angular power spectrum from
n interferometric measurement of the 21 cm power spectrum. 

In summary, the different terms comprising our expression of the
1 cm power spectrum, described in equation ( 6 ), are non-trivial. The
mportance of each term presented in Fig. 3 is shown to evolve with
edshift and k -scale. The model corresponding to the highest degree
f simplification is the most promising for this work, as the amplitude
f the simplified 21 cm power spectrum is positively biased on all k -
cales, resulting in a positive bias on the end of reionization, which we
an easily quantify. In contrast, including the cross-power spectrum
 bi contribution to the model introduces an evolving amplitude bias
ith k -scale. Hence, we choose to perform our forecast with the
econs no cross model while keeping its limitations in mind.
e use this model to derive our true mock data points and each

ampled model. 
For the sake of clarity, we list below the different layers of

ssumptions for our model in equation ( 8 ) and how we address them:

(i) The baryon power spectrum follows equation ( 13 ) when
sing the CAMB -derived theory non-linear matter power spectrum.
omparing to the spectrum directly measured from RSAGE , we find
 good match with the model across all redshifts and k -scales co v ered
n this work. 

(ii) The global reionization history follows equation ( 14 ). We
ave compared the evolution obtained with equation ( 14 ) and the
arameters of Table 1 to the RSAGE history seen at the bottom panel
ig. 3 and found to be a good match for the redshifts considered in

his paper. 
(iii) The mass- and volume-weighted ionization fractions x m and

 v are identical. As seen in the upper panel of Fig. 3 , the positive bias
nduced by excluding the higher order terms is slightly alleviated
or the recons no cross model for the inside–out reionization
odels considered in this work, for which x v < x m . 
(iv) The true electron power spectrum in RSAGE follows equation

 12 ). This model has been compared against the RSAGE simulation
ithin this work while the best-fitting morphology parameters are

eported in Table 1 (see appendix B.2 of Gorce et al. 2020 , for a
etailed discussion). 

We conclude this assessment of our model uncertainties by com-
aring, in Fig. 4 , the true 21 power spectrum from RSAGE against
he one generated by our fully simplified parametrization, given in
quation ( 8 ). Overall, the parametrization performs remarkably well
n the k -scales considered in this work ( k ∼ 0.1 Mpc −1 ). At high
 -scales ( k > 1.0 Mpc −1 ), the model in equation ( 12 ) scales as k −3 

nd quickly approaches the baryon power spectrum. The result is a
e gativ e 21 cm power spectrum as can be observed in Fig. 4 at z = 6.5.
herefore, the model should not be used as is at very small scales.
NRAS 528, 7218–7235 (2024) 
t lo w- k , dif ferences between the model and the RSAGE po wer
pectrum will be sensitive to sample variance due to the simulation
ox size and hence have not been studied within this work. 
We discuss the effect of the aforementioned bias on our results

n Section C , where we derive the mock data using the RSAGE
imulation and no approximation. In Section 6 , we discuss future
mpro v ements and possible avenues in modelling the higher order
erms in our model. 

.2 Efficient probe combination 

n this section, we fit the mid-point, endpoint, and morphology pa-
ameters of reionization to three mock data points: one measurement
f the pkSZ angular power spectrum at multipole � = 3000 and two
easurements of the 21 cm power spectrum. The choice of the data

oints is moti v ated by current upper limits on both observables (e.g.
rott et al. 2020 ; Reichardt et al. 2021 ; Gorce, Douspis & Salvati
022 ), as well as our estimate of measurement errors from Section
.2.2 . The number of data points used is chosen to efficiently retrieve
nformation on the EoR while intuitively illustrating the role of each
easurement. Limiting the number of data points will also help us

nderstand how many observations and of what quality are necessary
o begin constraining the properties of reionization, in a context of
radual impro v ement of upper limits on the 21 cm power spectrum.
n Section 5 , we investigate how the quality of constraints depends
n the redshift and scale chosen for our data points. We first forecast
esults obtained with 1000 h of SKA- Low observations before turning
o mock observations by MWA and LOFAR. 

.2.1 Forecast with SKA-Low 

ur primary scenario is based on detection of the 21 cm power
pectrum at redshifts z = 6.5 and 7.8, both at k = 0.50 Mpc −1 ,
hat is outside the foreground wedge (Liu, Parsons & Trott 2014 ),
onsidering noise levels associated with 100 and 1000 h of observa-
ions with the SKA-Low . Additionally , a measurement of the pkSZ
ower spectrum is assumed at � = 3000 with a ten per cent error bar
uch that D 

pkSZ 

l= 3000 = 0 . 86 ± 0 . 09 μK 

2 . For simplicity, we will refer
o these cases as 1k2z , based on the choice of two observations of
he 21 cm power spectrum at the same k -scale. 
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Figure 5. Posterior distributions on reionization mid- and endpoint (upper 
panel) and the morphology parameters log 10 ( α0 ) and κ (bottom panel), 
considering a detection of the pKSZ power spectrum at � = 3000 and of 
the 21 cm power spectrum at redshifts z = 6.5, 7.8, and k = 0.50 Mpc −1 for 
either 100 or 1000 h of integration with SKA- Low , in purple and in blue, 
respectively. Note that the axis ranges in both panels are smaller than the 
priors in Table 1 or the ones presented in following figures. 
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In Fig. 5 , we show the joint probability distributions for our four
ampled parameters (see appendix B for a discussion on parame- 
er degeneracies). The best-fitting parameters, their 1 σ error, and 
elman–Rubin convergence parameters are presented in Table 3 . 11 

Our results indicate that we can reco v er the true values of z re and
 end in both the 1k2z cases, despite the order of magnitude difference
n integration time between them. Moreover, we independently 
onstrain the value of the Thomson optical depth with a deviation 
f less than one per cent of the true value, τ = 0.066 ± 0.002 (see
ection D for a more detailed analysis). Therefore, even early on in

he operation of SKA- Low , we will gain insight into the cosmological
roperties of reionization with minimal knowledge of the properties 
f ionizing sources (marginalizing o v er them). By fixing the k -scale
nd varying the redshift, the forecast is naturally sensitive to the 
ariance of the 21 cm field. This is partly due to the choice of redshift,
1 The Gelman–Rubin parameters for morphology parameters of the 1000 h 
ase, given in Table 3 , are of order R − 1 ≈ 1, so that the chains are not fully 
onverged despite running for over a million iterations. Ho we ver, the worst 
alues are obtained for parameters we marginalize o v er, and we noticed that 
he posteriors of rele v ant parameters do not change significantly as iterations 
ncrease, confirming that the results still hold good qualitative significance. 

4

I  

i  

p
c  

W  

d  
s once significant o v erlap of H II bubbles has taken place, that is past
he mid-point of the EoR, the 21 cm power spectrum decreases in
mplitude. 

For both cases presented in Fig. 5 , we can place loose lower
imits on log 10 ( α0 ), although the 1000 h case is more constraining
n both distributions: Adding integration time additionally provides 
 lower limit on κ . Note that the ranges of the axes in the figure are
maller than those of the priors from Table 1 (while the limit on κ is
xtended), confirming that these limits are not only informed by the
riors. We further investigate whether the choice of k -scale has an
ffect on these results in Section 5.1.2 . 

To get more insight into the results abo v e, we look in more detail
t the dependence of our two observables on the model parameters.
ig. 6 presents the reionization history, the pkSZ power spectrum, 
nd the 21 cm power spectrum at z = 6.5 and 7.8, corresponding
o the two redshifts considered abo v e for the mock data points (in
ach column of the figure, respectively), for dif ferent v alues of the
odel parameters. All parameters are varied within the value ranges 

sed as flat priors in the analysis. Regarding the global reionization
arameters, we see that varying the mid- and endpoint leads to
imilar, although opposite, v ariations in both observ ables. Increasing 
 re extends the duration of the EoR, which leads to a boosted
mplitude of the pkSZ power spectrum while having a smaller 
ffect on the amplitude of the 21 cm power spectrum. Conversely,
ncreasing z end decreases the duration of the EoR, suppressing the 
kSZ amplitude. This explains the strong anticorrelation observed 
etween the two parameters in Fig. 5 . Note that for the model where
 end = 7, naturally, the 21 cm power spectrum is zero at z = 6.5. 

On the other hand, log 10 ( α0 ) and κ are also strongly correlated. The
orphology parameters have no influence on the global reionization 

istory but impact the shape of the electron power spectrum and, in
urn, the shape and amplitude of the 21 cm and pkSZ power spectra.
o we ver, compared to the global history parameters, increasing 

og 10 ( α0 ) or κ , as seen in the third and fourth columns of Fig. 6 , results
n a similar impact on both observables. The log 10 ( α0 ) parameter is
f fecti vely a measurement of the large-scale amplitude of P ee at high
edshift (before the reionization mid-point), while the P ee power 
reaks as k −3 for scales k > κ , such that κ can be interpreted as the
inimal size of ionized regions during reionization. Hence, varying 

og 10 ( α0 ) directly impacts the amplitude of both observables, while
arying κ changes the shapes of both power spectra. The maximum 

f the pkSZ power and the shoulder in the dimensionless 21 cm
ower spectrum shift towards smaller scales as κ increases. This 
ependence on the observables on these two parameters explains the 
e generac y between the morphology parameters seen in Fig. 5 . For
he 1k2z case, where both data points are at a fixed k -scale, a lower
alue log 10 ( α0 ) can be compensated by a higher κ value, within the
easurement error of the data. Ho we v er, this de generac y can be

educed in the presence of 21 cm data points at different k -scales or
y kSZ data points at different multipoles, since κ impacts the shape
f both power spectra. We explore the k -scale dependency of our
hosen data in Section 5.1.2 . 

.2.2 Constraining power of each data set 

n this subsection, we examine each data set’s ability to individually
mpose constraints on reionization. In Fig. 7 , we present the joint
osterior distribution of the sampled parameters for three different 
ases assuming an SKA- Low detection after integrating over 1000 h.
e compare a case where the forecast is run only with the 21 cm

ata points ( o21 ), a case with the pkSZ measurement only ( opkSZ ),
MNRAS 528, 7218–7235 (2024) 
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Table 3. Best-fitting values of the model parameters for the 1k2z cases, their corresponding 1 σ uncertainty and Gelman–Rubin parameter. Best-fitting values 
and errors are also given for derived parameters such as τ . 

Models z re z end log 10 ( α0 ) κ τ d z 

Label Data True 7.37 6.15 3.12 0.16 0.0649 1.22 

1k2z z = 6.5, 7.8 1000 h 7.39 ± 0.14 6.15 ± 0.04 3.04 ± 0.32 0.18 ± 0.04 0.0651 ± 0.0018 1.24 ± 0.17 
k = 0.5 Mpc −1 R – 1 0.3 1.5 1.6 0.5 N/A N/A 

1k2z z = 6.5, 7.8 100h 7.42 ± 0.13 6.15 ± 0.04 2.95 ± 0.31 0.19 ± 0.04 0.0655 ± 0.0017 1.27 ± 0.16 
k = 0.5 Mpc −1 R – 1 0.1 0.1 0.3 0.3 N/A N/A 

Table 4. Best-fitting values of the distributions in Fig. 9 and their corresponding 1 σ uncertainty as well as the Gelman–Rubin convergence diagnostic for each 
parameter. 

Models z re z end log 10 ( α0 ) κ τ d z 

Label Data True 7.37 6.15 3.12 0.16 0.0649 1.22 

MWA z = 6.5, 7.8 1000 h 7.02 ± 0.49 5.39 ± 0.54 3.25 ± 0.45 0.13 ± 0.04 0.0623 ± 0.0051 1.53 ± 0.49 
k = 0.1 Mpc −1 R – 1 0.01 0.008 0.03 0.03 N/A N/A 

LOFAR z = 8.3, 9.1 1000 h 7.30 ± 0.87 5.74 ± 0.80 3.15 ± 0.33 0.14 ± 0.03 0.0643 ± 0.0094 1.38 ± 0.83 
k = 0.1 Mpc −1 R – 1 0.06 0.03 0.1 0.04 N/A N/A 

Table 5. Best-fitting values of the distributions in and their corresponding 1 σ uncertainty as well as the Gelman–Rubin convergence diagnostic for each 
parameter. 

Models z re z end log 10 ( α0 ) κ τ d z 

Label Data True 7.37 6.15 3.12 0.16 0.0649 1.22 

2k1z z = 6.5, 6.5 1000 h 7.22 ± 0.21 5.29 ± 0.55 2.97 ± 0.08 0.15 ± 0.01 0.0649 ± 0.0016 1.90 ± 0.40 
k = 0.1, 0.5 Mpc −1 R – 1 0.3 0.9 4.0 1.2 N/A N/A 

hiz z = 7.8, 10.4 1000 h 7.28 ± 0.33 6.02 ± 0.52 3.09 ± 0.15 0.17 ± 0.02 0.0642 ± 0.0025 1.27 ± 0.19 
k = 0.1, 0.1 Mpc −1 R – 1 0.7 0.7 0.5 0.5 N/A N/A 

3k2z z = 6.5, 6.5, 7.8 1000 h 7.37 ± 0.07 6.15 ± 0.03 3.12 ± 0.01 0.164 ± 0.001 0.0649 ± 0.0010 1.22 ± 0.10 
k = 0.1, 0.5, 0.1 Mpc −1 R – 1 0.02 0.02 0.005 0.004 N/A N/A 
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nd, lastly, the joint forecast previously illustrated in Fig. 5 . To better
nderstand the role of each parameter in each of the aforementioned
ases, we firstly group our analysis by examining the global reion-
zation parameters z re and z end , then the astrophysical log 10 ( α0 ) and
, in Fig. 7 . 
Examining the two-dimensional z re and z end posterior distributions

or the opkSZ case, we find that the parameters are positively
orrelated. As discussed in Section 4.2 , this occurs because the
kSZ effect is sensitive to the duration of reionization d z ≡ z re 

z end as the rate of the growth of ionizing bubbles impacts the
mplitude of the signal (see also the first and second column of
ig. 6 ). Models with an extended reionization period result in a larger
mplitude of the pkSZ power spectrum as more free electrons interact
ith the ionized medium, and reciprocally (McQuinn et al. 2005 ;
esinger, McQuinn & Spergel 2012 ; Battaglia et al. 2013 ). Note

hat the posterior distribution for the opkSZ case co v ers a region
f parameter space where the universe has reionized earlier than the
edshift at which our 21 cm data points are measured. These models
re naturally excluded when combining both data sets. For the o21
ase, the data constraints tightly constrain the end of reionization
ut only place an upper limit on the mid-point. Compared to the
kSZ-only case, the o21 case is not sensitive to the duration of
eionization and fa v ours extended models of the EoR, as previously
oted by B ́egin, Liu & Gorce ( 2022 ). Conversely, a detection of the
1 cm power spectrum at z = 6.5 naturally excludes models where
eionization finishes earlier than that redshift, hence, the forecast
ives a lower limit on z end . Lastly, models at the lower left of the
NRAS 528, 7218–7235 (2024) 
wo-dimensional posterior ( z re � 7 and z end � 6) are excluded by the
1 cm data at z = 6.5 and 7.7. For these models, the 21 cm power
pectrum at these redshifts would trace the density power spectrum.
uch a feature is inconsistent with the amplitude of the 21 cm data
oints and their associated error bars. Therefore, the complementary
ature of both probes breaks the de generac y inherent to each data set
nd allows us to constrain the parameter space and reco v er the true
eionization history. 

Regarding log 10 ( α0 ) and κ , we see that both morphology parame-
ers are anticorrelated and the pkSZ data alone only provides a biased
easurement. This can be better understood by examining the two

o wer ro ws of Fig. 6 : Increasing either of the morphology parameters
esults in a boosting of the pkSZ and 21 cm power spectra, resulting
n a de generac y between them. The pkSZ data seems to fa v our a low
, which in order to match the measurement is then compensated by
 low log 10 ( α0 ). Consequently, while the true pkSZ power spectra
eaks at � ≈ 3000, here there are multiple models for which the
kSZ reaches its maximum amplitude at � ≈ 2000. Part of this bias
tems from the simplifications in equation ( 7 ), which does not fully
ccount for the cross-correlation between the ionization and density
elds (see Section 4.1 ) and results in a boosted amplitude of the 21 cm
ower spectrum. As the opkSZ case does not contain information
rom 21 cm data points, these models are not constrained, resulting
n a biased distribution. We confirm that this effect does not occur in
he o21 case, where we only use the 21 cm data points. Ho we ver, as
oth data points are for the same k value, the parameter values are
ot well constrained (see Section 5.1.2 ). 
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Figure 6. Evolution of the reionization history (first column), the pkSZ angular power spectrum (second column), and the dimensionless 21 cm power spectrum 

at redshifts z = 6.5, 7.8, considered in Section 4.2 (last two columns, respectively) as a function of our four model parameters. The values of κ are shown as 
vertical dotted lines in the final row with the corresponding colour. Note the difference in the shape of the 21 cm power spectrum at high- k compared to Fig. 1 is 
discussed in Section 4.1 . 
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To summarize, we find that with as few as 100 h of integration
ith SKA-Low, we can successfully constrain the global reionization 
arameters z re and z end , the data at different redshifts giving access
o the evolution of the 21 cm signal. By conducting our analysis
ith either only the pkSZ or only the 21 cm data, we find that,
hile the 21 cm signal can limit the range of values of z end , it cannot

onstrain z re . Conversely, we find that the pkSZ measurement mainly 
onstrains the duration of reionization ( d z = z re − z end ). Naturally,
he combined analysis benefits from the complementarity of probes. 

hile 100 h of integration are sufficient to obtain upper limits on the
eionization morphology parameters, it is only with 1000 h that we 
re capable of constraining them. The morphology parameters have 
 direct impact on the shape of the 21 cm power spectrum across
ifferent k -scales and we discuss how we can further constrain them
n the following section. 

 DISCUSSION  A N D  LIMITATIONS  

o estimator is without its limitations and it is essential to consider
ts biases to better grasp the scope of the results. In this section, we
elve into a series of cases designed to examine the capabilities of
he forecast. We vary the redshifts and k -ranges at which the data
oints were selected in Section 4.2.1 , as well as the noise models and
tudy the impact on our results. We also explore how the choice of
nput parameters affects the forecast. Note that for all cases in this
iscussion, we limit ourselves to the fixed number of data points as
n Section 4.2.1 to quantify the role of each data point and its driving
hysical processes. The interested reader can refer to Section 5.3 
or results on how an additional 21 cm data point can significantly
mpro v e the forecast. 

.1 Importance of the choice of data points 

.1.1 Choice of redshift 

e explore the constraining ability of the forecast based on the choice 
f redshifts for the 21 cm observation. To do so, we examine the SKA-
ow 1000h case ( hiz ) and vary the redshift of the observed 21 cm
ower spectrum from z = 6.5 and 7.8 to z = 7.8 and 10.4, moti v ated
y the recent HERA upper limits (The HERA Collaboration 2022 ).
he resulting two-dimensional posterior distributions for z re −z end 

nd log α0 −κ are presented in Fig. 8 in purple. Compared to the
ducial case (in blue), two main differences are apparent. First, the
ata are now compatible with models whose mid- and endpoint are
enerally at higher redshifts (early and rapid reionization scenarios). 
or comparison, for the 1k2z cases in Section 4.2.1 , the fact that the
1 cm signal was non-zero at z = 6.5 naturally excludes models where
eionization was completed by then. Additionally, the high-redshift 
MNRAS 528, 7218–7235 (2024) 
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Figure 7. Posterior distributions on reionization mid- and endpoint (upper 
panel) and the morphology parameters log 10 ( α0 ) and κ (bottom panel) when 
fitting 21 cm and pkSZ power spectra individually (green and magenta) or 
jointly (in blue), for 1000 h of SKA- Low observations. The vertical and 
horizontal lines show the ‘true’ values used to generate the mock data. 
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Figure 8. Posterior distributions on reionization mid- and endpoint (upper 
panel) and the morphology parameters log 10 ( α0 ) and κ (bottom panel) using 
21 cm power spectra measurements from redshifts 7.8 and 10.4 at k = 0.5 
Mpc −1 and kSZ power spectrum measurement at � = 3000 for 1000 h of 
SKA- Low observations compared to the fiducial case from Section 4.2 (in 
blue). The vertical and horizontal lines show the ‘true’ values used to generate 
the mock data. 
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ata allow for later reionization histories than the truth (lower left
uadrant of the figure). Indeed, the data point at z = 10.4 has limited
onstraining power on the global history parameters but provides
etter constraints on morphology parameters, as illustrated in the
ottom panel of Fig. 8 , in orange. The reason for this is that at that
edshift, x v � 1, such that P 21 ∼ P bb + x m 2 P ee and we do not vary
he baryon density power spectrum in our analysis. Meanwhile, the
hape of the electron density power spectrum is go v erned by the
ower law in equation ( 12 ). 

.1.2 Choice of k -scales 

e xt, we inv estigate the constraining power of the forecast using
wo detections of the 21 cm power spectrum at z = 6.5 and k =
.1 and 0.5 Mpc −1 . We assume thermal noise errors corresponding
o 1000 h of observations with SKA- Low . As before, a ten per cent
rror bar is assumed on the pkSZ power spectrum. We refer to this
ase as 2k1z . Previously, we utilized the fact that reionization is an
volving process, while here, we make use of its multiscale nature.
osmic reionization is thought to be an inside–out phase transition,
here the densest parts of the Universe are the first to be re-ionized

nd cosmic voids are the last (Iliev et al. 2014 ). This will impact
he shape of the 21 cm power spectrum, specifically, the shape of
he high- k ‘tail’ that encodes information about the IGM on small
cales. 
NRAS 528, 7218–7235 (2024) 
Fig. 8 illustrates the constraining power of this approach and
esults for 2k1z are shown in yellow, in contrast to the fiducial
k2z case, shown in blue. While the data have clear constraining
ower on the z re and z end values, the two-dimensional posterior
istribution exhibits a tail and is biased towards late reionization
odels ( z end = 5.29 ± 0.55, while the true value is at redshift

.15). Observing a non-zero 21 cm data point close to the true z end 

aturally excludes early reionization models. Despite the increased
easurement error, the low- k (large-scale) amplitude of the 21 cm

ower spectrum constrains the upper limit on the midpoint. Indeed,
odels with an early mid-point of reionization would either re-ionize

arlier or have a lower large-scale power, which is inconsistent with
he measurement. Additionally, as can be inferred from Fig. 1 , the
ow- k 21 cm measurement has a higher uncertainty, primarily due to
 larger sample variance. This results in a poorly constrained tail of
he 21 cm power spectrum, which undermines our ability to probe
he state of the IGM with a single redshift measurement. Compared
o the fiducial 1k2z case, the choice of probing two k -scales results
n a tighter constraining power on log 10 ( α0 ) and κ , although the
wo-dimensional posterior is biased towards lo wer v alues of the
arameters, corresponding to later reionization models. Examining
nd comparing the 21 cm power spectra in Fig. 6 reveals that the
ifferences in k -scale are most prominent for k > 1.0 Mpc −1 scales.
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Figure 9. Posterior distributions on reionization mid- and endpoint (upper 
panel) and the morphology parameters log 10 ( α0 ) and κ (bottom panel) when 
fitting 21 cm and pkSZ power spectra jointly, for 1000 h of MWA, LOFAR, & 

SKA observations, seen in grey, orange, and blue. The vertical and horizontal 
lines show the ‘true’ values used to generate the mock data. 
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ince the high k -scale measurements of the 21 cm power spectrum
xhibit a higher level of uncertainty due to larger instrumental noise 
see Fig. 1 ), models are less tightly constrained on such scales. 

In summary, with two 21 cm data points at different k -scales,
he morphology parameters are better constrained as the scale- 
volution of the 21 cm power spectrum is included in the forecast.
his result is, ho we ver, mitigated by the fact that, by fixing the

edshift, the uncertainty on the middle and end of reionization is
ncreased, resulting in a tail of the z re –z end posterior as well as biased

orphology parameters. One way to impro v e constraints on z end 

ould be to consider 21 cm data for k > 1.0 Mpc −1 scales, or to
imit the prior on z end to v alues allo wed by measurements of Ly α
bsorption in quasar spectra (Bosman et al. 2022 ). 

.2 Current telescope capabilities 

urrently operating radio telescopes are getting closer and closer 
o a detection of the 21 cm power spectrum during the EoR. In
his section, we examine the constraining ability of the forecast, 
ssuming a potential measurement of the 21 cm power spectrum by 
he MWA and LOFAR radio telescopes, i.e. with higher noise levels 
han previously considered. 12 Because of its specific characteristics, 
ach telescope is sensitive to different redshifts and scales and, in 
urn, to different reionization parameters. For this reason, we choose 
OFAR data points corresponding to a fixed k -scale of k = 0.1
pc −1 for redshifts z = 8.2 and 9.1 (based on Patil et al. 2017 ;
ertens et al. 2020 ). The MWA data is consistent with the data points

hosen in Section 4.2.1 . For both cases, we assume an integration
ime of 1000 h. The resulting two-dimensional posterior probability 
istributions of the cosmological and morphology parameters are 
resented in Fig. 9 and Table 4 . 
Results for the MWA case are o v erall consistent with Section 4.2.1 ,

ith key differences emerging due to the higher uncertainty on the 
1 cm power spectrum, which is approximately 1000 times larger 
han that of the SKA (see Fig. 1 ). As shown in orange in the upper
anel of Fig. 9 , we are still able to constrain z re = 7.02 ± 0.49.
o we ver, the spread in the distribution has increased compared to

he SKA- Low case in blue (for which z re = 7.39 ± 0.14), and the
esult is biased to low values (see Table 1 ). On the other hand, the
onstraint on the end of reionization is now limited to an upper limit
 end < 7.5. A lower constraining power is also observed for the
orphology parameters. We can primarily obtain upper limits for 

og 10 ( α0 ) < 3.75 and κ > 0.08, showcasing the ability of the mock
WA data to exclude outlying models of the EoR. The decrease in the
 v erall constraining power of the forecast is linked to the increase
n the uncertainty of the 21 cm power spectrum points. This increase
esults in fa v ouring late-time reionization models where the 21 cm
ower spectrum at z = 6.5 has a higher amplitude and a lower value
f κ , and the pkSZ power spectrum peaks at � ≈ 2000, similar to that
iscussed in Section 4.2.2 for the opKSZ case. Such models could 
otentially be excluded with the addition of a pkSZ data point at � =
000 or more data on the 21 cm power spectrum at lower k values. 
Regarding the LOFAR case, results are roughly similar to what 

as observed in Section 5.1.2 where the 21 cm mock data is taken
t a fixed k -scale but different redshifts. Naturally, increasing the 
ncertainty on the measurements by approximately two orders of 
agnitude compared to that of the SKA (see Fig. 1 ), the constraining

ower of the data is decreased. The choice of a higher z mock 21 cm
2 Note that we do not consider HERA in this section, since its ideal noise 
evels are lower than the ones for the SKA (Fig. 1 ). 

I  

n  

o  

a  
ata point further reduces the ability of the forecast to place upper
imits on the global reionization parameters (see Section 5.1 ). For
xample, as seen in grey in the upper panel of Fig. 9 , we can constrain
 re < 8.0 and can only exclude only late reionization models for which 
 end > 5.5. Compared to the MWA case, having higher z 21 cm data
eads to higher constraining power on the morphology parameters. 

hile we can only place an upper limit on κ > 0.1, the constraint on
og 10 ( α0 ) = 3.15 ± 0.33 is fairly comparable to that of 1k2z 1000 h
where log 10 ( α0 ) = 3.04 ± 0.32). While this is mostly related to the
hoice of data, for example, the hiz case can constrain log 10 ( α0 ) =
.09 ± 0.15, our results indicate the potential of high-redshift LOFAR 

easurements on constraining on the morphology parameters of the 
oR. 
A possible impro v ement is the addition of an informed prior on

he Thomson optical depth from the Planck Collaboration I ( 2020 )
easurement, which could potentially aid in increasing the precision 

f the forecast and constraining the parameter space of the global
istory parameters. 

.3 Increasing the number of data points 

n previous sections, we used a minimalist approach by limiting the
umber of detected modes to test how much information would be
btained from early, partial 21 cm data, as a detection will only be
chieved incrementally. On the one hand, with two data points at
MNRAS 528, 7218–7235 (2024) 
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Figure 10. Posterior distributions on reionization mid- and endpoint (upper 
panel) and the morphology parameters log 10 ( α0 ) and κ (bottom panel), 
considering a detection of the pKSZ power spectrum measurement at � = 

3000 and of the 21 cm power spectrum at redshifts of z = 6.5, 6.5, 7.8 at k 
= 0.1, 0.50, 0.5 Mpc −1 for a 1000 h of integration time with SKA, seen in 
brown and compared to the 1k2z 1000 h fiducial case shown in blue (see 
Fig. 5 ). 
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 fixed k -scale ( k = 0.5 Mpc −1 for z = 6.5, 7.8, 1k2z case), the
orecast is sensitive to the redshift evolution of the 21 cm signal and
e are able to well constrain the global reionization parameters z re 

nd z end . On the other hand, with two data points at fixed redshift
ut different scales ( z = 6.5 for k = 0.1, 0.5 Mpc −1 , 2k1z case),
e can constrain the morphology parameters log 10 ( α0 ) and κ . A
atural way to extend these results is to venture into the multiscale
egime ( 3k2z case, seen in brown in Fig. 10 ) by combining both of
he aforementioned data sets such that the 21 cm power spectrum is

easured at z = 6, 5, 6.5, 7.8 and k = 0.1, 0.5, 0.5 Mpc −1 for 1000 h
f integration with the SKA- Low . 
We find that the forecast inherits the merits of the 1k2z and
k1z cases as we access information on both the amplitude and

he shape of the 21 cm power spectrum. Compared to our primary
k2z case (seen in blue in Fig. 10 ), we impro v e the accuracy
f our constraints of the reionization parameters: We get z re =
.37 ± 0.07 and z end = 6.15 ± 0.03, significantly reducing the 1 σ
tandard deviation (especially for z end ). Consequently, we can tightly
onstrain the parameter space around the true value and retrieve the
orrect Thomson optical depth with a precision of �τ = ±0.001
see Appendix D ). Hence, our method could provide an independent
easurement of the optical depth, separate from the analysis of large-

cale CMB polarization anisotropies (Planck Collaboration XLVII
NRAS 528, 7218–7235 (2024) 
016 ), and potentially break well-known degeneracies with other
osmological parameters (Liu et al. 2016 ). Conversely, large-scale
MB data could be included in the analysis in order to impro v e
onstraints on the reionization parameters (Gorce, Douspis & Salvati
022 ). 
Constraints on the morphology parameters are significantly tighter.
e measure log 10 ( α0 ) = 3.12 ± 0.01 and κ = 0.164 ± 0.001. This

mpro v ement is partly explained by the fact that adding data at small
cales breaks the de generac y between the morphology parameters.
e can intuitively explain this by referring to the results in Section

.1.2 . The 3k2z case can be understood as the combination of the
k2z and 2k1z cases and we see on Fig. 8 that accessing the redshift
volution of the 21 cm signal with data points at different redshifts
emo v es the bias on the morphology parameters obtained with 2k1z .

Looking at these results, it is tempting to think that all the
onstraining power comes from the three 21 cm data points. Ho we ver,
e have also examined an additional case where we only consider

he 21 cm mock data from 3k2z and exclude the pkSZ data point.
e find that, while we can reco v er the morphology parameters with

imilar , albeit weaker , constraints, the global history parameters are
ignificantly more degenerate. Indeed, the information the pkSZ data
oint provides on the duration of reionization remains crucial for the
ccuracy of the forecast. Measuring the pkSZ spectrum at different
ultipoles would enable tighter constraints on the shape parameter
, whether at lower ( � = 2000) or larger ( � = 5000) multipoles.
o we ver, note that the former will be more challenging to achieve
bservationally because of the extremely large amplitude of the
rimary CMB temperature power spectrum on scales � � 2000. 
If we have previously kept our results to simplistic cases in order to

rovide a proof of concept, these further tests show the full potential
f our approach. As more and better measurements of the pkSZ and
he 21 cm power spectra become available, this method will not only
nable constraints on the global history of reionization but also on
ts morphology. 

 C O N C L U S I O N S  

n this work, we examine how the fundamental relation between the
atchy kSZ effect and the 21 cm signal can help us constrain the
ature of cosmic reionization. In Section 2 , we express and relate
he 21 cm and kSZ power spectra through the parametrization of the
lectron power spectrum P ee ( k , z) presented in Gorce et al. ( 2020 ).
he resulting equation ( 6 ), while linking both observables, contains
on-trivial cross-correlation and second-order terms of the ionized
nd density fields. We choose to ignore such terms in this work,
eading to equation ( 8 ). Looking at the semi-numerical RSAGE
imulation (Seiler et al. 2019 ), we find that this assumption leads
o o v erestimating the 21 cm power on all scales and redshifts z � 10.

Aware of this limitation, we use the derived relation in a forecast
nalysis using an MCMC sampling method: We fit for the reioniza-
ion mid- and endpoint, z re and z end , as well as for two reionization
orphology parameters log 10 ( α0 ) and κ . Indeed, for each of set

f these parameters, we can derive the electron power spectrum
nd, in turn, the kSZ and 21 cm power spectra. We generate mock
bservations of these with the parameter values given in Table 1 ,
ssume a ten per cent error bar for the pkSZ data point at � =
000, and include thermal noise and sample variance in the 21 cm
easurement errors, typically for 1000 h of integration with SKA-
ow . We follow a minimalist approach as we do not assume a
ull detection of the kSZ and 21 cm power spectra o v er a range of
cales, but assess the constraining power of only a few observed data
oints. Such an approach gives us insight on how much we can learn
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bout reionization with early measurements of both observables. Our 
ndings are as follows. 
With as few as 100 h of SKA- Low observations and two 21 cm
easurements at k = 0.5 Mpc −1 and z = 6.5, 7.8 (referred to as the
k2z case, shown in blue in Fig. 5 and throughout this work), we are
ble to constrain the global reionization parameters z re = 7.42 ± 0.13 
nd z end = 6.15 ± 0.04 and provide limits on the morphology 
arameters log 10 ( α0 ) > 2.64 and κ < 0.25 (Table 3 ). We demonstrate
hat this constraining power stems from the complementary nature 
f both data sets: The 21 cm signal is mostly sensitive to the endpoint
f reionization, while the pkSZ effect is inherently sensitive to its
uration d z = z re − z end . Our results show that, even the early stages of
KA- Low operations, its observations will provide valuable insight 

nto the global history of the EoR despite a minimal knowledge of
he properties of the first stars and galaxies. The constraints on the
eionization global history are further impro v ed when the fitted mock
1 cm measurements are at different redshifts (but a given k -scale),
s the data now trace the redshift evolution of the 21 cm signal. 

We show that the choice of redshift for the mock data set plays
n important role. First, any low- z measurement excludes earlier 
eionization models, for which the 21 cm signal would be zero. 
econd, at high redshift, when the global ionization fraction is x v 

1, the data will primarily determined by log 10 ( α0 ) and κ . In
ur tests, for 21 cm mock measurements at high(er) redshift ( hiz
ase, z = 7.8 and 10.4 at k = 0.5 Mpc −1 ), the constraints on the
lobal reionization parameters z re and z end are loosened compared 
o the 1k2z case, at z = 6.5 and 7.8 (Fig. 8 ). On the other hand,
t is precisely the constraining of the high- z 21 cm power spectrum
hich allows for firmer constraints on the morphological parameters: 

og 10 ( α0 ) = 3.10 ± 0.17 and κ = 0.17 ± 0.02. 
We also observe that the k -scale of the data significantly influences

orecast constraints. Indeed, the inside–out nature of cosmic reioniza- 
ion will impact the shape of the 21 cm power spectrum, specifically,
ts high- k ‘tail’, which encodes information about reionization 
orphology on small scales. By choosing two mock 21 cm power 

pectra at a fixed redshift ( 2k1z , z = 6.5 at k = 0.1, 0.5 Mpc −1 ),
e find that the constraints on the global reionization parameters 

re weakened to upper limits (Fig. 8 , in yellow) but constraints on
he morphology parameters are impro v ed. Ho we v er, the reco v ered
alues are biased by 6 per cent. We find that major differences
etween the allowed models (which reach the mid- and endpoint 
ater than the true model) and the true 21 cm power spectrum are

ost distinguishable for modes k > 1.0 Mpc −1 , for which the model
oes not possess information. This implies that while multiscale 
bservations of the 21 cm power spectrum at one redshift contain 
nformation on the whole process of reionization, it is the highest k

odes, which are the most sensiti ve. Ho we ver, such measurements
re non-trivial because the measurement noise scales with k -scale 
see Fig. 1 ), making them less appealing in the context of early
KA- Low observations. 
It is also worth noting that we limit our main results to simplistic

ases with two 21 cm power spectrum observations in order to 
rovide a proof-of-concept approach and to better showcase the 
orkings of the forecast. Further tests where we increase the number 
f data points from two to three (e.g. the 3k2z case seen in
ection 5.3 ) show the full potential of this approach. Highlighted 

n brown in Fig. 10 , we see that as more and better measurements
f the pkSZ and the 21 cm power spectrum become available, this
ethod will not only enable constraints on the global history of

eionization but also its morphology. We obtain accurate constrains of 
he reionization parameters z re = 7.37 ± 0.07 and z end = 6.15 ± 0.03
nd the morphology parameters log 10 ( α0 ) = 3.12 ± 0.01 and κ =
.164 ± 0.001, significantly reducing the 1 σ standard deviation, 
ompared to 1k2z . 

Finally, we explore forecast performance on mock data from 

perating telescopes such as MWA and LOFAR, based current upper 
imits. (Patil et al. 2017 ; Mertens et al. 2020 ; Trott et al. 2020 ).
aturally, we find the mock data less constraining than in the case
f 1k2z (see Fig. 9 in grey and orange) as can be expected from the
igher uncertainty on the measurements. Ho we ver, detections by both 
elescopes can place firm upper limits on the midpoint of reionization
 re ≤ 8. Moreo v er, the lo w-redshift observ ations of MWA (for the
ame set-up as 1k2z ) can also place a lower limit on the end of
eionization z end ≥ 6.5. Meanwhile, data from LOFAR (chosen at k 
 0.1 Mpc −1 for z = 8.3, 9.1) is more sensitive to the morphology

arameters, notably constraining log 10 ( α0 ) = 3.15 ± 0.33. This 
mplies that even before the first-light of SKA- Low , the ongoing
mpro v ements of current 21 cm power spectrum upper limits (see
g. 6 of Raste et al. 2021 , for an example) are likely to soon begin
onstraining the properties of reionization. 

The main limitation of our model is the omission of the higher
rder and cross-correlation terms in our simplified expression of the 
1 cm power spectrum in equation ( 8 ). Potential future developments
ould be develop analytic models of the cross-power spectrum and 

nclude them in the deri v ation (McQuinn et al. 2005 ; Schneider,
chaeffer & Giri 2023 ). However, this approach would most likely
ot capture the full complexity present at all k -scales and could
e model dependent. Another option would be to model the higher
rder and the cross-terms as constant biases and account for them
s nuisances parameters in the forecast (see the discussion in 
ppendix C ). Lastly, we plan to conduct our analysis for 21 cm data
 v er broader ranges of redshift and k -scales to explore the potential
f joint analysis to identify and remo v e systematics such as residual
oregrounds [see B ́egin, Liu & Gorce ( 2022 ) for such an analysis
sing the global 21 cm signal]. 
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ATA  AVA ILA BILITY  

he sampling code used to obtain all the results presented in this
rticle is publicly available at https://github.com/adeliegor ce/for ecas
 kszx21 . The (trained) random forests used to generate the angular
atchy kSZ power spectra given a set of cosmological parameters
an be found at ht tps://szdb.osups.universit e- paris- saclay.fr. Any
dditional information or data can be requested from the authors. 
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PPENDI X  A :  R E C O N S T RU C T I N G  T H E  PKSZ  

RO M  A  MEASUREMENT  O F  T H E  2 1  C M  

OWER  SPECTRUM  

ware of the limitations of our reconstruction model presented in
ection 4.1 , we now attempt to use the simplified 21 cm power
pectrum model to reconstruct the pkSZ angular power spectrum.
hat is, we compute numerically the 21 cm power spectrum from
ur simulation and then use it to reconstruct the electron power
pectrum following equation ( 6 ). We then plug the reconstructed
 ee ( k , z) in equation ( 9 ) to obtain the patchy kSZ angular power.
e compare results for different levels of reconstruction precision

n Fig. A1 , similarly to Fig. 3 . Note that this figure is only
ntended as a comparison of the potential of the reconstruction,
ot as a precise estimate of the pkSZ power of the simulation. 14 

ndeed, the power is set to zero on k -modes not co v ered by the
imulation. The results are slightly different from the ones presented
n Fig. 3 . Here, the pkSZ power is systematically under-estimated,
s long as all the terms of equation ( 6 ) are not included. Despite
ur approximation largely underestimating the pkSZ power, the
econstructed power still lies within current error bars on pkSZ
ower spectrum measurements at � = 3000 (Reichardt et al.
021 ). 
Instead of reconstructing P 21 from equation ( 7 ) and missing out

n crucial power, one could use direct measurements of the 21 cm
ower spectrum to reconstruct the pkSZ power and compare to CMB
bservations. To do so, the former must be integrated over a wide
ange of scales. Ho we ver, for no w, the 21 cm power spectrum has not
een measured with sufficient precision on a wide enough range. We
ust therefore assess which scales contribute the most to the final

kSZ power and are necessary for this reconstruction. The relative
ontribution of each k -mode to the pkSZ C � at � = 3000 had already
een estimated in Gorce et al. ( 2020 ), but here we extend this result
o the range 1000 ≤ � < 10 000 and show the result in Fig. A2 . We
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Figure A1. The pkSZ angular power spectrum obtained for the true electron 
power spectrum measured in the RSAGE const simulation, and for recon- 
structions based on the 21 cm power spectrum at various precision levels. The 
colour scheme is similar to Fig. 3 . The results are compared to the SPT data 
point on the pkSZ power (Reichardt et al. 2021 ). 

Figure A2. Physical scales contributing to the final pkSZ power at different 
angular multipoles � . The result for � = 3000 is highlighted in bold. 
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Figure A3. Longitudinal (lower panel) and transversal (upper panel) k - 
modes observable by an interferometer, depending on its characteristics 
such as baseline length b or frequency resolution. The bandwidth is fixed to 
15 MHz. In the lower panel, the frequency resolutions of SKA- Low , HERA, 
and LOFAR are shown as reference and result in an upper limit on the k � 
modes that can be observed by these instruments. 
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ee that, for all multipoles, most of the power stems from 10 −3 <
 /[Mpc −1 ] < 1 with only the upper limit increasing as � increases. 

The spherical Fourier modes used in Fig. A2 are ef fecti vely the

um of a transversal and a longitudinal mode k = 

√ 

k 2 ⊥ 

+ k 2 ‖ . The

ourier modes probed by an interferometer measuring signal at a 
requency ν corresponding to a redshift z = ν21 / ν − 1 depend on 
ts characteristics. The maximum and minimal k ⊥ 

probed will be a 
unction of the bandwidth (of ν) and of the baseline length b : 

 ⊥ 

= 

2 π

d c ( z) 

νb 

c 
, (A1) 

here d c ( z) is the comoving distance at redshift z. On the other hand,
he maximum and minimal k � probed will depend on the bandwidth 
 and the frequency resolution �ν of the instrument: ⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

k ‖ , min = 

2 π

α( z) 
× 1 

B 

, 

k ‖ , max = 

2 π

α( z) 
× 1 

2 �ν
, 

(A2) 

here α( z) ≡ c (1 + z) 2 /[ ν21 H ( z)]. These limits are presented in
ig. A3 for various instruments, including SKA- Low , HERA, and
OFAR. In particular, for HERA, including the foreground wedge 
nd additional buffer, we find that the accessible Fourier modes are
imited to 0.15 ≤ k /[Mpc −1 ] ≤ 2.05. Because of the foregrounds, the
nstrument cannot reach the large-scale modes required to estimate 
he pkSZ power spectrum. 

PPENDI X  B:  FULL  POSTERI OR  

I STRI BU TI ONS  

n this section, we investigate the possible degeneracies between our 
odel parameters. We choose the 3k2z model ( z = 6.5, 6.5, 7.8 at k
 0.1, 0.5, 0.5 Mpc −1 ) outlined in Section 5.3 for which the Gelman–
ubin convergence criteria in Table 5 is met ( R − 1 ≈ 0.001). The
MNRAS 528, 7218–7235 (2024) 
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M

Figure B1. One- and two-dimensional posterior probability distributions for our model parameters and one derived parameter (the optical depth τ ) when fitting 
a detection of the pKSZ power spectrum measurement at � = 3000 with a 10 per cent uncertainty and of the 21 cm power spectrum at redshifts of z = 6.5, 6.5, 
7.8 at k = 0.1, 0.50, 0.5 Mpc −1 for 1000 h of integration with SKA- Low . For each parameter, the thin black vertical line is the true value used to generate the 
mock data and the dashed blue vertical line is the median of the distribution. 
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orner plot in Fig. B1 clearly illustrates this, showcasing the relation
etween the global history and morphology parameters as well as
he derived Thomson optical depth τ . The parameter space is well
ampled, with clear correlations seen only between either z re −z end 

nd log 10 ( α0 ) −κ . A correlation is noticeable between the Thomson
ptical depth and each of the global history parameters. This is more
han expected, as τ is an integral of the ionization history, defined as
 function of z re and z end in equation ( 14 ). We discuss the constraints
n τ for our different test cases in Appendix D in more detail. 

PPENDIX  C :  TESTING  T H E  FORECAST  WI TH  

SAGE 

e have shown in Section 4.2 that with as few as three data
oints (one kSZ, two 21 cm), one can reco v er the global history
f reionization and place some lower limits on the reionization
orphology parameters. Ho we ver, in these cases, both the mock data

oints and the sampled models were generated using our simplified
eri v ation of the 21 cm power spectrum, ignoring third-order terms
nd cross-correlations, given in equation ( 7 ). In reality, of course, the
ata will include these extra terms. In this section, we will explore
ow this discrepancy can impact our forecast results. 
We generate two new 21 cm data points corresponding to the 1k2z

ase of Section 4.2 for 100 h of observations with SKA- Low . This
ime, the points are generated using the full expression of P 21 ( k , z),
ncluding the cross- and higher order terms, given in equation ( 6 ). As
iscussed in Section 4.1 , these points have an amplitude between 10
NRAS 528, 7218–7235 (2024) 
nd 25 per cent smaller than what was obtained with the simplified
xpression. 

We fit our four reionization parameters to these new points (note
hat the kSZ data points remain unchanged) through MCMC sam-
ling and show the resulting two-dimensional posterior distributions
n Fig. C1 . As expected from our discussions in Section 4.1 , the
eneral shape of the joint distributions is unchanged, only the results
re now biased. As seen in Fig. 3 , the simplified model tends
o o v erestimate the 21 cm power for a given redshift, having an
mplitude equi v alent to a lo wer ionization le v el. F or this reason,
tting it to unbiased data leads to an underestimate of the endpoint
f reionization by �z end = 0.12. The mid-point is even more impacted
s it is now biased by �z re = 0.36, nine times more than with the
implified mock data. Note that these modified reionization histories
esult in a large optical depth: τ = 0.070 ± 0.002. Hence, a way
o partially mitigate these biases could be to impose a Gaussian
rior on τ . Similarly, the posterior distributions of the morphology
arameters are shifted compared to the results with the simplified
ock data points. 
Although these results exhibit a strong bias in all parameters,

his bias is nevertheless well understood and easy to model. A
otential way of impro v ement would be to add a nuisance parameter
o the fit, as a pre-factor to the model 21 cm power spectrum. This
xtra parameter would be marginalized o v er and would account for
he extra power produced by the approximations done in equation
 7 ). Another option would be to precisely quantify this bias and
ystematically subtract it from the models, allowing one to reproduce
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igure C1. Posterior distributions on reionization global ( upper panel ) and
orphology ( lower panel ) parameters when assuming two measurements of

he 21 cm power spectrum at z = 6.5, 7.8, and k = 0 . 5 Mpc −1 for 100 h of
bservation with SKA- Low . The mock 21 cm data points used for the fit are
enerated either with the simplified equation ( 7 ), in purple, or with the full
quation ( 6 ), in orange. Vertical and horizontal black lines correspond to the
true’ values of the parameters, used to generate the mock data. 

he results of Section 4.2 . Ho we ver, this idea would be less successful
hen applied to real data, as this bias is model dependent. From one

imulation to another, the amplitude and shape of the cross- and 
igher order terms missing in equation ( 7 ) will vary (Lidz et al.
007 ; Georgiev et al. 2022 ). 

PPEN D IX  D :  FORECAST  C O N S T R A I N T S  O N  

H E  T H O M S O N  O P T I C A L  DEPTH  

n Section 2.1.3 , we derived the reionization history x v ( z) using the
lobal history parameters z end and z re (see equation 14 ) and can,
herefore, derive the Thomson optical depth τ . With this in mind, we
an investigate the constraining power of the forecast on τ from the 
ombined 21 cm and pkSZ power-spectra analysis. Fig. D1 presents 
he constraint on τ for each of the cases discussed throughout this
ork. The dashed line represents a Gaussian centred on the true 
odel value τ = 0.0649 (Table 1 ) and with standard deviation the

ncertainty reported in Planck Collaboration I ( 2020 ). First, we note
2024 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and rep
igure D1. Posterior distributions of the Thomson optical depth for the
ange of models discussed within this work (see Tables 3 and 5 ). The dashed
ertical line represents the ‘true’ value τ = 0.065. 

hat, for each mock data set, we are able to reco v er the true value of
he optical depth (values are biased by less than 1 per cent) while
chieving a tighter constraining power than with current large-scale 
MB data. Despite this, small variations in constraining power are 
isible between cases. 
Specifically, for our fiducial 1k2z case (see Section 4.2.1 ), there

s a visible positive bias, deviating from the true value by a fraction
f a per cent. The bias arises from the choice of a fixed k -scale
or the 21 cm mock data points. Because reionization is a time-
ependent and inhomogeneous process, the 21 cm spectrum from 

he EoR is expected to evolve both with redshift and with k -scale.
here is a characteristic k -scale below which the scale dependence 
f P 21 is go v erned by the matter power spectrum. This characteristic
cale evolves as reionization progresses (Furlanetto, McQuinn & 

ernquist 2006 ). Hence, k -scales lower than this characteristic scale
ill be less sensitive to reionization, and vice versa (see figs 5

nd 6 Georgiev et al. 2022 ). While mock data in the latter half of
eionization ( z = 6.5, 7.8) exclude larger values of τ , data limited to k
 0.5 Mpc −1 slightly fa v our earlier reionization scenarios. The hiz

ase (in purple, k = 0.5 Mpc −1 for z = 7.8, 10.4) is biased towards
o wer v alues of the Thomson optical depth for similar reasons. The
orecast is conducted on data at higher redshift, in the very early
tages of reionization. The result is then a per cent bias of the derived
ptical depth and increased uncertainty, preferring a lower value of τ
ynonymous with a later reionization. It is only when the case where
oth 21 cm mock data is at a fixed z = 6.5 but at both high and low
cales k = 0.1, 0.5 Mpc −1 ( 2k1z in yellow) are considered, that
e can reco v er an unbiased estimate. This is because for the 2k1z
ock data, the progress of reionization is encoded differently in 

ach of the k -scale of the 21 cm power spectrum (see Section 5.1.2 ),
esulting in a tighter constraint on τ . Naturally, the 3k2z case (seen
n yellow), which combines the 1k2z and 2k1z mock data, can
urther constrain τ without bias and with a lower uncertainty. 
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