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Abstract

The inversion of a set X of vertices in a digraph D consists of reversing the direction of all arcs of D(X). We
study sinvy, (D) (resp. sinvy (D)) which is the minimum number of inversions needed to transform D into a k-arc-
strong (resp. k-strong) digraph and sinv},(n) = max{sinv}, (D) | D is a 2k-edge-connected digraph of order n}.
We show :

(i) 3log(n—k+1) <sinvi(n) <logn+ 4k —3;

(ii) for any fixed positive integers k and ¢, deciding whether a given oriented graph G satisfies sinvy, (é) < t (resp.
sinvg(G) < t) is NP-complete ;

(iii) if T is a tournament of order at least 2k + 1, then sinv},(T') < sinv(T) < 2k, and sinv}, (T') < 3k + o(k);

(iv) 1log(2k +1) < sinvy,(T) < sinvy(T') for some tournament 7" of order 2k + 1;

(v) if T is a tournament of order at least 19k — 2 (resp. 11k — 2), then sinv},(T) < sinvg(T) < 1 (resp.
sinvy (1) < 3);

(vi) for every € > 0, there exists C such that sinvy, (7)) < sinvg(T) < C for every tournament 7" on at least
2k + 1 + €k vertices.

Keywords: inversion; tournament; k-strong; k-arc-strong.

1 Introduction

Notation not given below is consistent with [BIG09]. We denote by [k] the set {1,2,...,k}. A digraph may contain
digons, that are, pairs of arcs in opposite direction between the same two vertices, but no parallel arcs or loops while
an oriented graph is a digraph without digons.

A feedback arc set in a digraph is a set of arcs whose reversal results in an acyclic digraph. Finding a mininum
cardinality feedback arc set is an important and heavily studied problem. It is one of the first problems shown to be
NP-hard listed by Karp in [Kar72]. Furthermore, it is hard to approximate. For arbitrary digraphs, the best known ratio
is O(log nloglogn) due to Even et al. [ENSS93]. It was proven to be APX-hard by Kann [Kan92]. This was later
strengthened by Dinur and Safra who showed that, unless P is equal to NP, it cannot be approximated within a factor
of better than 1.36 [DSOS]]. For tournaments, which are orientations of complete graphs, the problem was proven to
be remain NP-complete, independently by Alon [Alo06] and Charbit, Thomassé et Yeo [CTYO7]. On the other hand,
a polynomial-time approximation scheme was provided by Kenyon-Mathieu and Schudy [KMSO07], improving on an
earlier 3-approximation algorithm by Ailon Charikar and Newman [ACNOS]].

To make a digraph D acyclic, one can use a different operation from arc reversal, called inversion. The inversion
of a set X of vertices consists in reversing the direction of all arcs of D(X). We say that we invert X in D. The



resulting digraph is denoted by Inv(D; X). If (X;);er is a family of subsets of V' (D), then Inv(D; (X;);er) is the
digraph obtained after inverting the X; one after another. Observe that this is independent of the order in which we
invert the X; : Inv(D; (X;);er) is obtained from D by reversing the arcs such that an odd number of the X; contain its
two endvertices. A decycling family of a digraph D is a family (X;);cs of subsets of V(D) such that Inv(D; (X;)icr)
is acyclic. A digraph admits a decycling family if and only if it does not contain any digon. Indeed, observe that an
inversion operation changes the orientation of either none or both of the arcs in a digon. Hence, a digraph containing
a digon cannot be made acyclic by inversions. Conversely, in an oriented graph, the pairs of endvertices of the arcs
of a minimal feedback arc-set form a decycling family. The inversion number of an oriented graph D, denoted
by inv(D), is the minimum number of inversions needed to transform D into an acyclic oriented graph, that is, the
minimum cardinality of a decycling family. It was first introduced by Belkhechine et al. in [BBBP10] and then studied
in several papers [BJdSH22, [TSKP22, IAHH"22, |APS™22]. In particular, Belkhechine et al. in [BBBP10] proved
that, for any fixed integer k, deciding whether a given tournament has inversion number at most & is polynomial-
time solvable. In contrast, Bang-Jensen et al. [BJASH22] proved that deciding whether a given digraph has inversion
number 1 is NP-complete. This was generalized by Alon et al. [APST22|]: for any fixed positive integer k, deciding
whether a given digraph has inversion number at most & is NP-complete. The maximum inv(n) over all inversion
numbers of digraphs of order n has also been investigated. Independently, Aubian et al. [AHH™22|] and Alon et
al. [APS™22] proved n — 2y/nlogn < inv(n) < n — [log(n + 1)].

The main purpose of this article is to study the possibilities of applying the inversion operation to obtain a different
objective than the resulting digraph being acyclic. Instead of making a digraph acyclic, we are interested in making it
satisfy a prescribed connectivity property. A digraph D is strongly connected or simply strong (resp. k-arc-strong
for some positive integer k), if for any partition (V;,V3) of V(D) with V;,V, # () there is an arc (resp. at least
k arcs) with tail in V7 and head in V5. Similarly, a multigraph G is connected (resp. k-edge-connected) for some
positive integer k), if for any partition (V, Vo) of V(G) with V4, Va # () there is an edge (resp. at least k edges)
with one endvertex in V; and one endvertex in V5. We further say that G is k-connected if |V (G)| > k + 1 and
G — S is connected for every S C V(G) with |[S| < k — 1. For a given digraph D, we denote by UG(D) the
undirected (multi)graph that we obtain by suppressing the orientations of the arcs. A digraph is k-connected (resp.
k-edge-connected) if its underlying (multi)graph is. Clearly, a digraph D can be made k-arc-strong by reversing
some arcs if and only if the edges of UG(D) can be oriented such that the resulting digraph is k-arc-strong. Robbins’
Theorem [Rob39|] asserts that a graph admits a strong orientation if and only if it is 2-edge-connected, and more
generally, Nash—Williams® weak orientation theorem [NW60], asserts that a graph admits a k-arc-strong orientation
if and only if it is 2k-edge-connected. We can hence decide in polynomial time whether a given digraph can be
transformed into a k-arc-strong digraph by applying arc reversals, applying standard flow algorithms to its underlying
graph. Furthermore, it is well-known that, if this is the case, by reducing to a minimum-cost submodular flow problem,
one can determine, in polynomial time, a minimum set of arcs in D whose reversal gives a k-arc-strong digraph, see
Section 8.8.4 of [BJGO9| for details. It is easy to see that the number of necessary arc reversals to make a 2k-edge-
connected digraph D k-arc-strong cannot be bounded by a function depending only on k. For example, one can
consider digraphs that contain a number of sinks which is linear in the number of vertices of the graph, where a sink
is a vertex with no outgoing arc. However, Bang-Jensen and Yeo [BJY04] proved that for tournaments, the size of
such a set is always bounded by a quadratic function of k. Precisely, they showed that every tournament on at least
2k + 1 vertices can be made k-arc-strong by reversing at most %k(k — 1) arcs. This result is tight for the transitive
tournaments.

We are interested in the problem of using inversions to make a digraph k-arc-strong. A k-arc-strengthening
family of a digraph D is a family (X;);cs of subsets of V(D) such that Inv(D; (X;);er) is k-arc-strong. The k-
arc-strong inversion number of a digraph D, denoted by sinv} (D), is the minimum number of inversions needed to
transform D into a k-arc-strong digraph, that is, the minimum cardinality of a k-strengthening family. We first deal
with the extremal behaviour of sinv/, (D) for some fixed , that is, we deal with the question of finding the maximum
number of necessary inversions to make a 2k-edge-connected digraph on a fixed number of vertices k-arc-strong. To
this end, we define sinv},(n) = max{sinv}, (D) | D 2k-edge-connected digraph of order n}. It turns out that sinv},(n)
is an unbounded, but slowly growing, function. We are able to determine sinv},(n) up to a constant multiplicative
factor of roughly 2. More precisely, we show the following result:



Theorem 1.1. For any pair of positive integers k,n withn > 2k + 1, we have
1
3 log(n — k + 1) <sinv}(n) <logn + 4k — 3.

Observe that the condition n > 2k + 1 is necessary for sinv/,(n) to be well-defined.

Next, we consider the algorithmic complexity of computing sinv), (D) algorithmically for a given digraph D and
a fixed integer k. We show that this problem is NP-hard. More precisely, we show the following, slightly stronger,
result.

Theorem 1.2. Deciding whether a given oriented graph D satisfies sinv (D) < t is NP-complete for all pairs of
positive integers k and t.

Furthermore we show that there is little hope to approximate sinv}, (D) within a factor better than 2.

Theorem 1.3. Unless P=NP, for any positive integer k, there is no (2 — €)-approximation algorithm for computing
sinv}, (D) for oriented graphs for any € > 0.

As arelated problem, one may also want to make a digraph k-strong. A digraph D is k-strong if |V (D)| > k+ 1
and for any set S C V(D) with less than k vertices, D — S is strong. A digraph which can be made k-strong by
reversing arcs is k-strengthenable. The 1-strengthenable digraphs are the 2-edge-connected ones, because being 1-
strong is equivalent to being strong or 1-arc-strong. Thomassen [[Thol5]] proved that the 2-strengthenable digraphs are
the 4-edge-connected digraphs D such that D — v is 2-edge-connected for every vertex v € V(D). On the other hand,
it is NP-hard to compute the minimum number of arc reversals needed to make a given digraph 2-strong, as shown by
Bang-Jensen et al. in [BJHK23|. Furthermore, in contrast to the anologous problem for k-arc-strengthenable digraphs,
for k > 3, it is NP-complete to decide whether a digraph is k-strengthenable. Indeed, Durand de Gevigney [Dur20]
proved that it is NP-complete to decide whether an undirected graph has a k-strong orientation for any k& > 3.

It is also natural to use inversions to make a digraph k-strong. A k-strengthening family of a digraph D is a
family (X;);er of subsets of V(D) such that Inv(D; (X;);er) is k-strong. The k-strong inversion number of a k-
strengthenable digraph D, denoted by sinvy (D), is the minimum number of inversions needed to transform D into a
k-strong digraph, that is, the minimum cardinality of a k-strengthening family. In the light of the complexity result of
Durand de Gevigney [Dur20], it seems difficult to obtain an extremal result in the shape of Theorem I.1]for k-strong
digraphs. However, we give the following complexity results which are the natural analogues of Theorems [I.2] and

Theorem 1.4. Deciding whether a given k-strengthenable oriented graph D satisfies sinvy (D) < t is NP-complete
for all pairs of positive integers k and t.

Theorem 1.5. Unless P=NP, for any positive integer k, there is no (2 — €)-approximation algorithm for computing
sinvy (D) for oriented graphs for any € > 0.

In the remainder of this article, we focus on a particular kind of oriented graphs, namely tournaments. It is not
hard to show that every tournament of order at least 2k + 1 is k-strengthenable and that it can be made k-strong by
reversing the orientation of at most % (4k — 2)(4k — 3) arcs, see e.g. [BJGO9], p. 379.

Further, the following improvement was conjectured by Bang-Jensen. (See [BJG09].)

Conjecture 1.6 (Bang-Jensen, 1994). Every tournament on at least 2k + 1 vertices can be made k-strong by reversing
at most 3k(k + 1) arcs.

It would be tight as shown by the transitive tournaments. Bang-Jensen, Johansen, and Yeo [BJJY?23| proved this
conjecture for tournaments of order at least 3k — 1.

It is then natural to ask whether or not we can make a tournament k-strong or k-arc-strong using significantly less
than k(k + 1) inversions. This leads to consider M}, = max{sinv,(T) | T tournament of order at least 2k + 1} and
M| = max{sinv},(T) | T tournament of order at least 2k + 1}. We show that these numbers are indeed significantly
smaller than %k(k + 1), but cannot be bounded by a constant independent of k. More precisely, we show the following
result.



Theorem 1.7. For every sufficiently large integer k, we have 1 log(2k + 1) < M| < M, < 2k.

The lower bound is obtained by a counting argument.
We also prove that My = M| = 1 and My = M}, = 2 showing that the upper bound is not tight for £ = 1,2. We
also prove a better upper for M, for large value of k.

Theorem 1.8. M, < 3k + o(k).
However, we believe that this bound, as well as the others, is not tight.
Problem 1.9. Find better bounds on M}, and Mj..

We further study the question of how the parameters sinvy, and sinv), behave when fixing k& and considering
tournaments whose size is significantly larger than 2k + 1. As a first result, we prove that every sufficiently large
tournament can be made k-strong (and thus also k-arc-strong) in one inversion.

Theorem 1.10. Ifn > (2k — 1)22F, then sinv,(T) < 1.

This leads us to the study of the functions my(n) = max{sinvy(T") | T tournament of order n} and m},(n) =
max{sinvy(T) | T tournament of order n} for all n > 2k + 1. We believe that m; and mj, have the following
monotonic behaviour.

Conjecture 1.11.
(i) my, and mj, are non-increasing mappings.
(i) My =M =mp(2k +1) = m(2k + 1).

Note that (i) implies (ii). This conjecture is motivated by the fact that one can easily prove that 1, and m, are non-
increasing for n > 4k — 2. Indeed, it is well-known that every tournament 7" of order n > 4k — 2 has a vertex v with
d;(v) > k and d;-(v) > k. Moreover adding a vertex with in- and out-degree at least k to a k-(arc-)strong digraph
results in a k-(arc-)strong digraph. Hence any k-(arc-)strenghtening family of 7' — v is also a k-(arc-)strenghtening
family of 7". Thus sinvg (7)) < sinvg(T — v) < mg(n — 1) and sinv (T) < sinv} (T — v) < m)(n — 1). Hence
my(n) < my(n—1) and mj (n) < mj,(n—1). Therefore, in order to approach Problem|[1.9] it is sufficient to consider
tournaments whose order is in the range from 2k + 1 to 4k + 2.

Theorem implies that, for every pair of positive integers k and i, there is a smallest integer Ny () such that
my(n) < ¢ forall n > Ni(¢). Similarly, for every pair of positive integers k and ¢, there is a smallest integer N (¢)
such that mj (n) < i for all n > Ny (z). Since mj,(n) < my(n) for all k and n, we have Nj (i) < Ny (i) for all k and
1. It is natural to ask the following questions.

Problem 1.12. What is the minimum integer Ny (%) such that sinv(7) < i for every tournament 7" of order at least
Ni(7) ?
What is the minimum integer N, (7) such that sinv},(T") < i for every tournament 7" of order at least N}, (i) ?

Our most important result on Problem is the following significant improvement on Theorem
Theorem 1.13. For any positive integer k, we have N} (1) < Ni(1) < 19k — 2.

Concerning lower bounds for Ny (1), we have the following result.
Proposition 1.14. For any positive integer k, we have Ny (1) > 5k — 2.

We further show that a significantly smaller tournament can still be dealt with three inversions.
Theorem 1.15. For any positive integer k, we have Nj.(3) < Ny(3) < 11k — 2.

Finally, using probabilistic methods, we manage to prove that every tournament that is a constant factor bigger
than 2k can be made k-strong by a constant number of inversions. More precisely, we prove the following result.



Theorem 1.16. There exists a function f : R<g — N such that for every € > 0 and every positive integer k, if T' is an
n-vertex tournament with n > 2k + 1 + €k, then sinvy(T) < f(e).

The fact that my(n) = 1 for n sufficiently large implies that the set F}, of tournaments 7" such that sinvy (7) > 1
is finite. This implies that computing sinvy, and sinv, for fixed k can be done in polynomial time for tournaments.

Corollary 1.17. Let k be a positive integer. We can compute sinvy(T) (resp. sinv} (T)) for a given tournament T on
n vertices in O(n"/?) time (resp. O(n?) time).

Proof. We first check in constant time, whether 7T is in Fj. If yes, then we can return sinvy(7") and sinv},(T') that
may be stored in some precomputed table. If not, then sinv},(T) < sinvg(7) < 1. We then check in O(n"/?)
using algorithms due to Even and Tarjan [ET75]] or Galil [Gal80] based on flow (resp. O(n?) using Mansour and
Schieber [MS89] algorithm based on flow or Gabow’s algorithm [Gab91]] based on matroids) whether T is k-strong
(resp. k-arc-strong) to determine whether sinvy,(T') (reps sinv}, (7)) is equal to 0 or 1. O

This article is structured as follows. We give some notation and a collection of preliminary results in Section[2] In
Section [3] we prove Theorem In Section [ we prove the complexity results, namely Theorems [I.2]to The
results on tournaments are contained in Section [ in which we prove Theorem and in Section [6] in which we

prove Theorems[I.10} [[.T3|[T.15]and[T.16] and Proposition[T.14]

2 Preliminaries

In Section 2.1} we introduce some formal notation and in Section[2.2] we give a collection of auxiliary results.

2.1 Notation

A mixed graph G = (V, E, A) is a triple consisting of a set V' of elements called vertices , a set E of unordered pairs
of vertices called edges, and a set A of ordered pairs of vertices called arcs. Hence a graph can be seen as a mixed
graph whose arc set is empty, while a digraph can be seen as a mixed graph whose edge set is empty. Given a mixed
graph G, its vertex set is denoted by V' (G), its edge set is denoted by F(G) and its arc set by A(G). The underlying
graph UG(G) of a mixed graph G is the undirected multigraph that we obtain by suppressing the orientations of the
arcs (i.e. replacing each arc by an edge between its two endvertices). An orientation of a mixed graph G is a digraph
obtained by giving an orientation to every edge, i.e. replacing each edge by one of the two arcs between its endvertices.

Let S be a set of vertices in a mixed graph G. We denote by 0 (S) the set of edges of E(G) with exactly one
endvertex in S. We also denote by 67, (S) (resp. 5 (5)) the set of arcs in A(G) with tail (resp. head) in S and head
(resp. tail) out of S. The degree (resp. out-degree, in-degree) of S'in G is dg (S) = |06 (S)| (resp. d5(S) = [64(9)],
dg(S) = [65(9)]). Let Na(S) (resp. N&(S), Ng (S)) denote the set of vertices in V/(G) \ S that are incident to
at least one edge (arc) in d¢(S) (resp. 55(5), d;(S)). The degree (resp. out-degree, in-degree) of a vertex v in
Gis dg(v) = da({v}) (resp. df(v) = d({v}), dg(v) = dg({v})). Furthermore, for two disjoint sets S1, Sa, let
d (51, S2) be the number of edges in E' with one endvertex in S; and one endvertex in So, let dE(Sl, S3) be the
number of arcs in A whose tail is in S, and whose head is in S, and let d;(S1, S2) be dg(Sg, S1). For simplicity,
when the mixed graph is clear from the context, the subscript G is omitted.

Let D be a digraph. A sink (resp. source) in a digraph is a vertex with out-degree 0 (resp. in-degree 0). We say
that D is eulerian if d;(v) = df;(v) for all vertex v. Let A and B be two sets in D. If ab is an arc for all pair (a, b)
in A x B, then we write A = B.

Let u, v two distinct vertices in D. The strong-connectivity from « to v in D, denoted by £ p (u, v), is the maximal
number « such that D — X contains a (u, v)-path for every X C V(D)\{u, v} with | X| < a—1. Forsome S C V(D)
and positive integer k, we say that S is k-strong in D if kp(u,v) > k forall u,v € S.



2.2 Preliminary results

We use several times without explicitly mentioning it that for every positive integer k, there is a k-strong tournament
on 2k + 1 vertices. One example for such a tournament is the socalled rotative tournament whose vertex set is [2k + 1]
and where an arc is oriented from ¢ to j if i — j € [k](mod 2k + 1).

We need the following simple result that allows us to extend a set which is k-strong in a digraph.

Proposition 2.1. Ler D be a digraph, let S be a k-strong set in D and let v € V(D) \ S. If v has at least k
in-neighbours in S and at least k out-neighbours in S, then S U {v} is k-strong in D.

Proof. Suppose for the sake of a contradiction that there is a set X C V(D) of size at most k — 1 and a pair (s, t)
of vertices in S U {v} \ X such that there is no (s,¢)-path in D — X. If s,¢ € S, then this contradicts the fact that
D is k-strong in S. Thus exactly one of s and ¢ is v. Without loss of generality, suppose s € S and ¢ = v. Since
|N~(v) N S| > k, v has an in-neighbour ¢, € S — X, and as D is k-strong in D, there is an (s, tg)-path in D — X,
and so there is an (s, t)-path in D — X, a contradiction. O

The following result is helpful for applying Proposition [2.1]

Proposition 2.2. Let T' be a tournament on at least 4k — 2 vertices for some positive integer k. Then there exists some
v € V(T) with min{d7.(v),dy(v)} > k.

We need the following simple characterization of eulerian tournaments.
Proposition 2.3 (Folklore). A fournament on 2k + 1 vertices is k-strong if and only if it is eulerian.

We need the following orientation property of mixed graphs that can be found in [FF10].
Proposition 2.4. Let H be a mixed graph whose underlying graph is eulerian. Then H has an eulerian orientation if
and only if dg (g (S) > d;(H)(S) - dg(H)(S)for allS CV(H).

Finally, we state two basic tools from probability theory.

Proposition 2.5 (Union Bound). Let E1,..., Ey be a set of events in a random experiment and E the event that at
least one of By, . .., Eg occurs. Then Pr(E) < Ele Pr(E;).

Proposition 2.6 (Chernoff’s Bound). If X is a random variable following a binomial law with parameters p € [0,1]
andn > 0, then for every € € [0, 1]

Pr[X < (1—¢)pn] < exp (—ipn) .

We refer the reader to [MRO02, Part II, Section 5] for an introduction to the probabilistic method, including proofs
of Propositions[2.5]and [2.6]

3 Bounds on sinv(n)

This section is dedicated to the extremal results we have on the k-arc-strong inversion number. In particular, we prove
Theorem [I.1] which we restate.

Theorem 1.1. For any pair of positive integers k,n withn > 2k + 1, we have
1
3 log(n — k + 1) < sinvy(n) < logn + 4k — 3.

Let d be a positive integer. A multigraph G is said to be d-degenerate if every submultigraph of G has a vertex of
degree at most d. Every d-degenerate graph admits a d-degenerate ordering, that is an ordering (v1, ..., v,) of the
vertices of GG such that every vertex has at most d neighbours with lower indices.

We shall need the following proposition, which, as observed in [BJHK23J, is a direct consequence of Corollary 2
in [KS04].



Proposition 3.1. Let G be a multigraph that has a k-arc-connected orientation for some positive integer k and let
(e1, f1),. .-, (s, ft) be a collection of pairwise disjoint pairs of parallel edges in G. Then G has a k-arc-connected
orientation in which e; and f; are oriented in opposite directions fori =1, ... t.

The following result is part of a draft of a forthcoming paper by a group containing the authors.

Theorem 3.2 ([IWG]). Let G be an n-vertex d-degenerate graph G. For any two orientations él, ég of G, one can
transform Gy into G by inverting at most logn + 2d — 1 sets.

For sake of completeness, we give the proof of this theorem. We denote by Fy the field with two elements 0 and 1.
Given two vectors T, § € 5, we denote by ¥ - i/ their inner product, that is 27;:1 Zy; € Fo.

Proof. Sett = logn+2d—1. Let G, G5 be two orientations of G. For every edge uv € E(G), we define ¢(uv) € Fy
such that c(uv) = 0 if and only if uv is oriented the same in G'; and in G. Let (v!, ... v™) be a d-degenerate ordering
of G. We will iteratively build vectors ¥, ..., 9™ € F} such that, for every i € [n], the following conditions hold:

A? : for every £ > i, the vectors of {7/ | 1 < j < iand v’ € N(v%)} are linearly independent, and
Bt : for every edge viv? with j,j' < i, % - @ = c(viv?).

This will prove the theorem. Indeed, given such vectors, we can define the inversions X; = {u | 4; = 1} for every
i € {1,...,t}. Then the arc uv is reversed by X1, ..., X; if and only if @ - ¥ = 1. Hence Condition B™ implies that
Inv(él;Xh X)) = Go.

We now build this family of vectors as follows. For i = 1, we take 71 € F} \ {6} arbitrarily. Now suppose
that we have @, ..., 9" satisfying A* and B*. We shall now choose 1. Satisfying A**! forbids a vector space of
dimension at most d — 1 for each neighbour v of v**! with £ > i 4 1, because v* has at most d — 1 neighbours in
{vl,...,v'} by d-degeneracy of G. So, in total, satisfying A**! forbids the union of those vector spaces, whose size
is at most 1+ n(297! — 1). Satisfying B*! allows at least 2!~ values for 7**1. Indeed, according to B’ the vectors
of {t" | 1 < j <iandv’ € N(v*!)} are linearly independent, so the affine space of the solutions of the system of
equations 7 - 9T = ¢(v/vTt) for the at most d indices j such that 1 < j < i and v/ € N(v'*!), has dimension at
least t — d. Since 217 = 2d-1+logn ~ 1 4 n(24=1 — 1), there is a vector 7"*1 € T} such that both A**! and B!
are satisfied. This concludes the proof of the theorem. O

In a multigraph G, for every pair (u, v) of vertices, a (u, v)-cut is a set F' of edges such that every (u, v)-path in
G intersects F. A cut is a (u, v)-cut for some u, v. Note that a multigraph is k-edge-connected if and only if for every
pair u, v of vertices, there is no (u, v)-cut of size at most k — 1 in G.

A multigraph G is minimally k-edge-connected if it is k-edge-connected and G \ e is not k-edge-connected for
any edge ¢ € E(G). Equivalently, every edge is in a cut of size exactly k.

Lemma 3.3. Let k be a positive integer and let G be an n-vertex multigraph. If for every edge uwv € E(G) there is a
(u,v)-cut of size at most k in G, then G has at most k(n — 1) edges.

Proof. Let F, ..., F}, be aset of k edge-disjoint spanning forests in G such that Zle |E(F;)| is maximized. If there
isanedge e = uv € E(G) \Uf:1 E(F;), then, as e cannot be added to E(F}), we obtain that F; contains a (u, v)-path
for i € [k]. Hence G \ e does not contain any (u, v)-cut whose size is smaller than %, a contradiction to the fact e is
contained in a cut of size at most k. This yields |E(G)| = Zle |E(F;)| < k(n—1). O

We are now ready to prove the upper bound in Theorem|(l.1
Lemma 3.4. For every 2k-edge-connected n-vertex digraph D, sinv), (D) < logn + 4k — 3.

Proof. Without loss of generality, suppose that D is minimally 2k-edge-connected. Then by Lemma|3.3| every sub-
graph of UG(D) has average degree smaller than 2k. This implies that UG(D) is (2k — 1)-degenerate. Let Dy be
the subdigraph obtained from D by removing all digons. By Proposition there is an orientation D{j of UG(Dy)
such that together with the digons of D, this digraph is k-arc-strong. By Theorem there is a set X' of at most
logn 4+ 2(2k — 1) — 1 inversions transforming Dy into D{. Since digons are preserved by inversions, we deduce that
Inv(D, X) is k-arc-strong, and so sinv}, (D) < logn + 4k — 3. O



In order to prove the lower bound in Theorem [I.1] we first need the following intermediate result.
t—1
Lemma 3.5. For every positive integer t, there exists a 2-edge-connected digraph D on 2871 + 1 + (2 2“) vertices
with a specified vertex s such that in each digraph obtained from D by applying at most t — 1 inversions contains a
sink or source distinct from s.

Proof. Let first S be a set of 28~ 4 1 vertices. Now we obtain the digraph D by adding a vertex Vfs,,s0} as well as
the arcs 81V{s1,55} and 82V{s1 55} for every {s1,s2} C S . Itis easy to see that D is 2-edge-connected and that the

number of vertices of D is 27! 4+ 1 + (2t721 +1). Now let D’ be obtained from D by inverting a collection of ¢ — 1
sets X1,...,X; 1 C V(D). As |S| = 2!=1 + 1, there exist vertices s1,s2 € S such that fori = 1,...,¢t — 1, we
have either {s1, s2} C X; or {s1,s2} N X; = 0. Then in each of the ¢ — 1 inversions, either both or none of the arcs
incident to vy, ,,} are inverted. We obtain that v, .1 is either a source or a sink in D’. The statement hence follows

for an arbitrary s € S. O

The next lemma gives a construction of graphs of arbitrary size that need a significant amount of inversions to
become strong.

Lemma 3.6. For every positive integer n > 3, there is a 2-edge-connected digraph D on n vertices such that any
digraph obtained from D by applying at most % [logn| — 1 inversions contains a sink or a source.

Proof. For n = 3,4, the statement is clearly true. We may therefore suppose that n > 5 and hence . Let
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We now obtain D from D’ by adding a new set of n — n/ vertices and for each of them, adding a digon linking it
to s. By construction, D has n vertices. Further, as the same property holds for D’, in any graph obtained from D by
at most 3 [logn] — 1 inversions, one of the vertices in V/(D’) \ {s} is a source or a sink. O

We are now ready to prove the lower bound in Theorem [I.1]

Lemma 3.7. For every pair of positive integers n, k with n > 2k + 1, there is a 2k-edge-connected digraph D on n
vertices such that sinvy,(D) > 1log(n — k + 1).



Proof. By assumption, we have n — k + 1 > k + 2 > 3. Hence, by Lemma there exists a 2-edge-connected
digraph Dy on n — k + 1 vertices such that any digraph obtained from D, by inverting less than % log(n —k+1) sets
has a sink or a source. Now let D be the digraph obtained from Dy by adding a set S of & — 1 vertices, for any pair of
vertices in .S a digon linking them and for every vertex in S and every vertex in V' (Dy) a digon linking these vertices.
One can check that D has n vertices and is 2k-edge-connected.

Consider now a family of subsets X" such that D’ = Inv(D; X) is k-arc-strong. Any vertex v € V(Dy) is linked
to the vertices of .S by digons in D. Since an inversion transforms a digon into a digon, it is also connected to the
vertices of S by digons in D’. Hence, in D’, v has at least one in-neighbour and one out-neighbour in V' (Dy). In other
words, the subdigraph of D’ induced by V'(Dj) has no source and no sink. Thus [X'| > 1 log(n — k + 1).

Therefore sinvy, (D) > 1log(n — k + 1). O

Finally, Lemmas[3.4]and [3.7]imply Theorem [I.1]

4 Complexity of computing sinv;, and sinv),

In this section, we deal with the complexity of computing the parameters sinvy (D) and sinv}, (D) for a given digraph
D. More concretely, we prove Theorems[T.2][1.3][T.4] and[T.5]

In Subsection 4.1} we prove Theorems and for t = 1 and every positive integer k. In Subsection
(resp. Subsection , we prove Theorem (resp. Theorem , in the remaining cases, that is for every ¢ > 2 and
every positive integer k. Finally, in Subsection .4 we prove Theorems and Note that all the studied decision
problems are in NP since a k-strenghtening (resp. k-arc-strenghthening) family X is a certificate as checking whether
Inv(D; X) is k-strong (resp. k-arc-strong) can be done in polynomial time. Therefore we just need to prove their
hardness.

4.1 One single inversion

In this section, we show hardness results for the case that a connectivity property is supposed to be achieved by a
single inversion.

We need the following problem. For some integer £ > 1, an instance of the MONOTONE EQUITABLE k-SAT
problem (MEASAT) consists of a set of variables X and a set of clauses C each of which contains exactly 2k + 1
nonnegated variables and the question is whether there is a truth assignment ¢ : X — {true, false} such that every
clause in C contains at least k true and k false variables with respect to ¢.

Proposition 4.1. MELSAT is NP-hard for every k > 1.

Proof. For k = 1, we exactly have the MNAE3SAT problem, which is well-known to be NP-hard, see for example
[Sch78|]. We now proceed by induction. We fix some integer £ > 1, assume that MEASAT is NP-hard and show
through a reduction from MEkSAT that so is ME(k + 1)SAT.

Let (X,C) be an instance of MEEXSAT. We now create an instance (X’,C’) of ME(k + 1)SAT. First, let Y =
{y1,..-,yk+s} and Z = {z1, ..., zi13} be sets of new variables. Now let C; the the set of all clauses C C Y U Z
with |C| =2k+3and k+ 1 < |CNY| < k+ 2. Moreover, we define Co = {C' U {y1, 21} | C € C}. Finally, we set
X' =XUYUZandC' =C; UCs.

Before giving the main proof that our reduction works indeed, we show the following intermediate result.

Claim 4.1.1. For any mapping ¢ : Y U Z — {true,false} that satisfies (Y U Z,Cy), we have ¢(y1) = ... =
(Yn+3) # d(21) = ... = ¢(2k+3).

Proof of claim. First suppose that both Y and Z contain both true and false variables with respect to ¢, say ¢(y1) =
¢(Zl) = true and ¢(y2) = ¢(22) = false. Let Cl =YuUuZz \ {yQ,ZQ,Zg} and CQ =YUuUuX \ {yl,Zl,Zg}.
Further, let «;, as be the number of true variables with respect to ¢ in C7 and Cs, respectively. As C1,Cy € Cq,
we have k + 1 < a; < k4 2 for¢ = 1,2. On the other hand, by assumption, we have as = 3 — 2. This yields
kE+1<ay=a; —2<(k+2)— 2=k, acontradiction.



We may hence suppose by symmetry that ¢(y1) = ... = ¢(yg+3) = true. Suppose that Z contains a true variable
with respect to ¢, say ¢(z1) = true. Then consider the clause C' = Y U Z \ {y1, 22, z3}. We obtain that C contains
at most k negative variables with respect to ¢, a contradiction, as C' € C;. This proves the claim. O

We now show that (X’,C’) is a positive instance of ME(k + 1)SAT if and only if (X, C) is a positive instance of
MEESAT.

First suppose that (X, C) is a positive instance of MEkSAT, so there is an assignment ¢ : X — {true, false}
such that every clause in C contains at least k true and at least k false variables with respect to ¢. Define ¢’ : X' —
{true, false} by ¢'(x) = ¢(z) forall z € X and ¢'(y;) = true and ¢'(z;) = false for all ¢ € [k + 3]. By construction,
every clause in C; contains at least k + 1 true and at least k + 1 false variables with respect to ¢’. Further, for every
clause C'U {y1,21} € Ca, the clause C' contains at least k true and at least k false variables with respect to ¢. As
¢'(y1) = true and ¢'(z1) = false, we obtain that C' U {y, 21 } contains at least k£ + 1 true and at least k + 1 false
variables with respect to ¢’. Hence (X’,C’) is a positive instance of ME(k + 1)SAT.

Now suppose that (X’,C’) is a positive instance of ME(k + 1)SAT, so there is an assignment ¢/ : X' —
{true, false} such that every clause in C’ contains at least k& + 1 true and at least k + 1 false variables with respect to
¢'. By Claimft. 1.1, we have ¢/(y1) = ... = ¢/ (yk+3) # ¢'(21) = ... = ¢/ (2143).

By symmetry and Claim[.1.1] we may suppose that ¢’(y;) = true and ¢'(z;) = false forall i € [k + 3]. Let ¢ be
the restriction of ¢’ to X. For every C € C, the clause C'U {y1, z1 } contains at least k& + 1 true and at least k + 1 false
variables with respect to ¢’. As ¢’(y1) = true and ¢'(z1) = false, we obtain that C' contains at least k true and at
least k false variables with respect to ¢. Hence (X, C) is a positive instance of MEASAT. This proves the lemma. [

We can now prove the following results.
Theorem 4.2. Deciding whether sinv), (D) < 1 for a given oriented graph D is NP-complete.
Theorem 4.3. Deciding whether sinvy, (D) < 1 for a given k-strengthenable oriented graph D is NP-complete.

The proof of Theorems [4.2]and |4.3|is a reduction from MEESAT which is NP-hard by Proposition Fix some
k > 2 and let (X, C) be an instance of MEESAT. We construct an oriented graph D(X,C) as follows. We start from
the disjoint union of a k-strong tournament 7" with vertex set {s1,. .., Sox4+1} and two stable sets V' = {v, | x € X}
and W = {we | C € C}. Next, for every i € [k] and every x € X, we add an arc from s; to v, and for every
t={k+1,...,2k} and every z € X, we add an arc from v, to s,. Finally, for every z € X and C € C withz € C,
we add an arc from v, to w¢.

Observe that the digraph D(X,C) is k-strengthenable. Indeed D (X, C)(S) is k-strong and hence S is k-strong in
D(X,C). Hence by Proposition S UV is k-strong in D(X,C). Now, for every C' € C, we reverse k arcs between
we and its 2k + 1 neighbours in V. Then each w¢ has at least k in-neighbours and k-out-neighbours in .S U V. So,
by Proposition [2.1] again, the resulting digraph is k-strong.

The main technical part of the reduction is contained in the proof of the following result.
Claim 4.3.1. The following are equivalent:
(i) (X,C) is a positive instance of MEkSAT;
(ii) D(X,C) can be made k-strong by inverting a single set Z;
(iii) D(X,C) can be made k-arc-strong by inverting a single set Z.

Proof of claim. Set D = D(X,C).

Suppose that holds, so there is an assignment ¢ : X — {true, false} such that every clause in C contains at
least & true and at least k false variables with respect to ¢. Let Z = W U {v,, | © € X, ¢(x) = true} and let D’ be
the oriented graph obtained from D by inverting Z. Clearly, S is k-strong in D’. Next, by Lemma we obtain that
S UV is k-strong in D’. Now consider some C' € C. As ¢ is equitable, C' contains at least k variables x which satisfy
¢(x) = true. Hence, by construction, w¢ has at least k out-neighbours in S U V in D’. Further, as ¢ is equitable, C
contains at least k variables « which satisfy ¢(x) = false. Hence, by construction, w¢ has at least k in-neighbours in
SUVinD'. By Lemma[2.1] D’ is k-strong, so[Gi)is satisfied.
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Clearly, [(iD)] implies

Now suppose that|(iii)] holds, so D can be transformed into a k-arc-strong oriented graph D’ by inverting a single
set Z. We now define an assignment ¢ : X — {true, false} in the following way: if v, € Z, we set ¢(x) = true,
otherwise we set ¢(z) = false. In order to prove that ¢ has the desired properties, consider some clause C' € C. As
D’ is k-arc-strong, we has at least k outgoing arcs in D’. It follows that we € Z and there are at least k variables in
X with z € C and v, € Z. Hence C contains at least k variables  with ¢(x) = true. Next, as D’ is k-arc-strong,
wc has at least k incoming arcs in D’. As wo € Z, it follows that there are at least k variables in X with x € C and
v, ¢ Z. Hence C contains at least k variables « with ¢(x) = false. We obtain that ¢ has the desired properties, so

is satisfied. O

Clearly, the size of D(X,C) is polynomial in the size of (X, C) for fixed k, and D(X,C) can be constructed in
polynomial time from (X, C). Hence Claim implies Theorems [4.2]and [4.3]

4.2 Several inversions to become £-arc-strong

In order to prove Theorems [T.4] and [I.2]for ¢ > 2 and all k, we shall use another well-studied graph parameter. Let
G be a graph. A cut cover of G is a collection X7, ..., X; of subsets of V(G) such that U!_,d¢(X;) = E(G). The
cut covering number of G, denoted by cc(G), is the minimum integer ¢ such that there is a cut cover of size ¢. The
following well-known result shows a close relationship between the cut covering number and the classical chromatic
number.

Proposition 4.4. For any graph G, we have cc(G) = [log(x(G))].

It is well-known that the problem of deciding whether a given graph can be coloured with ¢ colours is NP-hard
for any t > 3, see [Sch78]. It hence follows from Proposition [4.4] that deciding whether the cut covering number of a
given graph is at most ¢ is NP-hard for any integer ¢ > 2. We show show a reduction from this problem to the one of
deciding whether sinv}, (D) < ¢ for a given oriented graph D.

Given a digraph D and a set X of vertices in D, we denote by Jp (X)) the set of edges of UG(D) with exactly one
endvertex in X: Op(X) = dyg(p)(X). The main technical part of the reduction is contained in the following Lemma
that will be reused in Section 4410

Lemma 4.5. Given a graph G and a positive integer k, one can construct in polynomial time some oriented graph D
such that sinv}, (D) = cc(G) and |V (D)| = |V(G)| + (2k + 1)|E(G)| + 2k + 1.

Proof. Let < be an arbitrary ordering on V (G). We let V(D) contain V(G), a set of vertices Z, = {z},...,2z2kT1}
for every e € E(G) and a set of vertices X = {z1,...,%2r41}. We add arcs to D such that D(X) is a k-arc-
strong tournament. We let A(D) contain an arc from v to x; for every v € V(G) and every ¢ = 1,...,k and an
arc from x; to v for every v € V(G) and every i = k + 1,...,2k. Next for every e € E(G), we add arcs to D
such that D(Z.) is a k-arc-strong tournament. Finally, for every e = uv € E(G) with u < v, we add the arcs uz’
fori = 1,...,k, the arcs zlv for i = 2,...,k and the arc vz!. This finishes the description of D. Observe that
[V(D)| = |[V(G)| + 2k + 1)|E(G)| + 2k + 1.

We now show that sinvy, (D) = cc(G).

We first show that sinv) (D) < cc(G). Let (X1, ..., Xc()) be an optimal cut cover of G. Now for every
e = uv € E(G), there is a smallest a(e) such that exactly one of u and v is contained in X, ). Now for i € [cc(G)],
let X! = X; U{z! : a(e) = i}. Let D' be the digraph obtained from D by inverting X1,. .., Xee(c)- We will
show that D’ is k-arc-strong. Let S C V(D) and suppose that min{dp, (S),d}, (S)} < k. By symmetry, we may
suppose that S N X # @. As D’'{X) = D(X) is k-arc-strong, we obtain X C S. Next observe that in D’ every
v € V(G) is incident to at least k arcs coming from X and k arcs going to X. Thus V(G) C S. Now consider some
e = uv € E(G) with u < v. As D’ by construction contains k arcs from V(G) to Z, and k arcs from Z, to V(G), we
obtain that Z, C S. Observe that either vz}, zlu € A(D') (if u € X, (.)) or ztv,uz}; € A(D') (if v € X, ()). Thus
D’ contains k arcs from V' (G) to Z, and k arcs from Z, to V(G), and we obtain that Z, C S. This yields S = V(D’),
so D’ is k-arc-strong. We hence have sinv} (D) < cc(G).
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We now show that cc(G) < sinv) (D). Let (X, ..., X;) be a smallest collection of sets whose inversion makes
D Fk-arc-strong. Let D' = Inv(D; (X;);¢[g) and for i € [t], let X; = X; N V(G).

Claim 4.5.1. Let e = uv € E(G). Then there is some i € [t] such that X| contains exactly one of u and v.

Proof of claim. Suppose otherwise. As D’ is k-arc-strong and dp(Z.) = 2k, we have dp,,(Z.) = d},(Z.) = k. For
every i € [t] either both v and v or none of w and v are contained in X;. Thus we deduce that for every j € [k], either
both the arcs corresponding to edges in Op(Z.) N Op(z!) are inverted or none of them are. Hence, in D’, there is

exactly one arc entering Z, incident to zJ for j = 2,..., k, and there are either zero or two arcs entering Z, incident
to z2. Thus d,,(Z.) € {k — 1,k + 1}, a contradiction. O
By Claim[4.5.1} we obtain that (X7, ..., X/) is a cut cover for G. Hence cc(G) < t = sinv},(D). O

Lemma and the NP-hardness of deciding whether a given graph G satisfies cc(G) < ¢ for all ¢ > 2 directly
imply the following.

Corollary 4.6. Let t be an integer greater than 1 and k a positive integer. Deciding whether sinv},(D) < t for a given
oriented graph D is NP-complete.

Clearly, Theorem[4.2]and Corollary {.6/imply Theorem|I.2]

4.3 Several inversions to become £-strong

In this subsection, we give a reduction from the cut covering problem to the problem of deciding whether sinv (D) < ¢
for a given oriented graph D. The main technical part of the reduction is contained in the following lemma that will
be reused in Section 4.4

Lemma 4.7. Given a graph G and a positive integer k, one can construct in polynomial time a k-strengthenable
oriented graph D such that sinvy (D) = cc(G) and |V (D)| = |V(G)| + (2k + 1)|E(G)| + 2k + 1.

Proof. We let V(D) contain V(G), a set of vertices Z, = {z!,..., 22¥*1} for every e € F(G) and a set of vertices
W = {w,...,war41}. We add arcs to D such that D(W) is a k-strong tournament. We let A(D) contain an
arc from v to w; for every v € V(G) and every i € [k] and an arc from w; to v for every v € V(G) and every
i€ {k+1,...,2k}. Next for every e € E(G), we add arcs to D such that D(Z,) is a k-strong tournament. Further,
forevery e € E(G),i € [k] and j € [k — 1], we add an arc from z{ to w; and forevery e € E(G),i € {k+1,...,2k}
and j € [k — 1], we add an arc from w; to z!. Finally, for every e = uv € E(G), we add the arcs uz} and vz!. This
finishes the description of D. Observe that [V (D)| = |[V(G)| + (2k + 1)|E(G)| + 2k + 1.

We now show that sinv, (D) = cc(G). Note that this implies that sinvy (D) is finite and thus D is k-strengthenable.

We first show that sinv (D) < cc(G). Let (X7, ..., X;) be an optimal cut cover of G. For every e = uv € E(G),
there is a smallest integer «(e) such that exactly one of v and v is contained in X, (.y. Now for every i € [t], let
X!'= X; U{z! : a(e) = i}. Let D’ be the digraph obtained from D by inverting X1, ..., X;. We will show that
D’ is k-strong. Let Y C V(D) with |Y] < k — 1. We need to show that D — Y is strongly connected. As D(W) is
k-strong, we obtain that W \ Y is contained in a single strongly connected component S of D’ — Y. Next observe
that every v € V(G) \ Y has an in-neighbour and an out-neighbour in S, so V(G) \' Y C S. Now consider some
e=w € E(G). As D'(Z.) = D(Z.) is k-strong, we obtain that Z, \ Y is contained in a single strongly connected
component of D' — Y. If Y # {w,...,wr_1}, then there is at least one arc from Z, \ Y to W \ Y and there is at
least one arc from W\ Y to Z,\ Y,s0 Z. \'Y C S. Finally, if Y = {w1,...,w;_1}, observe that, by construction,
either D’ contains the arcs uz} and z!v or the arcs vz} and z!u. Again, we obtain Z, \ Y C S. This yields that D’ is
k-strong. We hence have sinvy (D) < t = cc(G).

We now show that cc(G) < sinvy (D). Let (X1,...,X;) be a smallest collection of sets whose inversion makes
D k-strong. Fori =1,...,t, let X! = X; N V(G).

Claim 4.7.1. Let e = uv € E(G). Then there is some i € {1,...,t} such that X; contains exactly one of u and v.
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Proof of claim. Suppose otherwise, that is for every ¢ € [t] either both u and v or none of w and v are in X;.
Thus both the arcs corresponding to edges in dp(Z.) N dp(z!) are inverted or none of them. This yields that in
D" — {wy,...,wi_1}, there are either zero or two arcs entering Z.. Hence D’ — {wy,...,wi_1} is not strongly
connected, a contradiction. O

By Claim[4.7.1] we obtain that (X7, ..., X7) is a cut cover for G. Thus cc(G) < t = sinvy (D), and we conclude
that cc(G) = sinvg (D). O

Lemma and the NP-hardness of deciding whether a given graph G satisfies cc(G) < t for all ¢ > 2 directly
imply the following.

Corollary 4.8. Let t be an integer greater than 1 and k a positive integer. Deciding whether sinvy (D) < t for a given
oriented graph D is NP-complete.

Clearly, Theorem[4.3]and Corollary 4.8 imply Theorem [I.2]

4.4 Unapproximability
In order to prove Theorems|[I.3]and [I.5] we need the following result of Zuckerman [Zuc07].

Proposition 4.9 ([ZucQ7])). Unless P=NP, there is no polynomial-time O(n'~¢)-approximation algorithm for com-
puting x(G) for any € > 0.

As a consequence, we obtain a negative result concerning the approximation of the cut covering number.

Proposition 4.10. Unless P=NP, there is no polynomial-time (2 — €)-approximation algorithm for computing the cut
covering number of a given graph for any € > 0.

Proof. Suppose that there exists a polynomial-time (2 — €)-approximation algorithm A for computing the cut covering
number of a given graph for some € > 0. Now choose ¢ with 0 < ¢ < € and consider a graph G on n > 4
vertices. Let A’ be the algorithm that takes G as input and returns 2% where « is the output of A applied to G. Clearly,
as A runs in polynomial time, so does A’. Further, by Proposition we have 2¢ > 2¢¢(G) > 2los(X(@)) = (@).
Finally, by Proposition[4.4] we have
2o < 9(2=¢)[log(x(G))1

< 2(2=e)(log(x(G))+1)

— 92—e9log(x(G))(1—€)glog(x(G))

< 4x(G)'~x(G)

<4n'~x(G)

<n'"“x(G).

1—¢€

-approximation algorithm for the chromatic number, so the statement follows by Proposition
O

Hence A’ isan

Now Proposition .10 and Lemma [4.5] imply Theorem [I.3] and Proposition 4.10] and Lemma [4.7) imply Theo-
rem [L.3]

5 Bounds on ) and 1,

In this section, we prove Theorem , that is % log(2k + 1) < M}, < 2k for all sufficently large k. The left hand-side
inequality is proved in Theorem[5.2} and the right-hand side one in Theorem
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5.1 Lower bound on m} (2k + 1)
We shall first show the lower bound m/} (2k + 1) = Q(log k). We need the following result.

Theorem 5.1 (McKay [McK90]). The number of labelled eulerian tournaments on n vertices is

(i:) \/Z(l +o(1).

We are now ready to prove the lower bound in Theorem [I.7]

Theorem 5.2. For every sufficiently large k, m;,(2k + 1) > % log(2k + 1).

Proof. By Theorem [5.1} we may choose an integer ko such that for all & > kg and for n = 2k + 1, the number of

2n+1

—1

vrnand 22t (log m — 1) > log n. Now fix some k > kg and
let n = 2k + 1. By Proposition[2.3] all the k-arc-strong tournaments on n vertices are eulerian. For two tournaments
T, T’ on the same vertex set, we say that 7" is reachable from T by ¢ inversions for some positive integer ¢, if there is
a family of sets (X1, . .., X;) such that Inv(T’; X1, ..., X;) = T". Observe that there are 2™ possibilities to choose X;
fori =1,...,t, hence the number of tournaments reachable from 7" by ¢ inversions is at most (2”)t = 2"t Therefore,
the number of labelled n-vertex tournaments that are reachable by ¢ inversions from an eulerian one is at most

labelled tournaments on n vertices is at most (

n—1

ot <2n+1>"21 i o= o(5) . ont <2>2 Jn

™n ™

— 2(;) . 2nt+ "51 (1—log(m)—log n)—&-% logn
< 2(’;) . Qnt—%nlogn
Ift < % log n, then nt — %n logn < 1, so the number of such tournaments is less than 2(’;) It follows that there

is at least one tournament 7" on 2k + 1 vertices which cannot be reached from an eulerian tournament by at most ¢
inversions. Thus sinv/ (T*) > t. O

Theorem [5.2]can be slightly generalised to tournaments on 2k + c vertices for small integers c¢. To do so, we will
need the following generalisation of Theorem 5.1]

For a positive integer n and a collection of integers «, . .., a,, we denote by NT'(n; a1, . .., a,) the number of
labelled tournaments on [n] in which the vertex i satisfies d* (i) — d™ (i) = «.

Theorem 5.3 (Spencer [Spe74] and McKay [McKOQ]). Let n be a positive odd integer and let oy, . . . , oy, be integers.

Then (12
2n 1N 1T n L+o(1) ¢ o
NT(n7a1,...,an)<(7m> \/;exp<—2nZai .

i=1

Corollary 5.4. For all integers k and c, the number of tournaments T' on n = 2k + c vertices such that every vertex
ni1 (R=1)/2
&> \/§ for k large enough.

has in- and out-degree at least k is at most 2log(2¢)n ( p

Proof. By Theorem the number of tournaments 7" on n = 2k + c vertices such that every vertex has in- and
out-degree at least k is at most

gn+1\ (n=D/2 1+0(1) <& ,
(’R'TL) \[e Z 71}nexp 2 ;ai '

at,...,on €{—c+1,.
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Further, we have

T+o1) & L) &/ &4 1+0(1) ,
FEEL SR

a0 €{—ct+l,...c—1}n

< 210g(20)n

for n large enough, and the result follows. O

Theorem 5.5. For every positive integer c fixed, and for every positive integer k large enough compared to c, there
exists a tournament T on 2k + c vertices such that sinvy,(T) > 1log(2k + ¢) — log(2c). In particular, m},(2k + c) is
unbounded for every fixed c.

Proof. By Corollary the number of tournaments 7" on n = 2k + ¢ vertices with sinv}, (7') < t is for k large enough

at most (n—1)/2
n+1 n—
2nt210g(2c)n (2 ) \/E < 2(;‘)2nt—%nlogn+log(2c)n
R —

™

which is smaller than 2(3) if t < 1 logn —log(2c). Hence there exists a tournament 7 with sinv}, (T*) > £ log(2k +
¢) — log(2¢c). O

5.2 Values of M|, M, M and M,
We here provide the exact values of M; and M/ fori € {1, 2}.

Proposition 5.6. Let T be a tournament of order n > 3. We have sinv{(T) = sinv(T) = 0 if T is strong and
sinvy(T) = sinv) (T) = 1 otherwise. In particular, m1(n) = m)(n) = 1 foralln > 3 and M, = M| = 1.

Proof. (i) Trivially, if T is strong, then sinv; (7)) = 0. If T is not strong, then sinv{(7") > 1. Now consider a
hamiltonian path of T". Such a path does exist by Redei’s Theorem (see e.g. Theorem 1.4.2 in [BJGO9]). Let z be its
initial vertex and y its terminal vertex. Then inverting {x, y} yields a tournament with a directed hamiltonian cycle
because V(T) \ {z,y} # 0, so a strong tournament. Hence sinvy (T') = 1. O

A non-strong tournament is said to be reducible. By definition, a reducible tournament has a reduction 77 = 75
that is two subtournaments 77, T such that (V(T3), V(7)) is a partition of V(T") and V (T1) = V(T3).

Let Sy be the unique strong tournament of order 4. Its vertex set is {a,b,c,d} and its arc set is
{ab, be, cd, da, ca, db}.

Proposition 5.7. M, = M) = 2.

Proof. The rotative tournament Rs of order 5 is the only 2-arc-strong tournament of order 5. As observed in
[BBBP10], we have inv(Rs5) = 2, so sinvy(TT5) = 2. Hence My > M} > 2.

Let us now prove that My < 2. We shall prove by induction on n that every tournament 7" of order at least 5
satisfies sinvo(7T') < 2.

Assume first that 7" is a tournament of order 5. If T is strong, then, by Camion’s theorem [Cam39], it
has a hamiltonian cycle vivovgvvsv. Let AT = A(T) N {Uﬂ)g,1121}4,1131}5,1}41)1,1}51)2} and A- = A(T) N
{v3v1, v4V2, V503, V1V4, V25 }. We have |[AT| + |A7| = 5, so one of the two sets AT, A~ has at most two arcs.
Reversing the arcs of this set, one after another, yields the 2-strong tournament R.

Assume now that 7" is not strong. Then it must be isomorphic to one of the following tournaments or their converse,
where the converse of a digraph D is defined to be Inv(D, V(D).
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* T'Ts with hamiltonian path vy vev3v4v5. Then inverting {vy, va, vy, v5} and {v1,v5} yields Rj.

S4 = {z}. Then inverting {c, d, z} and {c, d} yields R5.

{2} = C5 = {y} with C5 = abca. Then inverting {a, z,y} yields Rs.
« {z} = {y} = C5 with C5 = abca. Then inverting {a, b, c, y} and {a, z,y} yields Rs.

Assinve(Inv(D, V(D))) = sinva(D) for digraph D, the statement follows. Assume now that 7" has at least 6 vertices.

Assume first 7" has a vertex v such that min{d™ (v), d~(v)} > 2. By the induction hypothesis, sinvo (T — v) < 2,
so there is a family X of at most two subsets of V(T — v) such that Inv(T — v; X) is 2-strong. Now Inv(T; X)) —
v = Inv(T — v; X') and min{d* (v),d~(v)} > 2. Thus, by Lemma[2.1] Inv(T’; X') is 2-strong, and it follows that
sinve(T) < |X] < 2.

Assume now that every vertex has either in-degree at most 1 or out-degree at most 1. Then necessarily 7" must be
the tournament Cs = Cs. Let V(T) = {a,b,c¢,d, e, f} with {a,b,c} = {d,e, f}. Then inverting {a,b,c,d} and
{a,d, e, f} transforms T into a 2-strong tournament. O

5.3 Upper bounds on ), and transitive tournaments

In this section, we give some upper bounds on M}, for all positive intergs k. Most notably, we prove the upper bound
in Theorem

Theorem 5.8. M, < 2k.

Proof. Let D be a tournament with V(D) = {v1,...,v,} with n > 2k + 1. Further, let T be a k-strong tournament
on {v1,...,vok+1}. We now define sets X1, ..., Xok. Suppose that the sets X1, ..., X;_; have already been created
and let D;_; be the graph obtained from D by inverting X1, ..., X;_;. Now let X; = {v;} U A; U B;, where A; is
the set of vertices v; with j € {i + 1,...,2k + 1} for which the edge v;v; has a different orientation in 7" and D;_,
and B; is, when i < k (resp. ¢ > k + 1), the set of vertices v; with j > 2k 4 2 for which D;_; contains the arc v;v;
(resp. v;v;).

We still need to show that Doy, is k-strong. Observe that Do ({v1, ..., vo5+1}) = T which is k-strong by assump-

tion. However, for any j > 2k + 2, Doy, contains the arcs v;v; fori = 1,..., k and the arcs v;v; fori = k+1,...,2k.
Hence, by Lemma[2.1] Doy, is k-strong. O

Theorems [5.2]and [5.8| directly imply Theorem [1.7

It is tempting to improve the upper bound in Theorem While we are not able provide an improvement for the
general case, we show in the following that a small improvement can be achieved in a seemingly critical case, namely
when the size of the tournament is exactly 2k + 1. We first need the following result.

Theorem 5.9. Let n, k be integers with n > 2k + 1.

sinv (TT,) = sinv, (TT,) = { ? g gllz —; 2§ n < 3k
Proof. Let (v1,...,vy) be an ordering of V' (1'T;,) such that v;v; € A(TT,) for every i < j. Let Xo = {v; | i even}
and X7 = {v; | i odd}. We claim that 7" = Inv(T'T),; Xo, X1) is k-strong. Consider a set Y of at most k& — 1 vertices
of T'. Let ig (resp. jo) be the smallest (resp. largest) even integer £ such that v, ¢ Y, and let i1 (resp. ji) be the
smallest (resp. largest) odd integer £ such that v, € Y. Observe that jo > i1 and j; > ig since |Y| < kand n > 2k+1.
In particular, v;, v}, v;,vj, € A(T"). Since T"(Xo) — Y (resp. T"(X;) — Y) is a transitive tournament with source
vj, and sink v;, (resp. source vj, and sink v;, ), there are hamiltonian paths P from vj, to v;, in 7"(Xo) — Y and P;
from v, to v;, in T(X1) — Y. Finally Pyv;,v;, P1v;, vj, is an hamiltonian directed cycle of T/ — Y, and so T" — Y is
strong. Hence 7" is k-strong, and sinvy (T'T,,) < 2.

Let us now prove that sinv},(7'T},) > 2 if n < 3k — 1. Suppose for a contradiction that there exists X C V(T'T},)
such that 77 = Inv(T'T,; X) is k-arc-strong. Then, for every ¢ < k, since v; has in-degree ¢ — 1 in T'T,,, we have
v; € X. Similarly, for every ¢ > n — k + 1, since v; has out-degree n — ¢ in T7,,, we have v; € X. But then every
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out-neighbour of vy in 7" is in {vgy1,...,vn—k} and so dy, (v1) < n — 2k < k. Hence T” is not k-arc-strong, a
contradiction.

Finally, let us show that sinvy(T7T,,) < 1if n > 3k. Let (v1,...,v,) be an ordering of V(TT),) such that
viv; € ATT,) forevery ¢ < j. Let A = {vi1,..., v}, B = {vp41,...,v9} and C = {vop41,...,0,}. In
T =Inv(TT,; AUC),wehave A = B, B = C and C = A. Since |A|,|B|,|C| > k, T" is k-strong. O

As mentioned in the introduction, it was proven independently by Alon et al. [APS™22] and Aubian et al.
[AHH™22] that inv(n) < n — [log(n 4+ 1)]. Hence , every tournament of order 2k + 1 can be made acyclic in
at most 2k — [log(k + 1)] inversions, and k-strong in two more inversions by Theorem Thus we have the
following.

Corollary 5.10. my(2k + 1) < 2k — [log(k + 1)] + 2.

5.4 Upper bound on /]

This section is dedicated to proving Theorem [I.8] First, we give some auxiliary results in Section [5.4.1] Next, in
Section [5.4.2] we show the result when restricting to tournaments of size exactly 2k 4+ 1. We finally generalize this to
bigger tournaments in Section[5.4.3]

5.4.1 Preliminaries

We here collect some auxiliary results we need for the proof of Theorem [I.8] We first need a basic result combining
probability and linear algebra.

Proposition 5.11. Let A € ngq/ be a matrix whose rank is q for some integers q,q' with ¢ < q'. Further, let v € Fi

be a fixed vector and let another vector w € Fg/ be drawn uniformly at random. Then Pr(Aw = ¥) = 274
The simple proof of the following result is similar to the one of Theorem 5.8] It will appear fully in [TIWG].

Proposition 5.12. Let Ty, Ts be tournaments with V (T1) = V (Ts). Then there is a collection of |V (T1)| — 1 subsets
Xq,... aX\V(Tl)lfl OfV(Tl) such that Inv(Tl; Xq,... 7X\V(T1)|71) =Ts.

We are now ready to give the last preliminary result.

Proposition 5.13. Let T' be a tournament on 2k + 1 vertices and X C V(T) with |X| < 2k such that d7.(z) =
d:ﬁ (¥) = k for all t € X. Then there exists a k-arc-strong tournament T' on V (T') such that all the edges in
UG(T){X) U dyg(r)(X) have the same orientation in T and T".

Proof. Let H be the mixed graph which is obtained from UG(T’) by giving all edges in E(UG(T')(X)) U dug(r)(X)
the orientation they have in 7. Now consider some S C V(7). Let z € S N X. Since dj;(x) = dy;(z), we have

dy (S\{z}) = d(S\ {z}) = (d(S) — dfy (=, V(H) \ (S U {2})) + df;(S\ {a}, )

= (d(8) = dy (@, V(H)\ (SU{a})) + dy (S \ {z},2))

= dj;(8) — dy(S)
+dy(S\{z},2) +dy (V(H) \ (SU{z}),2)
—dy(z, VH)\ (SU{z})) — df(z, 5\ {=}))

= df(8) — dy(S) + dg(x) — dy(x)

= dj;(S) — dp(9).

Repeatedly applying this argument, we obtain dj; (S) —d 5 (S) = df; (S\X)—d;(S\X) < dj;(S\X) < |5\ X||X|
i (V

since every arc in H have an extremity in X. Symmetrically, we obtain d}; (S)—d; (S) = (H)\S)—d};(V(H)\
S) =dy(VH)\ (SUX)) —dj;(V(H)\ (SUX)) < [V(H)\ (SUX)||X].
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As X[ <2k < LV(H)\ X|=1(IS\ X|+|V(H)\ (SU X)), we obtain

d;(S) = dp () < min{|S\ X|, [V(H)\ (SUX)[}-|X|
<min{[S\ X, [V(H)\ (SUX)[}-5(IS\ X| +[V(H)\ (SUX)|)
< min{[S\ X[, [V(H)\ (SUX)|} max{[S\ X[, [V(H)\ (SUX)[}
=[S\ X[ |V(H)\ (SUX)|
=du(9).

Hence, by Proposition there is an eulerian orientation 7" of 7" such that all the edges in UG(T)(X) U dyg(1)(X)
have the same orientation in 7" and T". As |V (T")| = 2k + 1, the tournament 7" is k-arc-strong by Proposition O
5.4.2 Main proof for tournaments of size 2k + 1

We here give the proof of Theorem for tournaments of size 2k + 1. More precisely, we prove the following
statement.

Theorem 5.14. For every e > 0, there is an integer ko such that for every k > ko and for every tournament T on
2k + 1 vertices, we have sinvy (T) < (3 + €)k.

Proof. Let e > 0. We may assume € < 1/3. We choose kg large enough so that for all & > ko, the two following
inequalities hold:

* [log®k] + [ logk] + 3[;17]5%] < ek

e 10logk < k%,

In particular, the later inequality implies that ko > 2'2. Thus the following inequalities also hold for all & > kq:
[1logk] < %k; [{logk] < Vi k > 13;3[1logk] < logk; 16log k[ 1 log k] < V/k.

Let T be a tournament on 2k + 1 vertices for some k > ko. Let A C V(T') be an arbitrary subset of V(T) with
|A| = kand B = V(T') \ A. For some b € B and a tournament 7" on V/(T'), we denote |k — d (b)| by def(b).

Let g = [Llogk] and ¢* = [log® k]. We now choose ¢* sets X1,. .., X,- C V(T independently and uniformly at
random. Let 77 = Inv(T; X1, ..., X,+). For some b € B, we denote by b the vector in Fg* whose ¢-th entry is 1 if
b € X, and 0 otherwise for i € [¢*]. Observe that by the choice of X1,..., X+, the vectors {I_f | b € B} follow a

uniform distribution and are mutually independent.
We now define a list of possible events:

E; : There is some b € B with defr/(b) > 2log EVEk.
E5 : There are some by, ..., b, € B such that 51, cee Eq are linearly dependent.

E3 : There are some by, ...,b; € B such that 51, ce Eq are linearly independent and a sequence (*1,...,%q) €
{4, —1}7 such that | _, NJi(b;) N A| < 5log kv/k.

Lemma 5.15. If none of E1, E and Es occur, then sinv,(T) < (3 + €)k.

Proof. Let (B, ..., Bt) be a maximal collection of disjoint subsets of B with the following properties:
e |Bi| =qfori=1,...,t,
o defr/(b) = defy (V') mod 2forallb,b' € B; fori =1,...,t,
e tqg < %k

Claim 5.15.1. |J!_, Bi| > 2k —q.
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Proof of claim. Suppose otherwise. Observe that, as [ 1 log k] < 1k, we have |B\ (U,_, B:)| = |B| — |Ui_, Bi| >
(k+1)—(3k—q) > 1k +q > 2q. By the Pigeonhole Principle, there exists a set By C B\ (Ui_, B;) with | Bo| = ¢
such that def7/(b) = def/(b’) mod 2 for all b,b’ € By. Hence By can be added to B without violating any of the
above conditions, a contradiction to the maximality of (B, ..., Bt). O

Claim 5.15.2. Leti € [t|. There is a set Y; C B; U A such that defyy, (1+,y,)(b) = 0 for all b € B;.

Proof of claim. Let p = max{defy,,(7,p,)(b) | b € B;}. Observe that p < max{defr/(b) + ¢ —1|b € B;}. Hence,
as F; does not occur and ¢ = [1logk] < log kv'k, we have p < 2log kv/k + log kvk = 3log kv/k. We shall now
build a sequence of sets Y, ..., Y} with the following properties:

+ VY =B,
. Kj+1 is obtained from Yij by adding one vertex from A \ Yij forj=0,...,p—1,

. max{defInV(T,;Yij)(b) | be Bz} =p-— ] fOI'j = 0, BRI N

The statement then follows for Y; = Yip .
Suppose that we have already created the sets Y°, ..., Y; for some j with 0 < j < p — 1 and now want to create
Y7t Let (by,...,b,) be an arbitrary ordering of the vertices in B;. For every p € [g], if max{deflnv(T,;Yij)(b) |

be B} =dy o (Bn) = Eoletx, = — if max{defy, rys (0) [ D€ Biy = k—dy o (bu). Tetx, = +,

otherwise choose *,, € {+, —} arbitrarily. As F5 does not occur, 51, - ,l;q are linearly independent. Moreover, as
E5 does not occur, | ﬂZ:l N;f,‘ (b,)NA| > 5log kvVk. As p < 3log kv/k, and ¢ < log kv/k, we have Y| <p+q<
41og kv/k. Thus ( 1 Ny (b,) M A)\ Y7 # 0. We can hence choose some y € (N%_, N*#(b,) N A) \ Y/ and

. ) ) ; n=1 )
define Y/ ™' = Y7 U{y}. By definition, Y " is obtained from Y by adding one vertex in A\ Y;. In order to see that

the last property holds, let u € [g]. If max{defIHV(T,.Y‘j)(b) |be B} =d (b,) — k, we have x, = — and

Inv(T’;Yij)

hence y € NI;V(T,;W)(I)H). As d;m(T,;Yij)(bu) — k > 0, we obtain deflnv(T,;YiHl)(bu) =d_

dl_nv(T/;Yij)(bN)fk—l =p—j—1=p—(j+1). Similarly, ifmax{defInV(T,;Yij)(b) |be B;} = kidl_nv(T’;Yij)(b“)’
then defInV(T,;njH)(b) = p— (j + 1). Otherwise, let Y/ € B ,With defInv(T';Yj)(b/) =p- j. As defr/(b,)
def7/ (V') mod 2, we have defy | (7v.y5)(by) = defri(by) + Y7 | = 1 = defr (V) + Y| = 1 = defygry0) (V
mod 2, hence defInV(T,;Yij)(b#) < defInV(T,;Yi,-)(b’) — 2. This yields def]nv(T/;Yg“)(b#) < deflnv(T';Yg)(bu) +1

defyy gy (V) =2+ 1=p—(G+1)

vy ) =R =

~

<IN

Let 7" = Inv(T"; (Y1,...,Y}:)). Observe that by definition of the sets Y;, we have def7.(b) = 0 for all b €
U§:1 B;. As |Uf:1 Bi| = gt < %k, we obtain by Proposition that there is a k-arc-strong tournament 7"
on V/(T') such that all the edges in UG(T)(UJ!_, B;) U duc(r)(U;—1 Bi) have the same orientation in 7" and 7"
Further, by Proposition there is a collection of r = |V(T') \ U§:1 B;| —1subsets Z1,...,Z. of V(T)\ szl B;
such that Tnv(T"(V(T) \ U'_, Bi); Z1,..., Z,) = T"(V(T) \ U'_, B:). We obtain that Inv(T; X1,..., X,
Yi,... YeZv,..  Z0) = Inv(T": Ve, ... Yo, 24, Z0) = Inv(T"; Zy, ..., Z,) = T". As T" is k-arc-strong,
we have sinv,(T) < ¢* +t 4+ 7. Now ¢* = [log® k], t < % = ?)[izlisgk]’ and r = [V(T)| — |Ul_, Bi| — 1
2k —(2k—q) = 2k+q = 2k+[Llogk] by Claim Thus sinvy (T) < gk-+[log” K]+ [ log k] + grrieyy
%k + ek.

O IAIA

In the following lemmas, we show that the probability for each of E;, Es and F5 is small.

Lemma 5.16. Pr(E;) < 1.
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Proof. Let b € B. We first bound the probability that b = 0. Due to the independent and uniform choice of
(X1,...,Xg), we have Pr[b = 0] = 277 < 272logk = .1
Now suppose that b =+ 0. Once b revealed, for every v € V(T), let T',, be a random variable which is 1 if 7"

contains the arc bv and 0 otherwise and let I' = EU eV (T—b) T',. Observe that, due to the independent and uniform
choice of (X, ..., X+ ), we have Pr(T', = 1) = 1 forall v € V(T — b) and the I', are independent. This yields that
I' ~ Bin(2k, 3). Further, observe that def7 (b) < 2log kV/k if and only if k — 2log kv/k < T' < k + 2log kv/k. By
Chernoff’s Bound (Proposition , we obtain

Pr[l’ < k —2log kV'k] < Pr

I < (1 _ 2logkvik logkkﬁ> k]

4k log? k
< exp <_2k2k)
< exp(—2logk)
< exp(—2Ink)
1
k2

Similarly, since 2k — I' ~ Bin(2k, 3), we obtain that Pr[I" > k + 2log kv/k] < ;5. This yields that

Prldefr (b) > 2log kVk]

= Pr[b = 0] - Pr[defr (b) > 2log kV'k | b = 0] + Pr[b # 0] - Pr[defy (b) > 2log kv | b # 0]
< Pr[b= 0]+ Pr[l < k —2logkVk | b # 0] + Pr[l > k + 2log kVk | b # 0]

3
=

As there are k + 1 vertices contained in B, by the Union Bound (Proposition , Pr(Ey) < (k+1)3 < 3, as
k > 10. O

Lemma 5.17. Pr(Es) < 3.

Proof. Letby,...,b, € B. Recall that 51, e gq are independent and uniformly distributed. For ¢ € [g], observe that
if 51, ey I;i are linearly independent, they span a vector space containing 2¢ elements. Hence

q
Pr[51, cey I;q linearly dependent] = Z Pr[l;l, ..., b; linearly dependent | by, ..., b;_q linearly independent |
i=1

—

X Pr[gl , -+, b1 linearly independent]

—

r[gl, ol b; linearly dependent | 51, ..., b;j_1 linearly independent]

IN
,MQ
-

< 2721084 pecause ¢* > log? k > 3log(k)q > 2log(k)q + ¢
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Observe that there are (kj;l) possibilities to choose by, ..., b,. Hence the Union Bound (Proposition yields

Pr(E,) < (kzl)k_zq < (2k)%k %= (2)"<lasg>1landk >T. O

Lemma 5.18. Pr(E;) < 1.

Proof. Let by,...,b; € B such that by,.. .,gq are linearly independent and let (x1,...,%,) € {+,—}% Once
bi,..., gq revealed, for every a € A, let ', be a random variable that is 1 if a € (){_; N4 (b;) and 0 otherwise and
let I' = > .4 4. Observe that, due to the independent and uniform choice of (X1,..., X4) and by Proposition
5.11| we have that Pr[I’, = 1] = L for all a € a and that the I, are independent. This yields that I' ~ Bin(k, o ).
Further observe that I' = |(’_, Ni(b;) N A|. Now, since 10logk < ks and ¢ = [1logk] < 2logk, we obtain
5log kvVk < %kg = %k2*% logk < %kQ’q. By Chernoff’s Bound (Proposition , we obtain

Pr[lC < 5logk\/E] <Pr {F < <1 - > k2 q}
<exp|——-k2717
ex
< 8

1
< exp (—Sk‘%)

< exp(—2qlogk) because vk > 16log k[ log k]
< exp(—2¢qInk)

= k2.
Observe that there are (kj;l) possibilities to choose by, . .., b, and for each of those, there are 2¢ possibilities to
choose (x1,...,%,). Hence the Union Bound (Proposition i yields Pr(Fs3) < (kzl)qu*Qq < (2k)929k 20 =
(%)q<%,asq21andk213. O

We are now ready to conclude the proof of Theorem[5.14] By Lemmas [5.16] [5.17]and [5.18| and the Union Bound
(Proposition@ , we obtain that, with positive probability, none of F'1, F» and E5 occur. Hence the statement follows
from Lemma [5.13] O

5.4.3 Bigger tournaments

We now show how to extend this result to larger tournaments and derive Theorem [I.8]from Theorem [5.14]
Theorem 1.8. M| < %k + o(k).

Proof. Let e > 0. We shall prove that there is an integer £* such that for every k£ > k* and for every tournament 7" on
at least 2k + 1 vertices, we have sinv} (T) < (2 + €)k.

By Theorem|[5.14] there is an integer kg such that for every k > kg and for every tournament 7" on at least 2k + 1
vertices, we have sinv}, (T') < (% + §)k. Further, let k; be an integer such that Sk > 6log kVk +1,VEk > 3logk
and log k > 5 hold for all k& > ky. Set k* = max{ko, k1}.

We now fix an integer £ > k* and prove that for every tournament 7" on n > 2k + 1 vertices, we have sinvﬁc (1) <
(3 + £)k + min{n — (2k + 1),6log kv/k + 1} from which the statement follows immediately. Suppose that T is
a tournament that does not satisfy this statement and whose number n of vertices is minimum with respect to this
property.

Case 1. n > 4k — 2.

By Proposition there is some v € V(T') with min{d}(v),dy(v)} > k. By the minimality of 7', there is a
collection X of (4 + §)k + min{(n — 1) — (2k + 1),6log kv'k + 1} subsets of V(T — v) such that Inv(T' — v; X)
is k-arc-strong. By Proposition we obtain that Inv(T’; X) is k-arc-strong. As (3 + $)k + min{(n — 1) — (2k +
1),6log kvVk + 1} < (% + §)k + min{n — (2k + 1),6log kv/k + 1}, we obtain a contradiction.
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Case2. 2k + 1+ 6logVk <n < 4k — 2.

Let A be an arbitrary subset of V/(T') of size 2k + 1 + 6log kv/k and let B = V/(T') \ A. We now choose a subset
X of A uniformly at random and let 7" = Inv(7T; B U X ). Now consider some b € B. Forevery a € A, letT', be
the probability that ab € A(7”) and observe thatI' = > _ , Ty is exactly [N, (b) N Al. Due to the uniform choice of
X, we have Prlab € A(T)] = % and that the T', are independent. This yields I' ~ Bin(2k + 1 + 6log kv'k, 1). B
Chernoff’s Bound (Proposition , we obtain

Pr[I‘<k]§PrlF<< logkf> (2k+1+61ogkf)]

xp(— log?(k)/2)
xp(—2logk)  because k > 16
xp(—

2Ink)

I/\ I/\ I/\

1

k2

Similarly, we obtain Pr[|N;,(b) N A| < k] < ;5. As B contains at most (4k — 3) — (2k + 1 + 2log kvk) <
2k elements, the Union Bound (Proposition yields that the probability that there is at least one b € B with
min{|Nz,(b) N 4], |N}“,(b) N A|} < k is at most k%Qk = % < 1, as k > 5. Hence, with positive probability,
we have min{| N, (b) N A|, NS, (b) N A|} > k for all b € B. Thus there is X such that every vertex of B has
in- and out-degree at least k in Tj; = Inv(T; B U Xj). Further, by the minimality of 7', there is a collection X" of
sinvy, (To(A)) < (3 + 5)k + 6log kVE sets such that Inv(T(A)) is k-arc-strong. Hence, by Proposition we
obtain that Inv(T’; { X} U X) is k-arc-strong, a contradiction.

Case 3. 2k + 2 < n < 2k + 6log kv/k.

Let v € V(T) be an arbitrary vertex. We can then find a set X C V(T') such that for 7" = Inv(T; X), we have
min{d;, (v),dr (v)} > k. Further, by the minimality of 7', there is a collection X of sinv},(T') < (% + £)k +n —
(2k + 1) — 1 sets such that Inv(T”(A); X) is 2-arc-strong. Hence by Proposition[2.1] we obtain that Inv(T; {X } U X)
is k-arc-strong, a contradiction. O

SV

6 Upper bounds on my(n)

In this section, we prove several results showing that tournaments on significantly more than 2k vertices can be made k-
strong by a small number of inversions. More precisely, in Subsection[6.1] we prove Theorem|I.10] in Subsection[6.2}
we prove Theorem[I.13] in Subsection[6.3] we prove Theorem[I.15] and in Subsection[6.4] we prove Theorem[I.16]

6.1 First upper bounds on m(n)

In this subsection, we first establish that, for every fixed k, every tournament which is sufficiently large in comparison
to k can be made k-strong by a single inversion. More precisely, we prove Theorem While Theorem is
clearly weaker than Theorem this result justifies some of the notation used later on, and may serve as a warm-up
exercise of the more involved proof of Theorem [I.13]

Proof of Theorem[I.10, Let T be a tournament of order n > (2k — 1)22.

It is easy and well-known that if D is an acyclic digraph, x a source in D, and D — x is contained (as a subdigraph)
in every tournament of order n, then D is contained (as a subdigraph) in every tournament of order 2n. An easy
induction yields that T" contains three sets A, Ao, A3 such that A; = (A3 U As) and Ay = Aj with |[A| = |As| =k
and |Ag| = 2k — 1. Set A = A; U A U As. Let I be the set of vertices in V(T) \ A that have either less than k
out-neighbours in A or less than k in-neighbours in A. Let X = Ay U A3 U I. Let us prove that 7" = Inv(T; X) is
k-strong.

22



In 7', we have A1 = A, = Az = A;. Since the three sets A, As, and A3 have size at least k, the tournament
T’(A) is k-strong. Now consider a vertex v in V(T') \ A. If v ¢ I, then no arcs incident to v have been reversed so its
in- and out-degree have been unchanged and are at least k& by definition of I. If v € I, then all the arcs between v and
Aj U A3 have been reversed and those between v and A, are unchanged. If v has less than & out-neighbours in A in 7T',
then | N7, (v)NA| > [Ny (v)N(A1UA3)| > 2k—d(v) > k,and |[Np, (v)NA| > [Ny (v)NAs| > 2k—1—dF(v) > k.
Similarly, if v has less than k in-neighbours in A in T', then [N, (v) N A| > k and |N,(v) N A| > k. Thus, by
Lemmal2.1} 7" is k-strong. Hence sinv,(T') < 1. O

6.2 Linear upper bound on N(1)

In this subsection, we shall prove Theorem which states that Ny (1) < 19k — 2. To prove it we need some
preliminaries.

For a digraph D, let ¢ = (v1, v, ..., v, ) be an ordering of the vertices of D. An arc v;v; is forward (according
to 0) if ¢ < 7 and backward (according to o) if j < 7. A median order of D is an ordering of the vertices of D with
the maximum number of forward arcs, or equivalently the minimum number of backward arcs.

Let us note basic well-known properties of median orders of tournaments (the feedback property in [HTO0O]).

Lemma 6.1. Let T be a tournament and (v1,vs, ..., v,) a median order of T. Then, for any two indices i,j with
1<i<j<n:

M1) (vi, Vg1, - .,v;) is a median order of the induced subtournament T ({v;, vij1,...,v;}).

(M2) the vertex v; dominates at least half of the vertices v;11,Vi42, . . ., Vj, and the vertex v; is dominated by at least
half of the vertices v;, Viy1, . ..,v;—1. In particular, each vertex v;, 1 < i < n, dominates its successor v; 1.

Let v be a vertex of a digraph D. We denote by R} (v) (resp. Rp;(v)) the set of vertices which are reachable from
v (resp. vertices that can reach v) in D, that are the vertices w such that there is a directed (v, w)-path (resp. (w, v)-
path) in D. Note that v € R},(v).

Lemma 6.2. Let T be a tournament with median order (v1,vs,...,v,). Let F be a subset of vertices such that
vy & F. Then |RE_.(v1)| > n —2|F|.

Proof. We prove the result by induction on n + | F|, the result holding trivially by (M2) if |F'| = 0.

If all the out-neighbours of vy in T are in |F|, then by (M2), | N (v1)| < [N (v1)| < |F|. Hence n — 1 < 2|F]|,
and the result holds. Henceforth we may assume that v; has an out-neighbour not in F'. Let ¢y be the smallest index
of such a vertex. Let Ty = T{{v1,...,vi-1}), Th = T{vig,...,vn}), Fo = FNV(Tp) and F; = F NV (T1).
By (M1), (v1,v2,...,v;,—1) is a median order of Ty and (v, ..., v,) is a median order of T}. By definition of 4,
all out-neighbours of v; in Ty are in Fy. Thus, as above, we have ig — 2 < 2|Fp|. By the induction hypothesis,
|R}'1_F1 (vig)| > n —ig+ 1 —2|Fy|. Now R}'l_Fl (vig) U{v1} € R¥_,(v). Hence

|R7_ ¢ ()] > |RT, _p, (vig)| + 1 21— g +2 = 2| F1| > n — 2|Fo| — 2|Fy| = n — 2| F|.
O

Lemma 6.3. Let T be a tournament with median order (v1,va, . ..,v,). Foranyi € [n] and any F C V(T) \ {v;},
we have |RE_.(v;))| > n+1—1i—2|F|, and R;_(v;) > —2|F|.

Proof. By (M1), (v;, ..., v,) is a median order of T'({v;,...,v,}) on which we can apply Lemma [6.2]to obtain the

bound on Rf ,.(v;). Symmetrically, (v;,v;—1,...,v1) is a median order of the converse of T'({vy,...,v;}), and
applying Lemma to the converse of T yields the bound on R7_ . (v;). O

We are now ready to prove the main lemma of the proof of Theorem
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Lemma 6.4. Let k be a positive integer, let T' be a tournament on 12k vertices and let (A, B) be a bipartition of V (T')
suchthat |A| = |B| = 6k. Then there is a set X C V(T') with | X N A| = | X N B| = 2k such that for T = Inv(T'; X)
and for any’Y C V(T) with |Y| < k — 1, we have that T' — Y contains a directed path from a to B\'Y for every
a € A\Y,and T' =Y contains a directed path from A\'Y to b for everyb € B\'Y.

Proof. Let (ai,...,aer) be a median order of T(A) and let (by,...,bsr) be a median order of T(B). Let

Ap be the set of vertices in {a4x1,...,aer} Which have less than k out-neighbours in B in 7. Further, let
Ay = {ai,...,a2p-14,} Observe that [Ag U A;| = |Ag| + |A;| = 2k. Similarly, let By be the set of ver-
tices in {by,..., by} that have less than k in-neighbours in A and let By = {bsj4|By|+1,---,ber}. Observe that

|BoUB1| = |Bo|+ |Bi| =2k. Let X = AgUA; UByU By and let 77 = Inv(T'; X). Consider any Y C V(T') with
|Y| < k — 1. In order show that T has the desired properties, by symmetry, it suffices to prove that 77 — Y contains
a directed path from a to B\ 'Y for every a € A\ Y. Suppose by contradiction that this is not true. Then there is a
largest integer ¢ € [6k] such thata; € A\'Y and T — Y does not contain a directed path from a; to B\ Y. We will
distinguish several cases.

Casel. i € {4k +1,...,6k}anda; € A\ Ay.
In this case, by the choice of Aj, we have
(N (a:) WB)\ Y| = [N (a;) N B| — Y|
= [Nz (a;) N B| = Y]
>k—(k—1)
=1,
s0 a; has an out-neighbour in B\ Y in 77 — Y, a contradiction.
Case2. i € {4k +1,...,6k} and a; € Ao.
In this case, by the choice of A, we have
[(N£/(ai) N B)\ Y| > [N (a;) N B| = [Y]
> [N (a;) N (Bo U By)| = [Y]
= |Bo U Bi| — [N/ (ai) N (Bo U By)| — |Y]
= |Bo U Bi| = [N{ (a;) N (Bo U By)| — Y|
> |Bo U By| — |Nf (a;) N B| = [Y]
> 2% — (k—1)— (k- 1)
=2,
s0 a; has an out-neighbour in B\ Y in 77 — Y, a contradiction.
Case 3. i € {2k — |Ao| + 1,...,4k}.
As (ay, ..., apk) is a median order of T'(A), and by (M2) applied to T'(A), we have
[(NZ(ai) NV {@it1s - aek}) \ Y] 2 INF (a0) N {aisr, - aon}| = [Y]
> N7 (ai) N {aisr, . aee}] = Y]

1
> §|{ai+17 coapet] = Y

> L6k~ i)~ (k1)
7
=2%+1— -
k+ B
>2k+1-2k
=1.
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Hence there is some j > i such that a; € A\ 'Y and 7" — Y contains the arc a;a;. By the maximality of ¢, there is a
directed path from a; to B\'Y in 7’ —Y . Hence 7" —Y" also contains a directed path from a; to B\Y, a contradiction.

Cased. i € {1,...,2k —|Aol|}.
As (ai, ..., ap) is a median order of T(A) and by (M2) applied to T'( A), we have

[(Nf(ai) N{ait1, .. - aee}) = Y] > NS (a) N {aita, ... ae}| — Y]
> \N%’(al) n {ai+1, . ,a6k}| — ‘(AO U A1) N {ai+1, ceey aﬁk}‘ — |Y‘

1
> §|{ai+17 . 7a6k}| — ‘(A() UAl) N {ai+1, .. .,CLGk}‘ — |Y|

Lok —i)— @k—i)— (k—1)

Y%

2

1
1

2—|—

>1
Hence there is some j > 4 such that a; € A\ Y and 7" — Y contains the arc a;a;. By the maximality of 4, there

is a directed path from a; to B\ Y in 77 — Y. Hence T’ — Y also contains a directed path from a; to B\ Y, a
contradiction. O

We are now ready to prove Theorem which states Ny (1) < 19k — 2.

Proof of Theorem[I.I3] Assume n > 19k — 2. Let (vq,...,v,) be a median order of 7. Let B = {vy,...,v6x},
A = {vy_gk41,..., v} and C = V(T) \ (AU B). We have |C| > 7k — 2. By Lemmal6.4] applied to T(A U B),
there is a subset X of A U B such that, for 77 = Inv(T’; X), we have

@ | XNBl=|XNA|=2k;
(i) forany Y C V(T') with |Y| <k — 1, 7" — Y contains a directed path from a to B\ Y foreverya € A\ Y;
(iii) forany Y C V(T) with |[Y| < k — 1,7’ — Y contains a directed path from A\ Y to b foreveryb € B\Y.

Let 77 = Inv(T; X). Let us now prove that 7 is k-strong, which implies sinv(7") < 1. Let F’ be a set of at most
k — 1 vertices of T7. We first need the following intermediate result.

Claim 6.4.1. Letb € B\ Fanda € A\ F. Then Ty — F contains a directed path from b to a.

Proof of claim. By construction, there is some ¢ € {1,...,6k} such that b = v;. Let 7" = T'({v;,...,vn—6k}). By
(M2), every vertex in ((X N B) U F) N {v;,...,vn—¢xr} and every vertex in C' \ F is reachable from b in 7”. On the
other hand, there is obviously no vertex in (X N B)UF)N{v;, ..., vn—e} reachable frombin T’ — (X NB)UF).
By Lemma(6.3] this yields
2((X N B)UF) N {vi,...,vn—er}| = [R7(0)] = |RL _ (xnpyur) O)]
= [R7:.(0) N B| = |R},_((xnpum () N B
+|R7 (b)) N (COF)| = R, (xnpyur () N (CNF)|
FIRE®) N (C\F)| = IR xmpom®) 0 (C\ F)
>|(XNB)UF)N{vi,...,0n—ck}|
+IC\F| = B3 _(xnpyur) () N (C\F)|.
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For every v € C'\ F, if v is reachable from b in T — ((X N B) U F), then v is clearly reachable from b in 73 — F'.
Since | X N B| < 2k and |F| < k — 1, we obtain

Rt _p(0) N (C\ F)| > |RE._((xnpyur) () N (C\ F)|
> |C\F| = (XA B)UF) A {vis- .., vnc}]
> [C\F[= (XN B|+|F])
2 |C\F[=(2k+(k—-1))
— O\ F| - (3k — 1).

A similar argument shows that [}, _(a) N (C'\ F)| > |C\ F| = (3k —1). As |C| > n — 12k > Tk — 2, we obtain

(R7, _p(0) N (C\ ) N (Ry, _p(a) N (C\ F))| =Ry, _p(b) N (C\ )| + |Rp, _p(a) N (C\ F)]
— (B, _p(b) N (C\ F)) U (R, _p(a) N (C\ F))]
> |Ryy, _p(0) N (C\ )| + Ry, _p(a) N (C\ F)| = [C\ F|
> 2(|C\ F| = (3k = 1)) = |C\ F]
=|C\ F|—-23k—-1)
> |C|—|F|— (6k —2)
> (Tk—2)—(k—1) — (6k —2)
> 1.

Hence there is a vertex v* € {Ugk+41,- - ., vn—ek} N (R, () N (C\ F)) N (Ry, (a) N (C\ F)). By definition, T} — F
contains a directed path from b to v* and a directed path from v* to a. Hence T} — F' contains a directed path from b
to a. O

We are now ready to show that 77 — F'is strong. Let x and y be two vertices in 7} — F'. It suffices to show that y
is reachable from xz in 7} — F'.

We first show that there is a path from = to B \ F. Clearly, we may suppose that z € (AU C) \ F. Then, since
|A| > 2|F|, Lemmal6.2]implies that there is a vertex #’ € A \ F reachable from zin T — F — B, and soin T} — F.
By (iii), there is a directed path from z’ to a vertex v in B \ F' in T} — F. Hence there is a directed path P, from z to
win Ty — F'. Similarly, by directional duality, in 77 — F', there is a directed path P, from a vertex w € A\ F' to y.

Finally, by Claim@ there exists a path @) from w to w in T} — F. Then P, Q) P, is a path from x to y in 17 — F.
This proves that 77 — F' is strong. O

Finally, we give the proof of Proposition [I1.14} which states Ny (1) > 5k — 2.

Proof of Proposition Let T be a tournament of order 5k — 3 whose vertex set has a partition (A, B, C') such that
T(A) and T(C) are (k — 1)-diregular tournaments of order 2k — 1, and A = B U C and B = C'. We shall prove that
sinvy (T) > 1.

Assume for a contradiction that there is a set X of vertices such that 77 = Inv(7T’; X) is k-strong. Every vertex of
A (resp. C) has in-degree (resp. out-degree) k — 1 in 7', and so belongs to X. Thus AUC C X, and so C = A in
T’. Hence T' — B is not strong. Since |B| = k — 1, T” is not k-strong, a contradiction. O

6.3 Better upper bound on N(3)

This section is dedicated to the proof of Theorem [I.15] The structure is analogous to the proof of Theorem [I.13]in
Section[6.2] First we show a result which is very similar to Lemma[6.4]

Lemma 6.5. Let k be a positive integer, T' a tournament on 8k vertices and (A, B) a bipartition of V(T') such that
|A| = |B| = 4k. There is a family X of three subsets of V (T') such that the following hold with T' = Inv(T; X).

(i) T'(A) = T{A) and T'(B) = T(B) ;
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(ii) foranyY CV(T) with |Y| <k — 1, T' =Y contains a directed path from a to B\'Y foreverya € A\Y;
(iii) foranyY CV(T) with |Y| < k — 1, T' — Y contains a directed path from A\'Y to b for everyb € B\'Y.
Proof. Let (a1,...,a4r) be a median order of T'(A) and let (by,...,bsr) be a median order of T(B). Let

Ay be the set of vertices in {asgy1,...,a4r} Which have less than k out-neighbours in B in T. Further, let
Ay = {a1,...,a95_|a,}. Observe that [Ag U A;| = [Ag| + |A1] = 2k. Similarly, let By be the set of ver-
tices in {b1,...,box} that have less than k in-neighbours in A and let By = {bapy|By|+1,---,bax}. Observe that

|B0 U B1| = |BQ| + ‘B1| = 2k. Now let X1 = AO U Al, X2 = BO U Bl, X3 = X1 U XQ, and X = (Xl)le[?)]
Let 7" = Inv(T; X). Observe that T” is obtained from T' by reversing the arcs between X and X5. In particular, (i)
holds.

We only show (ii) as (iii) follows symmetrically. Let Y C V(T') with |Y| < k — 1. Suppose for the sake of a
contradiction that (i) does not hold. There is a largest integer ¢ € [4k] such thata; € A\ Y and 7" — Y does not
contain a directed path from a; to B \ Y. We will distinguish several cases.

Casel. i € {2k +1,...,4k} and a; € A\ Ao.
In this case, by the choice of Ag, we have
(N (a) N B)\ Y] 2 [N ag) 0 B~ [Y
= [Nf (@) 0 Bl - ¥
>k—(k-1)
=1,
s0 a; has an out-neighbour in B\ Y in 77 — Y, a contradiction.
Case2. i € {2k +1,...,4k} and a; € Ao.
In this case, by the choice of Ay, we have
[(N#(ai) N B)\ Y| > [N (a;) N B — [Y]
> [N, (a;) N (Bo U By)| — Y]
= |Bo U B1| = [N/ (a;) N (Bo U By)| — |V
= [Bo U Bi| — |Nf (a;) N (Bo U B)| — Y|
> |BoUBy| — [Ny (a;) N B| - [Y]
>2k—(k—-1)—(k—-1)
=2,
s0 a; has an out-neighbour in B\ Y in 77 — Y, a contradiction.
Case 3. i € [2k].
As (aq, ..., aqx) is a median order of T(A) = T'(A), by (M2) we have
[(NZ(ai) W {@it1s - aw}) \ Y] 2 INF (@) N {aisr, - aan}| = Y]
INZ (@) N {ait1, ..., au}| = Y]

1
> §|{ai+17 coage ] = Y

> (k=) (k1)

1
= 1——
k + 5
>k+1-k
=1.
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Hence there is some j > i such that a; € A\ 'Y and 7" — Y contains the arc a;a;. By the maximality of ¢, there
is a directed path from a; to B\ Y in 77 — Y. Hence T’ — Y also contains a directed path from a; to B\'Y, a
contradiction. O

Theorem 1.15. For any positive integer k, we have Nj,(3) < Ny(3) < 11k — 2.

Proof. Assume n > 11k — 2. Let (v1,...,v,) be a median order of T. Let B = {vq,... v4k} =
{vp—akt1,..., 05} and C = V(T) \ (AU B). We have [C| > 3k — 2. By Lemma [6.5] applied to T(A U B),
there is a family X of three subsets of A U B such that for 77 = Inv(7; X') we have

(i) T'(A) =T(A)and T'(B) = T(B) ;
(i) forany Y C V(T) with |Y| < k — 1,7’ — Y contains a directed path from ato B\ Y foreverya € A\ Y
(iil) forany Y C V(T) with |Y| < k —1,T" — Y contains a directed path from A\ Y tobforeveryb € B\ Y.

Let Ty = Inv(T; X). Let us now prove that T} is k-strong, which implies sinvy(7T") < 3. Note that T'(A U C), as
well as T(B U C) are unchanged by the inversions. Let F' be a set of at most k — 1 vertices of 7. Let us show that
Ty — F is strong. Let x and y be two vertices in 77 — F'. It suffices to show that y is reachable from z in 77 — F.

Let us first show that there is a vertex u € B\ F that is reachable from z in T} — F. It is trivial if © € B, so we
may suppose that z € AU C. Lemmal6.2]asserts that from any vertex of (AU C) \ F one can reach a vertex of A\ F
in T7 — F'. Thus there exists a vertex ' € A\ F reachable from x in T} — F. By (iii), there is a directed path from z’
to a vertex of win B\ F in 77 — F'. Hence there is a directed path P, from z to v in 77 — F'. Similarly, by directional
duality, in 77 — F), there is a directed path P, from a vertex w € A \ Ftoy.

By Lemma |R7 sucy—p(@) N (C\ F)| > |C| = 2|F| = |C\ F| - |F| > |C\ F|/2 because |C| > 3k — 2.
Similarly, we obtain |R;<AUC>7F(w) N(C\ F)| > |C\ F|/2. Thus there is a vertex of C'\ F'in R;<BUC<7F(U) N
R (AUC) 7 (w), and so there exists a directed path @ from u to w in Ty — F'. Then P,QP, is a directed path from
toyinT; — F. O

All the results of the previous subsections imply the following.

2% if 2k+1<n<l1lk—2
Corollary 6.6. my(n) << 3 if 11k—2<n <19k —2,
1 ifn>19k—2.

6.4 Upper bounds for £ large.

In this section, we show that if a tournament has at least 2k + 1 + ek vertices for some positive integer k£ and some
e > 0, then it can be made k-strong by inversing a family of sets whose cardinality only depends on e. The proof
consists in drawing this family uniformly at random, under the constraint that every vertex is contained in at least one
of the sets.

To analyse this procedure we will need Chernoff’s Bound (Proposition [2.6) as well as the two following technical
lemmas.

Lemma 6.7. Let i # 0 € T} \ {O} and z,y € Fy be fixed, and let @ € FY \ {0} be drawn uniformly at random. Then
Prj@ - @ =z,0-@W=y| >

N»—‘
N

2t—1'

Proof. As i # U, the mapping F — F2, @ — (ﬁ W, ¥ - W) is surjective and linear. As a consequence, there are %2’5
vectors @ € Y which satisfy @ - @ = x and ¥ - @ = y. Thus by possibly removing the solution @ = 0, we obtain

20721 1 3 1
2 2601 T~ 4 42t—1- O

Pr[d - =2, w0 = y]

Lemma 6.8. Let € > 0, let t > 16 be an integer; and let k > 5L be an integer. Let U,V € (F} \ {0})<*/81 be drawn
uniformly at random and W € Fgek/sw x[ek/8] be fixed. Then Pr[UT -V = W] < 27tek/128
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Proof. Note that since k > 8¢, we have [ek/8] >t > t/2 + 1. First we bound the probability that rk(U) < ¢/2 + 1.
If U has rank at most ¢/2, then there is a choice of |¢/2] columns of U such that all the other ones are in the linear
span of these selected columns. Since the linear span of |t/2] vectors has dimension at most ¢/2, and so size at most
2!/2 we deduce the following.

Prirk(U) <t/2] < (fek/81> (2W2J_1> [eh/8]~t/2]

120 )\ 2o
- I—ek/g-l 2t/2 . 1 €k/8—t/2
AN I AN S

9t/2 _ 1\ F/16 t ek 8t
< gek/8+1 (2t1> because 5 < %6 since k > -
< gek/4(9t/2)~ek/16
< 9ekt/64g—ckt/32 because ¢ > 16

— 276kt/64

Now we assume that rk(U) > t/2. Then for every column v of V', v must be chosen in an affine space of dimension
atmostt — [t/2] — 1 < t/2. It follows that

9t/2 _q [ek/8]
20— 1 )
< (2715/2)6]6/8

PrlU"T -V =W | rk(U) > t/2] < (

< 2—tek/16

Therefore
PrlUT -V =W] <Pritk(U) <t/2] +Pr[U" -V =W | 1tk(U) > t/2]
< 2—t€k/64 + 2—t€k/16 < 9. 2—t6k/64
We know that tek > 8t2 > 2 - 64, thus 274#/64 < 1/4. As 22 < \/x for any = € [0, 1/4], we end with Pr[UT - V =
W] <2. 2—tek/64 < 2—tek/128. O
For technical reasons, we prove the following seemingly weaker restatement of Theorem [I.16]

Theorem 6.9. There exists a function f : Rsg — N such that for every € > 0 and every positive integer k, if T is an
n-vertex tournament with n > 2k + 2ek + 2, then sinv(T) < f(e).

It is not difficult to see that Theorem [6.9] actually implies Theorem [I.16] Indeed, given a function f like in
Theoremat hand, define f’ : Ryo — N by f'(€) = max{2, f(5)}. Let T be a tournament with [V (T)| >
2k 4+ 1 + ek for some positive integer k. If k < % then Theorem |5.8yields sinvy (T') < 2k < % < f'(€). Otherwise,
we have |V(T')| > 2k + 1+ ek > 2k + 2 + Sk, sosinvi(T) < f(5) < f'(e) by Theorem

Proof. Without loss of generality, we may assume € < % Let C be a constant such that sinv,(T) < 1if n > Ck,

which exists by Theorem[I.T3] Let ¢ be the smallest integer such that
* ¢ >16,

o t>log(l+ %), and
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« t> 12020 +2+¢/4) +16.
Clearly, ¢ is well defined and depends only on €. Let kq(€) be the smallest integer such that for every k' > kq(¢)

(2" — 1) exp (—62(2;46)k> + 3(CK')? exp <—62(24—592k) +27F <1, (1

We now prove the statement for f(e) = max{t, 2ko(e) — 2, [1%] — 2}. If k < ko(e), then we conclude directly
using Theorem that sinvg (T) < 2k < 2kg(e) — 2 < f(e). Similarly, if & < % — 1, then we conclude by
Theoremthat sinvy (T) < % — 2 < f(e). Moreover, if n > Ck, we have sinv,(T) < 1 < f(e). Henceforth, we

may assume k > max{ko(c), % — 1} and n < Ck.

For every vertex u. € V (T'), we choose uniformly and independently at random a vector @ € F% \ {0}. For i € [t],
let X; = {u € V(T) | 4; = 1}. We will prove that with positive probability, the tournament 77 = Inv(T; X1, ..., X})
is k-strong. Note that for every arc uv € A(T), we have uv € A(T”) if and only if @- ¥ = 0 mod 2. For two disjoint
subsets A and B of vertices of T, a directed (A, B)-matching is a set of arcs with tails in A, heads in B, and without
common tail or common head.

Claim 6.9.1. IfT" is not k-strong, then at least one of the following events occurs:
E\ : there is a vector z € F4 \ {0} such that |{v € V(T) | 7 # z}| < k,

Esy : there are u,v € V(T) with @@ # ¥ such that min{| N, (w)\ N7, (v)|, [NJ, (w)NN (v)|, [Ny (w) Ny (v) [} <
(1+e/4)5,

E3 : there are disjoint sets A, B C V(T") with |A|,|B| > (1 + €/4)% with no directed (A, B)-matching of size .

Proof of claim. Assume that none of F1, F» and E3 holds. Suppose for a contradiction that there is a set X of at most
k — 1 vertices, and a partition (V1, V) of V(T — X) into nonempty sets such that V5 = V1 in T" — X. Since F; does
not hold, there exist z,y € V3 U V5 with & # g. If both x and y are in V; (resp. V5), consider v € V5 (resp. u € V1)
and either ¥ # Yor §f # U (resp. £ # dory # ). f x € Vi andy € Vo wesetu = zand v = gy, and if y € V5 and
x € V3 wesetu =y and v = x. In all cases, there are u € V; and v € V5 with 4 # 9.

Now, as E» does not hold, we have | N, (u) N Ny, (v)], [N (u) N N7 ()], [Nz (w) N Ny (v)] > (1 + €/4)%.
Finally, as F3 does not hold, there is a directed (N, (u) N N, (v), Ny (u) N N, (v))-matching M of size k/2 in
T’. For every arc e = zy € M, observe that P, = uxywv is a directed (u,v)-path in 7’. Furthermore, for every
x € Nj,(u) N N;. (v), observe that P, = uxv is a directed (u,v)-path in 7. This yields a collection of at least k
internally vertex-disjoint (u, v)-paths in T”, a contradiction since every (u,v)-path meets X which has size at most
k—1. O

We will show that with high probability none of the events FEj, E5 and E3 occurs.
Claim 6.9.2. Pr(E;) < (2¢ — 1) exp(—€2n/24)

Proof of claim. 1f & € F4 \ {0} is fixed, then Yz = |[{u € V(T) | @ # ¢}/ is a random variable having a binomial
law with parameters n and 1 — 2t1_1. Ase < % and t > 2, we have k < %n < % . %n <(1- ﬁ)(l —€/2)n. By
Chernoff’s Bound (Proposition @, and because ¢ > 2, we have

Pr3ce F5\ {0}, Yo <kl < Y Pr[Ye<Hk]
Fer;\{0}

3 Pr[Yg<<1—;> (1—21‘/1_1)71}

ZeF5\ {0}

(28 — 1) exp (—(6/2)2 (1 ~ 5 1_ 1) n/3)
< (2 = 1) exp(—€n/24),

IN

IN
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as claimed. O

Claim 6.9.3. Pr(E,) < 3exp (—e22=2)

Proof of claim. Let u,v be distinct vertices and let A = N, (u) N N3, (v),B = Ni (u) N Ni(v) and C =
Nz (u)N Nz (v). Let X € {A, B,C}. Once @ and ¢ revealed, for every vertex w # u, v, let Y,, be a random variable
withY, =1ifwe X,Y, =0 otherwise By Lemma@ Y, is a random variable following a Bernoulli distribution
whose parameter is at least l(1 — 5 1) Further, the Y,, are mutually independent.

We now define a random variable X, for every w € V(T) \ {u,v} as follows. If Y,, = 0, set X, = 0, and

otherwise set X,, = 1 with probability 4}5[),72’1} nd X,, = 0 otherwise, where the latter random experiments are

executed independently. Observe that, as the Y;, are mutually independent, so are the X,,. Moreover, Pr[X,, = 1] =

11— 559).

We have (1+¢/4)k/2 < S (n—2)/2 = L(1— 1£55)(n = 2)/2 < $(1—¢/8)(n—2) since n > (2+€)k +2.

<
Moreover, as t > log(%2 + 1) we have 1 (1 — €/8) < (1 — €/16)? gi( — 5y 1) —%):(i—ﬁ)(l—

€/16). Hence (1 +€¢/4)k/2 < (1 — €/16) | 7 — 50— ) (n — 2), and by Chernoff’s Bound (Proposition [2.6)
/16) (1+¢/4)k/2 < (1 - €/16) (% — g8 ) (0 — 2), and by position 2.6)

Pr[|X| < (1+¢/4)k/2) < Pr [X| < (1 - %) <i - 4(2;)’_1)> (n— 2)]

< exp (—(6/16)2 (i - 4(2t3— 1)) - ; 2)

< exp —€2n —2
4096

since ¢ > 5 implies 3> < 1/8. Hence, by the Union Bound (Proposition , Prmin{|A4|, |B|,|C|} < (1 +
¢/4)5] < Yxeqas.cy PriX| < (1+ e/4)5] < 3exp (—€*f555). 0

For two disjoint sets of vertices X, Y in 7”, we denote by u7+ (X, Y) the size of a largest directed (X, Y)-matching
inT.

Claim 6.9.4. Pr(E5) < 2%,

Proof of claim. Let A, B C V(T") be disjoint sets of [(1 4 €/4)%] vertices. We shall prove that with high probability
there is a directed (A, B)-matching in 7" of size at least &.

Let M be a maximal directed (A, B)-matching and let Y4 (resp. Yp) the the set of vertices in A (resp. in B)
incident to no arc of M. Then Y = Yy in T” since M is maximal. Moreover, if |[M| < k/2, then |Ya4|, |Y5| >
(1+e/4)k — & = k.

For every such Y4 C A,Yp C B, we identify Y4 and Y with the matrices whose columns are the u for u € Y4
(resp. u € Yp). We also denote by T'(Y 4, Yi) the | A| x | B| matrix whose cell (u, v) equal 1 if and only if uv € A(T).
Then observe that Yg = Y4 in 7" if and only if YBT Y4 =T(Yp,Ya). By these observations, we have

Prlpr (A, B) < k] < Pi[AYa C A |Ya| > £k, 35 C B, |Ys| > <k, Y5 = Ya in T']
< Pr[3Ya C A, |Ya| > £k, 3Yp C B, |Yp| > £k, Yy - Ya =T(Ya,Y3)]
< 22(te/Dk/2] g—tek/128 by Lemma[6.8]and the Union Bound
< 9lte/4k+29—tek/128
< 9-CC+Dk
st > 12820 + 2 + ¢/4) 4+ 16 and €k/64 > L. It follows from the Union Bound (Proposition that
( 3) g 2”2 (2C+1Dk < 2=k ysing the fact that n < Ck. O
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We can now conclude using Claims[6.9.1][6.9.2}[6.9.3] and [6.9.4] and the Union Bound:

Pr[T” not k-strong] < Pr(E}) + Pr(Es) + Pr(Ej3)

-2
< (28 —1)exp (*623) + 3n%exp (62n ) + 27k

24 4096
2+ ek 2+ ek _
< 2t -1 _ 2( k 2 _ 2 9 k
<( )exp( € )+3(C’) exp | —€" o +
<1,
by (I). This proves that there exist X1, ..., X; C V(T') such that 77 = Inv(T; X1, ..., X}) is k-strong. O

7 Conclusion

In this paper, we investigated problems of the form: given a digraph, what is the minimum number of inversions
needed such that the resulting digraph has a prescribed connectivity property?

For the first part, it is tempting to understand better the asymptotic behaviour of sinvg(n). In particular, it would
be interesting to see if an analogue of Theorem [I.1]exists for sinvy.

Problem 7.1. Let sinvy(n) = max{sinvy (D) | D k-strengtenable digraph of order n}. Find a good lower and upper
bounds on sinvg(n).

For the algorithmic part, one may wonder whether polynomial-time constant-factor-approximation algorithms for
computing sinvy, or sinv}, exist. Actually, we believe that this is not the case and that Theorems and can be
strengthened in the following way:

Conjecture 7.2. Unless P=NP, for any positive integer k£ and any constant «, there is no a-approximation algorithm
for computing sinvy, (D) or sinvy, (D) given an oriented graph D.

It would further be interesting to understand the complexity when restricting to tournaments. While the complexity
for fixed k is resolved by Corollary|I.17} the following question remains open:

Problem 7.3. What is the complexity of computing sinv,(T') (resp. sinv}, (7)) for a given tournament 7' if k is part
of the input ?

Next, we established several bounds on M}, and M . There is still a significant gap between the logarithmic lower
bounds and the linear upper bounds, so it would be good to improve these. A first question is the following.

Problem 7.4. Are M ,é and M, sublinear functions of k ?

Further, we proved a collection of bounds for Ny (1) and Ny (3). It would be interesting to have stronger bounds
on N () for an integers . In particular, a tight bound for Ny (1) would be satisfying.

Finally, Theorem states that every tournament that is a constant factor bigger than 2k can be made k-strong
by a constant number of inversions. It would be interesting to know if this result can be strengthened in the following
way:

Problem 7.5. Is there an integer ¢ such that for every e > 0, there is an integer ky with the property that for every
k > ko, if T is a tournament on at least (2 + €)k vertices, then we have sinvy (7)) < ¢?

Proposition [T.14] shows that such an integer would have to satisfy ¢ > 2, so ¢ = 2 is the first open case. The
analogous statement for sinv}, is also open.
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