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Abstract

We study the statistics of pairs from the sequence (n®),en«, for every parameter
a €]0,1[. We prove the convergence of the empirical pair correlation measures
towards a measure with an explicit density. In particular, when using the scaling
factor N +— N7 we prove that there exists an exotic pair correlation function
which exhibits a level repulsion phenomenon. For other scaling factors, we prove
that either the pair correlations are Poissonian or there is a total loss of mass. In
addition, we give an error term for this convergence.

1 Introduction

In order to understand the distribution of a sequence (uy,)nen+ in a locally compact
metric additive group G, an important aspect is the statistics of the spacings between
some pairs of points. The approach consisting in taking all pairs of points into
account is the study of pair correlations, more precisely the asymptotic study of the
multisets Fiy = {u, — U 1<nzm<n as N — 0.

These problems were initially developed in physics, especially in quantum chaos,
which has lead to a purely mathematical point of view of pair correlations. See
[ , , | for questions directly linked to quantum physics. In various
examples for the group G, the usual point of comparison for pair correlations is the
(almost sure) behavior of those of a homogeneous Poisson point process of constant
intensity on the space G. If the pairs from (u,)n,en+ have the same behavior, the
sequence is said to have Poisson pair correlations. It is of interest on its own to define
precisely what this behavior is and to quantify how "pseudorandom" a deterministic
sequence has to be when its pair correlations are Poisson [ , , .
Another point of interest is then to find out whether a given sequence has this
behavior or not | , , , , ].

For instance, the sequence ({n®}),en, where {-} denotes the fractional part func-
tion, has Poisson pair correlations if « is small enough, as proven by C. Lutsko,
A. Sourmelidis and N. Technau in their paper | |, and in the special case
o = 3, as shown by D. Elbaz, J. Marklof and I. Vinogradov in | |. As for
the pseudorandomness of this sequence, there are two opposite arguments: on one
hand, for all a € ]0,1[, it equidistributes with respect to the Lebesgue measure on
[0, 1] (see | , Theo. 2.5]), on the other hand, in the case o = %, it does not
behave like a Poisson process at the level of its gaps (i.e. when we only take into
account pairs of points that are consecutive for the order on [0, 1] ), as pointed out

by N.D. Elkies and C.T. McMullen | ].
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In this paper, the metric group G is R. Let us give some examples of pair
correlations in a noncompact setting. On G = R, the lengths of closed geodesics
in negative curvature have Poisson pair correlation or converge to an exponential
probability measure (depending on the scaling factor) | |. On G = R then
G = C, the special case where u,, = log(n) has been shown to exhibit three different
behaviors (once again depending on the scaling factor) | , , .
Motivated and inspired by these works, we fix a € |0, 1[ and study the real sequence
of general term w, = n® Let 8 € ]0,1[, that we will use as a parameter that
determines the scaling. We denote by A, the unit Dirac mass at x. We define the

empirical pair correlation measure of (u,).en at order N as

One interesting behavior in this sum will happen when n and m are close to the upper
bound N. In that sense, the linear approximation N?(N® — (N —1)%) ~ aN#=(1=),
as N — oo, suggests that a fruitful scaling is given by f = 1 — a. Such an intuition
is confirmed in our main theorem.

In order to state it, we recall that a sequence of positive measures (fi,)neny ON
R is said to converge vaguely if there exists a positive measure p on R such that,
for every continuous and compactly supported complex-valued function f defined

on R, we have the convergence uy(f) e wu(f), and then we write py Ni T8
—00 —00

In that context, if u(R) < liminfy_ o, pun(R) (resp. if u(R) = 0), we say that the
convergence exhibits a loss of mass (resp. total loss of mass). If there exists ¢ > 0
such that p(] —e,¢[) = 0, we say that the measure p exhibits a level repulsion
of size . Finally, saying that (n®),en+ has Poisson pair correlations means that
the limit measure p has a Radon-Nikodym derivative with respect to the Lebesgue
measure which is constant. To illustrate the following theorem, an example of the
pair correlation function p, in the case § = 1 — « is shown on Figure 1.

Theorem 1.1. We have the following vague convergence of positive measures
%]O\‘,’ﬁ * pa Lebg
N—o0

where Lebg s the Lebesque measure on R and p, : R — R, is the measurable
nonnegative function given by

( 0 if B>1-—a,
1
@ ] if f<1—a,
a2 — o
Paci b g o
AT aa ) a
7= pe i f=1-a,
1—-a
\ p=1
where | - | denotes the absolute value function on R, and |-| is the lower integer part

function from R to Z.



We can interpret Theorem 2.1 as a result on counting small values in the multisets
Fn = {n® — m®}<pnzme<n as N — o0. Indeed, the theorem, together with the
regularity of the function p,, is equivalent to the claim that, for all a,b € R such
that a < b, we have the convergence

1 b ’
Ni=ash Card(FN N ]%, W[) e J pa(t) dt.

Let us comment on the transitional regime § = 1 — a. The even function p,
is piecewise continuous on R, with discontinuity at each point in aZ — {0}, and
bounded: its maximum is reached at the points +« and is equal to p,(a) = m

For every k € Z — {0}, the function p, is smooth on the open interval |ka, (k+ 1)a].
Ast — +o0in R—Z, a comparison with an integral shows that p, (t) ~ 06(2’7_1(” Thus
the function p, flattens around +oo. The same comparison with an integral gives us
the convergence p,, = m This limit could be interpreted as a continuity result
between the two regimes § =1 — «a and § < 1 — a. Indeed, we have the equality
supp ,@f\‘,’ﬁ — NPAFy, thus the points from the multiset Fiy sent to +o0 when scaled
by a factor N?, under the regime 8 = 1 — o, need a smaller scaling factor to be
actually observed in the support of a limiting measure: those are points giving rise
to the Poisson behavior of pair correlations of (n®),en+ in the regime 5 < 1 — a.
Such a continuity interpretation can also be argued between the cases § = 1 — «, for
which p, Lebg exhibits a level repulsion of size a), and 3 > 1 — a where we have a

total loss of mass. See Figure 1 for an example of both those continuity properties.

Figure 1: The empirical distribution (in blue) of pair correlations for (y/n)1<p<ny with
N = 10° using the scaling factor N — /N (and renormalization factor N +— N),
and the limit distribution p1 (in red).

Theorem 1.1 will be stated in more detailed version in Theorem 2.1 using a wider
range of scaling factors, then in an effective (stronger) version in Theorem 2.2.
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Our study is much more involved than the work of | ] on the pair cor-
relations of (log(n)),enx. Here we have different sequences to study in parallel,
depending on the parameter a. In order to have a precise estimate for the error
term, it is important to keep track of its dependence on « in the technical lemmas
we use to prove our theorem. The next section is dedicated to that matter.

Acknowledgements: This research was supported by the French-Finnish CNRS IEA PaCap.
I would like to thank J. Parkkonen and F. Paulin, the supervisors of my ongoing Doctorate,
for their support, suggestions and corrections during this research.

2 The main statement and technical lemmas

Let a € ]0,1[. We will denote the set of nonnegative (resp. positive) real numbers
by R, (resp. R%). We are interested in the statistical behavior of the real sequence
(n®)pen+. For that purpose, we study its empirical pair correlation measures given
by the following general term

N 1
%N:W 2 Ay (ne—me)
1<n#m<N

where for every x € R, the notation A, stands for the Dirac measure at x, the func-
tion ¢ : N — R* is called a scaling factor and ¢ : N — R is called a renormalization
factor. Both those functions are assumed to be converging to +oco.

Theorem 2.1. We assume that ]%,(IJQ fraes A € [0, +0] and for every N € N, we set
—00

Y(N) = g;]:,‘; Then, we have the following vague convergence of positive measures

N
Hr N, Pa Lebgr

where Lebg s the Lebesque measure on R and p, : R — R, is the measurable
nonnegative function given by

( 0 if A= 4o,
1
_ iFoA=0,
Dot 2 a2 — a)
.y |1

aT /|t]\ =2 )

1_@( ) Zpla if  AeR:.
\

We notice that, scaling the pair correlation functions p, in the exotic case A = 1
for different «r, we can compare them with each other. Let us define the functions
Do t— a(2—a)ps(at) and see on Figure 2 how these functions seem to collapse to
the null function as @ — 1, except at integer points where they explode. This remark



can be considered as a continuity observation as a — 1, since a direct computation
grants the vague convergence

1 #
N 2 Bn-m N Z By

1<n#m<N pEL*

Figure 2: The scaled pair correlation functions p, in the exotic case A = 1 for
1 9 99

different power parameters: o = 5 (in blue), a = {5 (in green) and o = 155 (in red).

Using C! functions, we also obtain an effective version of Theorem 2.1. To state
it, we use Landau’s notation. For functions F,G : N — C depending on some
parameters including a, we write F(N) = O,(G(N)) if there exists some constant
co > 0, depending only on «, and some integer Ny, possibly depending on all the
parameters, such that, for all N > Ny, we have the inequality |F(N)| < ¢o|G(N)|. In
our case, the rank Ny will depend on the real number «, the size A of the support of
the test function we evaluate our measures on, and the scaling and renormalization
factors.

Theorem 2.2. We assume that ]%,(IJQ s A € [0, +0] and for every N € N, we set
—00
2

PY(N) = ](z(]:,; Let f € CHR) and choose A > 1 such that supp f < [—A, A].

o If\ =40, then for all N large enough so that (s‘ﬁgﬁ)& > A, we have Z%(f) = 0.

e If X\ =0, then there exists c, > 0 depending only on o such that, for all N large

enough so that p(N) > 2;4_1, we have the inequality

LN
a2 —a)

Leba()] < call e + 1) (20D + Ly L),

“%%(f) o Nl-«a Na¢(N) N

o If X e R%, then using the notation p, from Theorem 2.1, we have the estimate

AN (f) = pa Lebr(f)

+Q4Aﬁﬁwﬂy+”ﬁw+Aamejﬁlf?_q)

5



Remark 2.3. An explicit constant ¢, will be given at the end of the proof of
Theorem 2.2 in the case A = 0. The associated statement gives us a somehow weak
control on the error term, as ﬁ(ﬁl can go to zero very slowly. A similar remark
applies to the statement regarding the case A € R /\%ﬁ L
slowly.

*
+9

since can go to 1 very

The fact that Theorem 2.2 implies Theorem 2.1 comes from the classical argu-
ment that one can pass from the convergence of regular measures on CC1 functions
to all C? functions by density for the || - |, norm. However, in the space C? we loose
any kind of effectiveness as (| f/ |« )nen can explode along a sequence approximating
a continuous function.

2.1 Symmetry of the empirical pair correlation measures

For the clarity of the proof, we begin with some practical lemmas. The first one
uses the symmetry centered at 0 of the measures Z% . In order to reduce the proof
of Theorem 2.2 to the asymptotic study of a sequence of measures on R, we define

1 1
,%K‘/ﬁ_ = — A¢(N)(n°‘fm°‘) and ‘%N’_ = Vi A¢>(N)(no‘fm°‘)
QZJ(N) 1<m§1<1\7 d}(N) 1<n§1<N

so that we have the decomposition % = Zy" + £y~ and the inclusions of their
support supp(Zy ") < R* and supp(%y~) < —R*.

Lemma 2.4. We assume that ]@(ﬂl o A € [0,40] and for every N € N, we
—00
set Y(N) = % Let f € CH(R) and A > 1 such that supp f < [—A, A]. Set

f :t— f(—=t). Let F: N — R, be a function possibly depending on the parameters
a, &, | fllew, [ f o, A and X. We assume there exists a real number c, > 0, only
depending on «, and a integer Ny € N such that, for all N = Ny,

Ca

8" (f) = 1. pa Leba(f)| < 3 F(N) and |%5*(f) = Lz, pa Lebr(f)

Ca
< —F(N).
“F(N)
Then, for all N = Ny, we have the inequality
5(f) — paLeba(f)] < caF(N).

Proof. Using the symmetry Z%~ = (t — —t).%Z% ", the invariance of the parame-
ters of F' under this change of variable, and the fact that p, is even, we have the
inequality, for all N > Nj,

925 (f) = Le_pa Lebg(f)] = |(t = —8).(#y" — Lz, pa Lebz)(f)|
= |3 (f) = 1z, pa Lebr(f)| < caF(N).

The result then follows from the triangle inequality. m
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2.2 Linear approximation

The second lemma is a linear approximation process. Indeed, we will be able to
approximate the re-written expression Z%" = A~ SN SWVom A

N B(N) Ldm=1 Lap=1 “¢(N)((m+p)*—m*)
by the positive measure on R, defined by

—1 N—m

Y= N ZZ

mlp

Lemma 2.5. Let f € C}(R) and choose A > 1 such that supp f = [—A, A]. Let
N e N*. We assume that N is large enough so that ¢(N) > 2&’4_1. Then there exists
a positive constant ¢, > 0 depending only on «, such that

N2(1—a)
%a,—i-f_lu-i-f <C;A3f/ -
Remark 2.6. In the case at hand, we will assume that the renormalization factor is
linked to the scaling factor by the formula ¢(N) = ];(2 (; The inequality in Lemma

2.5 thus becomes

-

Nep(N)

Proof. For all a,b € Z, we use the double brackets notation [a,b] = {a,a +1,...,b}
for the interval of integers between a and b. Let N > 2 (for N = 1, we have
YT =pui =0). Forme [1,N—1] and p € [1, N — m], we want to bound from
above the quantity

@)+ p) = m®) = (6N -2

To do so, we first observe that a bound on the contributing p arises from the fact
that the function f is compactly supported. Indeed, for all m € [1, N — 1] and
p € [1,N —m], we have the equivalences

25" (f) = pn (D] < QA f

PN) 5 <A <= p< fc‘y’g(l]\_];
and ¢(N)((m+p)* —m*) <A <— p<(ﬁ+m°‘)i_m,
Thus we set some bound for p in this proof by defining the function
Aml~e A 1
1 Pmax - (N, m Hlmax{ , + m® a—m}J
= (m) aoy Ly * )

and we denote by Iy the set of indices (m, p) respecting that bound on p, that is to
say Iy = {(m,p) eN? : 1<m<N—1,1<p< puax(N,m)}.

Applying the mean value inequality to f and the Taylor-Lagrange inequality to
the function x — (1 + z)®, we obtain the following inequality, for all (m,p) € Iy,

[FO(V) (G + )" = ) = FOV) 52| < 17 o1+ 2)" 1= 2
@ <1 leon 2L



Our goal is then to bound from above the sum Z (m.p)eln mé’Qa. For that pur-
pose, we use some integral comparison. We extend pp. to N* x R, still using the
expression (1). We will compare the above sum to the integral defined by

N-1 rpmax(N,z+1)+1 y2
In = f J 5 dydu.
z=1 Jy=1 x

To justify the comparison, we begin with a unit square. The variations in each
variable of the integrand function provide the inequality, for every m,p € N*,

2 2
Y p
dyde > —
J[m,m+1]x[p,p+1] g2 (m + 1)

We can bound from below the integral Jy by the sum of integrals on the unit squares
under the graph of the nondecreasing function ppax(N,-) + 1. We thus obtain

JN_l J‘pmax(N,m-&-l)-&-l y? N=2 pmax(N,m+1) y?

> dydx > Z 2a dydx
m=1 p=1 [m,m+1]x[p,p+1]
N-—-2 pmax( ,m"l‘l) 2
= £ 22—«
m=1 p=1 (m + 1)
maX(Nal)
_ P B ! P
9—
(mvp)EIN m ¢ p=1

As ¢ — +o0, the definition of pmax indicates that Pmax(N,1) = 0 for N large

A
ad(N)

enough. More precisely, it is the case if we have both inequalities < 1 and

(ﬁ—l)i—l < 1, or equivalently if we have ¢(N) > Amax {1, -5

is one of our assumptions. Hence we have the inequality Z(m Dely m2 - J N-

It remains to evaluate the integral Jy. Using the facts that for all z > 1 (or
x = 0), we have the inequality (x + 1)3 — 1 < 2323 and by observing that pyax(V,-)
is integer-valued, we obtain the following sequence of inequalities

N—1 prpmax(N,x+1)+1 1 N-—-1 o N 1 1 3_1

1 x2—a

pmax(N T+ 1)

< ? ) 2o dx
T l1—a 1 3
8 (N- 1maX{ 0;51]2,) ,(¢(‘?V) +(@+1)%a —(z+1)} i
X § , x‘270‘ X

dx

8 23(1704)143 N—-1
R n—
3 a?¢(N)3 L
8.23(1_Q)A3 NQ(l—a) 8
< +
6(1 —a)ad® ¢(N)> 3

N-1 (g +1 3 % +1 % 1 3
21720 gy 8f ( ) ((¢(N)(x+1) ) )
3. x>

!/
I



where J}, is the last integral on the previous line. Using the mean value inequality for

the map x — (1+x)a (whose derivative is increasing) between 0 and m,
A A

the inequality sy <1 (coming from our assumption ¢(NN) > 5=5), the remaining
integral J) can be bounded as follows

_ 1 A 11 A 3
JN P+ 1P+ D) ¢>(N)(:v+1)a) J

and

Jy < 1 2a x
_ 25143 1 JNI (z + 1)30-) J
S — e — I
o3 H(N) ), 72—
9a+2-3a 43 N-1 120 95 +2-3a 43 N2(1-a)
< Tdr < .
ey B S e

Combining this integral approximation with our inequality (2), we finally obtain the
inequality

257" (f) = i (F)]

a(l —« N 2 a(l —« N
e e [
(m7p)EIN
<a(1 —a) Hf’H H(N) (8 . 93(1=a) 43 N2(1-a) . 8. 9at2-3a 43 N2(1a)>
T2 “Y(N)\ 6(1 — a)a? G(N)3 303 SN
N2(1—a)
<t W ey
where ¢, — 21+3(1—a)+§j;4—3a(17a) < %2% -

2.3 Riemann sum approximation for compactly supported
functions
Finally, the third lemma is a practical quite standard version of the Riemann sum

approximation with estimate of the error term which is suitable for compactly sup-
ported C! functions.

Lemma 2.7. Let f € CX(R) and choose B = 0 such that supp f = [—B, B]. Let
0 >0 and M € N*. Then

Mo S [ Nl 5.
]0 fitdt -5 fpo)| < ) “omin{B, Mo},

Proof. Assume that M¢§ < B. By the triangle and mean value inequalities, we thus
have, for all p € [1, M],

Do po pd 52
| rwa-srws| < | IF e 8~ = 15
(p—1)d 5

(p—1)¢

(6 — Fo8)|dt < f

(»-1)
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By summing over p € [1, M] and using the triangle inequality, the lemma is proved

in the case Mo < B.

Now let us assume that Md > B. The quantity we want to evaluate can be

written

, 2]
|, far oY 10|

The case we first proved thus yields the inequality

(3 \f s

5Zf ‘

Hf oo 2

#5]

For the remaining part of the integral, we use once again the triangle and mean

value inequalities and obtain

@ ;J foa] < | T I

8

Summing both inequalities (3) and (4), we get

B 5]
”0 f(t)at 52Q J+(

53} f09)] < (2
Lo (8]

1"l
2

This concludes the proof of the Lemma 2.7.

3 Proof of Theorem 2.2

15D

)

We now have the tools to prove our theorem. As we are studying three regimes
for the scaling factor ¢ that are completely different in terms of behavior of the
sequence (Z%)nen, the proof will be divided accordingly. Recall that we impose, for

all N € N, that the renormalization factor is (N

o N2foz
) = (N)

even though it has no

importance in the first regime. By Lemma 2.4, we only need to study the effective
behavior of the positive part of our pair correlation measures, which is defined by

Let f e C}(R) and choose A > 1 such that supp f < [

)((mA4p)*—m=)-

A, Al



O(N)
Nl-«

3.1 Regime P +00

—00

In this first case, we want to show the vague convergence towards 0. For all z > 0,
we have the inequality

v ax
1 T—1= 1+ Mt > —————.
(a) = 1= [ o+t > 2

Consequently, for all N € N* all m e [1, N — 1] and all p € [1, N —m], we obtain

S(N)((m +p)* —m®) = o(N)m* (14 L)* = 1)

m

ar ap ag(N)
5 > ¢(N)m®—2— = (N > :
) NI s = o s >
One can notice that we have not yet used any assumption on ¢ (other than its
positivity). If N is large enough so that % > A, Equation (5) yields the
equality Z% " (f) = 0 (in fact, independently on the choice of the renormalization
factor ¢). That concludes the proof in the first case.

oN)

3.2 Regime Nio v

Our goal is to show the asymptotic Poissonian behavior of (Zy ™) yen, With the speed
of convergence described in Theorem 2.2. By Lemma 2.5 (more precisely, by the
Remark 2.6 following it), it suffices to prove the same result for (uk)yen instead.
As we want to show some convergence towards a measure absolutely continuous
with respect to the Lebesgue measure Lebgr, on Ry, we will use a Riemann sum
approximation of the sums defining the measures uj% and thus compare them to
integrals. For that matter, for all N € N — {0} and m € [1, N — 1], we set

_ ag(N)

5N,m o ml-a

Y

corresponding to the step appearing in the second sum defining ;. Let N € N—{0}.
We define the positive measure v3; on R, by

1 &1
vh = 1 —m Lebg. .
N w(N) 7n2=1 5N,m [Ov(N )(SN,m] R4

Lemma 2.7 with B = A, M = N —m and § = dn,, grants us the inequality

(N—m)

lun () —vn(f ‘ Z S <5Nm Z f(Ponm) — J(N—m)‘st f(t)dt)’

0

(6) 2 e 'f;“’ N N {A, (N — m)Sx m}.

11



In order to evaluate the above sum of such minima, we use the following equivalence,
for all m e [1, N — 1],
A
x
ag(N)
A straightforward study of the functions gy shows that they each admit only one

zero xy in |0, N[, which has the asymptotic behavior zy ~ N. More precisely, we
have N (1 — )) = N — AN < 2n < N. Using the inequality (6), we obtain

11—«

(N —m)dnm <A < gny(m) <0 where gy : 2 — (N —z) —

A
aN>p(N

ag(N)
Hf% & N-m
1 () = v ()l < (2A+ as(N) Y, )
m=|zn|+1
Hﬂ% N —
Qw()<NA+ ad(N J mj

since x +— i\tf is nonincreasing on |0, N]. Using the above approximation of zy,

. The integral S N2 dx

rl—oa

we get, for all z € [xy, N], the inequality N -z < a¢>(

( ) = ¢(N) , it yields

£ ANy _ (Lt @)A1/ o)
26(N) o)) ST ke N

We remark that this error term goes to 0 only in the case at hand: we won’t be

able to use the same measures p3 and vy, for the last case % e A e RY.
—00

Now that we are assured that the measure vy is a good approximation of u};, we
can move forward and study the convergence of (v3)nen. As those measures have
a density, that we denote by 6y, with respect to the Lebesgue measure, we study
their pointwise convergence. Let t € R,. We have

(1) v () —vn (Nl <

(NA+aMN)

N-—1
On Z 5 (N—m)8.m] (F)-

=1

To see its behavior as N — o0, we use a t-depending version of the function gy : for
all m € [[1, N — 1], we have

! x
ag(N)

Once again, each gy, only has one zero in Ry, that we denote by zy;, and we

still have the approximation N(1 — aN+¢(N)) = N — % < zyy < N. Since

-«

(N —m)in, <t < gni(m) <0 where gy : x— (N —2) —

W(N) = 22 we can rewrite Oy () as follows:

#(N)
o] o] o]
1 1 1 e 1 o ia
®) 6t = ¥(N) mZ Snm  ad(N)U(N) mZ T AN mZ '



The last sum is comparable to an integral. More precisely, we have the approxima-
tion

lzn,e] lzw,e]
f ot %dr < 2 m!~* < J ' x4 oy
0 0

1 Lo ] 1

2—a

Jl—a'

o |z N 4] + TN

Combining this integral comparison with the expression (8) and using the asymptotic
behavior zy; ~ N as t € Ry is fixed, we get the pointwise convergence

(9) On(t) L Palt).

N a2 — «)
We could conclude the proof of Theorem 2.1 in the case at hand, that is under the

regime S(N) o 0, by use of the dominated convergence theorem. However, for
e}

Nl—«a
the effective version we present in Theorem 2.2, we need more precision. First, we
have the inequality

A 1
WE(S) — po Leba, ()] < |f”oofo ‘QN(t) - a@_&)‘dt.

For all t € [0, A], the previous integral comparison and the approximation of x
yield

[t
‘HN(t) a a(21—a)‘ - olz‘Nia mZ::l - ZEa‘

1 lmN tJ2—0¢ [xN tJl—a [xN tJQ—a
<— LENEL 9 )2 g 1 = 7}
a2 —a) "™ {‘ N T2 ’ N2-a
1 < 1 t )
<=+ ———=)
a\N aN*p(N)
We consequently get the estimate, for all N € N,
A A 1
10 + _ aL b < Hf”oo ( 7)

Summing the error terms from Lemma 2.5, Equations (7) and (10), we finally get
the effective convergence in the second case of Theorem 2.2: for all N large enough
so that ¢(N) > ﬁ, there exists some real number ¢, > 0, depending only on «,
such that

o e ! ¢ N ! .
577 ()~ paLebr, ()] < 2 (11 + 1) 4° (So) + Noow) )

(We used % in order to stick to the notations from Lemma 2.4). An explicit example
of such a constant is given by ¢, = 2 I?ax {c’a, 12%‘1, ﬁ , where ¢/, is defined in the
1 -« & t4—3a 1 _
proof of Lemma 2.5 as ¢, = 2 i )+§a2 (1=a

an example of a constant for Theorem 2.2.

), Using Lemma 2.4, the same ¢, is

13



3.3 Regime ﬁ(ﬁl frans Ae Ry

—00
Let us first assume that f € C}(R*) (instead of C}(R)) and choose 0 < ¢ < 1 such
that supp f < [, A]. This lower bound on the support of f will not be an obstacle,
as the limiting measure will display some level repulsion property. We discuss how
to pass to general test functions in C!(R) at the end of the proof.

For this third and final case, the previous estimate (7) is not enough: it gives
an error term that does not vanish as N — oco. This gives us a hint that the limit
measure will be exotic in comparison to the ones from the two previous regimes.
Let us temporarily use the explicit notation p, = po. in order to emphasize the
dependence of the function p, on A. We first notice that, since the real function
x +— Az is (continuous and) proper, and thanks to the formula

N 1
R A Gy 1<§<NAW"‘”"”“>>

and the equality A(x — Az).(pa,1 Lebr, ) = pa, 1( ) Lebr, = pa Lebg,, it is suffi-
cient to prove Theorem 2.1 in the special case A = 1. For Theorem 2.2, we will discuss
how the error term depends on A at the end of the proof. Henceforth, we assume

that A = 1. As in the study of the regime N(lNl

and study the behavior of (u})nen. Fix N > 2. Recall that ¢(N) = % v N
—00

in this case. Set hy :  — 2~ (7% which is a diffeomorphism on R? with inverse

— (0, we use Lemmas 2.4 and 2.5
N—o

2 — 2 Ta. We can then define the positive measure fij; on R* by the formula
Ji = (hy")wpiy, that is

(11)
1 N—1N—m 1 N—-1N-p
it = —— A= A,

W )m=1 p=1 m(ams(zv))ﬁ (N) p=1 m=1 (aps(N >>1 =

We thus see ji}; as a weighted sum of Riemann sums with step denoted by
1

P

(apg(N)) ==

We will compare it to the positive measure 3, defined by the equality

5N,p =

N-—
Uy = Z Ljo,(N—p)on,,] Lebr, .
For that purpose, we will use Lemma 2.7, and thus need to understand thoroughly
the quantity min{A, (N — p)dn,}. We have the equivalence, for all p € [1, N — 1],

1 (N—x)l
aAl=*  §(N)

(N —p)ony = A < gn(p) <0 where now gy : z— x —

14



A straightforward analysis of the function gy shows that it has a unique zero xy in
10, N[. Then we have the convergence xy e { = —i—=. We immediately get the
—00

following bound for the speed of convergence:

N (N—I'N)lia Nl
(12) w_ <

¢ O(N)
Suppose first that o # % (i.e. ﬁ # 2). Because of the initial change of variable
ha, we have to be cautious: when summing to get the total error term, we will
apply Lemma 2.7 to the function f = f o h,. The inclusion supp f < [, A] yields

supp f < [ﬁ’al%&]; Set A = . Applying Lemma 2.7 to f with § = dy,,

M = N —pand B = A, and using an integral comparison coming from the fact that
1

the function z — (N — z)z~ = is nonincreasing on R* (while being cautious of the

case |xy| = 0 for the integral to be definite), we have

() = %))
1

N-1 1 (N_p)(sl\’p pr ~

< F)dt —bn, Y f(md

¢(N) pz_l 5N7p 0 ( ) N,p 7712_1 ( NP)
< |7 Nz_zlmm{ﬁ (N —p)onp}

2p(N) & T ’

zN| N-1

[ £ ]le0 ~
< A+ (N —p)on

21/)(]\7) (p_l pelom] 41 p)
Ay W 1N N

2¢(N) 1

Aot N Feo N YON-z
S20(N) 6(N) | 26(N) (ap(N)) == <([xNJ + 1) " LNJH pTa w>
:fl\lf’Hooﬂ+ 1N

2N 2(N)(ag(N)(|an] + 1))7=

~ x=N
1o [N L 1 ]

Y N | T— = T Tt T
V(N)(ap(N)) == —a —a w=lan|+1
where we used the formula ¢(N) = % The expression between brackets is equal
v (1—a)? | |
— 1 — —a — 1—2a
e\ = N + 1) + +1)Ta.
al2a —1) o' (lew] +1) 11— 2@([%\/] )

—a . . 1-2a |
The function  — 27-« is nonincreasing on R¥, and x — x == is monotone (of

monotony given by the sign of % —a). By the inequality (12), for all N large enough
(depending only on «, A, ¢), we have ¢ < |zx| + 1 < ¢+ 2, providing the estimates

15



(lex]+1)T5 < 075 and (Joy|+1) s < C(f,a) = LT« or ((+2) T« (depending
of the sign of %—oz). Summing those error terms, recalling that ¢(N) ~ N1~ hence
Y(N) ~ N, and using the inequalities ﬁ <l < é, we get the following bound

B ~ gﬁ 1 1 6% 0(67 Oé)
(D) =D =0 (Il (r + o vty ae )

:anﬂm@xwﬂiwzoawﬁu%+Aw_

N—ac

For the case a = %, the integration of z — gives an extra error term of order

log(N) coming with a factor # ~ 47, which keeps the result valid since

< % Recalling the definitions A =

xla

log(N)
N2

o hy, we finally have

755 (f 0 ha) = D55 (f o ha)| = Oa(m/ﬂoh|k(la+fg>

B |he £ 0 hallocA
(13) - 0, ( o .

Our goal is now to find the limit of (73 )nen and to inverse the change of variable in
order to get back to (Zy " )nen. Let t € R*. The Radon-Nikodym derivative 0y of
U3 (with respect to the Lebesgue measure) is given by

I - L3 Ly (t)
VW Z G & 5y, it

Let us rewind using the change of variable h, : 2 — =07, Set vy = (hy)«Dg. Its
Radon-Nikodym derivative 6y verifies

I ) = 0O o (0 = Z Lo -] (725).

We have the equivalence, for all p € [1, N — 1],

t (N —z)'-
(N >5Np t 1 @ = gNt( ) < 0 where now gN’t:xH;(;_f%_

Once again, a direct study of these nondecreasing functions gives us the existence of

a unique zero xy; of gy, in |0, N[. It verifies zn o é and its definition grants

us the following estimation for its speed of convergence, valid for all N > 2,

(14)

t N-@ t 1-a t Ni-@
— - S TNt S — .
agb(N)( aN%b(N)) a ¢(N)

16



This estimate is useful as it implies some uniform convergence, namely that for all
compact subset K in R, , we have

t
15 sup |yt — —| — 0.
Using first the nonuniform version of this, we have the following pointwise conver-
gence, for t e R, — aN,

=] ~ 15

0= FEL Ay T X v el T

p=1 p=

Let 05 : R, — R, denote the limit measurable function on R, in this (almost ev-
erywhere) convergence, which is the restriction to R, of the function p, in Theorem

1 (for A = 1). In order to get an effective vague convergence, we first observe the
inequality

A

v (f) = O Lebr, (f)] < f |[F(#)(On () = (2))| dt

0

1

IR BT
o= p(N)== (4 2a . -
<t 2 jot = Z pe - Yprla

(16) 1|2 Ty [ o

For all £ € N, the function 6, in bounded on the interval interval [ka, (k + 1)a].
Since, by comparing to an integral, we have the convergence 6. E) m, this

proves that 6, is bounded on R, . As 6, is defined using only the parameter «, we
have

11| 250 f it = 0, (1714|505 1

o o (A(22)

As the lower integer part function |-] is continuous on R — 7Z, we know that, for
all t € R, — aN and N large enough depending on ¢ (and «), we have the equality
1

|lzn:] = [éj, meaning that Oy (t) = ¢(fz()]\ll)fa 0, (t). We set

by = W)

o)

Thus the almost everywhere convergence of (éN) Nen 1S stationary. However, it is not
necessarily uniform as it can be much slower for ¢ close to aN. Define two functions

17



o_ 1t—t— a[éj and 0, : t — a[ﬂ — t, where [-] denotes the upper integer part
function. We use the speed of convergence of the sequences (xy;)nen described in
the inequalities (14) and we get, for all t € (R, — aN) n [0, A],

:EN,t<[:;J+1<= ;j;/(l;v [tJ+1(:) 2[(;;<BJ;+1:1+5+1€@)
l-a —a

and T, 2 LZJ - @;V(N) (1 N aNa;(N))l > LiJ

thustt)LiJ — iﬁ(;;(l_owcjjlmy—a}?:l_(i@).

Now let us study, for N large enough independently on ¢, the proportion of ¢ € [0, A]
verifying both of these inequalities on d.(¢). Let us define

%—1) or §_(t) < t<1—2[(No; (1_0[]\[;;(]\[))1_&)}7

that is, the subset of t’s failing to verify at least one the two previous inequalities
which were allowing to have Oy (t) = 6.,(t). By definition of 6_ and &, , the set Xy
is included in a union of intervals I around each ka, for k € [[O, [gﬂ] , whose length
is at most

k(g 1)+ 600~ g (0 i) ) =0 (430 1)

As we will sum these lengths, it is important to notice that the right-hand side of
the previous equality does not depend on k: there exists ¢! > 0 depending only on
« such that, for IV large enough, depending on «, A and ¢, for all k € [[O, [gﬂ], we
have the inequality

Xy = {te& L8, (1) <t(

Nl—a
Lebgr (1) < c”A( —1>.
In order to also get some upper bound on |éN — 0y| on Xy, we use the uniform
convergence property (15): we know that there exists Ny € N (depending on «
and A) such that for all N > Ny and for all ¢ € [0, A], we have the inequality

HxN’tJ — [é“ < 1. We also notice that éN = 0, near 0. More precisely, there exists

some integer N; > N such that, for all N > N, we have the inequality & ¢ ) < 2,
hence zy; < 2% thanks to the right-hand side in the inequalities (14). For such
integers N, we have the equality Oy = 6,.(= 0) on [0, $]. This equality can be
understood as the level repulsion phenomenon for #y. We can now bound from
above the integral of |0 — 0. Indeed, for all N = N;, we have
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A
f ti% Z pﬁ — Zplfcx dt
0 1 p=1 p=1
oy L N\ T
<J tiﬁ(m—;ju(—)l >dt
[2,A]~X N ’ @

< S 42& ”A)Nl - 1‘ — 0, (A2 2[(1 L 1D

By Equations (16) and (17), and since A > 1, this gives the final error term for the
vague convergence of (V) nen:

() = 0 Lo, ()] = Ou (11?5 =144 (552) ™ 1))

N
19 - o (12| (555) ™ -1]).

Recalling the definition of A, : @ — —=, hence |h),| : # — (1—a) =, and summing
the error terms from Lemma 2.5 and Equations (13), (18), we ﬁnally obtain
%" (f) = 0 Lebg,, ()]
<IZNT(f) = mn (D] + 1pn () = v ()] + [ (f) = 0 Lebr, ()]
=25 (f) = mx ()] + [(ha)s iy (f) = (ha) s (£)] + [Va () — 0 Lebz, (f)]
AP it ( e =
=0, (Fam s ) + I it omal+0u (17147 (50) ™ 1))
A f o et o halwA o S(N)\ ==
=a (Na¢( I Hf”wKNl ) *1‘)

o (AUl [ (ATE) [1f A S(N)\ =
_Oa( ot N -|—A2HfHOO‘<N17a> —1‘

Al AT SN =2
_O“( N T Nela +AHfH°O‘<N1 a) _1"

Now let us drop the assumption on the existence of some positive lower bound &
for supp f: let f € C}(R) and choose A > 1 such that supp f < [—A, A]. We remark
that both the positive measure ., Lebg, and the measures Z5y ", for N € N — {0},
display some level repulsion property. Indeed, the function 6, vanishes on [0, o,

and Equation (5) implies that, for all N € N, we have supp Zy " < [;@SZE, +oo[.
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For all N large enough so that ;3(1]1)1 > %, we thus have both inclusions

supp (8o, Lebg, ) < [a, +oo[ and supp B3+ < [%7 —i—oo[.

Set € = §. By a standard smoothing process, we know there exists a function

g € CL(R) verifying

(1) the functional equality g = f (and hence ¢’ = f’) on the interval [2¢, A],
(2) the inclusion supp g < [e, A],

(3) the inequality [g]o <[ f],

(4) and the inequality [ ¢/l < [ f/]o0 + 2.

For N large enough, the interval [2¢, A] contains the support of both measures
0 Lebr, and #yv*t. Thus, the approximation g of f grants us the asymptotic
upper bound

253" (f) — 020 Lebg, (f)| = |25 () — 0 Lebr, ()|

Ag e AT g o B(N)\ =2
—Oa< N + gl () T -

Nglfa N1l-«
o, (A AT e +1510) | ey (20
- Ya N LI\ N1« ’
Since 3 < 31125, this concludes the proof in the case A = 1. For the general case,

we use the notation f) : x — f(Az). Using again the notation p, » to underline the
dependence of p, on A\, we have

|25 (f) = pa Lebr(f)]

TN wim 1<n;n<NA¢(<V) ooy ) (F) = A+ A2).(p Leb) ()

:A’Awim KH;MN fk(qs(i\]) (1 = m%)) = pa LebR(ml

=)0, (A31_2c7(f$\oo + [ f2]l0) +A2Hf>\|\oo‘< d(N) )ig - 1‘>

N AN1-«a
o (AT + Al ) B(N) \ 2
—oa< A + A | (s ) —1\)-

This proves Theorem 2.2 under the third regime, i.e. assuming A € R, and finally

concludes the proof of Theorem 2.2. O
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