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On the kernel of vector e-algorithm and related topics

Claude Brezinski* Michela Redivo-Zagliaf Ahmed Salam *

Abstract

The vector e-algorithm of Wynn is a powerful method for accelerating the convergence
of vector sequences. Its kernel is the set of sequences which are transformed into constant
sequences whose terms are their limits or antilimits. In 1971, a sufficient condition charac-
terizing sequences in this kernel was given by McLeod. In this paper, we prove that such a
condition is not necessary. Moreover, using Clifford algebra, we give a formula for the vector
go-transformation, which is formally the same as in the scalar case, up to operations in a
Clifford algebra. Hence, Aitken’s A? process is extended in this way to vectors. Then, we
derive the explicit algebraic and geometric expressions of sequences of the kernel of the eo-
transformation. We also formulate a conjecture concerning the explicit algebraic expression
of kernel of the vector e-algorithm.

Keywords : vector e-algorithm, kernels, Shanks transformation, Aitken’s A? process, Clifford
algebra.

1 Introduction

Let (S,) be a sequence of numbers, vectors, matrices or tensors which converges to S. If its
convergence is too slow, it can be transformed into another sequence (or a set of sequences), say
(T},), which, under certain assumptions, converges faster to the same limit, that is lim,, . ||7,, —
S||/||Sn — S| = 0. The mapping (S,) — (T,) is called a sequence transformation. Among the
many transformations which can be found in the literature, one of the most popular is Shanks’
transformation [18] which was first only defined for scalar sequences by

Sn Sn-i—l e Sn-i—k 1 1 T 1
ASn ASn+1 U ASnJrk ASn ASn+1 o ASnJrk
EplOon) = . . . / . : : ) (1)
ASnJrkfl ASn+k e ASnJrQIcfl ASnJrkfl ASn+k e ASnJrZIcfl
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where A is the usual forward difference operator. When k = 1, the usual Aitken’s A? process is
recovered [1].

This transformation can be recursively implemented by the scalar e-algorithm of Wynn [23]

whose rule is

n n+1 n+1 n)j—
e = et + [ — e (2)

with e™ =0 and e{” = S, for n =0, 1,.. ., and it holds

e =en(Sn), ey = len(AS,)] 7L

The transformation (.S,) — (6;7,2)), k fixed, is called the eqx-transformation.

We have the following result

Theorem 1
A necessary and sufficient condition that, for all n, Eg,? = S is that, for all n, the sequence (S,)
satisfies the linear homogeneous difference equation of order k

ao(Sn — S) +a1(Sn+1 — S) + -+ ak(Sn+k — S) =0,
with agay # 0 and ag 4+ a; + -+ + ax # 0.

It does not restrict the generality to assume that the a;’s sum up to 1. A first proof of this result
was given in [4], but its complete proof only appeared in [7, Thm. 1]. The set of sequences satisfying
Theorem 1 is called the kernel of the scalar e-algorithm (or of the Shanks’ transformation). It is
still valid if the sequence (S,,) does not converge, in which case S is called the antilimit of the
sequence.

In [24], Wynn extended his algorithm to vector sequences in R? by defining the inverse of a non
null vector y € R? \ {0} as y~' = y/(y, y) (called the Samelson inverse) in (2), where (z,y) =y’
denotes the usual scalar product. Thus the rules of the vector e-algorithm and of the scalar one
are the same up the extension to a vector inverse. However, the vectors 5/5:) it produces cannot be
represented by ratios of determinants of dimension k 4 1 as in (1). They can be represented by
ratios of much larger determinants [9,10] or as ratios of designants which generalize determinants
in a noncommutative algebra [17].

Using Clifford algebra, McLeod [13] proved the following result for the kernel of the vector e-
algorithm

Theorem 2
Let (S,) be a vector sequence of RP that satisfies the linear homogeneous difference equation of
order k

CLO(Sn—S>+CL1<Sn+1—S)+"‘+ak(5n+k—5) =0, Vn

where a; € R with agay, # 0 and ag+ay + -+ -+ ax # 0. Then, for all n, 58,? =S

In Section 2, we will show that the kernel of the vector e-algorithm is not only limited to the
sequences of Theorem 2, and, hence, that this condition is only sufficient. In Section 3, we recall the
main features of a Clifford algebra that will be used in this context. In Section 4, we highlight how
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the Clifford algebra’s tool can be helpful for obtaining explicit formulas for the e-transformation.
These formulas are formally the same as in the scalar case, up to operations in a Clifford algebra,
and hence, they are easier to understand. The extension of Aitken’s process to vectors is explained
in Section 5. The link with the eo5-transformation is established. The kernel of this transformation
is explicitly derived both in algebraic and geometric forms. Finally, a conjecture concerning the
explicit algebraic form of the vector egi-transformation is proposed for any k.

2 On the kernel of the vector ey9;.-transformation

Let us first give an example showing that the kernel of the vector e;-transformation contains vector
sequences which do not satisfy the condition of Theorem 2.

When k = 1, according to Theorem 2, the kernel of the e,- transformation contains the sequences
of vectors of R? satisfying Vn, ag(S, —S)+ (1 —ag)(Sp+1—S) = 0 where the real scalar qy is different
from 0 and 1. Consider now three linearly independent vectors S,, S, 1 and 5,2, and assume
they satisfy this difference equation. This is impossible. Indeed, we have a¢S,, + (1 — ag)Sn11 =
aoSni1 + (1 — ag)Spia, that is agS, + (1 — 2a9)S,11 — (1 — ag)Spie = 0, and the three coefficients
ag, 1 — 2ag, 1 — ag cannot be simultaneously equal to 0 or 1.

We consider now the sequence (.S,,) of vectors in R* defined by
S3n = (17 07 0>T7 S3n+1 = (07 17 O)T7 S3n+2 = (07 07 1)T7 n = 07 ]-7 cee

Three consecutive vectors of this sequence are obviously linearly independent, and, thus, they do
not satisfy the condition of Theorem 2. Let us apply the vector e-algorithm to this sequence with
the Samelson inverse for a vector.

We have, for all n,

ASs, = (—1,1,0)T, (AS3,)t = (-1,1,0)T/2,

A5371-5-1 = (07 -1, 1)T7 (ASSn—H)il = (07 -1, 1)T/27
AS3n+2 - (1707_1)T7 (AS3n+2)_l - (1707_1)T/27
AS3n+3 == (—1,170)T7 (AS3n+3)_1 == (—1,1,0)T/2

Then
)T / 3,

and we finally obtain

& = <0,1,0> +(1,-2,1)7/3=(1,1,1)7/3,
e = (0,0,1)T + (1,1,-2)7/3 = (1,1, 1)7/3,
éi”"“’ (1,0,0) 4 (=2,1,1)7/3 = (1,1,1)7/3,

3

which shows that our sequence belongs to the kernel of the vector es-transformation without sat-
isfying the condition of Theorem 2. Thus, this condition is only sufficient, and the kernel of the
go-transformation contains other sequences.



Let us now give an example showing that the kernel of the vector eor-transformation contains
vector sequences which do not satisfy the condition of Theorem 2.

For an arbitrary integer k, according to McLeod’s Theorem (Thm. 2), the kernel of the vector
eq-transformation contains the sequences (.5,,) of vectors of R? satisfying

a0(Sy — S) + ar(Spy1 — 8) + -+ + ax(Spyr — 5) =0, (3)

where a; are real numbers, with agay # 0 and ag + a1 + -+ - + ai # 0.

Consider now 2k + 1 linearly independent vectors Sy, S, 11, - .., Snror (thus we must have p >
2k + 1) and assume they satisfy the difference equation (3). This is impossible since, otherwise,
from (3), Sy, Spi1,-- -, Snior would be linearly dependent because the coefficients a;’s cannot be
simultaneously equal to zero.

Let p = 2k + 1 and consider the sequence (S,,) of vectors in R? defined by

Spn—}—l:el-i-la le)"'vp_]-7

where ¢; is the [th canonical vector of RP. The p successive vectors of this sequence are obviously
linearly independent, and, thus, they do not satisfy (3) of Theorem 2. However, performing the com-
putations in Matlab, the vector e-algorithm applied to this sequence, gives 5&2) =(1/p,...,1/p)T
for all n.

The difficulties for understanding the vector e-algorithm come from the fact that it is derived
from the scalar e-algorithm by taking the same rules and extending the inverse of a non null
real number to a non null vector, via the Samelson inverse. Thus the algorithm obtained looks
like a “black box” for computing vectors without any theoretical support or justification, while
the scalar e-algorithm presents comprehensive features, as for example its connection to Shanks’
transformation, Aitken’s A process or Padé approximants,.... Attempts following the scalar scheme
have been made for extending Shanks’ transformation to vector sequences. But all of them led to
vector generalizations and algorithms, such as the topological € algorithms, which are different
from Wynn’s vector e-algorithm. Such generalizations are based on computations in a linear space
RP(+,.) having an algebraic structure such that an algebraic inverse of a vector has no meaning,.
Contrarily, a Clifford algebra associated to RP(+,.) is a powerful tool for our aim. It contains
RP(+,.) and each non null vector u € R? has an inverse v~ with respect to the multiplicative law
and this inverse coincides with the Samelson inverse. This property will allow us to overcome the
mentioned difficulties and to complete the study of the e-algorithm

3 Clifford algebra, a powerful tool

In this Section we recall some definitions and properties of a Clifford algebra, that will be useful in
the following sections.

Let {e1,...,e,} be an orthonormal basis of the Euclidean real linear space RP. There exists
a unitary, associative but non-commutative (for p > 1) algebra C/¢,(R), called the universal real
Clifford algebra associated to RP (see [2,14]), for which there exists an R-linear transformation
® : R? — Cl,(R) such that

Vu = (uy,...,u,)" €RP, (®(u))? = (u,u)l, (4)
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where 1 is the unit element of C/,(R), and (u,v) denotes the usual scalar product of two real vectors
u and v.

p p
We may identify Zul@(ei) € Cl,(R) with Zuiei € R? and each A1 € C/,(R) with A € R.
i=1 =1
According to this identification, one can consider R” and R as subspaces of C/,(R). The Clifford
algebra Cl,(R) is generated by the elements of the system {es,...,¢e,}.
For sake of clarity, from now on we denote by C¢,, the Clifford algebra, and by x the multiplication
in Cl,. Thus relation (4) is rewritten as u x u = u®> = (u,u). This algebra is also the real linear

space spanned by the products
eip k- oxe; 1< <o <3, <p, 0<r<p,
where the empty product (r = 0) is the identity element 1. Thus, the system
{L,e;, k- xe;; 1<iy <---<i,<p, 1<r<p}

is a basis of C¢, and it is easy to see that its dimension is 2”.
Let us consider some definitions and the main properties of this algebra when u = (uy, ..., u,)" =

p p
E uie; € RP and v = (vy,...,v,)T = E v;e; € RP are two real vectors.
i—1 i=1

Property 1
The following properties hold
1.
Vi,je{l,....,p}i#j, eixe =1, eike; =—ejxe;, and (e;xej)? = —1.
2.

wx = (u,4) = ] (5)
3. From (4), the product ux v is given by

u*vz(u,v)+Z(uivj—ujvi)ei*ej, and uxv+vrxu=2(u,v) € RP, (6)

1<j
4. From (6), we obtain

uxvxu = 2(u,v)u — ||ul*v € RP.

5. Let u € RP. From (5), the inverse of u is given by

4 u
=T €

and we see that it coincides with the Samelson inverse of a real vector.



4 Expression of the vector 5%71) using Clifford algebra

We will now see that the use of Clifford algebra allows us to overcome the operations that are
limited if we restrict ourselves only to the linear space R?. Moreover, the expressions obtained are
more understandable. To this aim, we focus on the sequence (55")) which is the first even step of
the vector e-algorithm. Let us derive it from the rules of the vector e-algorithm.

Theorem 3
The €9 — trans formation : (S,) — (eé") ) can be explicitly expressed as

el = 8, — AS, x (A28,) " x AS,,. (7)

Proof: We have
e = S+ [ =) with (Y = [AS,] 7

Thus

(ASn1) ™ = (AS) T = [(AS,) 7" (ASy = ASppr) * (ASnyn) 17,
= [(ASui1) " % (AS, — AS,p1) % (AS) 7Y,

and it follows

e = St — ASy % [A2S,] 7 x ASy 1 = Syt — ASpyq * [A2S,] 7 % AS,. (8)

This relation can also be written as

el = Sy (Sns1 — Sp) — AS,q * [A2S,] T % AS,
= S, + A28, x[A25,] 7« AS, — AS,1 x [A2S,] 7t x AS,
= S, + (A28, — AS,,1) % [A%S,] 1 x AS,
= Sy 4 (ASup — AS, — AS,1) * [A2S,] 7 x AS,,
= S, —AS, *(A?S,) ' xAS,

and we finally obtain egn) =8, — AS, x (A%S5,)" 1%« AS,. I

Remark 1 It is worth to notice that the expression (7) is formally the same as that of the scalar

case (scalar Aitken’s expression, scalar 5;n)) up to use the product x and the respect of the order of
the factors.

Let us develop this formula in the Clifford algebra. For two vectors u,v € RP, we have in the
Clifford algebra u v 4+ v*u = 2(u,v). Thus v xu*v = 2(u,v)v — (v,v)u (see Property 1, item 3),
and (7) becomes

2(AS,, A%S,)AS, — (AS,, AS,)A2S,
- (A28, A2S,) ‘

e =3,

(9)

This is an expression for 5§n) only using operations in RP.



The vectors sgz) obtained by the vector e-algorithm can be expressed as a ratio of determinants
of dimension 2k + 1 as given in [11, Thm. 1]. In particular, we have, for k = 1,

STL STL-H Sn+2
0 [ASLI? 2(AS,, ASpy1)
£y =
1 1 1
0 IAS,[[? 2(AS,, ASy41)
—[lAS. >0 I1AS,, 112
Thus
Sn—e Sny1—e8)  Sppp—el”
0 ||ASn||2 2(A5n7 ASn-I—l) = 07
~[[AS,|1? 0 IAS, 412

and there exists ag, a; and ao, which depend on n, such that

ap(Sp — 5;n)) + a1 (Sny1 — 5(2n)) + a(Sni2 — 5§n)) =0
(11||A5n||2 + 2(12(A5n, ASn—H) =0
—ao|[|AS,|* + a2[| AS, 1] = 0.

It does not restrict the generality to assume that ag + a; + as = 1 since this sum has to be different
from 0 to ensure the existence of 55"). Solving the system we find that

ao = [[ASu1lP/1A%Sal, a1 = —2(AS,, ASuy ) [A%Sall?,  az = [|AS,]*/|AS,]*.

Thus
5§n) = (”ASnJr1H2Sn - Q(Asm ASn+1)Sn+1 + HASnHQSn+2)/HAZSnH2'

After some algebraic manipulations, it is easy to see that this expression reduces to (9).

5 The vector Aitken’s process

In this Section, we show how to built the vector Aitken’s A? process. The successive steps of this
construction are similar to those which have to be followed for constructing many other sequence
transformations (see [5,19,20,22]). Namely, we start from an algebraic equation, named the implicit
kernel of the transformation, satisfied by the sequence (.S,). Then, this difference equation is solved
thus giving these sequences into a closed form named the explicit kernel of the transformation.
Finally, a sequence transformation transforming all these sequences into a constant sequence is
constructed. The drawback of such an approach is that one is confronted with inconsistent systems.
The details will be given below.

5.1 Construction of the vector Aitken’s AZ

To extend Aitken’s process to vectors, one naturally tries to adapt the scalar approach to vec-
tors. Thus, let (S,) be a sequence of vectors in RP. A potential Aitken’s process could be the



transformation ¢; : (S,) — (t§”)) satisfying formally the system

§(Sn = ) + af™ (Sppr — 1" )) =0
aé")(SnH — ¢y 4+ a<">( M — My = (10)

al” +a\” =1, with a{”a{™ # 0.

where (¥ € R, a{” € R, ¢’ € RP are unknown. The drawback of this approach, is that for p > 2,

the system (10) is inconsistent. It presents more constraints than free parameters. To overcome
this inconvenient, the existing approaches found in the literature project the system, in one way or
another, as, for example, in this way

(ASn, y) + a1 (ASnH, y) =0
(n) + ag ) _ = 1 )
t(n) (n S+ aln)Sn—i-l

where y is a chosen vector. These approaches lead to the class of the topological e-algorithms and
all of them are far from the vector e-algorithm.

The way which allows us to overcome the problem of inconsistency, is to consider the system
in Clifford algebra, precisely as follows : the vector Aitken’s A? is the transformation ¢; : (S,) —

(tﬁ”)) satisfying formally the system

D (Sn =11 + 0 % (Spar = 11) = 0
al™ 5 (Spey — 1) + a§"> s (Spya — i) =0 (11)
a(()n) + a§”) =1, with aé * ag") # 0.

where ao ) e Cly, a ) e Cép, ) e C{, are unknown.
Viewed in this Way, the problem of consistency disappear for the system (11). However, an
unexpected problem arises from this formulation : the quantity tﬁ”) belongs to C¢,, and at least at

first sight, is not necessarily in R?. We will see that tg") is guaranteed to belong to RP as we wish.
The system (11) can be rewritten as

=5, —|—a1” * AS,
AS +al™ % A28, =0
é)+a§)_1 with a{™ xa{™ # 0,

which gives a{” = —AS, % (A25,)~! and hence £ = S, — AS,  (A25,)" 1 x AS, = & € R.
Thus, the vector Aitken’s A? process coincides Wlth the vector eo-transformation. To complete our
purpose, we may now define the vector Shanks’ transformation as the transformation ¢; : (S,,) —

(™) satisfying the system (11).

5.2 Kernel of the vector Aitken’s A% : implicit form

The kernel of vector Aitken’s A? process or equivalently of vector eo-transformation is the set of
vector sequences (.5,,) that are transformed into a constant vector valued sequence (S). In other
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words, the set of vector sequences satisfying for all n the system

al” % (S, — )+ al™ % (Spyp1 — S) =0
al” % (Spi1 — S) + al” x (Spy2 — ) =0 (12)
agn) + a§”) =1, with a(()n) * a§") # 0.

where aén) € Clp, aﬁ”) € Cl,, S € R? are unknown. Writing the system (12) for n and n + 1, we
get the system

al” % (S, — S) 4+ al™ % (Sp1 — S) =0

al” % (Spp1 — S) + i x (Spyp2 — ) =0

al"™ % (Spar = S) 4+ al" x (S — 8) =0

al” +al” =1, " 4" =1,

from which we deduce

{ (a5 = ad") % (Suin = S) + (@l = al™) % (Spya — §) =0

aénH) — aén) + aﬁ"*” — ag”) =0,

that is

(0" = 01" % (Sga = Spir) = 0

aén+1) . a((]n) + agn+1) . agn) —0.
Assume that AS, # 0, Vn. We get (a{"™ — a!™) = 0, Vn, and hence (a"™" — a{”) = 0, Vn.
Thus we have the implicit form of the kernel

Theorem 4
The vector eq-transformation: (S,) — (gg")) is such that Vn,gén) = S if and only if the vector
sequence (S,) satisfies for all n the system

{ ag* (S, — 9) +a *n(SntLl—S) =0 (13)
ap +a; =1, with af *af # 0.
where ay € Cl,, a1 € Cly, S € RP.
The condition (13) of Theorem 4 can be expressed in the slightly different form
Sp =S +ag*xAS, (14)

where 0 # ag € Cl,, S € R? and AS,, # 0, Vn.

5.3 Kernel of the vector Aitken’s A? : algebraic explicit form

The difference equation (13) (or (14)) has to be solved for obtaining the explicit form of the kernel.
We have the following result

Corollary 1
The kernel of the vector Aitken’s A? process is the set of sequences satisfying, for all n,

Sn =S + ASO * (AQS())_I * [ASl * (ASO)_IWL * ASO (15)

9



Proof : From Theorem 4, the kernel of the vector A? process or of the vector e,-transformation
is the set of sequences (.S,) satisfying, Vn, S, = S + ag * AS,,, which, by applying the operator
A to both sides, gives AS,, = ag x A%S,. Thus, for any value of n, ag = AS, x (A%S,)"!. But
we also have AS,, = ag * (AS,41 — AS,), that is AS, 1 = ag' * (1 + ag) * AS,. Setting v =
agl * (1 4+ ap), we have AS,, 1 = 7% AS,, and it follows by induction that AS,, = +" x ASy. For
n =1, we have AS; = ay' x (1 + ag) * ASy = v * ASp, and we get v = AS; x (ASy)~!. Finally
AS, = [AS] * (ASy) 71" x ASy, ag = ASyx (A%Sy)~!, and the result follows.ll

Remark 2
Notice that we also have 1+ ag = AS(A%S)™, and v = ag ' (1 +ag) = ag* +1 = A2Sy(ASy) ™! +
ASO(ASO)il = Asl(ASO)il.

In the scalar case, the usual form of the kernel is recovered since, due to the commutativity, the
kernel is the set of sequences such that, for all n,

S, = S + AS(A2S) TASH[AS) x (ASy) 1" = S + a)”,

with o = AS()(AZS())ilASQ = (ASQ>2/AQSO and A = AS; (ASo)il = ASl/ASO
In fact, the result in Corollary 1 can be improved as follows

Theorem 5
The kernel of vector Aitken’s A process is the set of vector sequences satisfying,

Vi, Sp =S+ a* A", (16)

where o = Sy—S = eq is an arbitrary non null vector of RP and X\ any arbitrary bivector A = o~ xeq,
with e; = S1 — S any arbitrary non null vector of RP.

Proof: From Corollary 5, we have S,, = S+ ASy* (A2Sy) 1 % [AS; % (ASy) 71" x ASy. By induction,
we have (ASy)"HAS) x (ASy) 7" x ASy = [(ASy) ™' « AS;]™. Hence, we obtain

S, = S+ Ao+ (A250) " % ASy# [(AS)) ™ % AS]" = 5 + % A", (17)
with o = ASy* (A%S)) "' x ASy and A = (ASy) ™' x AS;. Taking n = 0 in equation (17), we get also
a = eg and then for n = 1, we obtain A\ = eal *xep. 1

Thus, using the tool of Clifford algebra, we formally obtain the same expression for the kernel
as in the scalar case. It is also interesting to notice that « is a vector of RP, but not \". However,
the computation of @ * A™ can be simply performed in the linear space (R, +,.)

5.4 Expression of the vector Aitken’s A% with designants

In the scalar case, the Aitken’s A? can be expressed as a ratio of two determiants as given in
equation (1). As we saw, the vector Aitken’s A? is algebraically obtained by immersing the linear
space R” into the Clifford agebra C¢,. Since determinants do not exist in a non-commutative ring,
a determinantal formula similar to the scalar case does not exist. However, such a formula holds

10



with designants introduced by Heyting in [12]. They play, in a non-commutative ring, the same
role as determinants in a commutative ring.

Thus, let a11, ai2, as1, aze be coefficients in C¢,,, with a;; invertible. The right designant of order
2, is defined as
aipr a1

-1
= Q22 — Q12 * Qy] * Q21,
A1 Q22

T
which is formally the expression of a Schur complement in a ring of matrices. This is not surprising
since the construction of designants is based on an elimination process. In [17], using Clifford

algebra and designants, the following expression of the vector 5&") was derived

-1

RONS AS, S,
2 AS’n—l—l Sn—i—l

AS, 1
ASn-i—l 1

Using properties of designants and the powerful tool of Clifford algebra, we derive below another
proof for the explicit form of the kernel of the vector Aitken’s A% process. Thus, gé”’ = 5,Vn is
equivalent to

AS, S,—S |
‘ ASn-H Sn+1 -5 "r N O, vi.

So
eV = § = (Sps1—9)—(Sp—9)*(AS,) A1 = 0 = (Spi1—S)* (A1)t = (S —S)x(AS,)
from which, it is straightforward that
S, =S+ AN"xey with ey € RP, X\ € Cl,.
This formula can also be rewritten as
S, =S8+ (e1xeg' )" xeg with eg € RP e € RP.

Notice that Theorem 5 gives S, = S + eg * (e ' x €1)™. In fact the two expressions are the same
since
eo* (egtxer)" = (ey xegt)" xeg, Veg € RP, Ve, € RP.

How can one see that w, = (e; x ;)" x ¢g € R? and compute it in R?? We have seen that, for
u€ R, v eER, uxu=(u,u) = ||lullz, v '=u/|ul?€R, uxvru = 2(u,v)u— ||ul|*v € R%
Thus we obtain

uxv* (au+ pv) € spanf{u, v}

where a € R, [ € R, that is the stability
u v xspan{u, v} C span{u,v}.

Then, we get iteratively
(uxv)" xspan{u, v} C span{u,v}.

Thus, w, = (e; x €5 )" x eg € R%. Let us summarize this in a slightly more general way
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Lemma 1 Let u, v be any vectors of R and x any vector of span{u,v}. Then
Vn e N, (vxu)"*z € span{u,v}, xx(uxv)" € span{u,v}, and (v+xu)" *x =z * (u*xv)".

Proof : The property is true for n = 0 since (vxu)? xx =z = 2 * (uxv)° € span{u,v}.

Assume now (v xu)? xz € span{u,v}, z* (u*xv) € span{u,v}, and (v*u)! xz = x * (u*xv)’,
for j € {1,--- ,n}. For n + 1, we obtain (v u)"™ xz = (v*u)" * (v*u) x z. By the induction
hypothesis, y = (vxu) x z € span{u,v} and (v *u)" *y € span{u,v}. It follows

n+1

V' wr = (vxw)"xy = yx (uxv)” = (Vku) x oz (uxv)” = % (ukv) % (uxv)" = % (uxv)" T,

(vxu

which ends the proof. N

5.5 Kernel of the vector Aitken’s A% : geometric explicit form
Let us now establish a geometric explicit form of vector Aitken’s A? process from its algebraic

explicit form. To do this, we need what follows.

5.5.1 Rotation’s expression in C/,

We have the

Lemma 2 Let u,v be two vectors of RP with ||ul|a = ||v||2 = 1 and consider the map R : RP — RP
defined by
Ve € RP) R(z) = (v*u)*xx*(u*v). (18)

R is the rotation in the plane span{u,v}, of angle ¥ with angle Z(u,v) =1 /2.

Proof: It is straightforward that R is a linear map. Firstly, let us check that R is an isometry.

In fact, Vz € RP, ||R(z)||3 = (v*u)*xx* (uxv)*x(vxu) *x*(uxv). Thus ||R(x)]]3 =
(vxw) xwxx (wxv) = |2l v s ususo = [o]3  [uld + o]} = )3
On the one hand, for = € span{u,v}*, we have R(z) = vx(uxx*u)xv = v*(—z)*%v = —(—1) = 7,

where span{u,v}+ denotes the orthogonal of span{u,v}. On the other hand, R(u) = (v u) » u %
(uxv) = vxuxv = 2(u,v)v — u, which shows that R(u) is obtained by a rotation of angle
¥ on the plane span{u,v}, where the angle Z(u,v) = /2. In fact, (u,v) = cos(¢/2). Hence
2(v,R(u)) = v+ R(u) + Ru) xv =vx (vkuxv)+ (vxu*v)*xv = u*v+ vx = 2(u,v). Thus
Z(v, Ru) = Z(u,v) = /2. It follows that Z(u, Ru) = Z(u,v) + Z(v, Ru) = ¥/2 + /2 = . In
a similar way, R(v) = (v xu) * v * (uxv) € span{u,v}. To see now that R(v) is also obtained
from v by a rotation of angle ¥ in the plane span{u,v}, we have to show that Z(v, R(v)) = .
In fact, we saw that Z(v,R(u)) = /2. Now, 2(R(u),R(v)) = R(u) » R(v) + R(v) x R(u) =
(Vxuxv)*k(Vkurxvkuxv)+ (Vkuxvrxuxv)*x (Vrxu*xv) =uxv+vrxu = 2(u,v). Hence
Z(R(u), R(v)) = ¢/2. It follows then Z(v, R(v)) = Z(v, R(u)) + Z(R(u), R(v)) = /2 + /2 = 1.
Thus, R(u) (respectively R(v)) is obtained from u (respectively from v) by a rotation in span{u, v}
of angle ¥ with Z(u,v) =1/2. 1
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5.5.2 Geometric explicit form of the vector Aitken’s A? kernel

The kernel of vector Aitken’s A? process, expressed in terms of rotations, is as follows

Theorem 6 The kernel of vector Aitken’s A% process is the set of vector sequences (S,) given by
Vn, S, =S+ 0"R"(eo), (19)

where R is the rotation in the plane span{ey, e}, with eg = Sy — S, e; = S1 — So and moving é
mto él with éo = 60/“60”2 and él = 61”61”2.

Proof: We showed that the kernel of vector Aitken’s A? process is the set of vector sequences (.S,,)
given by S, = S + (ey x ey 1)" x g for any arbitrary vectors eg = Sy — S and e; = S; — S. Setting
o = H60||2, 6 = ”61”2, éo = 60/0&, él = 61/6, we get Sn =5+ Oéén(él * éo)n *éo, with § = ﬁ/Oé
Let ¢ be the angle ©» = Z(ép,¢é1) and 0 in span{éy, é1} with [|0]ls = 1 and Z(éy, ) = /2. Then,
the rotation R in span{éy, é1} of angle v is explicitly given by R(x) = 0 * ég x & * ég x 0. Thus
él = R(éo) = ’D*éo*éo*éo*f] = ?A)*ég*/{}. Hence (él*éo)n = (’D*éo*f)*éo)n = (/(A]‘kéo)Qn.
From Lemma 1, we have (0 * éy)" x ég = ég * (ég * 0)". It follows that (é; x é9)™ * ég = (0
€)% x ég = (0% €)™ x (D% €9)" x €9 = (0 * &)™ * &g * (€9 x D) = R"(éy) and finally we obtain

S, = S+ ad"R"(ég) = S + 0" R™(aéo) = S + 6" R"(e).

In [21], Steele et al. experimentally observed the result of Theorem 6 and gave a proof based
on a geometric construction using concepts of elementary geometry, typically the similarity and
congruence between triangles.

5.6 Kernel of the vector e-algorithm : implicit form

The following result proved by Salam [16, Thm. 12] by using designants describes the implicit form
of the kernel of e-algorithm

Theorem 7
The kernel of the e -transformation:(S,) — (5&2)) 15 the set of sequences satisfying, for all n,

Sn =S + ag * ASn + ot ap_1 % ASn+k_1, (20)
where the coefficients a; are in the Clifford algebra.

The relation (20) is the implicit form of the kernel of the eq95-transformation. It can also be written
under the form
ao*(Sn—S)—|—~-—i—ak*(5n+k—5) :0,

with a; € Cl,, apx a, #0, and ap + -+ - + oy, = 1. It is a necessary and sufficient condition.

13



5.7 Conjecture on the explicit form of the kernel of the vector e-
algorithm

We conjecture that the explcit form of vector e-algorithm kernel is given by

Conjecture 1
The kernel of the transformation o : (S,,) — (5&2)

) is the set of sequences satisfying, for all n,
Sp=S+ar* AT+ 4+ oy x AL,
where the coefficients a;, \; are in Cly,, and such that o; x A\ € RP fori=1,...,k and for all n. .

Intensive computations using Mathlab confirm the conjecture for k = 2,4, 6. Theoretical investiga-
tions are actually under consideration.
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