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I. INTRODUCTION

SerDes links are a high data rate wire link widely spread among microelectronic chips. By passing data from parallel to serial (Serializing) at the transmission and from serial to parallel (Deserializing) at the receiver, they spare the amount of wires used, the area needed and electro-magnetic interference that occur when wires are set in parallel [START_REF] Stauffer | High speed serdes devices and applications[END_REF].

Considering the data rate increase that affects every domain, SerDes links benefit from numerous industrial studies and one of the questions that arises at an early stage in the SerDes design is which modulation technique is the most suitable. Various documents in the state of the art answer this question by computing the performance of a system for various modulation schemes. The easiest way to get the performances of a system is to carry out simulations as in [START_REF] Mengali | Synchronization techniques for digital receivers[END_REF] (p.15) for various modulation schemes but it is too time consuming for the BER we are aiming at. It gives exact performance results but requires the implementation of the whole system. Thus, we look for a more useful tool such as an analytical expression of the performance. In [START_REF] Salinas | Performance comparison of baseband signaling and discrete multi-tone for wireline communication[END_REF], authors computed the performance of a system very similar to ours but considered the problem from another point of view. While we are aiming at determining the lowest BER reachable for a fixed binary data rate, authors of [START_REF] Salinas | Performance comparison of baseband signaling and discrete multi-tone for wireline communication[END_REF] determined the highest achievable binary data rate for a given BER. We, thus, turn to studies that compute the BER to get the performances of a system. In a general manner, this solution is disregarded as only approximate results can be obtained this way. Indeed, when considering a real band limited channel that brings Inter Symbol Interference and a complex equalization step at the receiver, deriving an analytical expression of the system's performances is close from impossible [START_REF] Mengali | Synchronization techniques for digital receivers[END_REF]. In this paper, we are focusing on the design phase of the SerDes where we only need an hint on which modulation order is the most likely to be the best considering the physical parameters of the system. Hence, we do not aim at proposing a very precise performance analytical expression but more performance limit that can help choose a modulation order. We will thus deal with a very simple communication system such as the ones considered in digital communication textbooks starting with the most famous one, the perfect channel noised by AWGN. In this context, the analytical expression of the BEP is well known and can be found in [START_REF] Proakis | Digital Communications[END_REF] (p.268) for a receiver that has a matched filter as it is the best one in this context. Our system works at very high binary data rate and is affected by timing jitter. The very high data rate prevents the use of a matched filter at the receiver which modifies the regular BEP expression found in [START_REF] Proakis | Digital Communications[END_REF](p.268). Also, the timing jitter noise modifies the system's BEP as it sets a BER floor as observed in the simulations of [START_REF] Mengali | Synchronization techniques for digital receivers[END_REF]. The study of systems affected by the timing jitter noise has been particularly active in the Ultra Wide Band context [START_REF] Hor | Ber performance of pulsed uwb system in the presence of colored timing jitter[END_REF] [START_REF] Güvenc | Performance analysis of uwb systems in the presence of timing jitter[END_REF]. Even, a theoretical BEP is proposed in [START_REF] Güvenc | Performance analysis of uwb systems in the presence of timing jitter[END_REF] for a binary phase shift modulation or 2-PAM, we are aiming at ranking PAM modulations for various orders M .

The main contribution of this paper is thus to provide an original analytical expression of the BEP under basic assumptions for a SerDes transmission system with a fixed binary data rate. We demonstrate in a second time that the formula is useful to predict system's performance and to choose the best system's parameters according to the physical parameters it is operating at. The considered system model is based on baseband M-ary Pulse Amplitude Modulation (M-PAM) affected by both thermal noise and timing jitter. It assumes analog to digital conversion at the receiver with only one sample per symbol period. Reception is carried out without matched filter and only the natural analog bandwidth limitation of the components is considered. Hence, the problem is different from these that have already been dealt with in the literature [START_REF] Mengali | Synchronization techniques for digital receivers[END_REF] (p.15) [START_REF] Salinas | Performance comparison of baseband signaling and discrete multi-tone for wireline communication[END_REF] [4] (p.268) [START_REF] Hor | Ber performance of pulsed uwb system in the presence of colored timing jitter[END_REF] [6] and motivates the need, to the authors knowledge, for another BEP computation.

The rest of the article is organized as follows. We introduce in part II our communication system. In part III, we introduce the thermal noise and jitter models as well as the analytical expressions of the BEPs of the system when there is either thermal noise or timing jitter noise. We deduce from these the total BEP of the system when it is affected by both thermal noise and timing jitter noise. In part IV, we compare results predicted by the analytical expression and results returned by simulation of the communication system. We use the analytical expression to choose the best modulation pattern considering the E b /N 0 ratio and the jitter's standard deviation. Lastly, we give our conclusions in part V. We consider the communication system illustrated in Fig. 1. The information to be transmitted is a bit sequence b i , emitted at a fixed data rate D b = 1/T b . They are gathered in words of log 2 (M ) bits for a M-PAM modulation. Each word is associated to a value belonging to [-(M -1), M -1], that is sent during a period T = log 2 (M )T b . It results in a analog NRZ signal x(t) illustrated by a plain line in Fig. 2 for a 2-PAM modulation (Fig. 2a) and a 4-PAM modulation (Fig. 2b).

II. SYSTEM'S MODEL

We compare, in this study, results from a simulation carried out in the discrete-time domain with results predicted by an analytical expression of the BEP. In the discrete-time domain, x(t) is represented by a discrete-time signal made out of F osr samples per binary period. This discrete-time signal is represented by black points on Fig. 2 and is written {x(qT c ), q ∈ Z} with T c = T b /F osr the sampling period (in simulation). The unilateral frequency band over which we consider the simulation has a width of B = 1/2T c . The Additive White Gaussian Noise (AWGN) n(t) has a single sided power spectral density N 0 and then a power σ 2 n = N 0 B in the simulation bandwidth. The noisy signal r(t) = x(t) + n(t) enters the reception block R x where its bandwidth is restricted by the reception filter of frequency response H r (ω) and the output y(t) is then sampled at a rate of 1 sample per symbol period before going through demodulation. H r (ω) is an ideal low pass filter with unity gain and a bandwidth B Rx = α 2T b with α, the bandwidth limitation coefficient at reception. It limits the signal and noise bandwidth to finite limits. It should be noted that this filter had to be introduced in the simulation chain to model the behavior of the real life SerDes that is low pass [START_REF] Mellitz | 100 gel c2m flyover host files: Tp0 to tp2 with and without manufacturing variations for losses 9 10 11 12 13 and 14 db[END_REF] and alters the waveforms' shape. In our simulation, it is implemented using the fir1 matlab function and making sure that the (singlesided) equivalent noise bandwidth of the filter equals B Rx . It means we check out that the matlab implemented filter has the same (normalized) energy as the ideal one, that is to say ||H r (ω)|| 2 = α/F osr .

1 -1 b0 = 1 b1 = 0 b2 = 1 b3 = 0 b4 = 0 b5 = 1 T = T b Tc t x(t) (a) 2-PAM. 3 -3 1 -1 b0=10 b1=00 b2=01 T = 2T b Tc t x(t) (b) 4-PAM.
After having introduced the communication chain model, the next section introduces the noises' models and their impact on the system's BEP analytical expression.

III. SYSTEM'S BEP ANALYTICAL EXPRESSION WHEN AFFECTED BY AWGN AND JITTER A. System's BEP in presence of AWGN only

We assume that the PAM constellation is made of M levels equally spaced over [-(M -1), M -1]. The mean power of the centered symbols can be written, according to [START_REF] Proakis | Digital Communications[END_REF]:

σ 2 a = 2 M M/2 m=1 (2m -1) 2 = M 2 -1 3 (1) 
The binary period being fixed to T b , we have E b = σ 2 a T b the energy per bit. After the receiver filter, the AWGN has a power of σ 2 n = N 0 B Rx = αN0 2T b . An error is made at detection when the noisy signal amplitude crosses either the superior or inferior limit associated to a modulation level. Considering the first dictionary level a 1 = -M + 1 (respectively the last dictionary level a M = M -1), a mistake is made when the thermal noise level goes above 1 (respectively goes below -1). For these two levels, the detection error probability is:

P th,a1 (e > 1) = P th,a M (e < -1) = Q 1 σ n P th,a1 (e > 1) = Q 2T b αN 0 P th,a1 (e > 1) = Q 6 α(M 2 -1) E b N 0 (2) with Q(x) = 1 √ 2π ∞
x exp( -t 2 2 )dt. For the other levels, P th,am (|e| > 1) = 2P th,a1 (e > 1) with m ∈ 2, M -1 . In the end the symbol error probability is expressed as:

P th = 2 1 - 1 M Q 6 α(M 2 -1) E b N 0 (3) 
To establish the BEP, we assume that the modulation follows a Gray coding pattern and we approximate the BEP by the symbol error probability. Thus, we make the approximation that only one bit is wrong when there is a mistake on the symbol detection. We will discuss the relevancy of this approximation in section IV. The BEP is then written:

P EB th = 2(M -1) M log 2 (M ) Q 6 α(M 2 -1) E b N 0 (4) 
We notice that when α = 1/log 2 (M ), Eq. ( 4) corresponds to the optimal BEP derived in [START_REF] Proakis | Digital Communications[END_REF](p.268) with a model using H r (ω) as the matched filter to the transmit pulse. Such a value of α tunes the receiver bandwidth B Rx = 1 2T = 1 2log 2 (M )T b to the minimum possible bandwidth that satisfies the zero intersymbol interference Nyquist criterion (in a general M-PAM system), and to the maximum possible bandwidth that satisfies the sampling criterion (the frequency response does not fold when sampling the signal at a rate 1/T ).

We next express the BEP linked to the jitter after a brief introduction on what jitter is.

B. Systems's BEP in presence of timing jitter only

Jitter is a noise caused by the oscillators finite precision when sending waveforms at the transmission and sampling these at reception. Unlike thermal noise, jitter is not additive. The error comes from the misalignment of the sampling time with the symbol of interest. The signal has already gone through a Clock Data Recovery block, thus we only consider a white Gaussian jitter noise that is the main concern in a very high data rate context [START_REF] Bicais | Design of the Physical Layer for Future Sub-TeraHertz Communication Systems[END_REF] [START_REF] Bicais | Phase noise model selection for sub-thz communications[END_REF].

Considering scheme in Fig. 3, sampling occurs too soon when kT + T /2 + τ Rx < kT + τ T x which is the same as τ T xτ Rx > T /2 with τ T x the transmission jitter and τ Rx the reception jitter. The problem can be seen as an inequity between a random variable which is the difference between two independent random variables of respective power σ 2 T x and σ 2

Rx , and T /2. We deduce that τ T xτ Rx is gaussian of variance σ 2 j = σ 2 T x + σ 2 Rx . The problem also occurs when sampling occurs too late and results in the coefficient 2 in Eq. ( 5).

Probability to sample at the wrong place (or in wrong symbol interval), taking into account the transmission and the reception timing jitter gives:

P g = 2Q T b log 2 (M ) 2σ j (5) 
Symbols are independent between each other, thus sampling at the wrong symbol interval comes to choose randomly a symbol in the modulation dictionary. Each bit of the randomly chosen symbol has a 50% chance of being different from the corresponding bit in the right symbol. The mean number of wrong bits (over the number of bits per symbol) when we sample at the wrong place is equal to 1/2. In the end, the BEP is equal to:

P EB g = 1 2 P g = Q T b log 2 (M ) 2σ j (6) 
It should be noted that the BEP linked to jitter does not depend on the E b /N 0 ratio and constitutes a performance threshold. When jitter affects the system, the system cannot reach an arbitrarily low BER. It also should be noted that the threshold BEP depends on the modulation order. The higher the modulation order, the closer to 0 is the performance ceiling. This behavior is confirmed by the simulations carried out in [START_REF] Mengali | Synchronization techniques for digital receivers[END_REF].

When considering the whole system, both noises are combined in a way we detail in the following. We give the BEP analytical expression that results from the combination.

C. BEP of the system when affected by the two kind of noises

We can decompose the binary error event into two cases. The first one is the binary error caused by detection after a missed sampling and the second one is the binary error caused by the thermal noise when the sampling is done right. The error event can, thus, be described by the two events, we now introduce, according to diagram on Fig. 4: • EB: "Decision error at the binary level" • EG: "Sampling error due to jitter" with EB and EG their complementaries, we can write the BEP according to the law of total probability as: P EB = P (EB|EG)P (EG) + P (EB|EG)P (EG)

P EB = P EB th (1 -P g ) + 1 2 P g P EB = 2(M -1) M log 2 (M ) Q 6 α(M 2 -1) E b N 0 1 -2Q T b log 2 (M ) 2σ j + Q T b log 2 (M ) 2σ j (7) ED ED EB EB EB EB p ( E D ) p ( E D ) p ( E B | E D ) p ( E B | E D ) p ( E B | E D ) p ( E B | E D )
Fig. 4: Probability tree diagram illustrating our problem, the arrows point at the binary error events we want to sum up. Now that we have expressed the theoretical BEP as a function of the E b /N 0 ratio, of σ j and of M , we demonstrate its relevancy by comparing it to simulation results.

IV. SIMULATIONS

A. Comparison between proposed BEP and simulation

Results of the comparison between BEP and the simulation BER are displayed on the Fig. 5 for the system described on the Fig. 1 for a PAM-4 modulation, a standard deviation σ j = 0.3606T b and a bandwidth limitation coefficient at reception α = 2 2 . The value of F osr does not affect the system's performance as long as it is large enough to properly simulate the analog behavior of our discrete signal in presence of timing jitter. We set it at F osr = 2 10 . The jitter's standard deviation and bandwidth limitation coefficient are set this way because they offer a representative illustration of the model limitations we want to highlight while keeping the simulation duration fairly low. Fig. 5 contains two BEP curves and one BER curve that are function of the E b /N 0 ratio.

• The first is the BEP established in Eq. [START_REF] Mellitz | 100 gel c2m flyover host files: Tp0 to tp2 with and without manufacturing variations for losses 9 10 11 12 13 and 14 db[END_REF] • The second one is the BER returned by the simulation when both the signal and the thermal noise go through the bandwidth limitation filter H r (ω) of bandwidth B Rx = α/2T b . We call this the standard mode. • The third one is the BER returned by the simulation when only the thermal noise goes through H r (ω) and the signal bypasses this step. We call this the genie mode. It is not feasible in real life.

If should be noted that for all the following simulations the binary data rate is fixed at 1/T b . We implement two different simulation modes to outline the reception filter impact. We anticipate a performance gap between standard mode and the theoretical BEP because of the waveforms deformation caused by the receiver filter (used, as already said, to model the low pass behavior of our components). The genie mode proves that the theoretical BEP stands for a real system for which waveform deformation at the receiver is negligible (or equalization make it so). On Fig. 5, the theoretical BEP and the standard mode simulation BER stick together for a E b /N 0 range going from 5 dB to 18 dB. For low E b /N 0 ratios (<5dB), the gap is accountable to the approximation made on the thermal noise absolute value. It is not limited to 3 for an amplitude spacing of 2. For high E b /N 0 ratios (>18dB), the gap comes from deformation of the waveforms at the receiver. In the genie mode, even though we still observe the gap for low E b /N 0 ratios, the system reaches the performance limit set by the theoretical BEP. We conclude that the theoretical BEP is to be considered as a performance limit in ideal receiving conditions. To give an insight on how the gap between simulation and theory behaves, we carry out the comparison for another modulation order but all the other parameters maintained the same. Fig. 6 illustrates the comparison for a PAM-8 modulation, σ j = 0.3606, F osr = 2 10 and α = 2 2 . We see that the absolute difference between simulation and theory is tighter than for PAM-4 but the relative one is wider.

We carry another simulation to compare the standard mode and theoretical BEP gap. The modulation order is M = 4, the jitter standard deviation is σ j = 0.25T b and all other parameters remain the same. We choose this particular σ j to lower the jitter threshold down to approximately 10 -5 as on Fig. 6.

The performance gap between theory and standard mode is tighter on Fig. 6 in the threshold region than on Fig. 7. Thus, receiver filtering seems to alter the lower modulation order worse. This observation goes the same way as the study of the M-PAM spectral shape. For a fixed binary data rate, the power spectral density of a M-PAM signal is shrinked by a factor log 2 (M ). The power spectral density of the considered rectangular waveform has a squared cardinal shape with a single sided main lobe of width 1 T b log(M ) . The higher the modulation order, the greater amount of waveform power passes through the receiving filter. To illustrate this, we define a likeliness coefficient δ that is the ratio between the energy of the rectangle waveform and the scalar product between the ideal rectangle waveform and the waveform after having been filtered by a given limitation filter. Computation is carried out with noiseless waveforms. The maximum value δ can take is 1. The more the filtered waveform looks like a rectangle, the closer δ is from its maximum value.

We check out on Fig. 8 that the higher the modulation order, the less the rectangle waveform is altered. We conclude that the gap between standard mode and theoretical BEP is tighter for higher modulation order.

B. Ranking of the modulation orders using the theoretical BEP

Finally, we use the theoretical BEP to rank different modulation orders' performances using quantitative arguments. We anticipate that in a white jitter noise context, a higher modulation order is less sensitive to it as the symbol duration grows with the order and as the jitter standard deviation is proportional to the binary period for a given clock and a given binary data rate. Nevertheless, a higher modulation order is more sensitive to thermal noise according to [START_REF] Proakis | Digital Communications[END_REF] (p.268). We display the BEP theoretical performances for modulation order M ∈ {2, 4, 8, 16} on Fig. 9 for a jitter such that σ j = 0.3606T b .

We notice that the performance limits, that give an upper bound of the systems' performances, check out the foreseen results. The jitter threshold lowers (in term of BEP) with the increase of modulation order. Some BER are unreachable for low modulation orders considering a given jitter power.

opposite side lower modulation orders are more resilient to thermal noise. The choice of modulation order is thus not direct for some E b /N 0 ratios. The system's designer should choose a PAM 4 modulation if he plans to work with a E b /N 0 = 20 dB and a σ j = 0.3606T b while he should choose a 8-PAM if he plans to work with a E b /N 0 = 30 db and a σ j = 0.3606T b .

V. CONCLUSION

We consider in this article an analytical expression of a very high data rate communication channel's BEP. We have checked out that the theoretical BEP matches with the genie mode simulation results, that is to say when we can neglect the deformations induced by the receiver filter, that simulate the low pass behavior of the link components, on the useful signal. This expression is thus to be taken as a performance limit. It has been useful to determine which modulation order is the most effective considering the E b /N 0 ratio and the jitter standard deviation. We illustrated the trade off that exists when considering a modulation order between its resilience to timing jitter noise and its sensitiveness to thermal noise. We plan to use this analytical expression as a performance benchmark in further, more complex, studies as it gives a limit when there is no waveform distortion.
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