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ON THE CONTRACTION PROPERTIES OF A PSEUDO-HILBERT

PROJECTIVE METRIC

MAXIME LIGONNIÈRE

Abstract. In this note, we define a bounded variant of the Hilbert projective metric
on an infinite dimensional space E and study the contraction properties of the projective
maps associated with positive linear operators on E. More precisely, we prove that any
positive linear operator acts projectively as a 1-Lipschitz map relatively to this metric.
We also show that for a positive linear operator, strict projective contraction is equivalent
to a property called uniform positivity.

Let X be a set of arbitrary cardinality and consider a vector space E Ă R
X. The projective

space P associated with E is defined as the set of equivalence classes P “ E{R, where R

is the equivalence relation such that for any f, g P E

fRg ô Db P R
˚
`, f “ bg

Let Π : E ÝÑ P be the canonical projection. The Hilbert metric dH , defined for example in
[BK53], is a distance on the projective image ΠpCq of the positive cone C “ E XR

X
` ´ t0u.

Any linear map M on E which is positive, in the sense that MpCq Ă C, generates a
projective action on ΠpCq. We say that the projective actionM : ΠpCq ÝÑ ΠpCq associated
with a linear map operator M is k-contracting, with k ă 1, when it is k-Lipschitz with
respect to dH . When M is k-contracting for some k ă 1, we say that it is contracting, or
strictly contracting. As proved in [Bir57], the projective action on ΠpCq of any positive
bounded linear operator is 1-Lipschitz with respect to dH . We say that a positive, linear,
bounded operator M on E is A-uniformly positive for some A ą 1 when there exists
h P E X pR`qX such that, for any f P E, there exists bpfq ě 0 satisfying

(1) A´1bpfqh ď Mf ď Abpfq.

Birkhoff [Bir57] shows that uniformly positive operators are contracting with respect to the
Hilbert metric. This is useful to prove the existence a fixed point for the projective action
of such an operator, that is an eigenvector for its linear action. It also allows to study the
ergodicity properties of semi-groups of uniformly positive operators.

In this note, we focus on a bounded variant d of this Hilbert distance, introduced in a
finite dimensional setup in [Hen97]. As shown in [Hen97], any matrix with non negative
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2 ON THE CONTRACTION PROPERTIES OF A PSEUDO-HILBERT PROJECTIVE METRIC

coefficients is 1-Lipschitz with respect to d, and an explicit formula allows to compute
the contraction rate of a matrix in terms of its coefficients is provided. This yields a
sufficient condition for a matrix to be strictly contracting with respect to d. In this note,
we provide an elementary construction of this pseudo Hilbert distance d in any dimension,
as well as a study of some of its properties. In particular, we prove in Proposition 5 that
all linear, positive and bounded operators are 1-Lipschitz and in Proposition 7 that the
contracting operators with respect to d are exactly the uniformly positive ones. To the best
of our knowledge, it was not yet proven in the literature that uniform positivity is not only
sufficient but also necessary for an operator to be strictly contracting with respect either
to the pseudo-Hilbert or the Hilbert metric.

1. Defining a pseudo-Hilbert distance

Consider the partial order ď defined by f ď g ô @x P X, fpxq ď gpxq.
For any f, g P C, we define

ℵpf, gq “ suptb ě 0|bf ď gu P r0,8s “ inf

"

gpxq

fpxq
, x P X, fpxq ‰ 0

*

,

mpf, gq “ ℵpf, gqℵpg, fq.

Notice that the set tb ě 0|bf ď gu clearly is a sub-interval of R`, which contains 0.
Moreover, it holds

Lemma 1. For any f, g, h P C, any α, β ą 0

i) ℵpf, gq ă 8 and tb ě 0|bf ď gu “ r0,ℵpf, gqs.
ii) mpf, gq “ mpg, fq
iii) mpαf, βgq “ mpf, gq,
iv) mpf, gqmpg, hq ď mpf, hq.
v) 0 ď mpf, gq ď 1.

vi) mpf, gq “ 1 ô fRg. If mpf, gq “ 1, then f “ ℵpg, fqg.

Proof. i) Since 0 R C, f ‰ 0, thus, there exists x P X such that fpxq ą 0. For b large
enough, bfpxq ą gpxq which prevents bf ď g. Since tb ě 0|bf ď gu is an interval,
this implies that it is bounded, i.e. ℵpf, gq ă 8. Thus bf ď g, for any b P r0,ℵpf, gqq.
This yields ℵpf, gqf ď g, thus

ℵpf, gq P tb ě 0|bf ď gu “ r0,ℵpf, gqs.

ii) This symmetry property is straightforward from the definition of mpf, gq.
iii) This derives directly from

ℵpαf, βgq “
β

α
ℵpf, gq.

iv) Combining ℵpf, gqf ď g, and ℵpg, hqg ď h, we get

ℵpg, hqℵpf, gqf ď ℵpg, hqg ď h,
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thus ℵpg, hqℵpf, gq P tb ě 0|bf ď hu “ r0,ℵpf, hqs. This yields ℵpg, hqℵpf, gq ď
ℵpf, hq. For a similar reason, it holds ℵpg, fqℵph, gq ď ℵph, fq. Multiplying these two
inequalities yields mpf, gqmpg, hq ď mpf, hq.

v) Notice that taking f “ h in iv) yields

mpf, gqmpg, fq “ mpf, gq2 ď mpf, fq.

Since mpf, fq “ 1, then mpf, gq2 ď 1, which implies that mpf, gq ď 1.
vi) From iii), it is clear that if fRg then mpf, gq “ mpf, fq “ 1. Suppose now that

mpf, gq “ 1. This implies that ℵpf, gq ‰ 0,ℵpg, fq ‰ 0 and ℵpf, gq´1 “ ℵpg, fq.
Moreover, it holds

ℵpf, gqf ď g

and

ℵpg, fqg ď f.

Thus

ℵpf, gqℵpg, fqf “ f ď ℵpg, fqg ď f.

Therefore, f “ ℵpg, fqg.
�

Let f̄, ḡ P ΠpCq be two halflines and f P f̄ , g P ḡ two points of those halflines, we set

dpf̄, ḡq “
1 ´mpf, gq

1 `mpf, gq
.

Proposition 2. d is a well defined distance on ΠpCq. It is bounded by 1.

Proof. Assertion iii) of Lemma 1 implies that mpf, gq only depends on the equivalence
classes Πpfq,Πpgq and not on the choice of f and g inside those classes. Moreover since
mpf, gq P r0, 1s, and φ : r0, 1s ÝÑ r0, 1s, s ÞÑ 1´s

1`s
is well defined, then d is well defined. The

map d is clearly symmetric, nonnegative and bounded by 1. Since the map φ is strictly
decreasing, continuous, φp0q “ 1 and φp1q “ 0, we obtain

dpf̄, ḡq “ 0 ô mpf, gq “ 1 ô fRg ô f̄ “ ḡ.

Moreover, it can be checked that φpstq ď φpsq ` φptq, for any s, t P r0, 1s. Combining
this with the fact that φ is decreasing and point iv) of Lemma 1 yields the triangular
inequality. �

Remark 1. In many references such as [Bir57], one rather considers the Hilbert metric
dHpf̄, ḡq “ | logmpf, gq|. We prefer using the pseudo Hilbert metric because its boundedness
makes it more convenient.

Proposition 3. For any f̄ ‰ ḡ P ΠpCq, the following claims hold

‚ there exists f P f̄, g P ḡ such that the intersection of the line pf, gq with the cone C
is reduced to a line segment ru, vs, with u ‰ v. Fix now such points f, g, u, v.

‚ For any h P C, if h is coplanar with u and v (or equivalently with f and g), then the
line segment ru, vs intersects the vector line p0, hq in a single point of the cone.
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‚ For any point h ‰ 0 coplanar with u and v, with coordinates h “ h1u ` h2v then
h P C iff h1 ě 0 and h2 ě 0.

Proof. Let f P f̄ and g P ḡ. For any t P R, we note

ht “ tf ` p1 ´ tqg P E.

Consider S “ tt P R|ht P Cu. S is clearly an non empty interval in R since 0, 1 P S and
C is convex. In order to prove that S is a segment of line, it is enough to show that there
exists x, x1 P X such that fpxq ă gpxq and gpx1q ă fpx1q. Indeed, if this is the case, since
ht “ g ` tpf ´ gq, then

htpxq ÝÑ ´8
tÑ`8

and htpx
1q ÝÑ `8

tÑ´8
.

Let us now prove that we can choose f P f̄ and g P ḡ such that there exists x, x1 P X

satisfying fpxq ă gpxq and fpx1q ą gpx1q. Consider two points f̃ P f̄, g̃ P ḡ. Since f̄ ‰ ḡ, in

particular f̃ ‰ g̃, thus there exists x P X such that f̃pxq ‰ g̃pxq. Then in particular, f̃pxq
or g̃pxq is nonzero. Without loss of generality, suppose g̃pxq ‰ 0. Then, since f̄ ‰ ḡ, there
exists x1 P X such that

f̃px1q ‰
f̃pxq

g̃pxq
g̃px1q.

If g̃px1q “ 0, then for any b ą 0, bf̃px1q ą 0 “ g̃px1q, and for b ą 0 small enough,

bf̃pxq ă g̃pxq, thus setting f “ bf̃ and g “ g̃ suffices. In the contrary, if g̃px1q ‰ 0, then,

f̃px1q

g̃px1q
‰
f̃pxq

g̃pxq
.

Once again, without loss of generality, suppose that

f̃px1q

g̃px1q
ą
f̃pxq

g̃pxq
.

Then there exists b ą 0 such that

bf̃px1q

g̃px1q
ą 1 ą

bf̃pxq

g̃pxq
.

Then, setting f “ bf̃ , g “ g̃, we get fpxq ă gpxq and fpx1q ą gpx1q, thus S is bounded
and pf, gq X C is a nonempty line segment ru, vs. Moreover, f ‰ g and f, g P ru, vs, thus
u ‰ v. Finally, let h P C, suppose that h is coplanar with f, g. Note that all points of the
vector line p0, hq have either only nonnegative coordinates or only nonpositive coordinates.
Thus f ´ g does not belong to this line. This proves that the lines pf, gq and p0, hq are
not parallel. Since they are coplanar, they are secant. Moreover, their intersection point
q “ f ` tpg´ fq has either all nonnegative (in which case this point is in ru, vs Ă C), or all
nonpositive coordinates. If t “ 0 then q P C, thus in q P ru, vs. If t ą 0, since fpxq ă gpxq,
then q as a positive coordinate qpxq. Similarly, if t ă 0, the coordinate qpx1q is positive.
Thus if t ‰ 0, then the coordinates of q are not all nonpositive, consequently they are all
nonnegative and q P C X pf, gq “ ru, vs. Let now h ‰ 0 be a point coplanar with u and
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v. Since u, v P C, if h1, h2 ě 0, then hpxq “ h1upxq ` h2vpxq ě 0 for any x P X, thus
h P C. Conversely, if h P C the semi-line h̄ intersects ru, vs. Thus there exists a point

h̃ P h̄ X ru, vs. This point h̃ has non negative coordinates in the basis pu, vq of the plan.

Since h is positively colinear with h̃, then h1, h2 ě 0. �

Proposition 4. Let f̄, ḡ P ΠpCq. Consider a line ∆ P E that intersects both f̄ and ḡ and
suppose that ∆ X C is a line segment ru, vs, with u ‰ v. Then any f P f̄ and g P ḡ are
coplanar with u and v. Moreover, noting f “ f1u` f2v, g “ g1u` g2v, it holds :

(2) dpf̄, ḡq “

ˇ

ˇ

ˇ

ˇ

f1g2 ´ f2g1

f1g2 ` f2g1

ˇ

ˇ

ˇ

ˇ

,

with the convention 0{0 “ 0.

Remark 2. Applying the triangular inequality in (2) yields dpf̄, ḡq ď 1 for any f̄, ḡ. More-
over, dpf̄, ḡq “ 1 iff exactly one of the quantities g1f2, f1g2 equals 0. This implies in
particular that f̄ or ḡ is contained in the edge of C.

Proof. Since ∆ “ pu, vq, then ∆ is included in the vector plan spanned by u, v. The line
∆ intersects the vector semi-lines f̄, ḡ, thus they are included in the plan spanned by u, v.
Note that the quantity

ˇ

ˇ

ˇ

ˇ

f1g2 ´ f2g1

f1g2 ` f2g1

ˇ

ˇ

ˇ

ˇ

is invariant by pf, gq ÞÑ pαf, βgq, for any positive real numbers α, β, and by exchanging the
coordinates f1 with f2 and g1 with g2. Therefore, it suffices to show that this equality is
satisfied for a well chosen pair pf, gq of elements of f̄, ḡ. Thus, we suppose in the sequel that
f, g are the intersection points of ∆ with f̄, ḡ. This implies that f, g P ru, vs. Without loss
of generality, we moreover assume that u, f, g, v are in this order, in the sense that f1 ě g1,
thus g2 “ 1 ´ g1 ě 1 ´ f1 “ f2. It remains to prove that

dpf̄, ḡq “

ˇ

ˇ

ˇ

ˇ

f1g2 ´ f2g1

f1g2 ` f2g1

ˇ

ˇ

ˇ

ˇ

“
f1g2 ´ f2g1

f1g2 ` f2g1
ě 0.

This holds in the case where f1 “ g1 “ 0 or in the case where f2 “ g2 “ 0, with the
convention 0{0 “ 0. Thus, since f1 ě g1 and f2 ď g2, it remains to study the case
f1, g2 ą 0. For any b ą 0, the last point of Proposition 3 yields

g ď bf ô g ´ bf “ pg1 ´ bf1qu` pg2 ´ bf2qv P C ô g1 ě bf1 and g2 ě bf2.

Since f1 ě g1 and f2 ď g2, it holds f1g2 ě f2g1 and thus

f1

g1
ě
f2

g2
,

with the convention f1{g1 “ 8 if g1 “ 0. Thus, it holds

g ď bf ô b ď
f2

g2
,
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and

ℵpf, gq “
f2

g2
P p0,`8q.

Similarly,

ℵpg, fq “
g1

f1
P p0,`8q.

Finally, it holds

dpf̄, ḡq “
1 ´ g1f2

f1f2

1 ` g1f2
f1f2

“
f1f2 ´ g1f2

f1f2 ` g1f2
.

�

2. Contraction properties of positive linear mappings

Let M be a linear mapping on E, we assume that M is positive, in the sense that
MpCq Ă C. Then M induces a projective action on ΠpCq, defined by M ¨ Πpfq “ ΠpMfq,
for any f P C.

Proposition 5. Let

cpMq “ sup
 

dpM ¨ f̄,M ¨ ḡq, f̄, ḡ P ΠpCq
(

ď 1.

Then for all f̄, ḡ P ΠpCq, it holds

(3) dpM ¨ f̄,M ¨ ḡq ď cpMqdpf̄, ḡq.

Proof. Let f̄, ḡ P C. Suppose M ¨ f̄ ‰ M ¨ ḡ, otherwise, inequality 3 is obvious. Let
f P f̄, g P ḡ, x P M ¨ f̄ and y P M ¨ ḡ such that pf, gq X C and px, yq X C are line segments.
Let a, b and a1, b1 be the respective extreme points of pf, gq X C, px, yq X C. Notice that
pa, bq and pa1, b1q are respectively the bases of two vector planes between which M acts as
an linear isomorphism. Let us decompose, f , g, Ma and Mb as follows :

f “ f1a` f2b

g “ g1a` g2b

Ma “ αa1 ` γb1

Mb “ βa1 ` δb1.

Then
Mf “ pf1α` f2βqa1 ` pf1γ ` f2δqb1
Mg “ pg1α ` g2βqa1 ` pg1γ ` g2δqb1.

The line pa1, b1q intersects both M ¨ f̄ and M ¨ ḡ, and pa1, b1q X C “ ra1, b1s. Moreover,
Mf P M ¨ f̄ and Mg P M ¨ ḡ. Thus, by Proposition 4, it holds

dpM ¨ f̄,M ¨ ḡq “

ˇ

ˇ

ˇ

ˇ

pf1α ` f2βqpg1γ ` g2δq ´ pf1γ ` f2δqpg1α` g2βq

pf1α ` f2βqpg1γ ` g2δq ` pf1γ ` f2δqpg1α` g2βq

ˇ

ˇ

ˇ

ˇ

.

Simple calculations yields

dpM ¨ f̄,M ¨ ḡq “

ˇ

ˇ

ˇ

ˇ

pαδ ´ βγqpf1g2 ´ f2g1q

pαδ ` βγqpf1g2 ` f2g1q

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

αδ ´ βγ

αδ ` βγ

ˇ

ˇ

ˇ

ˇ

dpf̄, ḡq.
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By Proposition 3, since the points Ma and Mb, are coplanar with f̄, ḡ, the vector lines
p0,Maq and p0,Mbq intersect the segment ra1, b1s. Thus, we can apply Proposition 4 :

dpM ¨ Πpaq,M ¨ Πpbqq “

ˇ

ˇ

ˇ

ˇ

αδ ´ βγ

αδ ` βγ

ˇ

ˇ

ˇ

ˇ

Since dpM ¨ Πpaq,M ¨ Πpbqq ď cpMq, we can finally conclude :

dpM ¨ f̄,M ¨ ḡq ď cpMqdpf̄, ḡq.

�

Corollary 6. Consider a linear map M : E Ñ E such that MpCq Ă C. Then the projective
action of M on ΠpCq is cpMq-Lipschitz with respect to the distance d.

We recall that a linear positive mapping M : E ÝÑ E is A-uniformly positive whenever
there exists h P C, such that for any f P C, there exists bpfq P R` such that :

1

A
bpfqh ď Mf ď Abpfqh.

Notice that the inequality remains valid replacing A by A1 ě A. We note A˚pMq “ inftA ě
1|M is A´ uniformly positiveu. Then the following characterisation of strictly contracting
applications holds :

Proposition 7. Consider a linear map M : E Ñ E, such that MpCq Ă C. Then cpMq ă 1

if and only if M is a uniformly positive linear mapping. Moreover when cpMq ă 1, cpMq “

ψpA˚pMqq where ψ : s P r1,8q ÞÑ 1´s´2

1`s´2 “ φps´2q P r0, 1q.

Proof. First, assume that M is A-uniformly positive for some A. Let f, g P C. Let
bpfq, bpgq P R so that

A´1bpfqh ď Mf ď Abpfqh

A´1bpgqh ď Mg ď Abpgqh.

Let f 1 “ Mf{bpfq and g1 “ Mg{bpgq. Then

h ď f 1, g1 ď Ah,

hence
A´1g1 ď h ď Af 1 and A´1f 1 ď h ď Ag1.

Thus ℵpf 1, g1q,ℵpg1, f 1q ě A´1 and mpf 1, g1q ě A´2. Since φ : s P r0, 1s ÞÑ 1´s
1`s

P r0, 1s is
decreasing and one-to one, then ψ is increasing and one-to-one. As a consequence,

dpM ¨ f̄,M ¨ ḡq “ φpmpf, gqq “ φpmpf 1, g1qq ď φpA´2q “ ψpAq ă 1.

Since cpMq “ sup
 

dpM ¨ f̄,M ¨ ḡq, f̄, ḡ P ΠpCq
(

, this yields cpMq ď ψpAq ă 1. Since ψ is
continuous, this yields cpMq ď ψpA˚pMqq.
Conversely, suppose that 0 ď cpMq ă 1. We want to show that M is uniformly positive.

Since ψ is one-to-one from r1,8q onto r0, 1q, let us set A “ ψ´1pcpMqq, thus cpMq “ 1´A´2

1`A´2 .

Let f̄, ḡ P ΠpCq and choose f 1 P M ¨ f̄, g1 P M ¨ ḡ, such that pf 1, g1q X C is a segment of
line with endpoints u, v. We assume that f 1 “ su ` p1 ´ sqv and g1 “ tu ` p1 ´ tqv with
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0 ď s ď t ď 1. Since we have assumed that cpMq ă 1, then dpM ¨ f̄,M ¨ ḡq ď cpMq ă 1.
Therefore, f 1 and g1 are distinct from u, v (ie 0 ă s, t ă 1) and

dpM ¨ f̄,M ¨ ḡq “
1 ´mpf 1, g1q

1 `mpf 1, g1q
ď cpMq “

1 ´A´2

1 `A´2
.

Since s ÞÑ 1´s
1`s

is strictly decreasing on p0, 1q, this yields

mpf 1, g1q ě
1

A2
.

Let us choose r ą 0 such that ℵprf 1, g1q “ rℵpf 1, g1q “ A´1, and set f2 “ rf 1, g2 “ g1.
Then it holds,

A´2 ď mpf 1, g1q “ mpf2, g2q “ ℵpf2, g2qℵpg2, f2q “ A´1
ℵpg2, f2q.

Thus ℵpf2, g2q,ℵpg2, f2q ě A´1, which yields f2 ď Ag2, and g2 ď Af2. In other words
: if cpMq ă 1, then there exists A ą 0 such that, for any f̄, ḡ P ΠpCq, there exists f2 P
M ¨ f̄, g2 P M ¨ ḡ, satisfying A´1g2 ď f2 ď Ag2. Let us now consider an arbitrary function
g P C, and fix h “ Mg. For each f P C, there exists two positive reals αpfq, βpfq ą 0 such
that f2 “ αpfqMf and g2 “ βpfqMg “ βpfqh satisfy

A´1g2 ď f2 ď Ag2.

This yields :

A´1
βpfq

αpfq
f ď Mf ď A

βpfq

αpfq
h.

In other words, setting bpfq “ βpfq
αpfq ,

A´1bpfqh ď Mf ď Abpfqh.

Thus, M is A-uniformly positive, and A˚pMq ď A “ ψ´1pcpMqq, thus ψpA˚pMqq ď cpMq.
�

3. Examples

3.1. The finite dimensional case. Let us focus in this subsection on the case of a finite
set X “ t1, . . . , du. We set E “ R

d, C “ pR`qd ´t0u, and consider dˆd matrices with non-
negative coefficients, acting linearly on row vectors. In this case the definition of uniform
positivity is equivalent to considerations on the zero-coefficients of M :

Proposition 8. Let M “ pMijq1ďi,jďd be a d ˆ d matrix with non-negative coefficients.
Then M is uniformly positive if and only if for each i, j P t1, . . . du such that Mij “ 0,
either the whole i´th line or the whole j´th row is zero.

Proof. Let us assume that M is uniformly positive, then there exists A ą 0, and two
functions x ÞÑ hpxq, y ÞÑ bpyq satisfying for every row vector y and line vector x

(4) A´1hpxqbpyq ď xMy ď Ahpxqbpyq.

Thus if Mi,j “ eiMej “ 0, either hpeiq “ 0 or bpejq “ 0. This implies respectively that the
j-th row or the i-th column of M is 0.
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Conversely, if we know that M has no zero coefficients except in whole zero line or rows,
then letting i0, j0 be the respective indexes of a non-zero line and a non-zero row, then
setting hpeiq “ Mij0 and bpejq “ Mi0j,and

0 ă A “ max

ˆ

max
i,j

Mij

Mij0Mi0j

,max
i,j

Mij0Mi0j

Mij

˙

ă 8,

we prove that (4) is satisfied for any vectors x, y of the canonical basis. It can be extended
to the whole positive cone by linearity. �

This provides a natural necessary and sufficient condition for a matrix to be a strictly
contracting projective operator on the projective cone ΠpCq.

Corollary 9. Let M be a d ˆ d matrix with non negative coefficients. Then

i) MpCq Ă C if and only if there is a non zero coefficient on each row of M
ii) Suppose that MpCq Ă C. Then cpMq ă 1 if and only if for each i, j such that

Mij “ 0, the whole j´th column of M is 0.

Additionally, the following Proposition, stated and proved in [Hen97, Lemma 10.7] claims
that the constant cpMq can be explicitly computed in terms of the coefficients of M .

Proposition 10. Let M is be a dˆd matrix, with non positive coefficients, and no zero-row.
Then

cpMq “ sup tdpM ¨ x,M ¨ yq, x, y P ΠpCqu “ max tdpM ¨ ei,M ¨ ejq, i, j P t1, . . . nuu ,

where peiq1ďd are the unit vectors of the canonical basis of Rd. As a consequence, the constant
cpMq can be explicitly expressed in terms of the coefficients of M “ pMi,jq1ďi,jďd

as follows
:

(5) cpMq “ max
1ďi,j,k,lďd

|MkiMlj ´MkjMli|

MkiMlj `MkjMli

.

with the convention 0{0 “ 1.

One can easily check that the necessary and sufficient condition for cpMq ă 1 provided
in Corollary 9 is consistent with the expression of cpMq in (5).

3.2. The density case. Let X “ r0, 1s and let E be the set of continuous real functions
on X. Let us consider linear operators of the form

MKfpxq “

ż

Kpx, yqfpyqdy,

where px, yq ÞÑ Kpx, yq is a continuous map from r0, 1s to R`. Under these assumptions
MK is a bounded linear operator on E. Assume additionally that

‚ For each x, y P R, Kpx, yq ě 0

‚ For each y P R, there exists x P R such that Kpx, yq ą 0.

These conditions ensure that MK is a positive operator on E, satisfying MKpCq Ă C.
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Proposition 11. Under these assumptions cpMKq ă 1 if and only if there exists g1, g2 P
R
X
`, A P R

˚
` such that

(6) A´1g1pxqg2pyq ď Kpx, yq ď Ag1pxqg2pyq.

When (6) holds for some A, noting A˚ the infimum of the values of A satisfying (6), then
it holds

cpMKq “ ψ´1pA˚q.

By continuity and compacity, it is sufficient to have Kpx, yq ą 0 for all x, y in order for
equation (6) to hold. However, it is clearly not necessary, since any product of the form
Kpx, yq “ g1pxqg2pyqg3px, yq with g1, g2, g3 continuous and non negative, and g3 positive
on r0, 1s2 satisfies (6) and is therefore uniformly positive.

Proof. If there exists A, g1, g2 satisfying equation (6), then for any x P X, any f P E

A´1g1pxq

ż

g2pyqfpyqdy ď MKfpxq ď Ag1pxq

ż

g2pyqfpyqdy,

thus MK is A-uniformly positive with h “ g1 and bpfq “
ş

g2pyqfpyqdy.
Conversely, if MK is A-uniformly positive, let h P R

X and for each f P E, bpfq ą 0 such
that

A´1bpfqh ď Mf ď Kbpfqh.

Let us note, for ε ą 0 and y P X,

gε,y “
1ry´ε,y`εsXX

ş

1ry´ε,y`εsXXpzqdz
.

Then it holds, for any x, y P X, by continuity of y ÞÑ Kpx, yq

Kpx, yq “ lim
εÑ0

MKpgε,yqpxq.

The uniform positivity assumption yields however that

A´1MKpgε,yqpxq ď hpxqbpgε,yq ď AMKpgε,yqpxq.

Therefore

A´1Kpx, yq ď hpxqlim sup
εÑ0

bpgε,yq ď AKpx, yq.

Setting g1 “ h and g2pyq “ lim sup
εÑ0

bpgε,yq, we get

A´1g1pxqg2pyq ď Kpx, yq ď Ag1pxqg2pyq.

This proves that MK is A uniformly positive if and only if (6) holds for some functions
g1, g2. Proposition 7 allows to conclude the proof. �
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