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We theoretically study the Plateau-Rayleigh instability of a thin viscous film covering a fiber
consisting of a rigid cylindrical core coated with a thin compressible elastic layer. We develop
a soft-lubrication model, combining the capillary-driven flow in the viscous film to the elastic
deformation of the soft coating, within the Winkler-foundation framework. We perform a
linear-stability analysis and derive the dispersion relation. We find that the growth rate is
larger when the soft coating is more compliant. As such, softness acts as a destabilising
factor. In contrast, increasing the thickness of the soft coating reduces the growth rate, due
to the dominating geometrical effect.

INTRODUCTION

The breakup of a Newtonian liquid column into
droplets due to an instability driven by surface tension1–3

is a commonly observed phenomenon, as illustrated for
instance by water falling from a tap4. This phenomenon
was first investigated by Plateau5 and Rayleigh6 and
hence it is known as the Plateau-Rayleigh instability
(PRI). It plays an important role in technologies, such as
optical-fiber manufacturing7, coating8–10 and nanometric
crystal growth11. Living creatures also make use of this
instability to achieve particular purposes, as evidenced
for example from droplet transport on a spider web12,
water harvesting by plants13, or the protein-droplet for-
mation on microtubules14.

A liquid film coated on a solid cylindrical fiber can
also undergo the Plateau-Rayleigh instability15,16. Stud-
ies have for instance addressed situations where the liq-
uid film is flowing down a vertical fiber17–20. Others have
employed the instability to investigate physical effects at
interfaces, such as the slip boundary condition21–23 at the
solid surface, as well as thermal fluctuations24, van der
Waals forces25–27 and surfactant effects at the liquid-air
interface28, or to trigger droplet motion29. The instabil-
ity is also present in the late stages of thin-film dewet-
ting30–32, and it can involve viscoelasticity33–35 as well
as non-trivial geometries36. Certain studies go beyond
the linear-stability analysis and address the non-linear
growth dynamics37–39. However, there has been a lack
of investigations of the PRI when the solid interface is
deformable. Interestingly, soft solids such as gels and
elastomers are ubiquitous in material and biological sci-

ences and their coupling with fluid flows is a current topic
of research, as evidenced by soft wetting40,41, soft lev-
elling42, soft dip-coating43, contactless rheology of soft
materials44–46, or soft-lubrication lift47,48. In this arti-
cle, we theoretically reveal and characterize the PRI of
a viscous film on a fiber consisting of a rigid cylindrical
core coated with a thin compressible elastic layer.
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Fig. 1 Schematic of the problem. A rigid cylindrical fiber of radius
a is pre-coated with a compressible elastic layer of thickness s0,
and the ensemble is covered with a thin viscous film of thickness
e0. Due to the interplay between capillarity and geometry, the free
interface initially located at radial coordinate r = h0 = a+ s0 + e0
undergoes a Plateau-Rayleigh Instability (PRI).The latter leads to
a viscous flow, which is coupled to the elastic deformation of the
soft coating and gives rise to a radial thickness profile r = h(z, t)
along the axial coordinate z and time t. A given profile mode is
characterized by its angular spatial frequency k.
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A schematic of the problem is shown in Fig. 1. We con-
sider a thin viscous liquid film of initial thickness e0, cov-
ering an infinitely-long cylindrical rigid fiber of constant
radius a coated by a thin, soft and compressible layer of
Lamé coefficients G and λ with initial thickness s0. The
central axis of the fiber, oriented along the z direction,
is chosen as an origin for the radial coordinate r. We as-
sume the orthoradial invariance of the free surface profile
described by r = h(z, t) = a+ s(z, t)+ e(z, t), along time
t. Initially, at t = 0, one has h(z, 0) = h0 = a+ s0 + e0.

We now describe the temporal evolution of the system
through an incompressible flow of a viscous Newtonian
fluid where gravity, disjoining pressure and inertia are
negligible. We consider the local hydrodynamic pressure
field p(r, z, t), in excess with respect to the atmospheric
one, as well as the local fluid velocity field v(r, z, t). We
further denote by η the shear viscosity and by γ the air-
liquid surface tension, both taken as homogeneous and
constant parameters. In addition, we assume that the
lubrication approximation49–51 is valid: the profile slopes
remain small at early times (i.e. when the linear analy-
sis will be performed), and the velocity is mainly oriented
along the fiber axis, i.e. v = u(r, z, t)ez, since the hori-
zontal length scale is larger than the minimal wavelength
λmin = 2πh0 of the classical PRI that we assume to sat-
isfy λmin ≫ e0.
Let us non-dimensionalize the problem through H =

h/a, H0 = h0/a, S = s/a, S0 = s0/a, R = r/a, Z =
z/a, K = ka, T = tγ/(ηa), U = uη/γ, P = pa/γ, and
introduce the elastocapillary number α = γ/[a(2G+ λ)].
The flow is well described by Stokes’ equations:

∂ZP = ∆RU , (1)

∂RP = 0 , (2)

where ∆R is the radial component of the Laplace opera-
tor in cylindrical coordinates. The excess pressure is thus
invariant in the radial direction. Thus, according to the
Young-Laplace boundary condition at R = H(Z, T ), one
has:

P = H−1 −H
′′
, (3)

where the prime denotes from now on the partial deriva-
tive with respect to Z, and where we recognize the axial
and orthoradial curvatures of the free surface in the lu-
brication approximation. Furthermore, we consider the
case of no shear at the liquid-air interface:

∂RU |R=H = 0 . (4)

In addition, we assume a no-slip boundary condition at
the elastic-liquid interface:

U |R=1+S = 0 . (5)

We then integrate Eq. (1), invoking incompressibility
and the above-mentioned boundary conditions, and we
get:

U =
H

′
+H2H

′′′

4H2

[
2H2 log

(
R

1 + S

)
−R2 + (1 + S)2

]
.

(6)

Finally, volume conservation leads to the thin-film equa-
tion:

Ḣ − 1 + S

H
Ṡ +

Q
′

H
= 0 , (7)

where the dot indicates the partial derivative with re-
spect to T , and where we introduced the volume debit
per radian:

Q =

∫ H

1+S

dRRU (8)

=
H

′
+H2H

′′′

16

[
4H2 log

(
H

1 + S

)
− 3H2 (9)

+ 4(1 + S)2 − (1 + S)4

H2

]
, (10)

which contains the particular no-slip case for a purely
rigid fiber21 when S = 0. We stress that the above thin-
film equation is in fact a composite equation since we
have kept a second-order lubrication term in the pressure
contribution through the axial curvature21, in order to
counterbalance the driving radial curvature.
In order to describe the elastohydrodynamic coupling,

we assume the deformation-pressure relation at the soft
substrate to be linear and local, as in the so-called
Winkler foundation52. Beyond being a mathematically-
convenient way to introduce a minimal elastic coupling,
the Winkler foundation is in fact a valid description
for thin-enough compressible elastic films53. Hence, we
write:

S ∝ (1− αP ) . (11)

The missing prefactor in the last proportionality relation
can be set through the initial condition S = S0, and by
invoking Eq. (3), so that:

S =
S0

1− α
H0

(
1− α

H
+ αH

′′
)
. (12)

Let us now perform a linear-stability analysis, by in-
jecting the following mode in Eq. (7):

H = H0 [1 + ϵ exp(iKZ +ΣT )] , (13)

with ϵ << 1 and where Σ is the dimensionless modal
growth rate. This leads to a second-order low-pass-filter
behaviour, with the following softness-induced gain G in
the dimensionless dispersion relation:

G =
Σ

Σ0
=

1

1− (1+S0)S0α
H0−α (H−2

0 −K2)
, (14)

where we have introduced the reference dimensionless
dispersion relation for a rigid fiber of dimensionless ra-
dius 1 + S0:

Σ0 =
(H−2

0 −K2)K2H0

16

[
4H2

0 log

(
H0

1 + S0

)
− 3H2

0

+ 4(1 + S0)
2 − (1 + S0)

4

H2
0

]
.
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(15)

Finally, we identify the fastest-growing mode by differ-
entiating Σ with respect to the angular spatial frequency
K and equating the result to zero. Doing so, we get the
dimensionless angular spatial frequency of the fastest-
growing mode, as:

Kmax =

√√√√ 1

H2
0

−
(H0 − α)

[
1−

√
1− αS0(1+S0)

H2
0 (H0−α)

]
αS0(1 + S0)

,

(16)

and, subsequently, by injecting the latter in Eqs. (14)
and (15), the corresponding dimensionless growth rate
Σmax = Σ(Kmax). Both Kmax and Σmax depend on three
parameters: α, S0 and H0, thus indicating the fine inter-
play between geometry and elastocapillarity in this prob-
lem.

RESULTS

First, we investigate how the dispersion relation de-
pends on the elastocapillary number α. To do so, in
Fig. 2, we plot from Eqs. (14) and (15) the dimensionless
growth rate as a function of the dimensionless angular
spatial frequency for different values of α, and fixed val-
ues of the geometrical parameters H0 and S0. Naturally,
when α = 0, we recover the result for a purely rigid and
no-slip fiber21. However, softness appears to amplify the
instability rate for any mode K. Specifically, with the
increase in α, the dimensionless growth rate Σmax of the
fastest-growing mode Kmax increases. Besides, it is in-
teresting to note that Kmax decreases with increasing α.
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Fig. 2 Dimensionless growth rate Σ of the PRI (see Eqs. (14)
and (15)) as a function of the dimensionless angular spatial fre-
quency K, for a fixed geometry through H0 = 3 and S0 = 1, and
four elastocapillary numbers α, as indicated.

Then, we investigate how the dispersion relation de-
pends on the dimensionless thickness S0 of the soft layer.
In Fig. 3, we plot from Eqs. (14) and (15) the dimen-
sionless growth rate as a function of the dimensionless
angular spatial frequency for different values of S0, and

fixed values of H0 and α. Interestingly, we find that the
dimensionless growth rate Σmax of the fastest-growing
mode Kmax decreases with increasing S0. It may seem
contradictory with our above finding that a softer layer
destabilises more the liquid film. This can however be
understood by the fact that increasing S0 at constant H0

not only increases the compliance of the soft layer but
also reduces the liquid-film thickness which slows down
the instability21. This explanation is explicit in Fig. 4,
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Fig. 3 Dimensionless growth rate Σ of the PRI (see Eqs. (14)
and (15)) as a function of the dimensionless angular spatial fre-
quency K, for fixed total radius H0 = 3 and elastocapillary number
α = 2.4, and three dimensionless thicknesses S0 of the soft layer,
as indicated.

where we plot similar results as that of Fig. 3 but for an
elastocapillary number α = 0, so that the focus is only
on geometrical effects.
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Fig. 4 Dimensionless growth rate Σ of the PRI (see Eqs. (14)
and (15)) as a function of the dimensionless angular spatial fre-
quency K, for fixed total radius H0 = 3 and elastocapillary number
α = 0, and three dimensionless thicknesses S0 of the soft layer, as
indicated.

Next, we investigate how the dispersion relation de-
pends on the dimensionless total thickness H0. In Fig. 5,
we plot from Eqs. (14) and (15) the dimensionless growth
rate as a function of the dimensionless angular spatial fre-
quency for different values of H0, and fixed values of S0

and α. We see that with an increase in H0 the dimen-
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sionless growth rate Σmax of the fastest-growing mode
Kmax increases. In the mean time, Kmax decreases with
increasing H0. Moreover, the maximal K value for the
mode to be unstable (i.e. positive Σ) decreases, as ex-
pected from the change of perimeter in the classical PRI.
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Fig. 5 Dimensionless growth rate Σ of the PRI (see Eqs. (14)
and (15)) as a function of the dimensionless angular spatial fre-
quency K, for fixed dimensionless thickness S0 = 0.3 of the soft
layer and elastocapillary number α = 1.5, and three dimensionless
total thicknesses H0, as indicated.

Let us finally focus on the influence of elasticity on
the fastest-growing mode, as the latter is the typically-
observed one in practice. From Eq. (16), we compute
and plot in Fig. 6 the dimensionless angular spatial fre-
quency of the fastest-growing mode as a function of the
elastocapillary number, for a fixed geometry. The results
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Fig. 6 Dimensionless angular spatial frequency Kmax of the
fastest-growing mode of the PRI (see Eq. (16)) as a function of
the elastocapillary number α, for a fixed geometry through H0 = 3
and S0 = 1.

confirm, and quantify further, the observation made in
Fig. 2 that the dimensionless typical wavelength of the
instability increases with the elastocapillary number. As
such, elastic coatings might serve as a way to control
the size of droplets produced from the PRI. Moreover,
as shown in Fig. 7, we also recover that the associated

dimensionless growth rate increases with the elastocapil-
lary number. As such, elastic coatings might serve as a
way to speed up droplet production from the PRI.
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Fig. 7 Dimensionless growth rate Σmax = Σ(Kmax) of the fastest-
growing mode of the PRI (see Eqs. (14), (15), and (16)) as a func-
tion of the elastocapillary number α, for a fixed geometry through
H0 = 3 and S0 = 1.

CONCLUSION

We theoretically studied the Plateau-Rayleigh insta-
bility of a viscous liquid film on a fiber consisting of a
rigid core pre-coated by a compressible elastic layer. By
combining lubrication theory and a model Winkler elastic
response, we constructed an approximate thin-film equa-
tion governing the spatiotemporal evolution of the total
radial profile. Linear analysis further provided the modal
growth rate of the instability, as a function of the elas-
tocapillary number and the key geometrical aspect ra-
tios of the problem. The principal outcomes are twofold:
softness increases i) the typical growth rate, and ii) the
typical wavelength of the instability. Our results thus in-
dicate that soft coatings might help designing optimized
strategies for patterning and droplet production. While
the Winkler foundation is in fact more than a simple toy
model, as it actually characterizes well the response of
thin compressible elastic layers, it would be interesting
to apply similar ideas to other elastic, poroelastic and/or
viscoelastic responses, in order to rationalize future ex-
periments and uncover potential novel effects.
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