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ABSTRACT:

The aim of this paper is to show how the analytical modelling of a simplified acoustic device (herein a simplified
wind musical instrument) may be a relevant educational way to study several aspects of the behavior of an idealized
component [herein a one-dimensional (1-D) resonator], which is the core component of the device considered. A
time-dependent source, whether sinusoidal, impulse, or representing approximate valve-effects of the reed, is cou-
pled to the resonator in the analytical modelling. The unavoidable thermo-viscous parietal dissipation, as well as an
approximate radiation effect, are accounted for. After a brief presentation of the problem, precisely posed and solved
in detail analytically in an approximate manner, results in both the frequency domain and in the time domain are pre-
sented. These results include the properties of the transient behaviors (both the starting transient and the transient
decay), illustrating the main features of the resonator. © 2023 Acoustical Society of America.
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I. INTRODUCTION

The intent of the paper is to show, through an example,
how to deepen the understanding of the behavior of an ideal-
ized acoustic component [herein a one-dimensional (1-D)
resonator] by analytically modelling a simplified acoustic
device, the core of which is nothing but this acoustic compo-
nent (herein, a simplified wind musical instrument). In other
words, we would like to answer the question of how the
modelling of a simplified acoustic device may be a relevant
educational way to study several aspects of the behavior of
an idealized component which is the core component of the
device considered. More specifically, the fundamental
behavior in the frequency domain of a rigid-walled cylindri-
cal tube of finite length, closed at one end and open at the
other end (Fig. 1), considered as an idealized component
excited below its cutoff frequency, is understood by students
very early in their studies (Bachelor’s degree). However, a
more advanced device, where both a time-dependent source
is coupled to the resonator and the unavoidable thermo-
viscous parietal dissipation is taken into account,'™ allows
the more advanced students (Master’s degree) to gain a
deeper understanding of the phenomena that can take place
in such a device. Note that these phenomena include the
properties of the transient behaviors, both the starting tran-
sient and the transient decay. Moreover, by making the tran-
sition from an academic problem to a real system (even if it
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is drastically simplified), herein a simplified clarinet where
the source term is given by the valve-effect of the mouth-
piece* (simplified as much as possible while retaining the
fundamental operating principle),”® should challenge the
student to apply conceptual understanding to a problem-
solving ability and should hold its interest. Note that the
subject of the paper has been presented previously, among
other subjects, but in a drastically reduced version,® in order
to illustrate the purpose of the paper (the training of the stu-
dents through exercises).

The paper is divided into sections as follows: After this
introductory Sec. I, the analytical approach (the problem
and its approximate solution) is presented in Sec. II, which
is divided into two subsections: the fundamental equations
and hypotheses assumed are presented in Sec. IT A, then the
corresponding approximate analytical solution is outlined in
Sec. II B. Before concluding (Sec. IV), Sec. III presents suc-
cessively the fields created by three particular particle veloc-
ity sources (set at the entrance of the resonator): time
periodic particle velocity source (Sec. III A), instantaneous
impulse particle velocity source (Sec. IIIB), and valve-
effect particle velocity source (Sec. III C).

Il. THE PROBLEM POSED AND ITS APPROXIMATE
SOLUTION

To illustrate the objective presented in Sec. I, we pre-
sent here the method used to model a simplified clarinet (as
described in Ref. 5). The system considered is a dissipative
cylindrical rigid-walled tube of radius @ and of finite length L

© 2023 Acoustical Society of America
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FIG. 1. Rigid-walled cylindrical tube of finite length open at one end and
closed at the other end (x = 0, mouthpiece either closed or open with a
quasi-static pressure higher in the oral cavity than in the mouthpiece).

(distance between the entrance of the mouthpiece and the first
open hole), coupled to a particle velocity source at its entrance.
This tube can be considered as closed at one end and open at
the other end (Fig. 1). For such a cylindrical tube of constant
radius “a,” the assumption of plane wave propagation can be
used up to its first cutoff frequency f. = 1,84 c¢o/(2ma), co
being the speed of sound in the air (co = 340 m.s~!). The
dissipative effects in the tube are those that occur inside the
thermo-viscous boundary layers. They depend on the square
root of the angular frequency. Accordingly, the propagation
equation in the time domain involves a half-order derivative
with respect to the time, which leads to a problem that is
nearly unmanageable. This is why the analytical model is ini-
tially based on the propagation equation expressed in the fre-
quency domain. It is then simplified as much as possible while
retaining the essential characteristics of the system being stud-
ied (a simplified clarinet). These characteristics include the
transient behaviors (starting transient and transient decay) of
the resonator and the valve-effect of the source composed of
the mouthpiece and the reed. Note that the radius a of the clari-
net is such that @ = 7 - 10~> m and that the length L is chosen
such that L = 0.4 m [which corresponds, for a B-flat clarinet,
to a sounding pitch G3 sharp (= 206.9 Hz)].

A. The fundamental equations and hypotheses

Let (i)(x) designate the Fourier transform of the velocity
potential ¢(x,¢), ¢ the adiabatic speed of sound, p,, the den-
sity, £, and £, the viscous and thermal characteristic lengths
of the gas,! w the angular frequency, ko = o/co the adia-
batic wave number, Vo(w) the Fourier transform of
the velocity io(#) of the source set at the entrance x = 0 of
the tube, L the length of the tube, d(x) the Dirac delta func-
tion, and Vo(w) d(x) the volume velocity of the source (the
“hats” represent variables that take complex values). Then,
employing several results available in the literature®’® that
pave the way for modeling the dissipative and reactive
effects of the thermo-viscous boundary layers (Appendix), it
follows that the approximate propagation equation for the
velocity potential in the frequency domain (which shows a
complex wave number) takes the form

dd(x exp (—in/4)\ o? -
=Vo(w)d(x), x€(0,L), (1)

where the dimensionless factor #/+/@ involves the square
root of the angular frequency and the thermo-viscous
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real parameter # = 2(y/co/a)[\/€, + (y — 1)), both
expressed in terms of the same SI unit, namely, expressed in
s71/2 because of the presence of a square root in each of
them (for air under standard conditions #/v/2 = 1 s7!/?).
The well-posed problem can then be written as follows:

£ o?) . .

{@ —iwe, + (1+ aw)c—%}q)(X) = Vo(w)o(x), @)
diix) =0, x=0, 3)
{d%+ i(é)(/;;)}d)(x) ~0, x=L, 4)

with

(5a)
(5b)

and where z(w) is a specific acoustic impedance (here, the spe-
cific radiation impedance). Note that the effect of the localized
source could have been taken into account in the form of
boundary condition: dP(x)/dx = —iw p,Vo(w) at x =0,
where P(x) = —iw p, ®(x) is the pressure variation in the
frequency domain.

In order to match the approximations obtained here, the
following comments should be noted:

(1) the pitch range of the B-flat clarinet, from sounding
pitch D; (164.8Hz) to F¢ (1568 Hz), even to B, flat
(1865 Hz) attainable by advance players, which defines
the frequency range to be considered;

(2) the half-tone defined as the relative frequency difference
(AF/f)y )y =211 =1 = 0.06;

(3) the separation between successive resonances, given
approximately by (Af/f), /2 =2 0.06, the maximum rela-
tive width of the m™ resonance f, being given by

[Af)fg,dg/fm]max =~ (0.03.

In order to simplify the model as much as possible,
while conserving the essential characteristics of the resona-
tor of the clarinet, the following approximations can be
obtained:

(1) A first approximation is that no sound is radiated at all
from the instrument because the acoustic pressure
amplitude in the sound wave radiated is remarkably
small in comparison with the acoustic amplitude in the
interior of the resonator. This approximation provides a
good basis for modelling the resonator of the instrument
because the energy absorption at the wall is much
greater than the energy radiated from the end of the res-
onator. Then, the real part of the radiation impedance
{(w), proportional to (ka)?, is neglected in comparison
with its imaginary part 8ka/(3m),' assuming that
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ka < 1 (k= w/cy is the wavenumber and a the radius
of the resonator). This approximate expression of the
imaginary part is such that the parameter
i(w/co)/l(w) = 3n/(8a) in Eq. (4) is real and indepen-
dent of the frequency, and it implies that the effective
pressure node, set at the geometrical end of the tube
when we assume a Dirichlet boundary condition, is dis-
placed beyond by a distance 8 a/(37).

(2) A pressure change in the mouthpiece (considered as the
entrance of the resonator) modifies the rate at which air
flow passes through the slit between the reed and the mouth-
piece, which, in turn, changes the pressure in the mouth-
piece. A second approximation is that, in this valve-effect of
the vibrating reed coupled strongly with the resonator, the
behavior of the reed, damped by the lower lip and coupled
with the mouth cavity of the player, can be simplified as
much as possible while retaining the fundamental operating
principle of the coupling system (valve-effect).

(3) The parameters &, and g, are smoothly varying functions
of w: their relative variation over the relative width
[AF) _sq/fn)max = 0.03 of any resonance peak (which are
separated from each other) is given readily by Ae,/ée,
~ Ao, /0, =2 0.015 so that they can be assumed to be
constant in these intervals (Acw,,)_545. Then, a third
approximation is that these parameters depend only on the
discretized eigenfrequencies of the resonator:

o n
&y = and o, =
are replaced by
Em = IV (68.)
V2c}
and
Oy = —1 (6b)
V2O
respectively.

B. The modal solution

The construction of the solution in terms of eigenmodes of
the resonator makes use of modal wave functions ¥,, and the
modal wave number £, satisfying the boundary conditions at
both ends of the resonator [Egs. (3) and (4)]. They are orthogo-
nal because the radiation parameter (w/co)/C () is an imagi-
nary number independent of the frequency as mentioned above.

The boundary problem takes the following form

(lgm = Cbm/CO):

d? )

a2 T hn [¥n() =0, xe(0,L), 0
Sy, () =0, x=0 8
1 m(x) - Y X =, ( )

d 3=n
{_4_%}\}1”1()() =0, x=L. &)
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The well-known solutions are given by

¥, (x) = cos (knx), (10)
- - 37l -
ko Lsin (kL) :8icos (knlL), (11)
a
leading approximately to, in assuming 8a/(3nL) < 1,
~ 8a . 1\ =
km _km<1 _M)’ with km = (m+2> Z (12)

The orthogonality of the eigenfunctions can be verified as
follows:

JL {‘Pn (x) d—2 W (x) — W (x) d—z ¥, (x)} dx

0 dx? dx?
L
= |:an (X) %\Pm(x) - le(X) C?XT"(X):| 0

—(e2-22) J: W, () P () d.

Owing to the boundary conditions given by Egs. (8) and (9),
this function vanishes. This implies the orthogonality of the
eigenfunctions. Note that

L L( 8a)
V2 ()dx==(14+—].
| =5 (1455

The velocity potential in the Fourier domain is then
expressed by the sum

d(x) = iém(w)‘l’m(x). (13)

m=0

Substitution of Egs. (13), (6a), and (6b) into the propagation
Eq. (2) indicates (in assuming the orthogonality property
and after some algebra) that the inverse Fourier transform
b(1) of the coefficients of the expansion B,,(w) obey the
following equation:

d2 d 2 O 2 2 A
{W—FZI’”,E‘FQm}bm(I) = _Zcovo(t)a (14a)
where
16
Qi = wi(l —Cc— Um) y 2= C%Sm, with ¢= 3762.
(14b)

Note that w,, = c¢ k,, is the eigen angular frequency of
the tube without losses when the open end condition is the
Dirichlet condition, and that €, is the angular frequency,
which accounts for the effect of the thermo-viscous bound-
ary layers and of the imaginary part of the radiation
impedance.

Note also that the Fourier transform involves all values
of w, but, when considering the functioning of the clarinet,
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the lower frequency range (say the first ten modes) is the
only frequency range that is involved. The general solution
for f;m(t) is given by the convolution integral of the source
term and the Green’s function associated with Eq. (14),132
assuming that r,, < Q,,,

C2 +00
bu(t) = — 24 J H(t — 1)exp [—ru(t — 7))

x sin [Q, (1 — 1)]0o(7) dr, (15)
where the Heaviside function H(z — 1) reflects the causality.

lll. THREE PARTICULAR PARTICLE VELOCITY
SOURCES AT THE ENTRANCE OF THE RESONATOR

The remainder of the paper further develops this general
solution considering three particular cases, depending on the
velocity profile of the source: (i) a time-periodic source
leading to the well-known input impedance of the resonator
of the clarinet, (ii) an instantaneous impulse source applied
at t = 0 (Dirac delta function) highlighting the forward and
backward pulses travelling inside the tube, and (iii) the
valve-effect of the reed when the player chooses a lip set-
ting, which favors the reed vibration profile sustained by the
feedback from the resonator (over several periods).

A. Case 1: Time-periodic particle velocity source

When the source takes the form 0¢(¢f) = Vsexp (iwt)

~ (2/L)c3 Vs exp (iwt)

b (1) = ; (16)

w? —iw2r, *an

and the modal expansion Eq. (13), i.e., the sought solution,
is thus explicitly given by

cos (kpx)

D(x,1) = %cg Vsexp(ioe) > (17)

2 - 02
= —iw2r, —Q,

Figure 2 shows the normalized transfer function (ratio
of the acoustic pressure at x > 0 and the volume velocity at
x = 0) denoted z(f)/z(f) ,.x at the entrance x = 0 [normal-
ized input impedance, Fig. 2(a)], at x = L/3 [Fig. 2(b)] and
at x = L = 0,4 m [Fig. 2(c)], where z(f) is given by

Mmax

PR ()

. 18
= —iw2r, — Qi (18)

Figure 2 shows typical results of the system considered,
especially the odd harmonics of the resonator of the clarinet.
Note that a deviation appears when the number of calculated
modes is too small, that the modelling assumes that the
modes are perfectly decoupled (with ¢, = ¢, and ¢, = 7,,),
and that the validity of the model is limited to ka < 1,
namely, to f < 10* Hz.

B. Case 2: Instantaneous impulse particle velocity
source

(harmonic source), the coefficients given by Eq. (15) can be Here, as well as in Sec. IIIC, the quantities
obtained directly by using Eq. (14), leading to vo, @, p, by, ... are real quantities. With instantaneous
(@ 1 —— — T T T T (b) 1 = T T T T T
206.9
09 | 0o | 206.9
—————————————— 11 modes -t |11 modes
08 | 31 modes 08 L 31 modes
0.7 0.7 L i
. 6223 .
£ 06 |- F\g 0.6 [ |
3 oos 1039 $oos 1039 4
~ 1458 >~ 1458
504 1875 500 S os |
Y os | 2710 3129 N

0.2

0.1

0 I

| 2292 2710 |
0.2 4
0.1 j 1883 3314 1
0 L (N 1 1 h

0 400 800 1200 1600 2000 2400 2800 3600 4000 4400 4800

L
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fHz)
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©) 1 — T T 1 1
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FIG. 2. Normalized transfer function z(f)/z(f)

max

1600 2000 2400 2800

f(Hz)
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as a function of the frequency, for the first 11 modes, with 11 modes calculated (72,,,,x = 10, dotted line)

and 31 modes calculated (7, = 30, thick full line), at three abscissa: (a) x =0, (b) x =L/3, (¢c) x = L. L=0,4 m.

J. Acoust. Soc. Am. 154 (6), December 2023

Potel etal. 3845


https://doi.org/10.1121/10.0023959

impulse particle velocity sources expressed as vo (1)
= Vs 6(1), Eq. (15) takes the following form (Vg in m):

22 - .
by (t) = _ZQ_(,),,VS exp (—rut)sin (Q, 7). (19)
Thus, Eq. (17) is written as
o(x,1) = —gczvs iiexp (—rmt)sin (Q,,1)cos (kpx).
7 L’ m=0 Qy
(20)

In order to interpret this result in a simple manner, we
assume the following approximation:

cokim = Qy, @1
which is equivalent to making an error less than 4% on the
value of the argument of the shape of the wave following
the x-axis.

Then, Eq. (20) takes the following form:

2 5~ 1
o(x,1) = 7Zcé ngg—exp(ﬂ*mt)sin (Qut)
m=0"""M
X cos(Qx/co)

2, - <1
= 2003 L e (e
L nzz()sz

o2 [ (-2)])

(22)

In order to provide a basic interpretation of this result,
we neglect the dissipation phenomena: exp(—r,f) ~ 1; one
can say in practice that the player acts on the reed of the
clarinet in such a way that, at each period, the attenuation is
compensated. We also neglect the end correction of the
resonator:

1 Co

nga)m: <m—|—§>nf

(23)
Thus, the velocity potential [Eq. (22)] becomes

~ =\ 2/n
=V
Q(x,1) SCOW;)Zm+1

x {sin [(2m+ 1)% (z;ﬂ
+sin [(2m+ 1)% (H—C);H }

Taking into account that the function

fu) = iznz/j 0 sin (2m + 1)u
m=0

(24)

(25)

is the Fourier series (modulo 2 ) of
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-2 i —r<u <o, 2%

TM=V12 i o<u<n @0
namely, of

f(u):_H(u)+Z(—l)"H(u—nn), 27

represented in Fig. 3 (where H is the Heaviside function),
the velocity potential [Eq. (24)] is readily given by

_ewy 1 meof X
Vsco 2 2L Co

n=1
TCo X 2L
Hl—(t+——n— 28
|:2L < +C() C()>:| ( )
Then, the acoustic pressure p = —p, dp /0t can be written

as

vty 27 (3]

Co X 2L
X5[2L (H—co ncoﬂ. (29)
Figure 4 shows the forward and backward propagation of
the impulse (created at the origin = 0) represented by this
Eq. (29). The main feature is that the sign of the impulse
changes when reflecting at the open end of the tube. Thus,
the period of the signal corresponds to two round trips of the
impulse, which is typical of the clarinet.

C. Case 3: Valve-effect particle velocity source

When considering this last “realistic” situation in the
frame of the simplified model mentioned above, the shape
of the opening of the mouthpiece is rectangular (source
term). The reed closes the mouthpiece only during the half-
period during which the pressure at the entrance of the

Jw
12 —

-7 0
) T 2n u

FIG. 3. Function f given by Eqgs. (25), (26), or (27).
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FIG. 4. (Color online) Normalized acoustic pressure as a function of time. The forward positive impulse starts at x = 0 at time ¢ = 0. It reaches the coordi-
nate x at time x/cg (label 1), then it is reflected at time L/c¢ so that the backward negative impulse reaches the coordinate x at time (2L/co — x/c¢) (label

2). Next, it is reflected at x = 0 staying negative, and so on.

resonator is lower than that of the oral cavity, or in other
words, it is “open” during the other half-period when the
pressure at the entrance of the resonator is greater than that
of the pressure in the oral cavity (everything being managed
more specifically by the stiffness of the reed and by the pres-
sure of the lips). Then, the source function vy(t) takes the
form of ¢p,,,x rectangular functions labelled £ € (0, £ — 1),
each one of duration Ty = 2L/c, (half-period of the signal)
and separated from each other by the same duration T
= 2L/cy (hence, the period of the signal is 2 Tp):

émmx —1

vo(t) = Vs Z {H[t - 20To] — H[z — 20+ 1)To]}.  (30)
(=0

It follows directly from Eq. (15), by substituting for vy
its expression given by Eq. (30), that the pressure variation
p = —po Op /0t takes the following form:

Vs x| (Qm )
p(x,t) = 2—=pycC, — cos [ —x
( ) L 0 0,;) Qm o
[mi\x_l
x Y {H(t = 20To)exp[—r,(t — 2(Ty)]
=0
x sin[Q, (t — 20To)|—H [t — 2(£ + 1)T)
X eXp(—rm[t - (ZZ + I)TO] )
x sin[Q (1 — (20 + 1)To)1}, 31)
where Eq. (13) of the solution has been used.

The time dependence of the normalized pressure varia-
tion is represented by rectangular functions as shown in
Fig. 5 {length of the tube 0.40m, 51 eigen modes, x = 0,
source consisting of six rectangular functions [Fig. 5(a)]},
which is characteristic of the clarinet behavior. The starting
transient of the signal is shown in the next two figures,
respectively, without [Fig. 5(b)] and with [Fig. 5(c)] thermo-
viscous dissipation (the time range is 0-50 ms). Figure 5(d)
emphasizes both the starting transient and the signal dying
out in time when the source is shut off (the time range is

J. Acoust. Soc. Am. 154 (6), December 2023

0—400ms), and Fig. 5(e) shows the Fourier transform of the
signal (frequency spectrum). Note that the Gibbs effect dis-
appears when the dissipation effects are taken into account,
as expected [see Egs. (6), (14b), and (15)].

IV. CONCLUSION

To conclude, the core of the paper involves the analytic
model of a 1-D acoustic resonator, namely, the eigenvalues
and the orthogonal eigenfunctions of a waveguide closed at
one end and open at the other end, providing the behavior of
the idealized resonator of the simplified clarinet. In this first
approach, the effect of the opening on the internal field in
the tube is accounted for in assuming a pressure node just
outside the end, which is due to the small imaginary part of
the output impedance. The internal energy losses due to
sound radiation, given by the real part of this impedance,
have been assumed to be negligible because they are much
smaller than the losses due to the thermo-viscous boundary
layers inside the rigid-walled tube. In a second step, the
model of the acoustic resonator accounts for these thermo-
viscous losses, described as stepwise functions of the fre-
quency, i.e., assumed to be almost constant in the immediate
vicinity of each resonance of the tube. This approximation
allows us to correctly interpret transient phenomena (tran-
sient decays). Finally, Sec. III furthers the solution of the
problem in three particular cases, depending on the velocity
profile of the source, including an approximate valve-effect
of the reed in the third one. Overall, the paper has shown a
method to study an idealized component step-by-step
through the modelling of a simplified real device, to chal-
lenge the student to apply conceptual understanding to a
problem-solving ability and for holding his/her interest.

To sum up, the model starts from a “well-posed” prob-
lem (propagation equation and boundary conditions) in the
presence of a source in the frequency domain to avoid the
fractional derivative that would appear in the time domain.
In this regard, this method departs from the usual modelling
found in the literature; specifically, it does not use a
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FIG. 5. Normalized acoustic pressure as a function of the time at x = 0; (a) source: six rectangular functions of half a period each (separated from each other
by a half-period), (b) without attenuation, (c) with attenuation (the time range is 0-50 ms), (d) with attenuation (the time range is 0—400 ms), (e¢) modulus of

the Fourier transform of this field of pressure. L =0, 4 m; T =0,0024 s.

transmission line model to calculate the tube impedance. In
addition, three particle velocity profiles have been consid-
ered and their effects have been treated in the frequency and
in the time domains. All of this should be illustrative and of
interest to students at Master’s level in acoustics.
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APPENDIX: THE PROPAGATION EQUATION FOR THE
VELOCITY POTENTIAL IN THE FREQUENCY DOMAIN

This appendix aims to demonstrate Eq. (1) outside the
sources, which includes the two principal dissipative pro-
cesses, namely, the effects of viscosity and thermal diffu-
sions that take place near the tube wall. To do this, we use
the three standard fundamental laws of thermo-mechanics,
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i.e., the second Newton’s law, the conservation of mass
equation, and the Fourier’s law of heat conduction.

A. The first equation: Newton’s second law

The first equation considered gives the fluid acceleration
in terms of the forces acting; it must include the frictional drag
suffered by the fluid as it moves. This viscous force F' acting
on the region between the interfaces r and r + dr, of length
dx, results from the shear stresses at these interfaces
121rdx V. (r,x)/0r and p2n(r 4+ dr)dxd V., (r + dr,x)/
dr, respectively, where r is the radial coordinate, x is the axial
coordinate, V, is the particle velocity along the x axis, and
where the proportionality factor p is the dynamic viscosity.
The resultant force F then takes the following form:

J 0
F = u2ndx l:(l +di)5\/x(r+dr,x) —ian(i,)@)
5, 0
= p2mdx o <r EVX(i, x)) dr. (A1)

Applying Newton’s second law to the fluid element
considered and dividing all terms by the volume 2 ndrdx,
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leads to the Poiseuille’s equation relating fluid acceleration,
pressure gradient, and shear viscosity force F:

dP(x) 10 ( 0.
T +'ur(“)r(’3rvx(”

iwpy V(r, x) = x)) . (A2

This equation assumes that the pressure variation is uni-
form over the section of the tube, that the acoustic perturba-
tion is a quasi-plane wave, and that the effect of the bulk
viscosity is negligible. The question of why these approxi-
mations are valid cannot be answered until one investigates
further the viscosity effects and the thermal effects in the
tube (it is beyond the scope of this Appendix).

This equation can be rewritten as follows:

1o( 0. - _ 1dP(x)
l‘(?r( 81‘/( ))—i—kvvx(r,x)—u dx

with

(A3)

K = —iwpy/u = —ikopoco/ - (A4)

Its general solution is given by

5 1 dP(x)

Vi(r,x) = Alo(ky BNy (kyr), A5
9=y qe Aok BNo(kr), (AS)

where Jo(k,r) and No(k,r) are the zero-order cylindrical
Bessel function and modified Bessel function, respectively.
This solution satisfies two boundary conditions, i.e., the
solution remains finite at » = 0 and vanishes at the wall
r = a, leading readily to

) = e || it

(A6)

The volume velocity is given by
—na dP( ) (1 2 Nk a))

kpaJo(kya)
(A7)

W (x) = Jo V, (7, x)2mrdr = fopy dx

where J; (k,r) is the one-order cylindrical Bessel function.
Then, the first sought 1-D equation can be written as

2 Ji(kea)\ " -
/q?.]o(kﬂl)) W(x) =0.

dP(x)  iwpg
1 —
dx + na?

This equation reflects a radial (centripetal) diffusion move-
ment because, compared with the acoustic wavenumber
ko = ®/co, the modulus of the viscous wavenumber k, is
very large, with equal real and imaginary parts (low diffu-
sion speed and high attenuation). This diffusion movement
originates at the boundary r = a and penetrates the fluid. Its
amplitude decreases by a factor “e = 2.7 over a short dis-
tance from the wall &, = v/2/|k,| = \/21/(pow) called the
“viscous boundary layer thickness,” which is much smaller
than the radius of the clarinet tube.

(A8)
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B. The second equation: Conservation of mass
equation

The second equation is the conservation of mass equa-
tion that we need in order to remove the volume velocity
W(x) from Eq. (A8). It is written as follows (¢ is the azi-
muthal coordinate):

ror r (9(/) Ox (A9)

iwp! +,00<

where p’ (r,x) is the density variation expressed below with
the two independent variables P(x) and %(r,x) by the ther-
modynamic state law of the fluid p'(r,x) = y/c3[P(x)
—pi(r,x)], p = (0P/AT), being the increase in pressure
per unit increase in temperature at constant density, ) being
the specific heat ratio, and 7(r, x) being the temperature var-
iation. After integration with respect to the variable r over
the interval (0, @) and accounting for the following results:

10 .

JO T (1 "V, )rdr =aV,(a)=0

and
271 o - R

J 55V oo = V(2m) = V4(0) =0, (A10)
Eq. (A9) takes the following form:

dw ylwy T4 o~

— = —Ta P(x) — pr(x)|, (A11)

= o [PL0 - P
with 2 (x) = [i (r, x)2nrdr.

Invokmg Eq. (A11) and the derivative with respect to x
of Eq. (A8), the pressure variation is governed by the 1-D
equation

(o) (- Eaen) -

C. The third equation: Fourier’s law of heat
conduction

The third and last equation provides the relationship
between P(x) and 7(x) that we need now. Near the wall
r = a, the temperature variation 7(r,x) vanishes because the
thermal conductivity and heat capacity of the wall are much
greater than those of the fluid. So, near the wall, the acoustic
movement is (almost) isothermal, whereas in the bulk of the
fluid, it is (almost) adiabatic. A rate of heat flow takes place
near the wall. This rate of heat flow is governed by the
Fourier’s law of heat conduction:

1
iwpoToS (r,x) = Ay — gr <I 82)%(1*7)(), (A13)
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where §(r,x) = (Cp/To) ((r,x) — (7 — 1)/ (1B)P(x)) is the
entropy variation, 4, is the thermal conductivity, and Cp is
the heat coefficient at constant pressure per unit of mass.
We rewrite Eq. (A13) in the form

10 0 . N y—1 4
P <r5‘c(r,x)> + k,zlr(r,x) = 7 kiP(x),
with k7 = —iwpyCp /Ly = —ikopocoCp/ s, and we assume

that the solution 7(r,x) satisfies two boundary conditions,
1.e., the solution remains finite at » = 0 and vanishes at the
wall r = a. Then, after manipulations of the type employed
earlier for the same mathematical problem [from Egs.
(A3)—(A7)], it follows that

z(x) :/"/—Bl<l —é%)ﬂx) (Al4)
The couple of Egs. (A12) and (A14) lead readily to
L)\,
<@ + )P(x) =0, (A15)
where

(A16)

It is justified retaining only the first order in the small terms
which involve the asymptotic behavior of the Bessel func-
tions, yielding

2 Jy(kya)
2 2 1\Ap
>~k 14+—

X 0( +kvaJ0(kva)

2 Jl(kha)

e )kh_aJO(kha)>, (A7)
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and even

12k

1—i2 Jeo, ,
1+W;\/g(€v+("/_l)€h) , (A18)

where the characteristic lengths ﬁ'v and ¢}, defined as

2
0, =, [ 2 and 4= ([ —
PoCo pocoCp

are small quantities (of an order of 10~® m in air).
The couple of Egs. (A15) and (A18) are none other than
the Eq. (1) sought (outside the sources).

(A19)
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