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Abstract

The Queen Elisabeth International Music Competition of Belgium founded in 1937, is among
the world’s most prestigious and demanding music competitions. It alternates between cello, piano,
violin, and voice and consists of three rounds in which each candidates gives a recital. Each round
leads to the selection of a subset of candidates. This paper presents and analyses the rule used to
select candidates and its specificities. It shows that the rule does not satisfy many of the classical
properties deemed as desirable in the social choice literature.
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1 Introduction

At the theoretical level, the celebrated Arrow [1950] theorem points at the impossibility to find a per-
fect rule to aggegate preferences, while Gibbard [1973] and Satterthwaite [1975] theorems demon-
strate that any voting rule offers the possibility of misrepresenting preferences to modify the col-
lective outcome. In practice, sport and cultural competitions provide useful settings to examine
voting mechanisms (Zitzewitz [2014]). They provide exogenous variations that one can otherwise
only achieve in an experiment, but with the advantage of larger sample sizes and participants with
strong interest in the outcome.

In most systems judges give an numerical evaluation within a given range of grades and candi-
dates are then ranked on the basis of their averages. Evaluations may suffer a bias of favoritism. That
is, submitted evaluations may differ from truthful ones in order to modify the global evaluation.
Notorious examples of manipulation can be found in sports and music competition. Vote trading
scandals marked the 1998 and 2002 Olympics Skating competitions (Zitzewitz [2006]). Favoritism
was also detected in Ski jumping competitions (Krumer et al. [2022]) or figure skating competitions
(Zitzewitz [2014]) for later periods. Yair [1995] finds in-group favoritism based on geographical
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proximity in Eurovision Song Contests. He identifies three blocs: the Nordic bloc, the Western bloc
and the Mediterranean bloc. These results have since been repeatedly confirmed (see for instance
Spierdijk and Vellekoop [2009]). Sosnowska and Zawislak [2019] and Kontek and Sosnowska [2020]
suspect that some members of the jury of the XV Wieniawski International Violin Competition may
have voted in a strategic way. Some competitions use trimmed averages (i.e. removing the largest
and smallest values) or median evaluations with the objective of reducing the possible manipula-
tions. The international skating union modified its rules in several occasions (see Bassett and Persky
[1994], Truchon [2004], Zitzewitz [2014]). The reforms introduced in the evaluation and aggregation
systems were inspired by the bias observed.

A second type of bias is more difficult to avoid: performing later in the competition seems to be
an advantage. This is well-known by coaches who typically present their gymnasts from the poorest
candidate to the best one in competitions (Plessner and Haar [2006]). Flores Jr and Ginsburgh [1996],
Glejser and Heyndels [2011] and Ginsburgh and Van Ours [2003] show that musicians who perform
later on a given day obtain better classifications in the Queen Elisabeth competition. Data from the
Idol series (Page and Page [2009]) or the “immortal song” contests (Kim et al. [2021]) confirm the
serial position bias.

With a social choice approach, Truchon [2004] studies the properties of the rules that have been
prescribed by the International Skating Union in the 1990’s. Music competitions rules have also
been analysed, as the Chopin International Piano competition (Sosnowska [2013, 2017]) and the
Wieniawski International Violin Competition (Sosnowska [2017]). She shows that both rules violate
some desirable social choice properties.

In this paper we focus on the rule used in the Queen Elisabeth International Music Competition
of Belgium (in short QEC). This competition, founded in 1937, is among the world’s most prestigious
and demanding music competitions. Doing well at this competition helps musicians in their career
(Ginsburgh and Van Ours [2003]). It alternates between cello, piano, violin, and voice. It consists
of three rounds. At each round, candidates give a recital. A jury give them numerical evaluations.
The first round leads to the selection of 24 semi-finalists; the second round makes a further selection
of twelve finalists. At the third round, the finalists (referred to as laureates) play a contemporary
concerto composed for the competition. They have one week to study it with a ban to communicate
(Berehova and Volkov [2019]). This last round leads to the ranking of the twelve laureates. The
ranking of the first six laureates is made public.

Following a social choice approach, we show that the QEC rule satisfies three basic properties:
universal domain (all the final ranking are available), unanimity (if all judge are fervent supporters
of a candidate, he must be selected) and non-dictatorship (only one judge does not determine the
final ranking). Otherwise the rule violates many other properties, such as independence of irrelevant
alternatives (the ranking of two candidates does not depend on a third candidate), participation
(a candidate stay selected even after the removal of a friendly judge), reinforcement (a candidate
selected by two disjoint sets of judges stay selected by their union), majority principle (a condorcet
candidate must be selected (Condorcet [1785])) and monotonicity (increasing the grade of a candidate
can not be harmful for him).

The rest of the paper is organized as follows. Section 2 describes the rule. Section 3 analyses the



properties and Section 4 concludes.

2 Description of the rule

Let J be the universe of judges and C be the universe of candidates. Here we study the rule for a
given round. Each round is composed of a set of candidates C = {c,},c¢, a set of judges | = (i'}ies
and the numerical evaluations that the judges give to the candidates. The number of candidates is
denoted by n¢ and 1/ denotes the number of judges.

Judges do not evaluate their former students. Before the competition starts, candidates give the
list of the judges who have been their teachers. A procedure exists to punish any misreported rela-
tionship. First we construct the students/teachers profile. Let sf, = 0 if judge j' is a former teacher
of candidate c, (and thus judge j' does not evaluate candidate c,) while s, = 1 otherwise. The stu-
dents/teachers profile is denoted S]C:

SIC = (Sé)pec
i€]

The number of judges who evaluate candidate c, is denoted 1, while the number of candidates
evaluated by judge j’ is denoted n'. We have

_ i i_ i
n, = ZSP and n’ = ZSP’

i€] peC

Second we construct the grade profile, denoted U]C. Let u;, be the numerical grade that judge
j' gives to candidate c,. We set u, = 0 whenever s, = 0 (that is, if judge j' is a former teacher of
candidate c;). We have:

U{; = (u;)pec-
i€]

Note that the QEC restricts the range of grades u[’; that can be given: u;; €[0,100] at the first round;
up € [50,100] at the second round; and u,, € [60,100] at the third round.

A round can thus be summarized by IB]C = (SIC, U]C), that we refer to as voting profile. Let B =(S,U)
be the sets of all voting profiles that can be constructed from J and C.

Definition 1. A m-rule W,, on B associates to each voting profile IBIC a subset of m candidates from C. The
subset of selected candidates is denoted Wm(IB]C).

The QEC rule selects on the basis of averages. It starts by attributing a grade to candidates who
have a former teacher within the jury. In this case the numerical grade is substituted by an average
computed as follows.

Given a voting profile IB]C, consider student ¢, who was a former student of judge j' (that is,
s;, = 0). The student’s average is computed. Denoting student c,’s average by ﬁp(lBé) (or simply i,
when there is no ambiguity), we have:

. 1 i

y=— ) u,.
p
np i€]

The teacher’s ratio r' is computed. The later is given by the teacher’s average (ii') divided by the other



judges’ averages (denoted i~"). That is,

gl 1 . . 1 .
r'=—— where i1’ = — Zul and 77" = Z .
! nt p n -1
peC jel j=i

A ratio strictly larger (smaller) than 1 means that judge j' is more (less) generous in her grades than
her fellow judges are. The numerical grade that student ¢, obtains from her teacher j' is the student
average multiplied by the teacher’s ratio: r' i,,.

With this substitution we obtain a numerical grade for each candidate, denoted vll;. Let
up

rl

ifs;;:l

ifs;',zo.

V. = (v})pec with v}, = { .

i€] P

Before computing the candidates’ average, outlier grades are eliminated. A grade which lies much (20
percent) above (or below) the average is substituted by the average plus (minus) 20 percent. Formally,

for each p € C, candidate ¢, ’s average grade is computed. We obtain

i} o1 i
(Vp)pec With 7, = 7 va.

i€]

We eliminate the outlier grades. This final grade that judge j’ gives to candidate cp is denoted by w;,.
We have: ‘
| (089, ifv,<087,
W, = (w;,)pizc withwy =0 1.2, ifv)>127,
1

D otherwise.

v
The final grades are the trimmed averages over the different judges.
_ o1 i
(Wp)pec with w, = 7 pr.
i€]

Definition 2. The QEC m-rule W;, associates to each voting profiles IB]C the subset W;*n(IBIC) composed of
the m candidates with the largest wy,.

The QEC uses three different m-rules: W] 4 at the first round, W}, at the second round and W at
the third round. Note that at the third stage the six laureates are ranked.

Example 1. Consider a round with 10 candidates {c,,c5,...,c1o} and 5 judges {j', j%,...,j°}. Four candidates
(m =4) will be selected at this round . The round is represented by B. = (S]C,IU]C) where in matrix S]C and
U]C the value ofs;', and ”zi? appears in the i'" row and the p™ column (similarly for the other matrices).
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85
12
22
50
59

60
32
81
34
51

40
58
0

48
52

33
60
52
45
60

50
61
65
85
42

75
0

25
22
95

15
20
64

95
32
72
64
62

30
10
0

40
37

We have SZ = uZ = 0, which means that candidate c4 is a former student of judge j*. Candidates c;, cg and

c10 have also a former teacher within the jury. For these students and their teachers (judges j*, j3, and j°)

we compute the students averages and their teacher ratio to obtain their grades:

3

iy =495 1
i; =542 @
iig =305 @°
i0=29.2 i’
We then have :
90 85
95 12
] _
Vi=| 75 22
20 50
47 59

57
42
56
=57

60
32
81
34
51

i3 =497
2 i@ ?=534
1 770 =499

13=49.7
40 33 50
58 60 61
56.8 52 65
48 45 85
52 60 42

r3=1.15
r2=10.79
=112
r3=1.15
75 15
429 20
25 64
22 23
95  34.3

3 _
vy =

56.8

v =42.9

5_
Vg =

3 _
v3, =33.6

95
32
72
64
62

34.3

The candidates’ averages are then computed, together with the lower and upper bounds:

(Tp)pec = (65.4  45.
(0.87,)pcc = (52.3  36.

6 51.6 51
5 41.3 408
20,)pcc = (785 547 619 61.1

50 60.6

40 485 41.6

60

52

31.3

25

72.7 624 375

65
52

30.1)
24.1)
78  36.1)

The following table gives the final grades of the candidates: it may be the initial value (u;;), the substituted

value (vli,), the lower bound of the average (0.817p) or the upper bound of the average (1.217p). We obtain

785 547
78.5 365
wl=| 75 365
523 50
523 547

The final averages are then computed.

(Wppec = (67.3  46.5

60
41.3
61.9
41.3
51

51.

40.8 40
58 60
56.8 52
48 45
52 60

1 51.1 514 594 50.2

50
61
65
72
48

7
.5

62.4
42.9
41.6
41.6
62.4

25.1
25.1

37.5

25

34.3

78
52
72
64
62

29.4

30

241
33.6
36.1
36.1

65.6 32)



The selected candidates are the four ones with the largest averages. We obtain WZ(IB]C) ={c1,¢9,¢6,Cs5).

3 Properties of the rules

In this section we check the properties that the QEC rule satisfies. First we start by the minimal
properties. Obviously any possible subset can be selected (universal domain) and there is no dictator.
Another property that the rule satisfies is the unanimity. Then we show that the rule displays various
“voting paradoxes”, that is the rule violates properties deemed as desirable.

3.1 Unanimity property

The unanimity property (also known as the Pareto property, see Arrow [1951] and Fishburn [1974a])
can be stated as follows in our context. If all grades of candidate c, are higher than those of candidate
¢y then the selection of candidate ¢, implies the selection of candidate c,. The following proposition

shows that the unanimity condition is satisfied.

Deﬁnitioq 3. Let IB]C be a voting profile. Candidate c, dominates candidate c, in lB]C if and only ifsliJ = s;
and u, > uy foralli €.

Definition 4. A m-rule W,, on B satisfies Unanimity if for each ]B]C € B such that candidate c, dominates
candidates cg in IB]C the following condition holds: c, € Wm(IB]C) implies that c, € Wm(lB]C).

Proposition 1. The m-rule W, satisfies Unanimity.

Proof. Consider a profile lB]C € B with ¢, and ¢, two candidates belonging to C.

I) Firstly we assume that 5;, =1 for all p € C and all i € ] which implies that v; = u,. Let ¢, get

i
. . . p'
. u;] such that u;j > u}i for all i € J. Assume finally that

]

n .
grades ul .., Up and candidate cqgrades ul

ql
¢y € W;‘n(IBé). We must consider two cases:
i i

. . . . _ i .. . - _ 1 i 1 i -
i) there is no outlier grade, i.e. w, = u; and wy = ug. This implies that w), = - Z%wp > ieZ]wq = Wy.

Therefore ¢, € W;;,(]B]C).

ii) there is an outlier grade:

a) Assume that uli, = vli, <0.8 7, for some i € J. Then wf, =0.87, > u;; > u; for some i € J. This implies
- 1 i o1 i _ - .

that w, = L ¥, wh > 1Y wi = w, and ¢, € W;,(BL).

i

q

i
q
- - * ]

w, <wp and ¢, € Wy, (Be).

b) Suppose that ué = v, > 1.2 9, for some i € . Therefore wfi =1.27, <ug < u; for some i € J. Then

¢) Assume that u;; = v; >1.2v, for some i € J. Then w;, =127, < u!’; for some i € J. Since u; > u; for
all i € J, we have 1.217p > 1.217q. And since u; = v; <1.2 Uy for all i € J, this implies that w;; > w; for all
i € ]J. We then hav§ wy > w, and ¢, € W;‘n(IB]C) A ‘ ' ‘

d) Suppose that 1y = vy < 0.8 7, for some i € J. Then wj = 0.87, > u, for some i € J. Since u,, > u for
all i € J, we then have 0.817p > 0.877q. And since uli, = v}, > 0.8 Up for all i € ], this implies that wfi < w;,
forallie]. Therefore wy, >w, and ¢, € W;(IB]C)‘. '

e) Consider u, =v, < 0.8 v, for some i € ] and u; = v, > 1.2 v, for some i € J. According to Case a and

. . _ _ . o)
Case b, it is obvious that w, > w, and ¢, € W;,(B.).



f) Let u;, = v;, > 1.27, for some i € ] and ufi = vfi < 0.87, for some i € ]. According to Case c and Case
d, we have u‘/P >w, and ¢, € W;(]B]C). 4 ’

g) Let u;, = v;, >1.27, for some i € ] and u}, = vé >1.27, for some i € J. According to Case b and Case
¢, we have Wy > W, and Cp' € W:H(IB]C) . '

h) Finally suppose that u, = v, <0.87, for some i € ] and u; = v < 0.87, for some i € J. According to
Case a and Case d, we have wp >w, and ¢, €Wy, (IBI ).

II)Nowassumethats =s;=0forie]j; sp—sq—1for]:tzandsr—1forallr¢p,qanda11]¢1

WLOG assume that i = 1. Let ¢, get grades u ,up and candidate c, grades uz,..., uq "such that up

q’
uq for all j =i =1. We then have i, = Zlup Zluq = il;. Therefore v; = ﬁp.rl > v‘} = ziq.rl.
¢1 ]il

Similarly to Case L, if ¢; € W;‘n(IBC), then ¢, € W;(]BIC)
O

Note that the property of unanimity holds whenever we require the condition sl’; = si for candidate
¢y and candidate ¢,. For a general discussion on the violation of unanimity in peer ratings system,

see Yew-Kwang and Guang-Zhen [2003].

3.2 Condorcet properties

The Condorcet properties give conditions that guarantee the selection (or non selection) of a candi-
date. The classical properties concern the Condorcet winner (a candidate who obtains a higher grade
than any other candidate for a majority of judges) or Condorcet loser (a candidate who obtains a lower
grade than any other candidate for a majority of judges). The QEC m-rule does not necessarily select
the Condorcet winner (if there is one) and may select the Condorcet loser (if there is one). Here we
show that the QEC m-rule may even violate a weaker property: the majority criterion. The majority
criterion states that (i) a strong Condorcet winner (if there is one) should be selected and (ii) a strong
Condorcet loser (if there is one) should not be selected.

Let ap(IBé) (resp. ﬁp(IBIC)) be the number of times that candidate c,, is ranked first (resp. last) in
(IB]C). We have:

. 1 if ul = Max ul
Ty - p peC *p I
al (B = and a,( a, (B
P (Be) { 0 otherwise p ;’
; 1 iful = Min ul
i(Bl) = P PECTP and (BL)
ﬁp (Be) { 0 otherwise ﬁp ;ﬁp

Definition 5} Let IB]C be a voting profile . (i) Candidate c,, is a strong Condorcet winner in]IBé if and only
if ap (]B] ) > % (ii) candidate c, is a strong Condorcet loser in ]B] if and only ifﬁp(IB] )> 5.

Definition 6. A m-rule W,, on B satisfies the Majority criterion if: (i) ¢, € Wy, (B ) whenever c, is a
strong Condorcet winner in IBC, (i1) cp € W,,(IB C) whenever Cp is a strong Condorcet loser in IB]C.

The following proposition shows that a strong Condorcet loser may be selected and a strong Con-

dorcet winner may be excluded from the selection.



Proposition 2. The m-rule W;, does not satisfy the Majority criterion.

Proof. Consider a profile B = (S]C,EAJ]C) with 4 candidates, C = {cy,...,c4} and 3 judges, J = {j!,..., j3}.

Two candidates will be selected . We have

1111 70 68 42 40
S.=[1 1 1 1 |andUL=|3 17 65 78
1111 50 48 41 40

We can observe that j! and j3 rank ¢; first and ¢, last. Candidate c; is thus a strong Condorcet winner
and Candidate c,4 is thus a strong Condorcet loser. The candidates averages and the bounds for the

outliers give

(Fpejec= (41 443 493 527)
(0.87,)c,cc = (328 355 395 42.1)
(1.27))ccc = (492 532 592 63.2)

Outliers grades are then substituted by 0.87, or 1.27, and the final averages are computed:

(Wp)yec = (437 456 47.4 49.2 )

We obtain W;(IE]C) = {cg,c3}. The strong Condorcet loser ¢4 is selected while the strong Condorcet

winner ¢; is not selected. O

3.3 Independence of irrelevant alternatives property

The property of the independence of irrelevant alternatives (Arrow [1951], Fishburn [1974b,c, 1977])
can be stated in our context as follows: if we eliminate a candidate who was not selected, the selection

of the candidates should not be modified.

Definition 7. A m-rule W,, on B satisfies Independance of irrelevant alternatives ime(IB]C) = W,,,(IB]C\p)
whenever candidate c, & Wm(IB]C).

The following proposition tells us that the property can be violated. That is, the selected candi-

dates may depend on the presence or absence of a non selected candidate.
Proposition 3. The m-rule W, does not satisfy the Independance of irrelevant alternatives.

Proof. Consider IB]C\7 = (S{:\W,U]C\q) obtained by eliminating c; in IB]C of Example 1. This does not

modify the candidates’ averages but modify the judges’ averages and ratios, which in turn modifies

the grade of the candidates who had a former teacher in the jury

61.6 1 3=48.6 r’=127 v;=628
°=51.2 a1°=501 r>=102 wv3=30.6
=616 0 °=48.6 r’=127 vj,=37.1

113



The average of candidates c4 increases

and

(@p)eyec = (67.3 465

c= (654 45.6
87,)ccc = (523 365
c= (785 547 61.9

51.6 52.2 50 60.6 305 65 30.8)

41.3 41.7 40 485 244 52 246
62.6 60 727 36.6 78 37)

52.5 51.4 594 28.1 656 33.1)

51.1

We obtain WZ(IB]CW) ={c1,¢9,¢6,C4} % {C1,C9,C4,C5} = WZ(IBIC).

3.4 Participation properties

The participation properties have been introduced by Fishburn and Brams [1983], Ray [1986] and
Moulin [1988b] and can be divided in four different requirements: (i) positive abstention: If a can-
didate is not selected, he cannot be selected either if a judge who gives him the highest grades is
removed from the jury. (ii) positive participation: If a candidate is selected, he remains selected if a
judge who gives him the highest grade is added to the jury. (iii) negative abstention: If a candidate is
selected, he remains selected if a judge who gives him the smallest grade is removed from the jury.
(iv) negative participation: If a candidate is not selected, he cannot be selected either if a judge who
gives him the smallest grade is added to the jury.

Definition 8. A m-rule W, on B satisfies:

(i) Positive abstention ifc, & Wm(IB]C) and al’;(lB]C) =1 imply that c, € Wm(]B]C\i);

(ii) Positive participation if c, € Wm(IB]C) and a;(IB]C) = 1 imply that ¢, € Wm(IB]CUi);
(iii) Negative abstention if c, € Wm(]B]C) and /3;,(IBIC) = L imply that c, € Wm(]B]C\i);
(iv) Negative participation if c, & Wm(IB]C) and ﬁ;;(IB]C) = 1 imply that c, & Wm(IB]CUi).

Proposition 4. The m-rule W;, does not satisfy : (i) Positive abstention; (ii) Positive participation; (iii)

Negative abstention; (iv) Negative participation.

Proof. (i) Consider a profile B = (S]C,Hjlc) with 10 candidates, C = {cy,...,c1p} and 5 judges, | =
{j!,....j°}. Four candidates will be selected for the next round. Sé is identical to Example 1 and

90 85
95 46

iy

Ul =| 74 75
20 50
47 59

60
50
74
44
51

40
58
0

48
52

64
60
77
45
60

47
61
76
85
42

75 15
0 20
74 74
22 23
95 0

95
32
74
64
62

30
10
0

40
37



The former students’ averages and the teachers ratios permit to complete all candidates grades

i; =665 1°=48 @ 2=588 r?=0.82 v2=543
iig = 33 °=561 @°=567 r°=0.99 wv3=326
Mp=29.2 @°=747 @ 3=520 r3=143 vj =42

;=495 @3=747 @ 3=520 r’=143 v;=71
2
5

The averages and the bounds for outliers are computed

(%p)e,ec = (652 63 558 538 612 622 641 329 654 318)
(0.87)c,cc= (522 504 446 43 49 498 512 263 523 254)
(120))ccc= (782 755 67 646 734 746 769 395 785 382)

This gives the final averages

(Wp)eec = (67 621 545 531 613 62 663 302 662 33.7)

We have WZ(B]C) ={c1,¢7,¢9,¢5})
Now consider the profile EIC\3 = (S]C\3, Ué\a) obtained from E]C when j3 does not take part to the

jury. The new grade profile becomes

90 85 60 40 64 47 75 15 95 30
95 46 50 58 60 61 0 20 32 10
20 50 44 48 45 85 22 23 64 40
47 59 51 52 60 42 95 0 62 37

A
U =

The former students’ averages and the teachers ratios permit to complete all candidates grades

;=64 @*=48 @ ?=534 r’=09 v3=575
ig=19.3 #°=56.1 @ >=507 r’=11 v;=214

The averages and the bounds for outliers are computed

(ﬁp)cpec = (63 60 51.3 495 573 588 624 19.8 632 29.3)
(0-877p)cpec = (504 48 41 39.6 45.8 47 49.9 159 50.6 23.4)
(1.29,)c. ec = (75.6 72 61.5 59.4 687 705 748 238 759 351)

P’

This gives the final averages

(u‘/p)cpecz (63 573 513 495 57.5 564 643 20.1 631 30.9)
+(maJ\3\ _
We have W, (B-") = {c7, c9, ¢y, C5}.

Therefore starting from competition Iléé the deletion of judge j3, whose highest grade is for can-

didate cs, leads to the selection of candidate cs.

10



(ii) Starting from profile IB]C\3 the addition of judge j3, whose highest grade is for candidate cs,

leads to the non selection of candidate cs.
(S]C,[U]C) with 10 candidates, C = {cy,...,c1o} and 5judges, ] = {j,..., j°}.
Four candidates will be selected for the next round. Once again S]C is identical to Example 1 and

(iii) Consider a profile B/

o ]
UC

85
46
75
44
59

60
50
74
44
51

40
58
0

48
52

64
60
79
43
60

47
61
76
45
42

75 15
0 20
74 74
44 45
95 0

95
32
74
64
62

30
10
0

46
37

The former students’ averages and the teachers ratios permit to complete all candidates grades

iy =49.5
i, =72

iig = 38.5
o = 30.7

a3=75 a3=527
7% =48 12 =59.5
7> =56.1 7 °>=57.4
#3=75 a@3=527

The averages and the bounds for outliers are computed

(7p)e,ec= (70 61.8 558 53.7 61.2
0.80p)c,ec= (56 49.4 446 429 49
20p)cecc= (84 742 67 644 734
This gives the final averages
(Wp)e,ec= (70.8 612 545 53.1 613

We have W;(IE]C) ={cy,c7,c9,c5)
Now consider the profile BIC\4 = (S]C\4, Ué\4) obtained from B when j* does not take part to the

jury. The new grade profile is

i7/\4 _
U. =

85
46
75
59

60
50
74
51

40
58
0

52

47
61
76
42

=142 v;=70,4

r2=0.81 vZ=58.1

r5=0.98 v;=37.6

r’=142 vj, =437

542 69.2 383 654 33.3)
434 554 307 573 26.7)
65 831 46 785 40)
523 69.1 38 66.2 347)

75
0

74
95 0

95
32
74
62

30
10
0

37

The former students’ averages and the teachers ratios permit to complete all candidates grades

iy = 50
i; = 81.3
g = 36.3
iy = 25.7

i3=75 03 =547
7’ =48 0 2=63.7
7> =561 1°=61.0
i3 =75 i 3=547

11

r3=1.37
r2=0.75
r>=0.92
r3=1.37

v; = 68,5

v2 =613

vy =33.4
3 _

vy = 35.2



The averages and the bounds for outliers are computed

(ﬁp)cpec = (76,5 663 588 546 658 565 763 356 658 28)
(0-877p)cpec = (61.2 53 47 43.7 52.6 45.2 61 28.5 52.6 23.4)
(1.29,)¢.cc = (91.8 79.5 705 65.6 789 67.8 91.6 42.7 789 33.7)

p/cp

This gives the final averages

(@p)eec = (793 66.6 57.9 548 657 553 755 333 66.9 29.9)

We obtain WZ(IB]C\4) ={cy,¢7,¢9,c5}.
Therefore starting from profile 11'32 the deletion of judge j*, whose lowest grade is for candidate
5, leads to the non selection of candidate cs.
A
C

(iv) Starting from profile the addition of judge j*, whose lowest grade is for candidate cs,

leads to the selection of candidate cs. O

3.5 Reinforcement property

The reinforcement property is also known as separability property or consistency property (see Smith
[1973], Young [1974], Moulin [1988a] ). In our context it can be stated as follows: consider two voting
profiles with the same set of candidates and different sets of judges. If a candidate is selected in the
two profiles, Reinforcement requires that the candidate is also selected in a new profile composed of

the same set of candidates and the union of the sets of judges.

Definition 9. Let IB] and IBIC two votzng profiles, with JN]" = @. A m-rule W,, on B satisfies Reinforce-
ment if ¢, € Wm( c)and c, €Wy, ( ) imply ¢, € Wy, (IB]U] ).

Proposition 5. The m-rule W;,, does not satisfy Reinforcement.

Proof. Consider a profile IBg with 10 candidates, C = {cy,...,c10} and 5 judges, ]’ = {j°,...,j'°}. Four

candidates will be selected. S]C' is identical to Example 1 and

90 85 60 60 33 44 75 15 95 30
95 12 32 58 60 55 0 20 32 10
Ug =175 22 8 0 52 60 25 64 72 O
20 50 34 48 45 55 22 23 64 40
47 59 51 52 60 42 95 0 62 37

The former students’ averages and the teachers ratios permit to complete all candidates grades

iy=545 u%=563 @ ¥=491 =115 }=626
i; =543 i’ =416 @/ =528 1’ =079 v; =427
ig =305 a'%=561 a10=49.2 r19=075 1/8 =348
ip=293 u%=563 =491 r8=115 2§ =336

12



The averages and the bounds for outliers are computed

(Vp)e,ec= (654 456 51.6 56.1 50
(0.80p)c,ec= (523 365 41.3 449 40
Up)ec = (785 547 62 67.3 60

This gives the final averages
(@p)eec= (67.3 465 511 561 51.4

and WZ(]B]C) ={c1,¢9,¢4,C5}

51.2
41
61.4

51.2

51.9
41.5
62.3

50.1

31.4
25.1
37.6

65
52
78

29.5

30.1)
24.1)
36.1)

65.6 32)

Now consider a profile IB]CU] " where we combine profile IB]C’ and profile IB]C defined in Example

1. The 10 candidates are the same in IBg and in B and there are now 10 judges :j!, j2,j3, j*j°,

7%,j7,j%,j° and j'° . The grades of the judges in this combined profile are similar to their respective

grades in round IBé and ]B]C. Likewise the former students/teachers matrix is a combination of Sé’

and S]C.

90
95
75
20
| 47
| 90
95
75
20
47

85
12
22
50
59
85
12
22
50
59

60 40
32 58
81 0

34 48
51 52
60 60
32 58
81 0

34 48
51 52

33
60
52
45
60
33
60
52
45
60

50
61
65
85
42
44
55
60
55
42

15
0 20
64
23
95 0

15
0 20
64
23
95 0

95 30
32 10
72 0

64 40
62 37
95 30
32 10
72 0

64 40
62 37

The former students’ averages and the teachers ratios permit to complete all candidates grades

iy =52 % =57 173 =50.2
i; =543 @°=422 a?=518
ig=30.5 @°=56.1 @ °=50.3
i0=29.3 @3=57 i3 =502
iy =52 i =564 1 %=502
i; =543 @’ =416 /=519
ig=30.5 a'%=561 u19=50.3
i0=29.3 a%=564 7 %=50.2

The averages and the bounds for outliers are computed

Jp)eec = (654 456 516 533 50
87,)cecc = (523 365
Tp)ejec= (785 547 619 64 60

13

=114 v;=59.1
2=0.81 vi=442
=112 v3=34

P =114 v};=33.2
=112 v§=583
7=0.80 v;=434
r0=112 23°=34

=112 ¥ =328
55.9 522 31.2 65

41.3 427 40 44.7 41.7
62.6 374 78

67.1

25 52

30)
24)
36)



This gives the final averages

(w,,(IB’CU]'))CPGC= (67.3 46,5 51.1 53.6 51.4 547 505 293 656 31.8)

and Wi(BL') = {ey, ¢o, 6, 4.
To conclude we have c5 € WZ(]B]C), cs5 € WZ(IB]C) and c5 ¢ WZ(]B]CU] ). O
3.6 Monotonicity property

The monotonicity property (Smith [1973]) requires that if some judge increases the grade of a selected

candidate (with no other modification), this candidate remains selected.

Definition 10. Consider a candidate cy, a judge j' and two voting profiles B. = (S]C,U]C) and B =
(SIC,IfJ]C)with ﬁf>uf, 11? :u?forullq:tp, ﬁf :ufforallj:ti, ﬁ]q :u?forallj:tiandqip.
A rule Wy, on B satisfies Monotonicity if ¢, € Wm(IB]C) implies that c, € Wm(IB]C).

Proposition 6. The m-rule W;, does not satisfies monotonicity.

Proof. Consider a profile IB]C with 2 candidates, C = {c;,c,} and 4 judges, ] = {j!, ..., j*}. One candidate

will be selected.

0 1 0 50
, 1 1 , 39 51
Sé = and IU]C =

1 1 61 50

1 1 50 50

The former students’ averages and the teachers ratios permit to complete all candidates grades

=50 a'=50 a1=502 r'=099 v{=49.8

(50 50.3)
(0.87,)ccc= (40 40.2)
(1.20,)ccc= (60 60.3)

This gives the final averages
(Wp),ec = (499 50.3)

and Wi (BL) = {c,)
Consider now a profile ]B]C with 2 candidates, C = {c;,¢,} and 4 judges, ] = {j,..., j*}. One candi-
date will be selected. S% is identical to Sé

0 53
i} 39 51
Ul =
61 50
50 50

14



The former students’ averages and the teachers ratios permit to complete all candidates grades
=53 @'=502 a'=502 r'=1.06 v} =528

We have
(Tp)e,cc= (507 51)
(0.87))c,cc = (40.6 40.8)
(1.20y)cec = (60.8 61.2)

This gives the final averages
(Wy)eecc= (511 51)

and W;(BL.) = {c1}
We have ¢, € WI(IB{:) and ¢, ¢ WI(IB{:) where j! increases the grade of c,, so the monotonicity is
not respected.
O

Although monotonicity is not fulfilled, a candidate c, will be non selected after the increase of his
grade only in a restrictive scenario, that is when the average of Cqr the last non selected candidate, is
closed to those of ¢, and when ¢, is a former student of the judge who increases the grade of c,,.

Let a voting profile ]B]C, for a candidate c,, we set nlL,(]B]C) (resp. ng(lB]C)) as the number of grades
lower (resp. higher) than 0.8, (1.23,). For IB]C and IBQ, we denote Anj; = n;;(lléé) - nII,;(lBé) and
Antl = nH(BL) - (B]).

Proposition 7. Let c, and c, two candidates, a judge j! and two profiles B = (S]C,U]C) and IB]C =
(Sé,@é) with ﬁf = uf + X, ﬁ]f = u{‘ forall k #p, ﬁf = uf forall i #1 and all p. Assume that c, € W;l(IB]C)
and that c, & Wi,(BL.) with w,(Bf.) ~w,(B}.) = ¢ .

The m-rule W, does not satisfy Monotonicity if and only if c, is a former student of j! and e < B, with

0.2(Ant (BL)-Ank (B].))7, (BL.) N (n-0.2uk(BL)+0.2nf (B)) a,(BL) %
. T ul ST )
_ L) H (i)
_ 02(AnH -Anb)s,(BL)  (n-0.2n5(BL)+0.2m (Be))
nl W

Proof. Consider a candidate c,, a judge j! and two voting profiles B. = (SIC,U]C) and IB]C = (S]c,@é)
with ﬁf = uf+x, ﬂf = uf forall g = p, ﬁf = uf foralli = 1andall p. Assume thatc, € W,’;(IB]C) and that
a candidate ¢, ¢ W,L(IB]C) with u‘/p(]B]C) - u‘/q(]B]C) = €. ¢4 can be seen as the candidate with the highest
grade of the non selected candidates. Assume that candidates different from c, and ¢, are not former
students of a judges, i.e. s = 1 for all r # p,q and all i € J. For candidates ¢p and ¢; we must consider
differents cases.

p
in J and all ¢, in C . Note that for ¢, the presence of outlier grades or not have no incidence between

I) Cp and ¢q are not former students, which implies that both for IB]C and IBJC we have v} = u;, for all i

IB]C and IE]C, then wq(IB]C) = u‘/q(IE]C). We must distinguish betweenthe case with outlier grades and the

case without for candidate Cp-
i
b

Li) there is no outlier grades for Cp both for ]B]C and IB]C , Le. w;', =

W, (BL) > w,(BL) > w,(B) = w,(BL.), then ¢, € Wi, (B).

vli, = uj,. This implies that
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Lii) there is outlier grades for ¢, in IB]C CIf v;(IB]C) < O.877P(IB]C) for some i € J, then w;,(lB]C) =
O.Sﬁp(IB]C) for some i € ] and 0.817,,(11?{:) > O.Sﬁp(lB{:) for some i € J. Likewise if vli,(IB]C) > 1.217P(H3]C) for
some i € J, then w;,(]B]C) = 1.217p(]BIC) for some i € | and 1.2171,(1]32) > 1.217p(]B]C) for some i € . Therefore
this implies that w,(BL) > w,(BL) > w,(BL) = w,(BL), and then ¢, € W;(BL).

IT) ¢, is a former students of judges different from j! and there is no former students for cg- WLOG, we

assume that he is only the former students of j? which implies that both for ]Bé and IBIC, vy #uy =0
and v} = uj, for all i # 2. The increase of c,’grade by j! implies that ap(IEI ) > ﬂp(IB] ), '1(I]~3] ) > ﬁl(IB]C)
Y | : @)y — 2B ] J_ #A(BE)
and that #7*(B.) > #~'(B(.) for all i # 1. Therefore r'(B) = ﬁ*l(IB]) >r (]B )and r (IB ) = *Z(IBC]C) <
r?(B.).
We study now the sign of VZ(IB{:) - vg(IBé). Since vg(IBIC) = ﬂp(IBIC) * rz(IBé) = (ﬂp(IBé) + )
(B nesi~2(Bl-)—1,(BL) . .
(- (IB;) >HC ), we have v2(BJ.) - v2(Bf) = r2(B])* = ZMTC,CH”“C Let min ii~2(B).) the possible
-1 nl—

minimum of IZ_Z(IB]C) and min IZi(IBé) the possible minimum of ﬂi(IBI ) for all i # 2. Assume that

. i (Bl i (Bl
minﬂl(lB]C) = (P for all i # 2. Then min#u~ (IB]) n, [ ) mini (IB]) n,1_1 Y u”,(qcc) . Therefore
j'el j'el
i#2 i#2
nc*mini~2(BL) = =~ ¥ ul(BL) = 1,(B).) which implies that v2(BL.) - v2(Bl.) > 0
c /7wt = el T e p p\Pc) T VPl = Y
J'€E
j#2

Therefore ﬁp(IEIC) > ﬁp(IB]C) and whatever there is outlier grades or not (see Case I), we have
w,(BL) > w,(BL) >  w(B) = w(BL), and then ¢, € W(BL).

ITI) ¢, is a former students of judges different from judge 1. WLOG, we assume that he is only the

former students of j2 which implies that both for IB]C and IEIC, qu

iu;:Oandvfi:uéforalliiZ
As already mentionned in Case II, if judge 1 increases the grade of candidate Cp) rz(IB]C) < rz(lB]C) and
then v,?(IB]C) < vg(IBé). Therefore the grade of ¢, does not increases. And whatever ¢, is a former stu-
dent or not (see Case I and Case IT) we deduce that u‘/p(lB]C) > L'up(IB]C) > u‘/q(IB]C) > u‘/q(lB]C), and thenc, €

Wi, (BL).

V) ¢, is a former students of judge 1. WLOG assume he is the former student of only judge 1 which
implies that both for IB] and B v! = u! =0 and vé = u,’% for all j' # j'. As already mentionned if

C7q q
judge 1 increases the grade of ¢, this implies that ﬁp(IB] ) = ﬁp(IB] )+ -7. And whatever ¢, is a for-
- J—nk(BL)-nH (B] 0.80L(BL)5, (BL.)+ 1.2 (BL.)3, (B!
mer student or not we have w,(B/) = () g Be) -y (B (B +0 85 Be)% (B)+1.205 (B 7, (Be) = w,(BL) +
p\EC nl ; P ]C
Al 1
g gy A B (B))
O.2(An{,‘17An;L,)ip(1B]C) . (1 =0.2n (lB] )+0.2n (lB] s 7,(Be)n +uq(BC)7ﬁ-1(1B]C)

)l] -3 ~] p— —
. For ¢, we have Vq(lBg) = =

n n n

ﬁq(lB]C) + ﬂq(ﬂ]%{;) . And therefore wq(IB] - (n/—ns(lléjc)—ng](lﬁlc))ﬁq(~C)+n$(l]1~3jc)0‘8iq(lﬁlc)+n§(ll~3jc)1‘27?q(11~3]c) _
- (]B ) n

o 02(Anf -Anbyoy(BL) (W -0.2nk(BL)+0.2n} (B).)) a,(BL)  -F

wy(Be) + ” + w g Ay

! 0.2(Anf (BL)-Ank(BL))7, (B J-0.2nL(B].)+0.2nH (BL.)) 1, (B &
Assume first that u‘}p(]B]c)—u'/q(IBIC)> (Ang (Be) n]n"( c)?(®Be) | il HF iy (Be) uq(nIC)'af(lIBlC)_
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0.2(Ank ~Anbyo, (BL)  (n/ =021 (BL)+0.2nf!(BL)) %

This implies that wp(lB] )— wq(lB]C) > (wq(lB]C)—u'/q(lB]C))—

n n = p.
(u'/p(IB] ) — wp(lB] )) and then wp( o) > wq(lB]C) therefore c, € W, (IB] ). Now consider the converse,
wp(lB]C) IB] ¢) < B, this implies that w (~]C) (lBC) and then ¢, ¢ W,*n(lB{:) and monotonicity is
not fulﬁlled when € < f.

O

4 Conclusion

We can summarize the different results following a classification given by Felsenthal [2010]. He dis-
tinguishes two types of paradoxes: the “straightforward” ones and the “conditional” ones. Straight-
forward paradoxes are paradoxes where the relevant data (the number of judges, the number of
candidates, the number of candidates that must be selected, the preference of every judges among
the competing candidates, the amount of information judges have regarding all other judges prefer-
ence,...) leads to a "surprising” and arguably undesirable outcome if the property is not satisfied. The
conditional paradoxes are those where changing one relevant datum while holding constant all other
relevant data leads to a undesirable outcome. In Table 1, a ”4/” means that the property is satisfied
by W;,, while ”x” means that the property is not satisfied. A ”x!” means that the property is not
satisfied due to the attribution of grade for candidates that have teachers within the jury and a ”x!2”

means that the attribution of the missing grades and/or the outliers play a role in the violation of the

property.

Table 1: Properties of the m-rule W,

Straigforward paradox
Universal Domain Unanimity Dictator Majority criterion

v v v x

Conditional paradox

Independence Participation Reinforcement Monotonicity

><1 ><1'2 X ><1

From this table we can conclude that the QEC m-rule violates many desirable properties. Among
the ”straightforward” paradox, the rule violates the majority criterion. This illustrates the tension
between rankings and intensities of preferences: The criterion is based on the rankings while the rule
makes averages of grades, and thus includes the intensities of the preferences. The rule also violates
all conditional properties. One source is how a student with a former teacher within the jury obtains
his evaluation. The evaluation depends on his average and on the teacher’s average. Modifying the
set of candidates or the set of judges modifies the teacher’s average and thus the student’s grade. This
explains how the paradoxes may appear. The elimination of the outliers is the second source of the
violation of the conditional properties. The elimination of the outliers has been introduced to reduce
the possible manipulation of the notes by the jury. This is done at the cost of possible violation of
conditional properties. Note that in the case of the monotonicity Proposition 7 puts a strict limit to

this violation.
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The violation of many properties raises the question of whether more classical rules of social

choice may substitute the rule used in the QEC competition with similar results.
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