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Every theory is eventually of presheaf type

Christian Espindola, Kristof Kanalas

Abstract

We give a detailed and self-contained introduction to the theory of
A-toposes and prove the following: 1) A A-separable A-topos (one whose
defining site has a certain smallness property) has enough A-points. 2)
Given a k-site, its classifying A-topos is of presheaf type (assuming x <
A=),

1 Introduction

The main ideas of this paper have their origin in [Esp19b], [Esp20] and [Esp19a,
Section 3.2 and Section 4]. In these notes our intention was to find a detailed
and syntax-free, purely categorical presentation.

To do so, we first discuss the fundamental notion of compatibility between
extremal epimorphic families and < k-limits. In [Mak90] a k-regular category
is defined as one having < x-limits and effective epi-mono factorizations, such
that the transfinite cocomposition of a continuous < k-sequence of effective
epis is effective epi. The natural counterpart of this for coherent categories is
formulated in terms of covering cotrees: if one builds a cotree on an object,
which is locally extremal epimorphic and every branch is continuous, < &, then
the cotree is globally extremal epimorphic, i.e. the transfinite cocomposition of
the branches form an extremal epic family on the root. In the next section we
study this notion in detail and prove a completeness theorem.

Then we define a k-topos as a Grothendieck-topos whose extremal epic fam-
ilies are compatible with < k-limits in the above sense. We lift the classical
results concerning classifying toposes to x-toposes. Finally we reformulate the
completeness theorem in terms of k-toposes whose defining site is small in an
appropriate sense, generalizing [MR77, Theorem 6.2.4] (Theorem 5.4), and de-
rive the main result of this paper; that the classifying A-topos of a k-site is of
presheaf type, assuming xk <t A = A<* (Theorem 5.5).

The second-named author acknowledges the support of the Grant Agency of the Czech
Republic under the grant 22-02964S. This research was carried out during a visit to University
of la Réunion, partially funded by France.



2 A completeness theorem

This section motivates the definition of a xk-Grothendieck-topology, i.e. the cor-
rect notion of compatibility between covers and < k-limits. Its content is a
completeness theorem: if a k-lex category C has < k-big Hom-sets then given a
< k-big collection E of extremal epimorphic families interacting well with < -
limits, there is a jointly conservative set of C — Set k-lex E-preserving functors.
As an application we give a Rasiowa-Sikorski-like result for sufficiently distribu-
tive lattices.

(In Section 5 we will present a more general version of the completeness
theorem, based on the same idea.)

Definition 2.1. k = cf(k) > RNy. C is s-lex (i.e. it is a category with < k-
limits). A class F of extremal epimorphic families is said to be compatible with
< k-limats if

1. Each member of F is pullback-stable (i.e. its pullback along any map
is extremal epimorphic). EP® denotes the class of extremal epimorphic
families obtained this way.

2. Given a rooted cotree (as a diagram in C), such that on any vertex its
predecessors form a member of EP’, every branch has length < & and
every branch is continuous (objects sitting at limit points are limits in C);
it follows that the transfinite cocomposition of the branches is extremal
epimorphic.

Definition 2.2. We shall name a few kind of diagrams: by cotree we will mean
the opposite of a rooted tree as a diagram in C. By continuous (EP®, k)-cotree
we mean that on any vertex its predecessors form a member of EP°, every
branch has length < x and every branch is continuous. By a continuous cofinal
(EP*| kT)-cotree we mean that the cotree has height x and each branch has size
k (hence order type k°?). When E consists of all extremal epimorphic families
with < A-many legs, we may write locally covering continuous (A, k)-cotree
instead of continuous (F, k)-cotree.

Definition 2.3. A category C is of local size < k if each Hom-set is of cardinality
< K.



Theorem 2.4. C is k-lex of local size < Kk, and it has a strict initial ob-
ject 0. Let E be a set of extremal epimorphic families, such that |E| < k
and E is compatible with < rk-limits. Then given any object uy € C there is
a continuous cofinal (EP®, k*)-cotree with root ug such that given any branch

Po,iq P0,iq,ig . .
Uy < Ugs, S Uiy < ... the colimit of the representable functors

C(ug, —) , C(ugs,,—) Po. ... is either the terminal copresheaf (iff the branch

gets eventually ) or it preserves the extremal epimorphic families in E. When
ug # 0 at least one branch yields a non-terminal copresheaf.

Proof. Let ug ¢~ uy ... be an (at this point not necessarily continuous) -
chain in C. First we would like to understand what does it mean for the colimit

of C(ug, —) Lc (u1,—) = ... to preserve a given extremal epimorphic family
(x; = y)j<y (with v > 1). This is easy: it is mapped to a jointly surjective
family iff for any map u, — y there’s ug — u, in the sequence such that for
some j < 7 the dashed arrow

ug > Ug > Y
N
. T
S To oy T

exists.

We shall also understand the v = 0 case. The empty collection of arrows is
extremal epi on y iff y¥ has no proper subobjects. As the initial object is strict,
every map out of it is mono, hence this is the same as y = (). The colimit
of the representables does not preserve the initial object iff one of the u,’s is
initial, in which case all the following ug’s are initial and hence the colimit is
the terminal copresheaf which is allowed. So we assume that the prescribed
families are non-empty.

One such issue can certainly be solved at any stage of the construction: if we
have started to construct the chain (and we are in a successor step) ug < ... ug,
then given o < 8 and a map u, — y < x; just take the pullback

UB+1 > T
Lo
ug > Ug, > Y

(for any j: hence we have y-many options to continue the chain, these possibil-
ities will form the cotree that we promised).

As our Hom-sets have size < k and we have k-many prescribed families,
there are k-many tasks concerning a given u € C. But solving one such issue



will yield a new u, and hence k-many new tasks. Luckily we have k-many steps
to arrange everything and this can be done:

For any u € C let T, be the set (or list) of diagrams u — y <+ xg, 21, ...
(where (y < z;); is any member of E), well-ordered in order type « (technical-
ity: assume 1 — 1 is among the given families, so T, is non-empty. Allowing
repetitions we can assume that 7, has size k). We have the canonical well-
ordering f : K X Kk — k with the property f(a, ) > 8. We use it as follows:

Let’s fix a table of size k X r (the second coordinate labels the columns)
whose entries are empty at the moment. As the root of the cotree is ug we list
T, in the zeroth column: these tasks will have to be solved. Now, at step 1 we
solve f~1(0), whose second coordinate is < 0, so it is one of the already listed
tasks. We do it by forming the pullback of the covering family; this yields the
first level of the cotree

Uopo

Up < Uox

To construct the continuation from wgy fill in T}, , in the first column and solve
f71(1), whose second coordinate is < 1 hence we know which task it is.

The transfinite recursion is then the obvious thing: to define the a-level of
the cotree at limit « just take the transfinite cocomposition of the branches.
Now do it for ao+ 1: to continue from a given vertex u_. pick the corresponding
table whose columns before «v are filled in (with the tasks corresponding to the
elements which are above u_ ). Now fill T, into the o' column and solve task
number f~!(a).

This defines a continuous cofinal (E*?,xT)-cotree. When we go along a
branch we see that every task is solved, so the colimit preserves all the given
extremal epimorphic families, except the empty union which we cancelled from
the list. So every branch yields either the terminal copresheaf or an E-preserving
one.

It remains to prove that when uy # () at least one branch yields a non-
terminal copresheaf, i.e. that it cannot happen that every branch is becoming
constant () at some point. But this is clear, otherwise (by cutting down each
branch at that point) we would get a continuous (EP, k)-cotree which is not
covering the root. O

From this we derive the completeness theorem:



Theorem 2.5. Let C be k-lex of local size < k with a strict initial object, and
let E be a set of extremal epimorphic families, such that it is compatible with
< k-limits and |E| < k. Then given x € C and u,v subobjects of x, if for every
M : C — Set k-lex E-preserving functor we have Mu C Mv then u C v.

Proof. Take the above cotree with root u = wug. If a branch h yields a x-lex
E-preserving functor M, = colim(C(u,—) = C(uop1), —) = ...) then by

assumption Mpu C Myv, in particular 1, € Mp(u) C My(x) lies in My(v),
meaning that for some u) in the branch we have a lift

SL— R
A
’

’

’

’

’

When the branch becomes eventually () we also have this lifting. Cutting down
each branch at such a point and using that the resulting (EP, k)-cotree is cov-
ering the root we have an extremal epimorphic family with liftings

/
/
/
/
/

Al

S
>

s SRR
n
/
S
o

Hence each uy — u factors through v Nu and therefore v Nu =wuso v Cov. 0O

Definition 2.6. A = cf(\) > k = ¢f (k) > Rg. A category C is (\, k)-coherent

if
i) it has < x-limits,
ii) it has pullback-stable effective epi - mono factorization,
iii) it has pullback-stable < A-unions,
iv) and < A extremal epimorphic families are compatible with < k-limits

(pullback-stability follows from ii) and iii), so the additional requirement
is the second clause of Definition 2.1: that locally covering continuous
(A, k)-cotrees are globally covering).

A functor is (A, k)-coherent if it preserves < k-limits, effective epimorphisms
and < A-unions.



Remark 2.7. When A\ > k or A = k and & has the tree property, then in iv)
we have < A-many branches so the union of the images automatically exists.
Indeed, using the regularity of A we see that for each o < A the a-level of the
tree is of size < A. This solves the kK < A case. When A = k and & has the
tree property, by definition the tree has height < x otherwise we had a k-long
branch.

Remark 2.8. When k = ¥ iv) is redundant, i.e. (Xg,Ng)-coherent is just
coherent, (A, Ng)-coherent is A-geometric. Indeed, given a cotree as in iv) with
root ug and an arbitrary proper subobject v g ug one of the predecessors u; of
the root does not factor through v. Hence one of the predecessors of u; does
not factor through v. Since we cannot define an infinite branch we get stuck
at a finite stage, meaning that the cocomposition of a branch does not factor
through v.

Example 2.9. Set is (\, k)-coherent for any A, k. Given a set X and a locally
covering continuous cotree on it, we shall see that the transfinite cocomposition
of the branches cover X. But any element xqg € X has a preimage in one of
the predecessors X;. Once we define a compatible family of preimages up to
height «, a limit ordinal, this sequence represents an element in the limit, so
we’'ve managed to find a preimage x, = (2;)i<a € Xo = lim;<,X;. This defines
a branch whose cocomposition hits xg.

As in presheaf categories limits and colimits are pointwise, also Set™ is
(A, k)-coherent for any A, k.

Definition 2.10. A A-complete Boolean-algebra is (2, \)-distributive if for any
collection of elements (b;0)icr, (bi1)ier With |[I| < A, we have (,(bio U b;1) =
Uh.r—2 )i bing). In particular the union exists, though we do not require the
existence of such big unions in general.

Example 2.11. Every A-complete (2, \)-distributive Boolean-algebra is (A, k)-
coherent if K < A or kK = A with the tree property. Given a continuous, locally
covering (A, k)-cotree of elements

| AN
P

bo’o P ba 0

)

we shall see that intersections along the branches cover the root (which can be
assumed to be 1, otherwise just put its complement next to it and put 1 to



the —1'" level). This means that for any 0 # u C 1 there’s a branch whose
intersection has non-empty intersection with w.

Since kK < A or kK = A with the tree property, there are < A-many elements
in the tree. Let A be the set of these elements. By (2, A)-distributivity 1 =
Myca®U=0) = Uoaspsy Myea 0°®. As u # 0 it has non-empty intersection
with a summand (otherwise —u would be a smaller upper bound). Let u’ be
this intersection. Then it is atomic in the sense that for any b € A either v’ C b
or v C —b.

A member of the union is coming from decorating the tree with signs and
then taking intersections of the elements or their complements (depending on
the sign). If we want to get non-empty intersection (with u, equivalently with
u') we must attach + to 1, given any element with decoration + one of the
predecessors is decorated with + and given any chain of +-coloured elements
the intersection must be +-coloured as well. So w has non-empty intersection
with the intersection of a decorated tree that has a positive branch.

Corollary 2.12 (of Theorem 2.5). Let L be a distributive lattice which is a
(A, k)-coherent category and let (A;)i<x be a collection of subsets each of size
< A. Then there’s an injective homomorphism of posets L — P(X) to a power
set Boolean-algebra, which preserves all < k-meets and which preserves | J A;
for each 1.

Proof. If a # b then either aNb & bor aNb & a, hence they can be separated by
an L — Set functor which preserves all < k-meets, monos, the terminal object,
as well as the prescribed unions. In particular it lands in 2 — Set. Putting
these together yields the required homomorphism £ — 2%. O

3 Classifying toposes

Definition 3.1. A category & is a k-topos if it is a Grothendieck-topos which
is (00, k)-coherent. A geometric morphism F : & — &; is a map of k-toposes
if [’* preserves < k-limits.

Remark 3.2. By the adjoint functor theorem a map of x-toposes & — & is the
same as an & — & functor preserving < s-limits and all colimits. We write
Fun*(&, &) for the category of k-lex cocontinuous functors and all natural
transformations. (It is locally small.)

Example 3.3. By Example 2.9 every presheaf topos is a x-topos for any k.

Example 3.4. It is not true that every k-lex localization of a presheaf topos
is a k-topos. Consider the site ([0, 1], 75,,) where [0, 1] is seen as a poset with
the usual ordering and (r; < x);er is a cover if sup; r; = x. [0,1] has all limits
(meets) given by infimum, and 7y, is a Grothendieck-topology.
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We claim that the sheafification map a : Set®” — Sh([0, 1], 74,,) preserves
all limits. This follows as on any object r € [0, 1] there are only two covering
sieves: [0,7) and [0, r], hence the +-construction is given by a limit formula (see
[MM92, p.134]).

However, Sh(][0, 1], Tsup) is not an R;-topos. We build a locally covering con-
tinuous tree (inside [0,1]) on 1 as follows: the root is 1, given an object r in the
tree, if r = 0 then it has no predecessors, if r > 0 then its predecessors are given
by an w-sequence converging to r, formed by elements that are < r. At limit
stages we take infimums. This defines a locally covering (the predecessors of any
object form a 7,,,-cover), continuous cotree such that every branch is countable
(there is no uncountable strictly decreasing sequence in [0, 1]), and every branch
terminates in 0. By the previous paragraph [0, 1] % SetOH” 2 Sh([0,1], Teup)
takes infimums to limits (y preserves all limits), it maps 7,,-covers to extremal
epimorphic families, and in particular takes 0 to the initial and 1 to the terminal
object. So if Sh([0, 1], 7s,,) is an Ri-topos, then the branches of the ay-image
of our tree form an extremal epimorphic family, therefore ) = x. This is not
the case as 7y,,-covers are effective epimorphic, hence ay is conservative (the
representables are sheaves).

Definition 3.5. We fix the notation: Let C be a small s-lex category and FE
be a set of arbitrary families in C (a family is a set of arrows with common
codomain). By EP® we denote the closure of E under pullbacks; those families
which can be obtained as a pullback of an E-family. E"°* is the closure of
E under the k-tree operation: the set of those families which are obtained as
transfinite cocompositions of continuous (F, )-cotrees (the predecessors on any
node form an E-family, every branch is continuous, < k). We write (F), for
( Elpb)tree,ﬁ .

A (small) k-site is a pair (C, E) where C is s-lex (small) and E is an arbitrary
collection of families containing id: 1 — 1. F': (C,E) — (D, E') is a morphism
of k-sites if F'is a k-lex C — D functor which takes E-families (and hence
(E)-families) to (E').-families.

Proposition 3.6. Let (C, E) be a small k-site. Then:
1. (E), is closed under pullbacks and the k-tree operation.

(E), is a Grothendieck-topology.
Sh(C,(E),) is a k-topos.

The full inclusion Sh(C,(E),) — Set®” is a map of k-toposes, i.e. the
sheafification functor a is k-lex.



5. Sheafification of the Yoneda-embedding ay : C % Set®” & Sh(C,7) is
r-lex, E-preserving (maps E-families to extremal epimorphic ones).

Proof. 1. The pullback of a continuous (EP’, x)-cotree is again a continuous
(EP*, k)-cotree, as the pullback of a pulled back E-family is the pullback
of the original F-family along the composite and the pullback of a trans-
finite cocomposition is the same as the transfinite cocomposition of the
pullbacks. Closed under the tree operation: the cotree we build can be
seen as pasting some (EP?, k)-cotrees together, which will be a continuous
(EP*, k)-cotree by the regularity of s, and as the (transfinite) cocomposi-
tion of the transfinite cocompositions is a transfinite cocomposition.

2. It contains the isomorphisms as those are pullbacks of 7d : 1 — 1. The rest
of the requirements (being closed under pullbacks and being closed under
the tree operation when one is building cotrees of height 2) is implied by
Claim 1.

3. In any Grothendieck-topos a family (F' < F;);cr is extremal epimorphic
iff the following is satisfied: for any € C and s € F(z) there’s a cover
(# <= x;)jes such that each s|, is the image of some s" € Fy;)(x;).

Now take a locally covering continuous (0o, k)-cotree (i.e. every node is
covered by an arbitrarily large extremal epimorphic family, each branch
is < k and continuous), let Fy be the root and take an z, € C and
s* € Fy(xo). w0 has a cover (zg < o, ,)j, such that the restrictions
of s° are coming from some Fj’s (there can be many, so fix suitable
i(0, j1)’s and preimages s™' € Fjq,)(204)). Now each z; has a cover
(zo,j, < Toj1.js)j» Such that the restrictions of s*’s are coming from some
predecessors of Fjq ;). So we started to build a locally covering contin-
uous ((EPP)tree k)-cotree on g, together with a morphism 7 of cotrees,
from the cotree on xy to the one on Fy (meaning: (0, 71,...) is an initial
segment of (0, ji,...,Jx)). It has the property that s°| has a preimage

n Fi)-
Once we are at a limit stage, for any branch z¢ < zo;, < o, j,
. its limit =g, .. has the property that s has a preimage in

L,

‘I
0,51

yees

Fi0,j1...)(Z0j,..), namely the compatible family [50|960j1 , 8071

yeen

]
0,51 ,...
(which is in the limit of Fy <= Fjo,) < ... because limits of sheaves are
pointwise).

So we managed to define a locally covering continuous ((EP)"¢, k)-cotree
(every branch has length < x because the same holds in the cotree of
sheaves and 4 is a map of cotrees), and the restriction of s° to the trans-



finite cocomposition of a branch x; has a preimage in the transfinite co-
composition of Fi(f)‘ This family on zq is a cover by Claim 1.

4. The poset of coveres on an object x € C (ordered by refinement) is k-
filtered (one can build a tree whose first level consists of the 0 family
and whose o + 1* level is formed by pulling back the o' family to the
leafs). Hence the +-construction is x-lex.

5. The composite is k-lex by Claim 4. To check that the E-family (z < z;);
is preserved we have to see that for any x and map s : x — z there’s a
cover on x s.t. the precompositions x; — = — z factor through some z;(;.
Simply take the pullback of (z < z;); along s.

O

Corollary 3.7. Let (C, E) and (D, E') be small k-sites and F : (C,E) — (D, E')
be a morphism of k-sites. Then there is an induced morphism of k-toposes
F. : Sh(D,(E").) — Sh(C,(E),) where F, is — o F°P and F* is Sh(C) —
Set” LT GetP” 2 Sh(D).

Proof. The geometric morphism exists by [Joh02, Corollary C2.3.4], Langer is
k-lex by [Joh02, Example A4.1.10] and a is x-lex by Claim 4. O

Definition 3.8. Given a small x-site (C, E'), we write Mod(C) = Mod(C, E, k)
for the category of x-lex E-preserving C — Set functors and natural trans-
formations. Mod(C)<, denotes the full subcategory of models with pointwise
cardinality < p. Similarly, for a k-topos £ we write Modg(C) = Mode(C, E, k)
for the category of C — & k-lex E-preserving functors.

Theorem 3.9. Let (C, E) be a small k-site, £ be a k-topos and M : C — & be
a k-lex E-preserving functor. Then

1. In the left Kan-extension

C M s £

n
a
Y Langy M

Sh(C,(E)x)

n is an 1somorphism, and Lang, M 1is k-lex cocontinuous.

2. Lang, : Modg(C, E, k) — Fun*(Sh(C,(E).),E) is an equivalence of cate-
gories, whose quasi-inverse is precomposing with ay.

10



Proof. The above triangle can be written as

C M / £
y % LanyM
Set®” Set®”
v
Sh(C,(E)x)

(To check the universal property: given F' : Sh(C) — &£ and a natural
transformation v : M = Fay, there’s an induced natural transformation 7 :
Lan,M = Fa fitting in the picture:

id =

hence the pasting of 7 and €5 yields the unique splitting of v we were looking
for.)

As both 7 and Lan, M are r-lex it follows that Lang,M is k-lex.

Lan,M has a right adjoint £(M(—),e) which factors through ¢ iff M is
E-preserving (easy). In this case it is also a right adjoint for Lan,M o i
E(Lan,M(iF), X) = Set®” (iF,i&(M(-), X)) = Sh(C)(F,E(M(-),X)). We
proved that Lan,,M is k-lex cocontinuous hence we have the restricted adjunc-
tion

Langy

—
Mode(C, E, k) L Fun*(Sh(C), &)
B —
(ay)*

11



We want to prove (ay)* to be an equivalence. Then it follows that the
adjunction is an adjoint equivalence (whose unit is 1 in Claim 1.) and the proof
will be complete.

In the composite

Fun*(Sh(C),&) —“— Fun*(Set®”,&) —%— Lex,(C,&)

y* is an equivalence a* is fully faithful: given o : Fla = Ga its unique preimage

1sF:>F szai%G

A k-lex cocontinuous functor N* : Set®” — £ is in the essential image of
a* iff its right adjoint N, factors through i. = is clear (adjoints compose). To
see <= assume IV, =i o N.. As i preserves and reflects all limits it follows that
N is continuous, hence it has a left adjoint N*. By the uniqueness of adjoints
N*oa = N*. Hence N* preserves all < k-limits which are in the image of a,
that is, all < x-limits as ai = 1gy(c).
But for a k-lex functor M : C — Set, the left Kan-extension Lan,M =
(y*)~1(M) satisfies this property iff M was E-preserving, as we claimed before.
m

4 Eventually: enough points = presheaf type

This section proves the first half of the main theorem of these notes: that the
classifying A-topos of a k-site is of presheaf type. Here we will prove it under the
assumption that the classifying A\-topos has enough A-points. Then in section
5. we shall see that this is automatic when A<* = \.

Lemma 4.1. We have the following assumptions:
1. A=cf(\) > k=cf(k) > N,.

2. (C,E) is a small k-site, (C, E) is a small A-site, ¢ : (C, E) — (C, (E),) is

a morphism of k-sites.
3. Cl < A

4. For any \-topos &, the map p* : MOdg(g, E, A) = Mods(C, E, k) is an
equivalence of categories.

5. There are (N C — Set); A-lex E- -preserving | functors with Ngo having
pointwise size < \, such that (Lang,N, N,)i : Sh(C, (E),) — Set! is conser-
vative.

12



Then there’s an equivalence making

C ev Set]b[od(C)<x

commutative.

Proof. We define a functor A : Mod(C)?, — C by

M3 N — lim, efMgpolzm(xq)echpx

which makes sense as by the regularity of A: | [ M| < A\. We have a natural
transformation:

c e » Setol€)<x
® ——
n
Lany(ayA) y
ay / H\N
Sh(C (B« Mod(C)?,

whose v-component is defined by

—,pv)

/b

|

|

e

l

T(v,p0) T(v,90)
Lan,( ayA evy)

li C (™(@,az () li C
mepef]\/[a 3901' ZmacqefNa ﬂpx

e ——
(M, pOEJWv) (N, go€ENv)

13



(i.e. to compute Lan,(ayA)(ev,) we have to write ev, as the colimit of repre-
sentables along its category of elements, then apply ayA to this diagram, finally
compute its colimit. We have a cocone over this diagram with top aye(v), and
1, is the induced map).

To check the commutativity of the naturality squares (say at f : v — w),
one has to precompose with a leg of the colimit, then it has the form:

aC(—, ¢v) a(ef) aC(—, pw)
Tw,n0) e e w, M (p0))
Lan,(ayA)(evy) ------------=-------- » Lany(ayA)(ev,)
lim(w,p)efM aC(—, pr) - lim(z,p)ef M aC(—, pr)
(M, po€Mv) (M, Mf(po)eMuw)

which can be drawn as

limy e pye f m aC

y W)
a(pf+)
=, u)?

Our goal is to prove that 7 is an isomorphism and Lan,(ayA) is an equiva-
lence. We start with the following observation (saying that if M is a sufficiently
small model, so that its diagram AM is a single formula in C. , then its evalua-
tion at a model N(AM) consists of those tuples which enumerate an M — N
homomorphism):

There is a natural isomorphism

Mod(C), = sy C
QetMod@ax SetMod((?),wO
(p*)*
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given by

14
IR
IR

CVAM lim(z pye [ M EVn limyy Nat(C(—,x), — o)

CVA (W(z,a‘—pp)>/{ <7T(m,azp)>/l\

VAN lim (e gye [ N €Vp limyny Nat(C(—, ), — o ¢)

14
IR
IR

14
IR

Nat(colim  yC(—,x), — 0 p) Nat(M,— o )

(i(m,azp))*/l\ /l\a*

= Nat(colim | NC(—,x),— 0 ) Nat(N,— o )

IR

Now we will prove that 7 is an isomorphism. For this it suffices to prove
that

Yv
T(v,pg) T(v,q0)
li  (Meeason)
Mz p)ef M PT < UM (zq)ef N P
~ S O N——
(M, poEMv) (N, goEN)

is mapped to a colimit by ay. By Theorem 3.9 and by Assumption 5. it is
enough that it is mapped to a colimit by any N : C — Set A-lex E-preserving
functor with [Ny| < A (as in this case the colim — aye(v) map is taken to an
iso by each (cocontinuous) Lanayﬂ7 , and those are jointly conservative).

But using the isomorphism ¢ constructed above we have

Nopv = s Nat(C(—,v), Ng)

T(v,pg) = i?v,Po)

1%

N(AM) = limg pyermu Nz o > Nat(M, Nyp)
(M, po€Mv) (M,po€Mv)

and the composite Nat(M,Ny) — Nypv takes 8 to B,(po). So this is the
canonical colimit ev, = colim s py)e [ ev, M0d(C)<x(M, —), evaluated at Nep.
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It remains to check that Lan,(ayA) is an equivalence. Its proposed quasi-
inverse is ((¢*)*)~! o Lang,ev, fitting in the diagram

QetMod@<n W qotMod(C)-oper
Langyev
’ \ o=
Mod(C)%, = s C o s Sh(C,(E)y)

Since both Lan,(ayA) and ((¢*)*)~* o Lan,yev are cocontinuous, this iso
extends to an isomorphism between identity on Set™°©<x and ((¢*)*)~! o
Langyev o Lan,(ayA).

To check the other composite, observe the diagram

ev
ay n
ev ay
2~

A T Mod(C)_ op<A Mod(C) < A T
S}L(C7 <E>)\) W Set —>(¢ B Set W Sh(C, <E>)\)

1%

Assume that Lan,(ayA) preserves < A-limits. Then both ay and Lan,(ayA) o

((¢*)*) ! o Langyev o ay are C — Sh(C, (E))) Mlex E-preserving functors, and
there’s an iso between their ¢-restrictions. By Assumption 4. ¢* is fully faith-
ful, so there’s an iso between the C — Sh(C, (E),) functors. So identity on

Sh(C,(E),) and Lan,(ayA) o ((¢*)*)~! o Lang,ev are two A-topos maps whose
ay-restrictions are isomorphic. Then Theorem 3.9 Claim 2. completes the proof.
It remains to check that L(my(ayA) preserves < A-limits. For any N:C—

Set A-lex E-preserving with [Ne| < A we have

SetMod(C)<x

Mod(C)%, — ava — Sh(C, (E)) — & — Set
\g/‘

Mod(C)<x(—,Np)

(N = Lanay]v is the inverse image of the induced geometric morphism). As left
adjoints preserve left Kan-extensions, N*o Lan,(ayA) is the left Kan-extension
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of a representable, hence representable in particular A-lex. So the composite

Sh(C,(E),) My Set’ is Alex, the second map is A-
lex, conservative, therefore the first map is A-lex (the second map inverts the
connecting homomorphism going from the image of the limit to the limit of the
images). O

Lany(ayA)
SetMOd(C)<)\ y

Now we would like to identify C from the previous lemma. Assume that we
can find ¢ : C — C which is the free completion of C under < A-limits, in the
sense that ¢* : Lex,(C,&) — Lex,(C,€&) is an equivalence for any A-lex (or
at least for complete) €. Then it restricts to an equivalence between the full
subcategories of ¢[FE]-preserving and E-preserving functors.

We have a good candidate: assume it exists, then apply the previous lemma
with trivial £ (only the identities are contained). We get an equivalence:
Set’” ~ Sethex<(C:Setl<r 3o our guess is that y : C — (Lex,(C,Set)y)”
will do the job.

The following is [AR94, Proposition 1.45 (ii)]:

Proposition 4.2. C is k-lex, small. Take y : C — Lex,(C,Set)?. Then y
is k-lex and y* : LEX o (Lex,(C, Set)?, &) — Lex,(C,€&) is an equivalence for
any complete category &.

Proof. y preserves < k-limits: we need that C(lim z;,—) Wil Clzj,—) is a
colimit diagram in Lex,(C,Set). A cocone with top M is a compatible family
of elements (a; € Mx;); in the M-image of the base diagram. This corresponds
to a unique element (a;); in M (lim x;) as M preserves < r-limits, which yields
1—(as); M.

We claim that for an M : C — & k-lex functor (for complete &), the right
Kan-extension

the unique induced arrow C(lim xz;, —)

Lex,(C, Set)?

is continuous. This follows as € 3 = +— E(z, M(—)) € Lex,(C,Set)? is a left
adjoint to it.

So y* is essentially surjective. It is also fully faithful: given continuous
functors M N : Lex,(C,Set)? — &, they are the right Kan-extensions of M Iy,

resp. N y (with 1dent1ty as 5) hence any natural transformation « : M y = N Y
induces a unique « : M — N for which & o Yy = a. [
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Definition 4.3. k = c¢f(k) is sharply smaller than A = cf(A) (written as k < \)
if for any set X with | X| < A, the poset P, (X) of < k subsets contains a cofinal
set of size < .

Proposition 4.4. C is k-lex, small, k = cf(r) < A= cf(N). Write C <5 C <
Lex,(C,Set) for the factorization of y through the full subcategory spanned
by k-cofiltered < X\ limits of representables. Then C is A-lex, ¢ is k-lex and
©* : Lex)(C, &) — Lex,(C, ) is an equivalence for any complete category E.

Proof. We claim that C is the full subcategory spanned by < A limits of rep-
resentables. Indeed, take a < A diagram Z — Lex,(C, Set). Its colimit is the
k-directed colimit indexed by P, (Arr(Z)), of the colimits of < x subdiagrams
and the induced maps between them. These < k-colimits are representable (see
the first paragraph of the previous proof) and by assumption the diagram has
a cofinal subdiagram of size < A. It follows that C is Mlex and @ is K-lex.

©* is essentially surjective: given M : C — & k-lex Ran,M o j gives a
preimage. It is faithful: any natural transformation between M , N:C— &
A-lex maps is uniquely determined by its (p-restriction; the components at the
< A-limits are the induced morphisms.

¢* is full: to simplify notation note that since y is injective on objects, ¢ in
the right Kan-extension can be assumed to be an identity. Take M, N : C — &
A-lex and a natural transformation o : My = N¢. Then Ran,(My) o j is
a map whose ¢-restriction equals M ¢ and similarly for N , moreover «_has a
preimage between these functors. So it suffices to prove that if M; and M, are
C — & Alex functors such that M;p = Mg then there’s a natural isomorphism
v+ My = M, such that 7|, is identity. But given an arrow f : 2 — y in C?
its domain and codomain are both s-filtered colimits of representables, which
is also a colimit in Set® where representables are tiny, so the restrictions of our
arrow factor through some leg of the colimit with top y. It follows that once M,
decides to which limit object  and y would be sent, the image of f is uniquely
determined. The comparison maps between the limits chosen by M; and those
chosen by M, give the required isomorphism. O]

Now we prove that ”if a theory eventually has enough models then it is
eventually of presheaf type”:

Theorem 4.5. We have the following assumptions:
o Ny <rk=cf(k) AX=cf(N)
o (C,E) is a k-site, |C|,|E| < A.

Write C < C for C < (Lex,(C,Set) ). Then:

18



o The map ¢* : Modg(C,p[E],\) — Mode(C, E, k) is an equivalence for
any A-topos E.

o TFAE:

1. Sh(C,{p[E])x) has enough A-points.
2. In the diagram

C ev N SetMOd(C)<A
® &~ /
<+ Ran (ev)
C / o
LangyRany (ev)
ay

Lang,Ran,(ev) is an equivalence.

Proof. The first claim follows from Proposition 4.4. All we need is that k-
filtered < A colimits of representables in Lex,(C,Set) (equivalently in Set®)
are precisely those functors which have pointwise cardinality < A. 7 C 7 follows
as C(z,—) has pointwise size < A and a < A colimit of pointwise < A functors
is a quotient of the pointwise disjoint union whose cardinality is < A as A was
regular. 7 D 7 follows as (again by regularity) if M is pointwise < A then
| [ M| < A. The equivalence ¢* : Lex)(C,€) — Lex,(C,&) restricts to an
equivalence between p[FE]-, resp. E-preserving functors.

(Note also that ¢ is a morphism of k-sites, as since ¢ is k-lex the (F),-
families are taken to (p[F]). C (p[E])\-families.)

In the second claim the implication 2 = 1 is easy: Nat(Mod(C)<x(M,—),e)
for M € Mod(C)<y is a jointly conservative set of A-points. To prove the
converse we have to check that ¢ : (C, E) — (C, ¢[E]) satisfies Assumption 5. in
Lemma 4.1. That is, Sh(C, (¢[E])») has enough A-points whose restriction to C
is pointwise < A. (This is enough, as if there is an equivalence SetModC)<x
S h((:,'v) making the triangle commute up to isomorphism, then the same holds
for its quasi-inverse, in which case it must be Lang,Ran,(ev).)

Assume that every C — Set k-lex E-preserving functor is the A-filtered
colimit of pointwise < A such maps. Now pick an arrow f : 2 — y in Sh(C)
which is not an isomorphism and choose N* : § h(CN) — Set which keeps it non-
iso. By the assumption we can write N*o ay o as the M-filtered colimit of M;’s,
each being pointwise < A. Since ¢* was an equivalence (whose quasi-inverse
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hence preserves this colimit), we can write N*o ay as the M-filtered colimit of
M;’s with M; o ¢ = M;. This colimit is pointwise as Mod(C, ¢[E], \) is closed
under M-filtered colimits in Set®. Now the quasi-inverse of (ay)* maps this to a
Mfiltered colimit of J\Z*’s with top N* such that Z\A/[/i*oayoap = M;. This colimit is
also pointwise: in fact, the pointwise colimit N* is A-lex cocontinuous, so there’s
an induced map N* = N* inverted by the equivalence (ay)*. It follows that
]\Z*( f) is non-iso for some i.

It remains to check that in Mod(C, E, k) every object is a A-filtered colimit
of pointwise < A models. So start with a model M : C — Set. In Set® it is the
Mfiltered union of its pointwise < A subfunctors, as the subfunctor generated
by a collection of subsets A(x) C M(x) is the closure under M (f)-images for
f € C but |C| < A. A filtered union is a filtered colimit, because this holds in
Set and in presheaf categories colimits are pointwise. So it suffices to prove that
every pointwise < A subfunctor of M is contained in a pointwise < A subfunctor
which is k-lex E-preserving.

We will prove the following: i) every < A subfunctor is contained in a < A
subfunctor which is lex and E-preserving, ii) it is contained in a < A subfunctor
which preserves < k products. This is sufficient as we can build a k-chain out of
A, in odd steps applying i), in even steps applying ii), in limit steps taking the
colimit, then the union of this chain is < A\, F-preserving, and preserves both
finite limits and < xk-products, hence k-lex.

i) This is easy: one has to build an w-chain out of A, in each step applying
the following three closure operators:

- close under M(f)-images for f € C,

- for each family (u; — x); in E, and each a € A, (x) choose one arbitrary
preimage in one M (u;) and add it to A, (u;),

- for each finite diagram Z — C and each compatible family formed by
elements in A4, ((< A\)<¥ = (< A)) add the corresponding element to

Each of these add < A elements so A, satisfies our requirements.

ii) By [AR94, Remark 1.21] we can write M as a r-directed (as opposed to
just r-filtered) colimit of representables (indexed by P). By [AR94, Theorem
2.11] k < X implies that the s-directed < A subsets of P form a A-directed
poset (). Hence we can write M as a A-directed colimit of pointwise < A and
k-lex functors (indexed by @), as representables are pointwise < A and therefore
their < A colimits are < A. We can take the pointwise image-factorization of
each M, = M hence M is the A\-directed union of these images which are easily
proved to preserve < xk products. O
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In the next section we will prove that when A<* = ), the equivalent proper-
ties 1) < 2) hold.

5 A )\-separable A-topos has enough A-points

Lemma 5.1. Let (C, E) be a A-site with |[E| < X, C being of local size < A,
A = cf(N), and take a family (f; : w; — xo);. If for every \-lex E-preserving
M : C — Set functor the M-image of the family is jointly surjective then the
ay-image 1s extremal epimorphic.

Proof. We repeat the proof of the completeness theorem from the first section.
Write E~ for the subset of E consisting of non-empty covers (containing at
least 1 — 1). By T, we denote a list containing all diagrams consisting of some
E~-family and a map from z; to the common codomain. As there are > 1, < A
such diagrams we can assume that the list has size \.

Now start filling a A x A-big table with the tasks we have to solve. We shall
use the canonical well-ordering h : A X A — A\ with the property h(a, 8) > 5.
In the 0 column fill in T,,. Then solve task number h~'(0), whose second
coordinate is < 0 so it is defined. By solving we mean: take the pullback of the
given family along the given arrow. So now we see an (E~)P’-covering family
on xy.

Inductively we build a tree of height A, where all branches are cofinal. In a
successor step (a+1), where the a'™ object of the branch is Zo,,,.. take the table
whose columns are filled in with tasks concerning the preceding objects of the
branch, fill T,,,  to the a*"-column, and solve task number h~'(a), which is
defined. Solving means: this is a diagram formed by an arrow from a preceding
object 2" above ¢, . to the codomain of some £~ -family, precompose with the
Zo4,... — @' arrow of the branch, then take the pullback of the family along this
composite. In limit steps take the limits (cocompositions) of the branches.

As we deleted the empty covers from FE, no branch dies out and we get a
locally (E~)P’-covering continuous cotree of height \, and when we take the
colimit of the representables C(zg, —) — C(zo4,,—) — ... along a (cofinal)
branch we get a C — Set A\-lex functor which maps each E~-family to a jointly
surjective one.

If a branch is not preserving an empty cover {z 0}, it means that from
some element x; of the branch there exists a morphism x; — z. If the branch is
E-preserving then by assumption the colimit takes (f; : u; — xo); to a jointly
surjective family, in particular [1,,] is hit, meaning that for some z; in the
branch the map z; — x factors through some f;. Cut down each branch at such
a point, then we see an (E~),-family on z, such that each leg either factors
through some f; or the domain admits a map to some object over which () is
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a cover. ay turns these objects initial, so now each leg factors through some
ay(f;), the inductively built family is mapped to an (extremal) epimorphic one,
consequently (ay(f;) : ay(u;) — ay(xg)); is epimorphic. O

By [MR77, Lemma 6.1.4.] this is sufficient. For the reader’s convenience we
repeat the proof.

Lemma 5.2. Let Sh(C, (E),,) be any Grothendieck-topos. Take a natural trans-

formation between sheafified representables o : aC(—,x) = aC(—,z"). Then

there is a cover (f; : w; — x); such that each composite aC(—,u;) a((fi)«)

aC(—,r) = aC(—,z') is a sheafified post-composition a((g;).) for some g; :
u; — .

Proof. A consequence of the +-construction is that given an arbitrary presheaf
F : C — Set and a natural transformation § : C(—,z) = F*, there is a cover
(fi - u; = x); such that each C(—,u;) SN C(—,z)= L. F+ factors through the

canonical map F = FT. If we start with F*+ = aF instead of F'", the same
remains true as covering trees of height 2 compose to a cover.
Apply this for the composite C(—,z) = aC(—,x) = aC(—,z'). We get a

cover (f; : u; — x); such that for each i there’s a commutative diagram

Cl— u) 2225 ¢(—,2) —= aC(—,7) =2 aC(—, )

(94)+ H

whose image under sheafification is exactly what we were looking for. O

Corollary 5.3. Let Sh(C,(E),) be any Grothendieck-topos and take a mono-
morphism 1 : F = aC(—,x). Then there is a cover of F' with sheafified repre-

sentables aC(—, u;) Bis F such that each 1o B 1s a sheafified post-composition.

Proof. Take any cover of F' with sheafified representables aC(—,v;) = F then
apply the previous lemma for the composites aC(—,v;) = aC(—, x). O

Theorem 5.4. Let (C, E) be a A-site with |E| < X, C being of local size < A,
A =cf(X). Then Sh(C,(E)\) has enough \-points.

Proof. We have to prove that for an arbitrary proper mono ¢ : F = G there
is some M* : Sh(C,(FE),) — Set A-lex cocontinuous functor which keeps it
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proper. It suffices to prove this for G = aC(—,x), as we can find a cover
(aC(—, z;) = G);, then form the pullback:

G |_|j GC(—,ZL']‘)
¢ pb |_|j Lj
F L, F)

finally note that ¢ is proper iff at least one ¢; is proper.
By the previous corollary we have

aC(—,u;)

a((g:)«)
X

P ——— aC(-,2)

and since ¢ is proper (ay(g;)); cannot be effective epimorphic. Therefore by
Lemma 5.1 there is some M : C — Set A-lex E-preserving for which (M (g;));
is not jointly surjective. By Theorem 3.9 its left Kan-extension M™* = Lan,,M
is A-lex cocontinuous and M* o ay = M. But since M*(5;)’s form a jointly
surjective family and M*(ay(g;))’s do not, it follows that M*(¢) is proper. [

Theorem 5.5. We have the following assumptions:
o Ny < k=cf(k) AX=cf(N), 2} =)
e (C,FE) is a k-site, [C|,|E| < A

Then using the notation of Theorem 4.5, in the diagram

c e  Set o)<
@ o~ _—
~ / Ran%" (6’0)
C =~
LangyRan (ev)
ay

Lang,Ran,(ev) is an equivalence.
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Proof. All we have to check is that Lex,(C, Set), has local size < . But there
are at most as many F' = G natural transformations as | | ., F'(z) — | |,cc G(7)
maps, and since A is regular this is (pg)*! for some pq, o < A. This is < A by
the assumption g < A = 2#* < \. ]

Remgrk 5.6. To ensure that C has local size < X we assumed 2<* = \. To get
that C has size < A we would need A<* = \. However, these two assumptions
are equivalent for a regular cardinal \, see [Jec02, Exercise 5.21].

As a corollary we get:
Theorem 5.7. Assume

o Ny < k=cf(k) AX=2*

e (C,FE) is a k-site, [C|,|E| < A

Then in SetM°¥C)<x the closure of {ev, : x € C} under k-cofiltered limits of
size < X form a generating set.

Another consequence is:
Theorem 5.8. Assume:

o Ny < k=cf(k) AX= 1}

e (C,E) is a k-site, |C|, |E| < A

Take a full subcategory A of Lex, (C, Set). containing Mod(C)y and write
I: Mod(C)<y LN Lex,(C,Set)y for the full embeddings. Let € be a -

topos and Set™ M, £ be a M\-lex cocontinuous functor such that for any (u; — x);
family in E, the family M((evy,| 4 — €vg|4)i) is extremal epimorphic. Then a
A-lex cocontinuous extension

J*
Set? —1 4 SetMedC)<
M o
T M
il
E

exists.

24



Proof. Unwinding everything that we’ve been hiding yields

C cv SetMOd C)<A

Y / Rany (ev) /
(Lexm (C7 Set)<)\)op
%Rany (ev)

N

Setlex(C;
a

Sh((Lex,(C,Set)<\), (y[E])y) ——----------- - \

N

First note that all black triangles commute. In fact, I* oy is a A\-lex functor
whose y-restriction is isomorphic to ev, therefore I* oy = Ran,(ev). Also
(Lang,Rany(ev) o a) o y is isomorphic to Ran,(ev), and since both I* and
Lang,Ran,(ev) o a are cocontinuous this extends to an isomorphism between
Lang,Ran,(ev) o a and I*.

By assumptlon M o J5 oy is Alex y[E]- preserving, hence there is a A-lex
cocontinuous M w1th Moaoy = MoJjoy. As Moa and Mo J5 are cocontinuous
it follows that M oa 2 M o J3.

So now we have a commutative diagram

SetLexN(C,Set)<A I3 SetA T SetMod(C)<,\
(Langy Rany(ev)) ™!
op <
Sh((Lex.(C,Set) <), (y[E])x) M
‘\\‘\\‘\\\ A\,] o \
R
and if we write M = M o (Lang,Ran,(ev)) ™" we have M o Jf o J; = M o J;

and therefore M o Ji = M since J5 o Lanj, = 1ga.
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