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Abstract

In this paper, we investigate the impact of compression on stochastic gradient algorithms for
machine learning, a technique widely used in distributed and federated learning. We underline
differences in terms of convergence rates between several unbiased compression operators, that all
satisfy the same condition on their variance, thus going beyond the classical worst-case analysis.
To do so, we focus on the case of least-squares regression (LSR) and analyze a general stochastic
approximation algorithm for minimizing quadratic functions relying on a random field. We consider
weak assumptions on the random field, tailored to the analysis (specifically, expected Holder
regularity), and on the noise covariance, enabling the analysis of various randomizing mechanisms,
including compression. We then extend our results to the case of federated learning.

More formally, we highlight the impact on the convergence of the covariance €,y;, of the
additive noise induced by the algorithm. We demonstrate despite the non-regularity of the stochastic
field, that the limit variance term scales with Tr (QianiaH ;1) /K (where Hp is the Hessian of the
optimization problem and K the number of iterations) generalizing the rate for the vanilla LSR
case where it is o2 Tr (HFHI?l) /K = 02d/K (Bach and Moulines, 2013). Then, we analyze the
dependency of €,,;, on the compression strategy and ultimately its impact on convergence, first in
the centralized case, then in two heterogeneous FL frameworks.

Keywords: Large-scale optimization, linear stochastic approximation, least-squares regression,
federated learning, compression

1. Introduction

Large-scale optimization (Bottou and Bousquet, 2007) has become ubiquitous in today’s learning
problems due to the incredible growth of data collection. It becomes computationally extremely hard
to process a full dataset or even, to store it on a single device (Abadi et al., 2016; Seide and Agarwal,
2016; Caldas et al., 2019). This led practitioners to either process each observation only once in a
streaming fashion and to design distributed algorithms. This paper is part of this line of work and
considers in particular stochastic federated algorithms (Kone¢ny et al., 2016; McMabhan et al., 2017)
that use a central server to orchestrate the training over a network of NV in N* clients.

A well-identified challenge in this framework is the communication cost of the learning process
(Seide et al., 2014; Chilimbi et al., 2014; Strom, 2015) based on stochastic gradient algorithms. In-
deed, iteratively exchanging gradient or model information between the local workers and the central
server generates a huge computational and bandwidth bottleneck. To reduce this communication
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cost, two strategies have been widely implemented and analyzed: performing local updates (see
e.g. McMahan et al., 2017; Karimireddy et al., 2020), or reducing the size of the exchanged messages
by passing them through a compression operator, on the uplink channel (Seide et al., 2014; Alistarh
et al., 2017, 2018; Mishchenko et al., 2019; Karimireddy et al., 2019; Wu et al., 2018; Horvath
et al., 2022; Mishchenko et al., 2019; Li et al., 2020; Richtarik et al., 2021), or on both uplink and
downlink channels (Harrane et al., 2018; Tang et al., 2019; Liu et al., 2020; Zheng et al., 2019;
Philippenko and Dieuleveut, 2020, 2021; Gorbunov et al., 2020b; Sattler et al., 2019; Fatkhullin et al.,
2021). These two strategies, although typically analyzed independently, are often combined. We
focus on compression; to reduce the cost of exchanging a vector, three techniques are combined: (1)
sending the message to only a few clients, (2) sending only a fraction of the coordinates, (3) sending
low-precision updates.

Most analyses of the impact of compression schema rely on generic assumptions on the com-
pression operator C, typically either contractive, i.e. for any z in R%, ||C(2) — z|| < (1 — §)]|z|| with
9 €]0; 1] (almost surely or in expectation, see for instance Seide et al., 2014; Stich et al., 2018; Karim-
ireddy et al., 2019; Ivkin et al., 2019; Koloskova et al., 2019; Gorbunov et al., 2020b; Beznosikov
et al., 2020), or unbiased with bounded variance increase, i.e., for any z in R, E[C(z)] = z and
E[||C(2) — 2||?] < w|z||? for a parameter w > 1 (see among others Alistarh et al., 2017; Wu et al.,
2018; Mishchenko et al., 2019; Chraibi et al., 2019; Gorbunov et al., 2020a; Reisizadeh et al., 2020;
Horvath et al., 2022; Kovalev et al., 2021; Philippenko and Dieuleveut, 2020, 2021; Haddadpour
et al., 2021; Li and Richtarik, 2021; Khirirat et al., 2018). Unlike biased — and often deterministic —
operators, unbiased operators typically benefit from a variance reduction proportional to the number
of clients (e.g., Gorbunov et al., 2020b vs Horvath et al., 2019).

In parallel, a line of work has thus focused on the design of compression schemes satisfying one of
these two assumptions (Bernstein et al., 2018; Dai et al., 2019; Beznosikov et al., 2020; Horvath et al.,
2022; Xu et al., 2020; Leconte et al., 2021; Gandikota et al., 2021; Ramezani-Kebrya et al., 2021;
Horvath et al., 2022). Two fundamental strategies are typically combined: (1) quantization (Rabbat
and Nowak, 2005; Gersho and Gray, 2012; Alistarh et al., 2018), and (2) random projection (Vempala,
2005; Rahimi and Recht, 2008; Nesterov, 2012; Nutini et al., 2015). These methods are compared
based on (1) the number of bits required for storing or exchanging a d dimensional vector and (2) the
resulting variance increase w or contractiveness constant §. Consequently, convergence results are
worst-case results over the class of compression operators: two compression operators satisfying the
same variance assumption are regarded as producing the same convergence rate.

The goal of this paper is to provide an in-depth analysis of compression within a fundamental
learning framework, namely least-squares regression (LSR, Legendre, 1806), in order to highlight
the differences in convergence between several unbiased compression schemes having the same
variance increase.

Especially, this analysis will highlight the impact of (1) the compression scheme’s regularity
(Lipschitz in squared expectation or not) and of (2) the correlation between the compression of the
different coordinates. We highlight three examples of possible take-aways from our analysis, that
will be detailed in Section 3.

Take-away 1. Quantization-based compression schemes do not have Lipschitz in squared expectation
regularity but satisfy a Holder condition. Because of that, their convergence is degraded, yet they
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asymptotically achieve a rate comparable to projection-based compressors, in which the limit
covariance is similar.

Take-away 2. Rand-h and partial participation with probability (h/d) satisfy the same variance
condition. Yet the convergence of compressed least mean squares algorithms for partial participation
is more robust to ill-conditioned problems.

Take-away 3. The asymptotic convergence rate is expected to be at least as good for quantization
than for sparsification or randomized coordinate selection, if the features are standardized. On the
contrary, if the features are independent and the feature vector is normalized, then quantization is
worse than sparsification or randomized coordinate selection.

We consider a random-design LSR framework and make the following assumption on the
input-output pairs distribution

Model 1 (Federated case). We consider N clients. Each client i in [N| accesses K in N* i.i.d. obser-
vations (x}c, y}c) ke[K] ™ D;@K , such that there exists a well-defined client-dependent model w':

Vi € [K], yi = (z},wl)+e}, with & ~ N(0,0%) | (1)

for an i.i.d. sequence ((%)ke[K],ie[N}) independent from ((xi)ke[K],z‘e[N]) We use the generic
notation (x',y", ") for such an input-output-noise triplet on client i. Moreover, we assume that
the inputs’ second moment' is bounded to define E[z' ® x'| = H; and E[||7||?] = R2?; such that
E[||2%||?2" @ 2'] < RZH,. For any i € [N), we consider the expected squared loss on client i of a
model w as F;(w) := %E(mi’yi)NDi[(<$i, w) —y')?).

Remark 1 (Almost surely bounded features). In the case of linear compressors, we will also assume
that for each client i in [N|, features are almost surely bounded by RZZ.

This model is classical in the single worker case (e.g. Hsu et al., 2012; Bach and Moulines, 2013):

Model 2 (Centralized case). We consider Model 1 with N = 1 client. For simplicity, we then omit
the @ superscript.

We focus on the problem of minimizing the global expected risk F' : R? — R, thus finding the
optimal model w, in R% such that:

N
w, = arg min {F(w) = % Z E(w)} (OPT)

weRY i=1

Note that we assume that Span{Supp(z?),i € [N]} = R? to ensure the existence and uniqueness
of w.

The empirical version of the risk minimization admits an explicit formula, yet is computationally
too expensive to compute for large problems. This is why, in practice, LSR is solved using iterative
stochastic algorithms, for example Stochastic Gradient Descent (SGD, see Robbins and Monro,
1951). SGD for LSR is often referred to as the Least Mean Squares (LMS) algorithm (Bershad, 1986;

1. In the following, we may refer to this matrix H as the covariance (in the case of centered features, covariance is equal
to the second moment)
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Macchi, 1995). Analysis of LMS (Gy®érfi and Walk, 1996; Bach and Moulines, 2013) and its variants
received a lot of interest over the last decades. Indeed despite its simplicity, LSR is a model of choice
for practitioners because of its efficiency to train good and interpretable models (see e.g. Molnar,
2018, chapter 5.1). Moreover, its simplicity enables to isolate and analyze challenges faced in specific
configurations, for instance, non-strong convexity (Bach and Moulines, 2013), interaction between
acceleration and stochasticity (Dieuleveut et al., 2017; Jain et al., 2018a; Varre and Flammarion,
2022), non-uniform iterate averaging (Jain et al., 2018b; Neu and Rosasco, 2018; Muecke et al.,
2019), infinite-dimensional frameworks (Dieuleveut and Bach, 2016), or over-parametrized regimes
and double descent phenomena (Belkin et al., 2019).

Our approach follows this line of work: our goal is to analyze the impact of compression in FL
algorithms, by providing a careful study of compressed LMS, based on a fine-grained analysis of
Stochastic Approximation (SA) under weak assumptions on the random field. More precisely, we
consider linear stochastic approximation recursion, to find a zero of the linear mean-field V F.

Definition 1 (Linear Stochastic Approximation, LSA). Let wy € R? be the initialization, the linear*
stochastic approximation recursion is defined as:

W = We_1 — ’yVF(wk_l) + 7§k(wk_1 — w*), k €N, (LSA)

where v > 0 is the step-size and (&) ken+ IS a sequence of i.i.d. zero-centered random fields that
characterizes the stochastic oracle on VF(-). For any k € N*, we denote Fj, = o (&1, ..., &), such
that the filtration (Fy,)i>0 is adapted to (wy,) >0

We assume that F' is quadratic, we denote Hr its Hessian, pr := Tr (Hp) its trace and y its
smallest eigenvalue. For any k in N, with np, = wi — wy, we get equivalently:

e = = vHp)ne—1 + vk(mk—1), k € N.

As underlined by Bach and Moulines (2013), (LSA) corresponds to a homogeneous Markov
chain. A study of stochastic approximation using results and techniques from the Markov chain
literature can be found for instance in Freidlin and Wentzell (1998) or more recently in Dieuleveut
et al. (2020).

(LSA) encompasses three examples of interest, the first one is the classical LMS algorithm.
Indeed, with the observations in Models 1 and 2, for any client i € [IN], any iteration k in [K], any
model w € R,

g (w) = ((zh, w) — yp) @)
is an unbiased oracle of V F;(w). This can be used to define the following three algorithms.

Algorithm 1 (LMS). For LMS algorithm, with a single worker, we have for all k € N, wy, = wg_1 —
ver(wi—1) = wi—1 — Y((Th, wr-1) — Yr) Tk, thus equivalently &.(-) = (vpzy — Elz1z{])(-) +
Second, the case of a single client compressed LMS algorithm.

Algorithm 2 (Centralized compressed LMS). A single client (N = 1) observes at any step k € [K]
an oracle gi.(-) on the gradient of the objective function F, and applies a random compression
mechanism Cy(-). Thus, for any step-size v > 0 and any k € N*, the resulting sequence of iterates
(wi)ken satisfies: wy, = wi—1 — YCr (g (Wik—1)) -

2. While in LSA literature, both the mean-field V F' and the noise-field () are linear, we do not here consider the noise
fields to be linear.
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And finally, the extension to the distributed case.

Algorithm 3 (Distributed compressed LMS). In our motivating example, each client i € [N]
observes at any step k € [K) an oracle gi.(-) on the gradient of the local objective function F;, and
applies a random compression mechanism CL() Thus, for any step-size v > 0 and any k € N*, the
resulting sequence of iterates (wy,)reN Satisfies: wy = wy_1 — 3 sz\il Ci (gt (wg—1)) (we consider
the randomization made on clients (C}.(-))ie{1... n} to be independent)

Remark 2. The analysis naturally covers any randomized postprocessing C}ﬁ() beyond the com-
pression case.

Challenges, contributions and structure of the paper. Although there is abundant literature
on the study of (LSA), the application to Algorithms 2 and 3 poses novel challenges. Especially,
most analyses of LSA (Blum, 1954; Ljung, 1977; Ljung and Soderstrom, 1983) assume that the
field &, is linear (i.e. for any z, 2’ € RY, &.(2) — & (%)) = &(z — 2'), see Konda and Tsitsiklis,
2003; Benveniste et al., 2012; Leluc and Portier, 2022). More general non-asymptotic results on
SA with a Lipschitz mean-field (i.e. SGD with a smooth objective) also assume that the noise-field
is Lipschitz-in-squared-expectation i.e. for any z,2’ € R E[||&k(2) — & (2)]1?] < C|lz — 2'||?
(Moulines and Bach, 2011; Bach, 2014; Dieuleveut et al., 2020; Gadat and Panloup, 2023). One
major specificity and bottleneck in the case of compression is the fact that the resulting field does
not satisfy such an assumption. The rest of the paper is thus organized as follows:

1. In Section 2, we provide a non-asymptotic analysis of (LSA) under weak regularity assumptions of
the noise field (& ),. We show that the asymptotically dominant term depends on the covariance
matrix C,pia of the additive noise induced by the algorithm, as expected from the classical
asymptotic literature (Polyak and Juditsky, 1992). The backbone results of our paper are
Theorems 1 and 2 which generalize the results from Bach and Moulines (2013) for Algorithm 1.
The limit convergence rate term scales with Tr ((’ZaniaH ;1) /K, which highlights the interaction
between the Hessian of the optimization problem Hp, and the additive noise’s covariance €apis.

2. In Section 3, we prove that assumptions made in Section 2 are valid for Algorithm 2 with classical
compression schemes. Although this single-client case is a simple configuration, it enables to
describe the impact of the compressor choice on the dependency between the features’ covariance
H (which is also the Hessian H r of the optimization problem) and the additive noise’s covariance
Cania. Contrary to Algorithm 1, for which the noise is said to be structured, i.e. the additive
noise’s covariance is proportional to the Hessian Hr, applying a random compression mechanism
on the gradient breaks this structure. This phenomenon is noteworthy: for an ill-conditioned
Hp, it may lead to a drastic increase in Tr (@aniaH ;1) and thus, to a degradation in convergence.
By calculating the additive noise’s covariance for various compression mechanisms, we identify
differences that classical literature was unable to capture.

3. In Section 4, we study the distributed Algorithm 3 with heterogeneous clients. We examine two
different sources of heterogeneity for which we show that Theorems 1 and 2 remain valid. First,
the case of heterogeneous features’ covariances (H;)Y_; in Subsection 4.1; second, the case of

heterogeneous local optimal points (wi)f\il in Subsection 4.2.

These results are validated by numerical experiments which help to get an intuition of the
underlying mechanisms. The code is provided on our GitHub repository. We summarize hereafter
the structure of the paper in Figure 1.
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General result on LSA

Section 3.2 Aheorem 1 and2
/ Corollary 1 \
(Algorithm2 . Corollary 2 Corollary4and5  ( Algorithm3 |

Figure 7 Figure 8
A A
1 1

Impact of C on Cania

Proposition 2 — Proposition 4
Figures 3, 4, 5, 6 Coroll e \‘
ary 3

Proposition 3

Figure 1: Flow chart summarizing our results.

Notations. We denote by < the order between self-adjoint operators, i.e., A < B if and only if
B — Ais positive semi-definite (p.s.d.) and A X Bif A < Band A = B—i—O(%). We denote by A1/2
the p.s.d. square root of any symmetric p.s.d. matrix A. For two vectors z,y in R?, the Kronecker
product is defined as z ® y := xy ', the element-wise product is denoted as = ® y, and the Euclidean
norm is ||z[|? := Zgzl 2. For any rectangular matrix A in R"*™ s.t. AAT is inversible, we denote
A := AT(AAT)~! the Moore-Penrose pseudo inverse. For 2, 3 in R%, we use z:Ay for the minimum
between two values, and z < yif z < yand z = y+O(é). For any sequence of vector () reqo,.... K}
we denote Tir_1 = ZkK:_Ol xr /K. We use e; to denote the vector in R? with zero everywhere except
at coordinate i, and O4(R) the group of orthogonal matrices. Finally, all random variables are
defined on a probability space (2, A, P), E is the expectation associated with the probability P and
A is a o-algebra. We define the set of probability distribution function P,; whose second moment
is equal to M in R™?: P, = {probability distribution pys over R? s.t., Ecp,, [6¥%] = M} . Any
such distribution pjs is indexed with its matrix of covariance.

2. Non asymptotic convergence result for (LSA)

2.1 Definition of the additive noise’s covariance and assumptions on the random fields

For any k in N*, we define the additive noise fgdd and the multiplicative noise 51?“1“(-).
Definition 2 (Additive and multiplicative noise). Under the setting of Definition 1, for any k in N*,
we define:

f,?dd = &,(0) and f,?ult czeRY &(z) — §2dd.

Remark 3. Observe that (£299).en- is an i.i.d. sequence of random variables and (™) pen= is

an i.i.d. sequence of random field. The following assumptions, made for k = 1, are thus equivalently
valid for any k > 1.

Assumption 1 (Second moment). f?dd admits a second order moment. We note A in R? s.t.

Eflle3d)?) < A.

Assumption 1 and Remark 3 enable us to define the covariance of the additive noise induced by
the algorithm.
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Definition 3 (Additive noise’s induced by the algorithm’s covariance.). Under the setting of
Definition I, we define the additive noise’s covariance as the covariance of the additive noise:
¢... =E add add

ania [51 ® 51 ] :

Secondly, we state our assumptions on the multiplicative part of the noise, especially its regularity
around 0 (note that £{™"*(0) = 0).

Assumption 2 (Second moment of the multiplicative noise). There exist two constants M1, Mo > 0
such that, for any 1 in R, the following hold:

A2.I: E[J[€m(n)]|2] < 2Mo||HY 02 + 4A.

mu 1/2 1/2
A2.2: E[[|€™ () [12] < Mu || H} )l + 3Mo||H L 0|12,

The main originality of this section is the analysis under Assumption 2.2. This Holder-type
condition will appear naturally for compression in Section 3. Up to our knowledge, (LSA) has not
been analyzed under this particular condition.

Under these assumptions, asymptotic results from Polyak and Juditsky (1992) can be applied.
Especially, we establish the asymptotic normality of (v K7 _1)x~0, With an asymptotic variance
equal to HEl @aniaHgl.

Proposition 1 (CLT for (LSA)). Under Assumptions 1 and 2, consider a sequence (w)ienx
produced in the setting of Definition 1 for a step-size (Vi)ken+ s.t. v = k=% « €]0,1[. Then
(VKT _1) k>0 is asymptotically normal and converge in distribution to N'(0, H ' Canin H ).

The proof of this result is almost straightforward and is recalled in Appendix A.4. In the
following, we establish non-asymptotic results in Theorems 1 and 2, that highlight the impact of
Assumption 2.2.

2.2 Convergence rates for (LSA), general case

In this section, we present non-asymptotic convergence rates for (LSA) under the assumptions above.
These results build upon the work of Bach and Moulines (2013). Our first result is the main result,
under the Holder assumption on the noise field, it is demonstrated in Appendix B.

Theorem 1 (Non-linear multiplicative noise). Under Assumptions 1 and 2, consider a sequence
(wg ) ken+ produced in the setting of Definition 1 for a constant step-size -y such that W(R% +2Mpy) <
1/2. Then for any horizon K, we have:

_ 1 (1= P00l ol - /4
— < . -1
E[F(Wk_1) — F(w,)] < 2K< e A 7 + /T (Cania H ') + (10A47) /" v/ Map

2
+ (30.A47)"/? \/./Vlgu_1> .

The first two terms of the RHS correspond respectively to the impact of the initial condition 7
and the impact of the additive noise. The dependency on these two terms is similar to the one
established in Bach and Moulines (2013) in the case of LMS. Note that following Defossez and Bach
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. . .. 2 HZY 20|12
(2015), we improve the dependency on the initial condition to ”Z(}g A I f; > KZOH

. Tr(CaniaH 7' . . . .
noise term, the dependency on % corresponds to the classical asymptotic noise term in

CLT for Stochastic Approximation (e.g., Delyon, 1996; Duflo, 1997; Gyo6rfi and Walk, 1996). In fact,
for a sequence of step sizes ; decreasing to zero, we recover the variance from Proposition 1. Remark
that in (Bach and Moulines, 2013) and several follow up works, the algorithm under consideration
is LMS (Algorithm 1, which enables to ensure that €,,;, < 0?Hp: the variance term thus scales
as o2d /K. On the contrary, Algorithms 2 and 3 do not always satisfy Capia < o?Hp: in such case,
Tr (QﬁaniaH};I) may scale as 1/.

The third and fourth term, that scale respectively as ,/7/K and /K, are asymptotically negli-
gible for v = o(1). Those term are proportional to the Holder-regularity constants Mj, Mo, and
also increase with ;~'. The dominant term is /\41“7\/}1(077_ Interestingly, when + is constant (not
decreasing with K), then the limit variance of the algorithm is affected. Moreover, contrary to (Bach
and Moulines, 2013), we do not recover a convergence rate independent of x. This dependency is
un-avoidable as the multiplicative noise is only controlled around w,: without strong-convexity, the
iterates may not converge to w,. While these additional terms in the variance may be considered as a
drawback, it can be mitigated by taking a step-size -y proportional to 1/K® with « > 0 small (7 is
horizon dependent, but constant).

. Regarding the

Corollary 1. Under the assumptions of Theorem 1, with v = 1/K®, and o €]0,1/2[, we have:

-1/2 2
- 60 oy HEPnel? | MiVA | Mo A
E[F(wK‘1>_F(w*)]<K(Tr(gamaHF )+ e T e T ke )

The decrease of the second order terms is then optimized for o« = 2/5. To highlight the impact
of the non-linearity in compression schemes, we provide for comparison the result for a linear
multiplicative noise.

2.3 Convergence rates for (LSA), linear case

Alternatively, to cover the particular case of a linear multiplicative noise (e.g., to recover LMS or
projection-based compressed LMS) we make the following stronger hypothesis:

Assumption 3. The multiplicative noise is linear i.e. there exists a random matrix Z; in R¥™% s.1. for
mult

any n in RY, we have a.s. & (n) = Z11. Moreover E[||€ (n)||?] < ./\/lgHHfl;/Qnﬂz.

Remark 4. Note that = is not necessarily symmetric (in Algorithms 2 and 3, this results from the
compression).

In addition to Assumption 3, in the case of linear multiplicative noise, we also consider the
following assumption.

Assumption 4. The following hold.
Ad.1: There exists a constant’ I,qq > 0s.t. Cania < MqqHE.

A4.2: There exists a constant 111,51 > 0, such that E [ElEﬂ < Mt Hr.

3. This letter 111 is the Russian upper letter “sha”.
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Remark 5 (Link between Assumptions 1, 2 and 4). Assumption I (resp. Assumption 2) corresponds
to an assumption on the second order moment of the additive noise (resp. multiplicative), while
Assumption 4.1 (resp. Assumption 4.2) is a (stronger) assumption on its covariance.

Theorem 2 (Linear multiplicative noise). Under Assumptions 1, 3 and 4, i.e., with a linear multi-
plicative noise. Consider a sequence (wy,)gen+ produced in the setting of Definition 1, for a constant
step-size v such that ’y(R% + My) < 1and Al gy < 1. Then for any horizon K, we have

2
E[F(@K—l) - F(w*)] S % <HT]\/(%H + Tr (Q:aniaH};I) + 2 (’7dmaddmmult)l/2>

Theorem 2 generalizes Theorem 1 from Bach and Moulines (2013). It also highlights the impact
of additive noise’s covariance, and the comparison between Theorem 1 and Theorem 2 shows the
advantage of linear compression schemes. Indeed the variance scales as K _I(Tr (GaniaHgl) +
4yd ,qq M ¢ ). As before, the first term Tr (QﬁaniaH ;1) corresponds to the asymptotic variance
given in Proposition 1, and the second term is negligible: (i) for all 4II1,,,;;y < 1 it can be
upper bounded by dIll, 44, and for LMS (see Bach and Moulines, 2013), the variance term is
Tr ((’ZaniaH;l) = do?, which is thus at least as large, (i) it scales with -~y thus is asymptotically
negligible as ~y tends to 0. Overall, depending on &€,y;,, the algorithm may or may not suffer from the
lack of strong-convexity (x4 tending to 0). More precisely, in the case of linear multiplicative noise,
we can obtain a O(K _1) rate independent of p if and only if €,pniy < aHF, with a in R. The proof
of Theorem 2 is given in Appendix C, and follows the line of proof of Bach and Moulines (2013).

Conclusion: we established rates for (LSA) for both the Holder-noise case and the linear noise
case. In the former, convergence requires strong convexity while in the latter, we can achieve O(K 1)
for €,pia < aHp. In both cases, the dominant term for an optimal choice of ~y scales as w

In the following section, we turn to the analysis of Algorithm 2: we show how the choice of the
compression impacts both the linearity of the noise and the structure of €,y;,.

3. Application to Algorithm 2: compressed LSR on a single worker

In this section, we analyze Algorithm 2, i.e. compressed LSR. In Subsection 3.1, we introduce the
compression operators of interest and verify in Subsection 3.2 that Theorems 1 and 2 can be applied.
Then, in Subsection 3.3, we provide explicit formulas of Tr (@aniaH _1) for various compression
schemes. Finally, in Subsection 3.4, we validate our findings with numerical experiments.

3.1 Compression operators

Our analysis applies to most unbiased compression operators.

Definition 4 (Compression operators). Let z € R
1. 1-quantization is defined as Cy(z) := || z||sign(z) ® x with x ~ @, (Bern(|2]/]z]2))-
2. Stabilized 1-quantization is defined as Csq(z) := U Cy(Uz), with U € Unif(Oy).
3. Rand-h is defined as Cyap(2) := $B(S) ® z with S ~ Unif(P([d])) and B(S); = lics.
4. Sparsification is defined as Cs(z) := %B ® z € Rewith B ~ @, (Bern(p)) .
b}

. Partial participation is defined Cpp(z) := %Oz with by ~ Bern(p).
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6. Random Projection, also referred to as sketching, is defined as Co(z) = %(I)TCI)Z, where
h<deN,p=nh/dand ® € R"*? is a random projection matrix onto a lower-dimension
space (Vempala, 2005; Li et al., 20006). In the following, we consider Gaussian projection,
where each element i,j € [1,h] x [1,d] follows an independent zero-centered normal

distribution.

We refer to the introduction for related work on compression. Operators C, Csq are quantization-
based schemes while C.q1,Cs, Cpp, Co are projection-based. Indeed sparsification can be seen as a
random projection (for h < d, p = h/d and h randomly sampled coordinates Z from [1, d] such
that for any i € Z, the i*" lines of ® are equal to ¢; € R?, and equal to zero otherwise). For Cpp,
the motivation is distributed settings, in which the intermittent availability of clients prevents them
from systematically participating in the training. This can be modeled through partial participation:
clients only participate in a fraction p of the training steps. In theoretical analyses, this can be handled
as a compression scheme Cpp, in which the compression of a vector z is either z/p or 0. Observe
that in the centralized case, this is slightly artificial as it actually means that no update is performed
at most steps and that the step-size is scaled at the other steps. Finally, we denote Cy, : z € RY — 2
the operator that does not carry out any compression.

Remark 6. The analysis of random projection is related to Random features (Rahimi and Recht,
2008), usually used for Kernel learning in infinite dimensions. Nystrom method (introduced by
Kumar et al., 2009) is another similar technique of compression often used in this setting, it consists
of removing a subset S C {1,--- ,d} of lines and columns in the kernel matrix K. Both techniques
have been extensively studied in the context of linear and non-linear kernel learning (Rudi et al.,
2015, 2017; Rudi and Rosasco, 2017; Lin and Rosasco, 2017). Recently, the combination of SGD
and random features has been analyzed by Carratino et al. (2018). However, their results cannot be
directly applied to our setting for two reasons. Firstly, their analysis is for infinite dimensions, where
they obtain a O(1/ VK ) rate of convergence. Secondly, the compressions used in their approach are
not independent at each iteration.

Remark 7. Diffusion LMS (i.e. distributed learning without a central server) has also been studied
from the perspective of low-cost training by Arablouei et al. (2015); Harrane et al. (2018), but
using only clients’ partial participation or sparsification. Contrary to our work they use biased
compression and an adaptive correction step to compensate for the induced error. They provide
results guarantying asymptotic convergence (Harrane et al., 2018, see Equations (28)-(37)).

3.2 Applicability of the results on (LSA) from Section 2

We first show that our results from Section 2 can be applied for Algorithm 2 with a random
compression operator C, in the case of Model 2.

Lemma 1. For any compressor C € {Cq,Csq, Cran,Cs,Cao,Cpp}, there exists constants w, ) € RY,,
such that the random operator C satisfies the following properties for all z, 2 € R®.

L.1: E[C(2)] = z and E]||C(2) — 2||?] < w||2||? (unbiasedness and variance relatively bounded),
L2: E[||C(2) —C()|1?] < Qmin(||z]|, [|Z'[D]|z — Z'|| + 3(w + 1)||z — 2'||*(Hélder-type bound),

with w = /d and Q = 12v/d (resp. w = (1 — p)/p and Q = 0) for Cq and Cyq (resp. Cran,Cs,
Co,Cpp).

10
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We note C the set of unbiased compressors verifying Lemma 1. Item L.1 is frequently established
in the literature and corresponds to the worst-case assumption, see the introduction for references.
On the other hand, Item L.2 is the Holder-type bound, which is not used in the literature up to our
knowledge. The expected squared distance between the compression of two nearby points scales
with the non-squared norm of the distance. Moreover, the distance is multiplied by an unavoidable
coefficient scaling with z, 2. Remark that in Item L.2, we assume the compression randomness to
be the same for the compression of z and 2’: formally, we control W5 (C(z),C(2'))?, with W, the
Wassertein-2 distance. This lemma is demonstrated in Appendix E.1.

Remark 8. For a given w, note that the communication cost c for quantization-based and projection-
based compressors is not always equivalent. For 1-quantization we have c ~ %\/&logZ d—+ 32
while for projection-based we have ¢ ~ 32V/d, for Vd-quantization we have ¢ ~ 3d + 32 while for
projection-based we have ¢ = 16d.

Lemma 1 enables to show that Theorems 1 and 2 Algorithm 2 are valid in the context of Model 2.

Corollary 2. Consider Algorithm 2 in the context of Model 2, with a compressor C € {Cq, Csq, Cran, Cs,
Co,Cpp}. With Lemma I above, Assumptions 1 and 2 on the resulting random field (i) ken+ are
valid, with in particular Hp = H, R% = R%, A = (w+ 1)R?0% M3 = (w+ 1)R%, My = QR?%0.
Therefore, it follows that Theorem 1 holds.

Moreover for any linear compressor C € {Cyan,Cs, Co,Cpp}, under Remark 1, we also have
that Assumptions 3 and 4 are valid with I ,qq = o1l g and Ul = R*y, with g given
below. Therefore, it follows that Theorem 2 holds.

Compressor Crdn Cs Crp Co

h—1 h—1 (I-p)r 1 -8, B
M gy T -a)y 1HST 5 S
Iy (if H diagonal) % % % 0‘%34_%7

Where p = h/d, T = Tr (H) /p, and for sketching o = % and B = %.

This corollary is proved in Appendix D. We observe that a first difference in terms of convergence
exists between quantization-based compression and projection-based: for the former, only Theorem 1
can be applied and the lower-order terms always have a poorer dependency on p while for the latter,
Theorem 2 is applicable and lower-order terms do not necessarily depends on p. Indeed, the constants
I 7 do not depend on p for Cpp, and for C,q1, Cs, when the features’ covariance H is diagonal. On
the contrary, there is always a dependency on p for Cs, and for C,q1,Cs when H is not diagonal. In
practice, this means that, among projection-based compressors, regarding lower-order terms, the
convergence is expected to be slower for random Gaussian projection.

We now turn to the analysis of the impact of the choice of the compression on the dominant
asymptotic term Tr (Hgl(’:ania).

3.3 Impact of the compression on the additive noise covariance

In this section, we illustrate how distinct compressors lead to different covariances for the additive
noise. This shows how Tr (H ;1€ania) is impacted by the choice of a compressor.

11
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First recall that for Algorithm 2 in the context of Model 2, with any compressor C, the additive
noise writes for any k € [K], as:

algﬁ 2 m

9992 ¢ (0) "7 VP (w,) — Crlgy(we)) " —Col((an w) — yi)ar) "% Culeran) -

Also recall that €.y, is defined as Cupip = E[(£299)¥2] = E[C(e4xx)®?]. Moreover, note that

Clepzy) = €,C(zy) for all operators under consideration (this is immediate for linear operators and
results from the scaling for quantization-based ones). Consequently

Conin = E[aiC(xk)@)Q] = UQE[C(xk)‘X)Q], 3)

as E[e?|zx] = o2. Ultimately, we have to study the covariance of C(zy,), for z) a random variable
with second-moment .

We thus generically study the covariance of C(F), for E a random vector with distribution p,
with second moment* E[E®?] = M.

Definition 5 (Compressor’ covariance on pys). We define the following operator € which returns the
covariance of a random mechanism C acting on a distribution py; € Py,

Cx Py - Rixd

© ¢ o) - ELCE)®,

where E ~ ppr and the expectation is over the joint randomness of C and E, which are considered
independent) that is E[C(E)®2] = fRd E[C(e)®2]dpM (e)' Normal distribution Diamond distribution

Using a compressor C € C, we therefore have by Equa-
tion (3): 0
Cania = 0°€(C, 1), CON

where pg is the marginal distribution of z, (for any k).

Remark 9 (Dependence on pyy, not only M). Note that, for o e
C = Cq, there exist two distributions pyr, p; with the same Figure 2: Illustration of Remark
covariance M, such that €(C, prr) # €(C, py,)- This is why we cannot simply denote €(C, M).

Indeed, consider d = 2 and (1) a normal distribution =, ~ N (0, I5/2), vs (2) a diamond
distribution £y ~ P, such that Po{(1,0)} = P{(—1,0)} = P.{(0,1)} = P,{(0,—1)} = 1/4,

and thus Cov [E;] = Cov [Es] = I3/2. Then Cov [E] < Cov [ |, but 2 [, thus
Cov [Es] = Cov | ]. We illustrate this on Figure 2: we represent £; in blue and in
orange for 7 = 1 (left) and 7 = 2 (right). We also represent the covariance matrices by plotting the
ellipses Ecoy [, and , where £y; = {x € R, " M ~'z = 4} (see Definition S1)°.

We now compute for the compression operators, the value or an upper bound on €(C, pgr).

4. Remark that we do not assume E[E] = 0. Indeed, all computations only depend on the second-order moment M
of E, not on its variance (and the convergence depends of the second-order moment H of x, not its variance). It is
clear, that E[C(F)®?] does not depend on the fact that E is centered: indeed, for R a Rademacher 1/2 independent
of E, we have E[C(E)®?] = E[R?E[C(E)®?] = E[(RC(E))®?] = E[C(RE)®?] and RE is (1) centered (2)
has the same second-moment as £. Remark that centering the covariates before learning does impact H: indeed
H = E[(z)®?] = E[(x — E[X])®?] + (E[X])®?). Centering subtracts (E[X])®? to the second moment, which is a
rank-1 matrix, typically does not affect the smallest eigenvalue, but it can affect the top-eigenvalue.

5. The constant 4 is chosen so that for Gaussian distributions, the expected fraction of points within the ellipse is

86, 4% ~ 1 — FX2(2) (4)

12
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Proposition 2 (Compression and covariance). The following formulas hold:

C(Cropm) =M
C(Cppr) = €(Cq, M) := M + /Tr (M)/Diag (M) — Diag (M)
(with equality if || E|| is a.s. constant under pyy)
Coopm) =M+ (1 p)p~'Diag (M)
Corpnr) = ((BEL + 6pa)M + ( ) e d) , With 6pq = % =0(})
Cognopm) =p ' (=1 M + (1 - u) Diag )
C(Cpp,pm) =p M.

Conclusion and interpretation. Most compression operators induce both a structured noise
(Flammarion and Bach, 2015) which covariance scales with H and an unstructured noise, which
covariance scales with Diag (H) or I; — thus corresponding to an isotropic noise.

From the convergence standpoint, the asymptotic convergence rate scales with Tr (QamaH *1) =
o?Tr (@(C o) H _1) . Therefore, the un-structured part in the noise is problematic as Tr ((’:aniaH _1))
will strongly depends on the smallest eigenvalue y. This comes from the fact that the compression
induces a significant noise in directions in which the Hessian curvature is very limited (thus directions
onto which the contraction towards the optimum in the algorithm is weak).

A particular case is when H is diagonal (e.g. the features are centered and independent), we get
the following corollary.

Corollary 3 (Compression and covariance, diagonal case). If M is diagonal, then Proposition 2 is
simplified to the following (with the same 0pq):

G, o) =M C(Cypm) =p" ((% + Opa)M + (1 — %)2%)1(1)
€(Cppy) </Tr (M)vVM CCoypoPH) =p M
¢Cypm) =p'M C(Cpp,pm) =p M.

Remark 10 (Composition of compressors). For all compression schemes but Cy, we observe that
&(C,pn) is a function of M, which complements Remark 9. In that particular case, we can then
denote €(C, M ). This means that the lemma can be extended to any composition of compression
schemes, for example to compute €(Cq o Cy, M) = €(Cq, €(Cy, M)).

From Proposition 2 and Corollary 3 we can deduce certain generic comparisons between the
asymptotic convergence rates, depending on the compression operator (for compression operators
having the same variance bound). They are proven in Appendix E.3. In the following, for any a, b € R,
we use the notation a % b, to denote a systematic inequality (i.e., a < b) with a negligible difference
as d — oo (i.e., a = b+ O(1/d)), and similarly for any two symmetric matrices A, B € S4(R),
AXB,for A Band A= B+ O(1/d) as d — oc.

Proposition 3 (Comparison between Cpp, Cs, Cyap, Co, w = d/h — 1). We consider C € {Cpp, Cs,
Cidn,Ca} with p = h/d, such that C always satisfies Lemma 1 with w = d/h — 1. For any
matrix M € R¥*4;

1. If M is diagonal, then:

13
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¢ Q:(CPPva) = Q(Cspr) = Q:(CrdprM) = %M’
* Tt(C(Cpp o /ran> PM)M 1) < Tt (€(Cq, prr) M),
This means that the asymptotic convergence rate does not depend on the choice of the compressor

between Cpp, Cs, Crq1 in the diagonal case.

2. Moreover; for any matrix M with a constant diagonal (e.g., we standardize® the data in the
pre-processing step, such that Diag (M) = 1), we have:

Te(€(Cpp, prr)M ™) < Te(€(Co, par) M ™1) < Tr(€(Cy, par) M) < Te(€(Crap, par) M ).

With strict inequalities if M is not proportional to 1. This means that we expect the asymptotic
convergence rate to be faster for PP than Sparsification, Sketching, or Rand-h (illustrated in
experiments).

In the next proposition, we compare compressors Cs, Cpp to Cq for equal w = Vd (we exclude
Cran and Cg for which h must be an integer and that are shown to be worse than Cq in Proposition 3).

Proposition 4 (Comparison between Cpp, Cq, Cs, w = Vd). We consider C € {Cpp, Cq,Cs} with
p=(Vd+ 1)~L, such that C always satisfies Lemma 1 with w = V.

1. For any symmetric matrix M diagonal, we have:

Tr (€(Cpp, prr)M™Y) = Tr (€(C,, par) M) g (1 n ;&) Tr (E(cq, M)M—1> .

2. If M is not necessarily diagonal but with a constant diagonal (e.g., after standardization), then
° E(an M) 4 ¢(Csﬂplw)
* Tr (€(Cppypan)M ) < (14 25) Tr (E(Cq, MM

This means that sparsification is expected to always result in a poorer asymptotic convergence rate
than quantization. Moreover, the upper bound on the covariance €(Cq, M) for quantization itself
leads to a worst bound than for PP

We now propose a detailed illustration of the results of Proposition 2 and Corollary 3, first in a
low-dimensional setting (d = 2) and then in higher dimension on synthetic and real datasets.

3.3.1 ILLUSTRATION OF PROPOSITION 2 AND COROLLARY 3 IN DIMENSION 2.

In order to build intuition, we illustrate Proposition 2 and Corollary 3 in Figures 3 and 4, showing
how compression affects the additive noise covariance, in a simple 2-dimensional case, for both a
non-diagonal matrix M (Figure 3) and a diagonal one (Figure 4).

More specifically, we consider features () ,¢[x] sampled from N (0, M) where M = QDQ,
D = Diag(1,10) and Q is rotation matrix with angle /8 (resp. 0) in Figure 3 (resp. 4). We
represent the values of x; and , unit-ellipses of the corresponding covariance matrices Ecioy |y, ]

6. That means we center and rescale to get a variance of one for each feature.
7. Note that the behavior for quantization, apart from the upper bound €(Cq, M) is not quantified, it is thus possible that
quantization performs even better than PP.

14
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and (see Definition S1 —recall that Ecy [, C < Cov [zg] % ),

as well as their two eigenvectors; we take p = (1 + \/3)_1 = 0.41, hence for C € {Cq, Csq,Cs,Cpp}
we have w = 1.41 but for sketching and rand-1, we have p = 1/2 and w = (1 — p)/p = 1.
We make the following observations:

[Qtz] For quantization and stabilized quantization, in the non-diagonal case, the eigenvectors of
ECovlz,) and are slightly® different (as y/Diag (M) and M are not jointly diago-
nalizable, as well as if Diag (M) is constant, although this case is not presented here, but in
Figure S5 in Appendix E.3). They are equal for the diagonal case (as \/Diag (M) and M
are both diagonal so the eigenvectors are aligned with the axis). In both cases, the eigenvalue
decay is reduced (from A\y/A\; = 1/10 without compression to 1/4/10 with compression,
which visually corresponds to a “wider” ellipse).

This slower eigenvalue decay results from the unstructured-noise, i.e., large noise on the
weak-curvature direction, which is particularly visible on Figure 4. This is critical as it results
in a potentially much larger limit rate, as Tr (@(Cq, py)M 1) ~Tr (Mfl/Q).

[Skt] For sketching, the eigenvectors remain the same for £ (,,) and (as Iy and M are
jointly diagonalizable, see Corollary 3), both in the diagonal and non-diagonal case. However,
the isotropic noise with covariance Is is visible (wide ellipse), also drastically impacting
Tr (€(Cpp, par)M 1) o Tr (M),

[Sp] For p-sparsification, eigenvectors are not aligned with the ones of M in the non-diagonal case,
but are in the diagonal case. In this latter case, the covariance €(C,, pjs) is proportional to M.

[Rd] Same remarks hold for Rand-1 than for sparsification. We see that €(C_ 4, pas) is diagonal, as
expected. Again, both operators induce an unstructured-noise in the non-diagonal case.

[PP] For PP, the covariances are always proportional (with factor p—!), i.e., the ellipses have the
same axis and is a scaled version of Eqy ;-

We highlight the following points regarding pairwise comparisons:
* In the diagonal case, as stated by Item 1 in Proposition 3, and
are identical. would have been identical too if p = 1/d (but here we observe

8. On the figure, there are nearly aligned, but actually differ.
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log(i),¥i € {1,...,d} log(1), Vi € {1,...,d} log(i), Vi € {1,....d} log(i), Vi € {1,....d}

(a) M diagonal, d = 100 (b) M non-diagonal, d = 100  (¢c) Tr (@ania M —1), d € [2,100]
Figure 5: Figures 5a & 5b: Eigenvalues of &(C,pu). Figure 5Sc:
Tr (€C,pu)M~Y). K = 10Lw = 10, M = QDiag((1/i*)%,) QT and Q = I, (on

5a & 5c-1) or @ ~ Unif(Oy4) (on 5b & 5c-r). Plain lines: empirical values; dashed lines: theoretical
formula or upper bound given by Proposition 2.

C(Cog1r M) < E(C, /PP par) because the variance of rand-1 is smaller that for sparsifica-
tion/PP).

¢ In the non-diagonal case, from Item 2 in Proposition 3, we have Tr (@(CPP, v )M _1) <
Tr (€(C,, prr)M 1), however we do not have €(Cpp, par) < €(Cq, par), hence we can not
conclude anything on and .

* In the non-diagonal scenario, we observe on Figure 3, that €(C,, py) < €(Cy,pur) (as in

Item 2 in Proposition 4).

3.3.2 ILLUSTRATION OF PROPOSITION 2 AND COROLLARY 3 IN DIMENSION d > 2

Another way of visualizing the structured and isotropic parts of the noise is by plotting the eigenvalues
of &€(C,pys) in dimension d = 100. This is done in Figure 5, in which we plot the eigenvalues
in decreasing order for both M and €(C,pys), with Gaussian py; = N(0, M) and Sp(M) =
{(1/i*)L,}. We see that in the diagonal case, in Figure 5a, all operators but Cy, Co have a covariance
proportional to M (thus a slope —4 on a log/log scale), while C is proportional to VM (thus a slope
—2) and Cg has an isotropic component (thus eigenvalues not decreasing to 0). In Figure 5b we see
that only Cpp has a covariance proportional to M while all other ones have an isotropic component
(thus eigenvalues not decreasing to 0). We plot both empirical values and the ones obtained in
Proposition 2, which shows that the upper bound on quantization is reasonable in practice and acts as
a safety check for other compression schemes.

We plot on Figure Sc the theoretical and empirical Tr (Qf(C, py)M _1) again in two cases,
diagonal and non-diagonal. In the diagonal case, PP, sparsification, and rand-h have the same
behavior; their traces have the smallest value among all compressors. However, in the general case of
non-diagonal features’ covariance, all compression operators have similar slow performance except
for PP. For d = 100, all the compressors have w = 10, but Tr (C(C,pM)M_l) varies by several
orders depending on the compressor, illustrating again that compressors satisfying Lemma 1 with
the same w may have vastly different behaviors.

Lastly, we perform the same experiments on Tr (€(C, pas)M '), but on non-simulated datasets,
namely quantum (Caruana et al., 2004) and cifar-10 (Krizhevsky et al., 2009): in Figure 6 we
plot Tr (@(C o) M *1) w.r.t. the worst-case-variance-level w of the compression in three scenarios:
(top-row) — with data standardization, thus Diag (M) is constant equal to 1; (middle-row) — with a

16



DISTRIBUTED, COMPRESSED AND AVERAGED LEAST-SQUARES REGRESSION

no compr. no compr.

. o i s-quantiz.
103 s qua‘ntlz. . 10t 01 . p
o= gparsif. == gparsif. ps
e sketching e sketching 4
— ran«%—h 10° > randih .
TR R partial part. === partial part.
& —
K3 -
—o— w. std /_/ - —o— w. std /_4—‘
T 103 | —#— w. pca " N . —%— w. pca , .
:m -4 raw data P ] ;m 107 ] _g= raw data o - "
g _n » g . :
E:/ " ’,ﬂ' 9 - — . * . -—" —
= _’“/ -F’ 3| * "_'.g.'
= 102 Y~ B 0 _;_.—8
- ;I=:= s b g § Y O — e m—f = 3 — 1
» - o e n i g ¢ s e m—
, p— P
9 ] -
10 I . P
7| dem—— - - ‘r
10 - +
+ 4 == - *
- + 4 =
L +* -
. —p = . e -
10° _____..—‘—:—:_‘___.1- 10° | * o
E=====-====:t-|'——+——1‘ ==::—-|.——-|.—|——|.———.|———+
107! 10" 10! 100 00
Value of w Value of w
(a) quantum (tabular dataset) (b) cifar10 (images)

Figure 6: Tr (€(C, ppr) M 1) w.r.t the level of w for quantum and cifar10. X/Y-axis are in log scale.
Note that the plots may have different magnitudes.

PCA, thus with a diagonal covariance M (note that this is for illustration purpose: performing a PCA
would be more expensive computationally than running Algorithm 2); and (bottom-row) — without
any data transformation. As a pre-processing, we have resized images of the cifar-10 datasetto a
16 x 16 dimension. We adjust the level s € Cq, h € Cran,Cao, and p € Cpp, Cs to make w vary.

Interpretation. (Top-row): with standardization, the order predicted from Proposition 3.2
(large w), and Proposition 4.2 (low w) is obtained for both quantumand cifar-10: Cpp < Cq <
Cs ~ Crqp =~ Co. For quantization, we observe two regimes: 1) when w tends to zero, quantization
and PP outperform sketching, sparsification, and rand-h, that are equivalent. 2) when w increases,
quantization changes from scaling as PP to scaling as the second group. (Middle-row): in the
diagonal regime, comments made for Figure 5c-1 are still valid. (Bottom-row): We observe that
for a generic matrix M (obtained from raw-data) there is no systematic order between compression
schemes. This is un-avoidable as the order for a “M diagonal” and “M with constant-diagonal” is
not the same. We observe that:

e for quantum, Cpp < Cg < Cran €< Cq < Co
» forcifar-10,Cpp < Cq K Cs ~ Crgp >~ Co.

We also observe that Cg, which is the only operator to always induce an isotropic component, may
be much worse than all other compressors (e.g., on quantum). Ultimately, the order depends on
the covariance matrix M. Here we observe that the raw-data behavior is close for cifar-10
to the standardized version, while for quantum the order between compressors is the same for
raw-data and diagonal (although the ratios are different). In Appendix E.4 (Table S3), we provide an
illustration of the covariance matrices, that supports such interpretation.
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3.4 Numerical experiments on Algorithm 2

In this section, we run Algorithm 2 on both synthetic and real datasets to illustrate the combined
theoretical results of Sections 2 and 3. In Figure 7, we compare the compression operators to the
baseline of no-compression. We plot the excess loss of the Polyak-Ruppert iterate F'(wy) — F'(w),
versus the index in log/log scale. Each experiment is conducted 5 times, with a new dataset generated
from a new seed. The standard deviation of log,(F(wy) — F'(w)) is indicated by the shadow-area.

Setting: (a) Synthetic dataset generation: The dataset is generated using Model 2 with K = 107,
0% = 1, an optimal point w, set as a constant vector of ones and a geometric eigenvalues decay
of Dy = Diag ((1/i*){,) (resp. D = Diag ((1/i)%_,)). For i € {1,2}, the covariance matrix is
Hyy = QD{Z-}QT, where () is either orthogonal matrix, or () = I in the case of a diagonal features’
matrix. (b) Real datasets processing: We resize images of the cifar—-10 dataset to a 16 x 16
dimension, and then for both datasets, we apply standardization. To compute the optimal point (and
so to compute the excess loss), we run SGD over 200 passes on the whole dataset and consider the
last Polyak-Ruppert average as the optimal point w.. (c) Algorithm 2: We take a constant step-size
v = 1/(2(w + 1)R?) with R? the trace of the features’ covariance, and wo = 0 as initial point.
We set the batch-size b = 1 (resp. b = 16) and the compressor variance w = 10 (resp. w = 1,
thus a factor 4 compression for quantum and factor 2 for cifar-10) for synthetic datasets (resp.
for real datasets). For cifar-10 and quantum, we run Algorithm 2 for 5 x 100 iterations (it
corresponds to 100 passes on the whole dataset). These settings are summarized in Tables S1 and S2
in Appendix A.1. Additionally, to illustrate Corollary 1, we plot on Figure 7d the final excess loss
after running Algorithm 2 with an horizon-dependent step-size v = K ~2/°, computed for seven
values of K € {10%,i € [1,7]}.

Interpretation — H diagonal (Figure 7a). For sparsification, rand-/, and PP (linear compressors),
the rate of convergence is given by Theorem 2. As stated by Corollary 3, the covariance €,,;, is
proportional to H leading to a O(1/K) rate. We indeed observe in Figure 7a that excess loss is linear
in a log/log scale.

For non-linear compression operators, the rate is given by Theorem 1. On the one hand, 1-
quantization results in a slower eigenvalues’ decay, leading to a larger Tr (QaniaH _1), thus a
slower convergence than linear compressors. On the other hand, for sketching, covariance has a
purely isotropic part scaling with I;, which causes Tr (QﬁaniaH _1) to strongly depend on the strong-
convexity coefficient u resulting in an extremely large constant. Both behaviors are observed in
Figure 7a.

Interpretation — H not diagonal (Figures 7b and 7e). In the case of the high eigenvalues’
decay of H; (1 = 10~9), the only compressor that shows in Figure 7b a linear rate of convergence
in the log/log scale is PP. All others exhibit a saturation phenomenon after a certain number of
iterations. This is again due to the unstructured part of the noise for all other compressors, as given
by Proposition 2. Besides, we also note an increase of the excess loss after some iterations that is
likely caused by the accumulation of noise on axis onto which the curvature of H is weak (but the
isotropic noise is not). However, taking the optimal horizon-dependent step-size given by Corollary 1,
we recover on Figure 7d for all compressor C the sub-linear convergence rate of PP shown at
Figure 7b, reducing by a factor 100 the excess loss w.r.t. to the scenario where v = 1/2(w + 1) R?).
While using a small step-size is slightly worse for SGD, it reduces the second and third term of
the variance in Theorem 1 that depends on y for other compressors. And in the scenario of a slow
eigenvalues’ decay (1 = 10~2), we observe on Figure 7e that all compressors reach the sub-linear
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Figure 7: Logarithm excess loss of the Polyak-Ruppert iterate for a single client (N = 1).

rate (same slope -1 on the log/log plot), but with different constants. This illustrates Theorems 1
and 2 in the case of moderate coefficient i where we expect the second and third parts of the variance
term to be negligible.

Interpretation - real datasets (Figures 7c and 7f). We observe that quantization performs
competitively with PP and outperforms all other compressors. The asymptotic behavior is consistent
with Figure 6 (top-row) for w = 1, where the order Cpp ~ Cq < Cs =~ Crqp, =~ Co is observed. This
experience is going beyond Proposition 2 which only applies to 1-quantization.

3.5 Conclusion

In this section, we investigated how the compression scheme choice impacts the convergence rate,
first by showing that quantization-based and projection-based methods respectively satisfy Theorem 1
and Theorem 2, resulting in different non-asymptotic behaviors. In the asymptotic regime, in
both cases, the averaged excess loss scales as Tr (H _lQiania) /K. We then analyzed the impact
of the most-used schemes on this limit rate. Overall, it appears that all compression schemes
typically generate an unstructured-noise, which covariance does not scale with H, contrarily to the
classical un-compressed Algorithm 1. The one exception is PP, which corresponds (on a single
worker) to performing fewer iterations. For other compression schemes, we show the impact of
the covariance H: depending on the correlation between features (H diagonal or not) and on the
pre-processing (e.g., standardization for which H has diagonal constant), the ordering between
compression scheme varies. In many cases, this highlights the need for an additional regularisation
when running Algorithm 2: all compression schemes (but PP) result in a significant noise that
accumulates along the low curvature directions. Our results can be extended to the ridge (a.k.a.,
Tikhonov) regularized case (see Dieuleveut et al., 2017), which creates an additional bias but changes
the rate Tr (H _1€ania) /K into Tr ((H + )\I)_IQania) /K. The theoretical optimal choice for A
depending on H and the compression scheme could be obtained from our analysis but is left as future
work.
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We now turn to the distributed/federated case, which motivates the study of compression schemes
for practical applications.

4. Application to Federated Learning

In this section, we consider Algorithm 3 under Model 1, which corresponds to heterogeneous
Federated Learning on a network composed of N clients. We hereafter consider two particular cases
of Model 1. First, in Subsection 4.1, the covariate-shift case, i.e., Model 1 with wi = w, forall ¢
(thus the distribution of 3/ conditional to x* does not change between workers), but on the other hand,
the features” marginal distributions are different, in particular, H; # H;. Second, in Subsection 4.2,
the optimal-point-shift case, i.e., for each client i, j € [IN], their optimal points are different w’ # wl,
but H; = H;. In the rest of the section, we denote I := & >N | H;, R = LYY R? and we
have F'(wg) — F(wy) = % <77k,1, an,1>.

4.1 Heterogeneous covariance

In this section, we first show that Theorems 1 and 2 on (LSA) from Section 2 can be applied to the
Federated Learning case within the scenario of covariate-shift. Corollary 4 is proved in Appendix F.1.

Corollary 4 (Algorithm 3 with covariate-shift). Consider Algorithm 3 under Model 1 with w’. = w},

(and potentially H; # H).

1. For a compressor C € {Cq,Csq, Cran, Cs, Ca,Cpp }, Theorem 1 holds, with Hp = H, R% = §2,

A= (w+ DR 02/N, Ma = (w + 1) max;epn)(R2) /N, My = Qo max;epy) (RZ)/N.

2. Moreover for any linear compressor C € {Ciap,Cs, Co,Cpp}, Theorem 2 holds, with the
same constants and 1,qq = o2 max;eny](Uly,)/N and Uy = maxie[N](R?IHHi)/N,
with (I, )Y, given in Corollary 2.

The Hessian of the objective function is now H, and Theorems 1 and 2 still hold. The proof
consists in showing that with Lemma 1, Assumptions 1 to 4 on the resulting random field (&) xen~
are valid, with the constants given above.

In order to understand the impact of the compressor on the limit convergence rate, we establish a
formula for €.y, similar to Equation (4). In the setting of covariate-shift, we have for any clients
i,j € [N], w: = wl, thus

N

def. 2 algo 3 1 (o
G760 T8 VF(w*)—NZCi;(gi(w*))
=1
eq. 2 1 N i i i\ i model 1 1 al i/ 4 i
5 - 2 G(zhwa) —wh)a) M= Y Gl
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Next for all operators under consideration we have Cj, (¢} 2%) = £5.Ci (%), thus, with py, denoting
the distribution of zj, with covariance H;, we have:

N ®2
a 1 i i indep. of (C’)Z
Cania = E [(5 dd)®2} =E (N ch(ekxk)> ' N2 Z E Ck? )®2]
o i Def 5 o? notation o? A N\
= 3z 2_E [Ci(=1)™] Zc Chopn,) "= S €(C PN - 5)

The operator €((C?, pp,)Y. ) generalizes the notion of compressor’s covariance (Definition 5) to the
case of multiple clients, and Equation (5) corresponds to Equation (4).

. (d
Remark 11 (All clients use the same linear compressor). If for all i € [N], C* @ CandC €
{Cpp, Cs, Cran,Ca }, leveraging Remark 10, we have

Q:((szpH)z]il) = ¢<C7F> :

The analysis of (LSA) on a single worker made in Section 3 is still valid in this setting with now the
Hessian of the problem being equal to the average of covariance H. Corollary 4 and Equation (5)
prove that the case of covariate-shift is identical to the centralized setting with a variance reduced by
a factor N.

Remark 12 (Varying compressor, or compression level, or non-linear compression). In most other
2 . N < 2 .

cases, the computation of 5 €((C, p,)Y.|) = %= Zf\il &(C, pH,) is possible using the results of

Subsection 3.3

Overall, in the covariate-shift case, most insights from the centralized case remain valid, espe-
cially, client sampling (i.e., PP) is the safest way to limit the impact of compression. Moreover,
the trade-offs and ordering between compressors remain preserved, especially regimes in which
quantization outperforms other competitors.

4.2 Heterogeneous optimal point

Hereafter, we focus on the case of heterogeneous optimal points and consider that all clients share the
same covariance matrix, i.e. for any i, j € [N], H; = H, but potentially w’ # w. This can be seen
as a case of concept-shift (Kairouz et al., 2019), and we also refer to the situation as optimal-point-
shift. This setting could eventually be combined with the covariate-shift case. Similarly, Theorems 1
and 2 on (LSA) from Section 2 can be applied.

Corollary 5 (Algorithm 3 with concept-shift). Consider Algorithm 3 under Model 1 with H; = H

(and potentially wi # wl).

1. For a compressor C € {Cq, Csq, Cran,Cs, Co,Cpp}, Theorem 1 holds, with Hp = H, R% = R?,
A = B (v (HCov [WL]) + 02) with W, ~ Unif({w!,i € [N]}), My = (w + 1)2/N,
and My = QR?c/N.

2. Moreover for any linear compressor C € {Cyap, Cs, Ca,Cpp}, Theorem 2 holds, with the same
constants and 1 ,qq = o>l /N and 1 = R*1 g /N, with Iy given in Corollary 2.
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Corollary 5 can be proved reusing computation made for Corollary 4 and using below Propo-
sition 5. We next aim at computing the additive noise covariance. We note 927* = g};(w*) the
local stochastic gradient evaluated at optimal point w,. We have, in Model 1, for any w € RY,
Fy(w) == E({(2}, w — wl) — xie})?, thus VF(w) = % vazl H(w —wt), and wy, = Zfil wl/N.
The setting of Definition 1 is verified with Hr = H, and for any w € RY, that the random field &,
can be computed as:

N
f. Al
Ex(w — wy) "N w0 — —chz I (w)), thus ¢4 PL2 Zcz gi

with g,i,’* = (2} @ z})(ws — wl) + ztel. We thus have, for any k € N:

®2
Caoa = E[(gaee2] Ve ( ZC’ i)~ VE (w*)>

N
1 o
= > (ECHGh,)% — VR (w.)®?)
=1
2 N N 2
— id i ! Ne2H < O (e N )

where pg, is the distribution of g,i,* (for any k). In the last inequality, we simply discarded the

non-positive term —H vaz (we — w)®2H. For linear compressors, by Proposition 2, €,yia is a
linear function of % Zf\;l ©; — the averaged second-order moment of the local gradients (g;, I

In order to bound this quantity, following Dieuleveut et al. (2017), we make the following assumption.

Assumption 5. The kurtosis for the projection of the covariates x’l (or equivalently x}c for any k) is
bounded on any direction z € RY i.e., there exists k > 0, such that:

Vie [N],VzeRY, E [<z,x§>4] < k(z, Hz)*

For instance, it is Veriﬁed for Gaussian vectors with k = 3. By Cauchy-Schwarz inequality, it
implies that E[(z, x1> 24)%?) < k(z, Hz) H for all z € R, We obtain the following proposition.

Proposition 5 (Impact of client-heterogeneity.). Let W* be a random variable uniformly distributed
over {w',i € [N]}, thus such that, Cov [W,] = + LS (we — wi)®2, then:

Z (kTr (HCov [W,]) + 02) H .

Proof We have:

i i CORCH) i o
©; = E[((z}, ® z},) (we — wl) + 2}er) %] =" E[(z}, ® z}) (we — wl)®* (2}, ® 2})] + 0*H

Ass. 5 . . .
S—i< K (we —wl, H(w, —wl)) H + 0?H = &Tr (H(w, — w!)®?*) H + 0°H .
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In words, we have the following two main observations.

Remark 13 (Structured noise before compression.). Before compression is possibly applied, the
noise remains structured, i.e., with covariance proportional to H, in the case of concept-shift. As a
consequence, the rate for un-compressed Equation (LSA) will remain independent of the smallest
eigenvalue of H. This remark extends to the case where Cpp is applied.

Remark 14 (Heterogeneous vs homogeneous case). Compared to the homogeneous case, in which

©; = 0?H; and Copin = ¢ Ci,pu,)N..), the averaged second-order moment increases from
N i/i=1

o2H to (kTr (HCov [W.]) + o) H, showing the impact of the dispersion of the optimal points

(wi)f\il This corresponds to the typical variance increase in the compressed heterogeneous SGD

case (Mishchenko et al., 2019; Philippenko and Dieuleveut, 2020).

Concept-shift thus hinders the limit convergence rate. To limit this effect, a solution is to
introduce a control-variate term (h;c)kEN*,iE[ N)» that is subtracted to the gradient before compression
and asymptotically approximate V F;(w,) for any i € [N] (see Mishchenko et al., 2019). We explore
this direction in Appendix F.2.

4.3 Numerical experiments

We support the theoretical results from Subsections 4.1 and 4.2 by performing experiments in the FL
framework that extend the ones from Section 3.

On figures Figure 8, we present the results of the excess loss of the Polyak-Ruppert iterate
F(wy) — F(w,) versus the number of iterations in log/log scale. The experiments were run 5 times,
each time with different datasets (dispersion is shown by shaded area).

Settings. (a) Synthetic dataset generation: The dataset is generated using Model 1 with N = 10,
K = 105 on each client, 02/N = 1. For any clients i in [N], the covariance matrix is H; =
QiDiQZT, where (); is an orthogonal matrix. For heterogeneous clients, the dataset generation is
as follows. Covariate shift: The rotation matrix (); is sampled independently for each client and
the diagonal matrix D; is Diag ((1 / jﬁi)?zl) where f; ~ Unif({3,4,5,6}). Concept-shift: The
optimal models of the clients i € [N] were drawn from a zero-centered normal distribution with
a variance of 1001y, that is, wi ~ N(0,1001;). We also take for all client 7 in [N], H; = QDQT,
with D = Diag ((1/ j))?zl. (b) Real-dataset and covariate-shift: To simulate non-i.i.d. clients, we
split the dataset in heterogeneous groups (with equal number of points) using a K -nearest neighbors
clustering on the TSNE representations (defined by Maaten and Hinton, 2008). Thus, the marginal
feature distribution significantly varies between clients, providing a covariate-shift, while keeping
the same distribution for the output conditional to the features on all clients. (c) Algorithm 3: We
take a constant step-size v = 1/(2(w + 1) R?) with R? = Tr (H) and wo = 0 as initial point. We
set the batch-size b = 1 for synthetic datasets and b = 16 for real datasets, the compressor variance
is w = 10. (d) Algorithm 3 vs Algorithm 4: We take a bigger constant step-size 7 = (2R?)~! in
order to emphasize the difference between the case w./w.o. control variate, we set wy = 0 as initial
point and the compressor variance is w = 10. We set the batch-size b = 32 for Figure 8c and b = K
for Figure 8f.

Interpretation — homogeneous case and covariate-shift case (Figures 8a, 8b, 8d and 8e).
These experiments extend those presented in Subsection 3.4 in the case of a single client. The
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Figure 8: Logarithm excess loss of the Polyak-Ruppert iterate iterations for N = 10 clients.

observations made in the centralized case (Figure 7), especially on the impact of the compressor
choice on the convergence and the ordering between limit convergence rates remain valid. This
illustrates Corollary 4 and Remark 11: Theorems 1 and 2 hold in the case of homogeneous client or in
the case of heterogeneous covariance and the only compressor that ensures that the noise is structured
is client sampling (partial participation). On the real datasets, quantization is also competitive.

Interpretation — concept-shift case (Figures 8c and 8f). These experiments extend those
presented on Figure 7e (slow eigenvalues’ decay with 1 = 1072) to the scenario of concept shift.
First, we observe on Figure 8c that for all compressors the convergence rate remains in O(1/K),
(though vanilla SGD converges faster during the first iterations). Second, we observe that control-
variates improve convergence for compressors inducing un-structured noise ; this is predicted by
theory, see Theorem S4. Third, on Figure 8f, at each iteration k¥ € [K], we use deterministic
gradients g/,"C = VF; which leads to having a.s. fgdd = (), and in the absence of compression, we

obtain a O(1/K?) convergence rate for Wy which corresponds in Theorem 1 to the case where the
—1/2_ 412
7ol

dependency on the initial condition is dominated by HFW Overall, these experiments illustrate

SRS 7
and support our theoretical insights.

5. Conclusion and open directions

Conclusion. In short, we investigate the impact of the choice of compression scheme on the
convergence of the Polyak-Ruppert averaged iterate. By analysing the case of compressed least-
squares regression, we shed light on the interplay between the Hessian of the optimization problem
Hp, the features’ distribution, the additive noise’s covariance €,y i,, and the compression scheme.
This shows fundamental differences between compression that deemed equivalent under the classical
worst-case-variance assumption. We extend our analysis to the case of heterogeneous federated
learning, a setting in which compression is widely used and its impact not fully understood.
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More precisely, first, the analysis of the generic stochastic approximation algorithm (LSA)
provides (1) the fact that projection based compressions achieve a faster convergence rate than
quantization based, and that yet, their asymptotic rate is similar; (2) the analysis of quantization-
based compression requires introducing a new Holder-type regularity assumption for the analysis
of the stochastic approximation scheme, and showing that such an assumption is satisfied for
quantization.

Second, the computation of the additive noise’s covariance €,yi, reveals the impact of the
compression scheme and the data distribution on the asymptotically dominant term. We obtain
that (1) partial participation (i.e., client sampling in the federated case) is the only method that
systematically ensures a convergence without a dependency on the strong-convexity constant; (2)
other compressors may all induce an un-structured noise, with covariance scaling with I or v/H, that
strongly hinders convergence by accumulating noise on low curvature directions; (3) the relative
performance or various schemes changes depending on the pre-processing applied to the data, making
quantization the best method (apart from PP) when standardization is applied, but one of the worst
(with random Gaussian projection) when the features are independent and the eigenvalues of the
covariance decay rapidly (4) in that particular last setting, all projection based methods (but Gaussian
projection) behave similarly.

Third, we discuss how these results apply to the federated case, that corresponds to the initial
motivation. We show that we encompass two particular heterogeneity situations and how our analysis
applies. Overall, these results are a step towards a better understanding of the impact of a widely
used tool.

Open directions. This analysis can be extended to include various aspects that are beyond the
scope of this work. First, one natural improvement for application in FL would be to consider also the
scenario where each client runs several local iterations (McMahan et al., 2017; Karimireddy et al.,
2020) before sending their updates, reducing further the cost of communication. Similar approach
can be used, although the additive noise field would be more complicated, which potentially implies
a different additive noise’s covariance. Second, as mentioned in Subsection 3.5, our analysis could
also be extended to the case of stochastic approximation with ridge regularization (e.g., following
Dieuleveut et al., 2017) which in practice is helpful to mitigate the impact of the lack of strong
convexity. Third, an obvious direction is to extend beyond quadratic functions and considering other
objective functions, such as logistic regression or even shallow neural networks. Several results in the
literature can be leveraged to tackle non quadratic but self-concordant losses Bach (2010); Gadat and
Panloup (2023). Fourth, our analysis still only relies on second moments (variance and covariance)
of the stochastic field. One major drawback of partial participation is to induce a significant increase
on higher order moments. Incorporating higher order bounds may also bring novel insights to the use
of compression in FL. Finally, all our analysis is made in finite dimension and our asymptotic focuses
on K — oo: further works should analyze the case of infinite dimension: within the reproducing
kernel Hilbert space (Dieuleveut and Bach, 2016) framework or within the overparametrized setting
(Belkin et al., 2019).
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Supplementary material

In this appendix, we provide additional information to supplement our work. In Appendix A, we
begin by detailing technical results, by introducing an auxiliary lemma and by proving Proposition 1
which gives a CLT for (LSA). Secondly, in respectively Appendix B and Appendix C, we give
the proof of Theorems 1 and 2. Thirdly, in Appendix D, we verify that the setting of single-client
compressed LSR fulfills the setting presented in Section 2. In Appendix E we prove that Lemma 1
hold and compute the compressors’ covariance to establish Proposition 2 and Corollary 3. Finally,
in Appendix F, we provide demonstrations for the federated learning case, including verifying
assumptions (covariate-shift scenario) on random fields in Appendix F.1, and proving a Central Limit
Theorem S4 in Appendix F.2 for the concept-shift scenario.

Additional notations. We use the Frobenius norm || A||? := Tr (A" A), which is the same notation
as the vector Euclidean norm (no ambiguity in general), .J, to denote the d X d diagonal matrix
whose r first diagonal elements are equal to one and all the other matrix’s coefficients equal to
zero, Sj+(R) the cone of positive definite symmetric matrices, and £ (€2, A, P) the set of random
vectors defined on the probability space (€2, .4, P) such that E[|| X ||P] < co. We define also the

operator norm || A|| := y/maxeig(AT A).
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A. Technical results

A.1 Settings of experiments

In Tables S1 and S2, we summarize the settings of experiments presented in Subsection 3.4.

Table S1: Settings of experiments for a single client (/N = 1) on synthetic data (Figures 7a and 7b).

Parameter K d eig(H); w. 02 w 1 wo  #runs
Values 107 100 14 (DL, 1 10 2w+1R? 0 5

Table S2: Settings of experiments for a single client (N = 1) on real data (Figures 7c and 7f).

Dataset d  standardization b w 1 wo #runs reference
quantum 65 9 (CTLO4)
cifar-10 256 v 161 2w+ DR 05 o)

A.2 Useful identities and inequalities

In this Subsection, we recall some classical inequalities and results.

Inequality 1. Ler N € N and d € N. For any sequence of vector (ai)i]\il € R% we have the
following inequalities:

N 2

>

i=1

N 2 N
2
< (ZH%H) < NZH%‘H :
i=1 i—1

The first part of the inequality corresponds to the triangular inequality, while the second part is
Cauchy’s inequality.

Inequality 2. Let z in R? and A in Mg4(R), then we have || Az|| < || A]l]|z].

Below, we recall Minkowski’s and Jensen’s inequalities. Additionally, we recall the Cauchy-Schwarz
inequality for conditional expectations.
Let a probability space (€2, A, P) with {2 a sample space, A a o-algebra, and P a probability measure.

Minkowski’s inequality. Letp > 1 and suppose that X, Y are two random variables in £P (€2, A, P)
(i.e. their p'* moment is bounded), we have the following triangular inequality:

E[llX +Y|[”1YP < E[IX[P)17 + E[IY (717 (S

Jensen’s inequality. Suppose that X :  — R?is a random variable, then for any convex function
f : R — R we have:

F(E(X)) <Ef(X). (S2)
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Cauchy-Schwarz’s inequality for conditional expectations. Suppose that X, Y are two random
variables in £2(Q2, A, P) (i.e. their second moment is bounded), then for any c-algebra F C A we
have a.s.:

EXY | FP<E[X?|FIE[Y?]|F]. (S3)

Convergence in L”-norm. Suppose that (X,),en is a sequence of random variables in £LP(2, A, P),
and that X is a random variable in £LP(€2, A, P). We say that (X,,),en converges in LP-norm towards
X if E(||X,, — X|[P) — 0, it is denoted by: X,, ——— X .

n—-4o00 n—-4o00
In Subsection 3.3, we use ellipses to visual quadratic functions, therefore we provide in Definition S1
the mathematical definition.

Definition S1 (Representing positive matrices through ellipsoids). Any symmetric positive definite
matrix M in SJ1(R) defines an ellipsoid Ery = {x € R, z" M~z = 1} centered around zero.
The eigenvectors of M are the principal axes of the ellipsoid, and the squared root of the eigenvalues
are the half-lengths of these axes. The ellipse corresponds to the sphere of radius 1 associated with

the norm Ny;—1 = Vo T M—1z.

A.3 An auxiliary inequality

In this Section, we provide an auxiliary lemma that is specific to the framework considered in
Section 2. It will be used in the proof of Theorem 1 and corresponds to an adaptation of Lemma 1

from Bach and Moulines (2013).
1/2

Lemma S1 (Auxiliary inequality on "7, E[||H 7 nil|?1/K). Under Assumptions I and 2.1, for
any K in N* and any step-size v € RT s.t. 'y(R% +2My) < 1, the sequence (wy,)ken+ produced by
a setting such as in Definition 1, verifies the following bound.:

1= 10 01 5AY
= N EHY (w0 — )] < 2 . .

Proof Let k in N*, we start writing that by Definition 1, we have wy = w1 — YV F(wg_1) +
v€k (Nk—1). Thus taking the squared norm and developing it, gives:

1 ll” = =1 ]” = 2y (o1, VE (wip—1) — Ex(m—1)) + 72 | VE (wr—1) — E(me—1)[|” . (S4)

We need to bound the last term. By Definition 2, we have & (175—1) = &M (1) + €299, hence
using Inequality 1, we have:

IVE (wy—1) = &k (m—)I* < 20V E (wy—1) = ™ (=) |I* + 201642,

mult

taking expectation w.r.t the o-algebra Fj_1, developping HVF (wp—1) — ™ (M—1) ||2 and because
E [5,2“““ (Mk—1) ‘ ]-"k,l] = 0 (the random fields (£x)ren+ are zero-centered, see Definition 1), we
have:

E[IVF(wi1) = &) | Fi
< 2B [ VF (i) | Fir] 4+ 26 [ () |7 | Fica | + 26 [I164217 | Fica ]
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Now, we use Definition 1 and Assumptions 1 and 2.1: it leads to:

E ||VF(wr—1) — & (-1 } ]:k:—l]
1/2

< 2R3 H Y mpa||? + 4Moa| | H Py | + 84 + 2.4
< 2(R3 + 2Mo) | Hy *nje—a || + 10A.
Because the sequence of random field (& )ren~ is zero-centered (Definition 1), we have:
1/2
E {1, VF(wi-1) — & (1)) | Foor) = (o1, Hpmp1) = | H 2o |2
hence back to Equation (S4), we obtain:

E [l | For| < I l® = 290 = 1 (RE: + 2Mo) | Py |+ 10452 (55)

It follows that if V(R% + 2M3) < 1, summing the previous bound and taking full expectation gives:

K 2 2

1 1/2 [m0ll” — E k|l 5Ay

It > E [HHF/ 77k71H2} < 5 + . ,
2 K (1 — 7 (R% 1 2Ms)) 1 — (R + 2My)

which allows concluding. n

A.4 Asymptotic results: central limit theorem for (LSA)

The demonstration of Proposition 1 uses the following theorem from Polyak and Juditsky (1992)
guaranteeing the asymptotic normality of the Polyak-Ruppert iterate.

Theorem S1. From Polyak and Juditsky (1992, see Theorem 1).
For k in N*, we denote n, = wy, — w, and we define wy, = wi—1 — Vg VEF (wg—1) + wE(Mr—1)- If
we assume that:

« e — 0and v; (v, — =
Ve o Dand (& — Yr+1) .

(7).
» Fis strongly convex and HV2FHOO < 09,
* the convergence in probability of the conditional covariance to a matrix 3. holds, i.e., we have
P
a.s. E[€(m—1)€(m-1)" | Fr—1] —— =

k——+o0

Then for any K in N*, we have the asymptotic normality of (VK1 1) ken+:
VEng # N(0,5%) with % = {V2F (w,)} " S{V?F (w.)} .
—+00

Below we present our CLT that gives the asymptotic normality of (v K7 _1)ken+ in the case of
strongly-convex case and decreasing step size.
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Proposition S1 (CLT for (LSA) in the strongly convex-case and deacreasing step-size). Under
Assumptions 1 and 2, consider a sequence (wy)ren+ produced in the setting of Definition 1
using a step-size (V) ken .. Yk = k=% a € (0,1). Then (nk ) k>0 converges in L*-norm to

. L?
0, ie.ng — 0.
K—+o0
Furthermore, (V KT _1) k>0 is asymptotically normal with mean zero and covariance such

that:
VET g | —— N0, Hi ' Canin H7 ).
K—+o0o

Proof

First, we have that in the case of decreasing step size s.t. for any k in N, v, = £~“, we have:
2
NK — L, 0. This is a classical computation for SGD with bounded variance (Assumptions 1

K—+o00
and 2.1.). Detailed computations are for instance given in lectures notes of Bach (2022, pages

164-167 and 182), and Kushner and Yin (2003). To apply Theorem 1 from Polyak and Juditsky
(1992, recalled in Theorem S1), which gives the desired result, it suffices to prove the convergence in
probability of the covariance of the noise & (7x—1) towards Cypia, as k — oco.

In the following, we show that . lim E [&(me—1)&k(me—1) " | Fr-1] 2 Conia. We start writing:
—+o00

Ee(Me—1)&k(m—1) " = (£ — & (mo—1)) (9 — 2 (1)) T
= (% — UG (1) T — G (1) (G T + &M (1) ®2

(1) First, from Definition 2, it flows that E [ﬁadd ® fzdd ‘ ]:k—l] = Cania-

(ii) Second, we show that E[ﬁmult (77k 1) | Fr—1] converges to 0 in probability: it is suffi-
cient to show that: E[[|€MUI® (n,_ D% e | Frzil —> 0. To do so, we use the fact that

1€ (1—1)®? || = 1€ (mg—1) 13, then with Assumptlonz 2: E[flg™ (w — wa) |I* | Fr—a] <
2
My||HY 21 || + Mo||HY?n;,_1||>. And we have the result as we showed that 7y, _; — L+ 0.
—400

(iii) Third, it remains to show that [t () (€24) T | Fy_4] # 0. We use the Cauchy-
—+o00

Schwarz inequality’s S3 for conditional expectation:

2
E [llEm (1) (691 | Fi ] =l e el €Tl | Fi

<E [ (1) 13 | Foor| E [l | Fea] -

The sequence of random vectors ( add) keN+ 18 1.i.d., and moreover we have shown previously
that E[||€M (1) ||* | F—1] tends to 0, hence E[§mlllt (Mk—1) (€294) T | Fi—1] converges to 0 in
probability. Consequently, we can state that E[¢; (7, _1)®? | Fr_1] % Cania -

—+o00
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B. Generalization of Bach and Moulines (2013).

In this section, we give the demonstration of Theorem 1 which extends Theorem 1 from Bach and
Moulines (2013); the demonstration is close to the original one.

B.1 Proof principle

For k in N*, the proof relies (1) on decomposing E[|| H },/ N1 %] in two terms using the Minkowski
inequality S1 to make appear a recursion (772) ken+ Without multiplicative noise, and another (o ) ken~
without additive noise, (2) on an expansion of 172 and ﬁg as polynomials in v, and (3) on using the
Holder-type Assumption 2.2 to bound «a. We define the sequence (7]2) keN= such that it involves
only an additive noise:

mh = (Ia — vHp)np_q + 7. (S6)

Then, we decompose E[|| H }p/ 2ﬁ i—1%] in the following way using Minkowski inequality S1:

B . 1/2 B B 1/2\ 2
E (I H 2 ]?] < (E[|H}/2n9<_1||2} +E 18y — )] ) (s7)

The goal is then to establish a bound for the two above quantities.
. 1/2—¢
1. Bounding E[||H}/ 7% _, 2

The bound on ElllHf Y zﬁ(}( 1|I] is given in Lemma S2. For k in N*, the proof relies on an expansion
of 79 and 7" as polynomials in . The recursion defining the sequence (n2)gen+ is 7% = (Iz —
~YHE)D) | + €294, If we denote M} = (I — yHp)" " and M!~! = 1, we have:

mi = Mg + szﬁlﬁadd-
1=1

For K in N*, it leads to 7%, = # Y45 Mg + % 85" (S5, Mf,,) 49, and with
Minkowski inequality S1 to:

271/2

+

1/2
1/2K1 271/

1 K
T Z Mg 2 ZMk;Hﬁadd

1 i=k

/2 K-
F
k=

1/2_ 1/2
E |l )P <

(S8)

The left term depends only on initial conditions 178 (= mp) and the right term depends only on the
additive noise. This is why, in the proof, we expend 172_1 and ﬁ%_l separately for the noise process
(i.e., when assuming 7y = 0) and for the noise-free process that depends only on the initial conditions
(i.e. when assuming that the additive noise ( zdd) ken+ 1s uniformly equal to zero). In the end, the
two bounds computed separately may be added.
. 1/2,— _

2. Bounding E[|| H}/* (s — 7 1))

The bound on E[HH},/Q(WK_1 — % _1)|/*] is given in Lemma S3. For k in N*, the demonstration is
based on an exact expression of o, = 1 — 7]2 and o, computed by unrolling the recursion from oy
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Minkowski’s inequality
E [I1H} *7x_a11?]

Equation (S7)

Equation (S11)

Assumption 2.2

and Lemma S1
Equation (S9) Equation (S10

~
Theorem S2

Figure S1: Proof principle of Theorem S2

to ig. Because g = 0 and because there is no additive noise involved in «y, we obtain for K in N*,
an expression of @x _ that depends only on the multiplicative noise at iteration k in {1,--- , K'}:

K-1

K1 = (Io — (I — vHp) %) (vHp) 1™ (1) -

==

k=1

We then show (Equation (S11)) that bounding E[||H1{ﬁ/ Q(WK_l — 7%_1)|1?] leads to bound the

following sum K2 Z ! E[||H_1/2§m‘ﬂt(nk_1) |2 | Fx_1], and this bound is established using the
Holder-type Assumptlon 2.2; which concludes this part of the proof.

B.2 Two bounds

In this subsection, we give two lemmas that provide a bound on E[||H};/ 2ﬁ(}<_1 %] and E[HH}/ > _1—
1% _1)||?]- These bounds are required due to the decomposition of E[|| H 117/ ’n 5_1l%] done in Equa-
tion (S7).

* The bound on E[||Hllm/ 2ﬁ2 |?] is given in Lemma S2. It is established by decomposing the noise
process and the noise-free process. The bound on the noise process comes from Lemma 2 (Bach
and Moulines, 2013) and involves the additive noise’s covariance € pia.

* The bound on E[||Hllm/2 (Mx — 1%)||?] is established in Lemma S3.

Note that in order to demonstrate Lemma S3, we need to bound Zszl ||H}p/ 2nk\|2 /K. This is
done in Lemma S1 which is an adaptation of Lemma 1 from Bach and Moulines (2013) to random
mechanisms. This auxiliary lemma holds for any kind of multiplicative noise — linear or non-linear.

Below lemma provides a bound on E[HH}m/ 2nk 1%].
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Lemma S2 (Bound on E[HH},/ 277k: 12]). Under the setting considered in Definition 1, under Assump-
tion 1, for any K in N* and any step-size v € R™ s.t. WRZ < 1, the sequence (Uk)keN* defined in
Equation (S6) verifies the following bound:

2 vz 1 (1Hmll .
[HH/ 0 1” Sﬁ( 5@ /\H\%HJF Tr((’ianiaHFl) }

Proof

The proof relies on the proof presented by Bach and Moulines (2013) and is done separately for the
noise process and for the noise-free process that depends only on the initial condition. The bounds
may then be added (see the discussion in Appendix B.1).

Noise-free process.

As in section A.3 from Bach and Moulines (2013), we assume in this section that the random
fields (§I§dd) ken+ is uniformly equal to zero and that yR% < 1. We thus have for any k in N*
that n = (Iq — YHF)ng_;.

First inequality. By recursion, we have n) = (I, — vH #)knY, averaging over K in N* and computing
the resulting geometric sum, we have:

K-1

1 1
=0 _ k 0 4 1,0
Tk-1= 3¢ kzo (Ia —vHF)"™n E(Id — (la —vHp)* ") (vHF) < gfe o
And because 770 No, it gives E [<7]K 15 HFUK 1>] < %

Second inequality. From the expression of nk flows:

EllnRl1%) = Elllng_1 11”1 — 2v (mp—1, Hrmg—y) + 7 (i1, HEmp—y) -
Considering that Hp < Tr (Hp) Iy < R%Id (Deﬁmtlon 1) and that yR% < 1, because 19 = 19, by

. 1/2_ 1/2

convexity we have: E[||HF/ 77K_1 HQ] < % _ E[|HZ / nk 1 H |1 < HZ% .
Putting things together.

In the end, we take the minimum of the two above bounds and obtain that:

—1/2 2
|Hy ol il
")/2[(2 ’VK :

1 2
E[H *al?] < (89)
Noise process.
We assume in this part that 5 = 79 = 0. We apply Lemma 2 from Bach and Moulines
(2013) to nk - This sequence of iterates has an i.i.d. noise process ({add) keN+ Which is such
that E [ﬁadd K& add] = C,nia (existence guaranteed by Assumption 1). Therefore we have:

(c:aniaHE ! )
—K .

Putting things together. We now take results derived from the part without noise and the part with
noise, and we get from Minkowski inequality:

2 vz 1 (1= moll ol -
E ||HF/ 779(—1”2} S\/E ( '5\/[? A \ﬁ +4/Tr (Qaniale) .

E[H 7% _1]1%] < (S10)
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Below lemma provides a bound on E[||H}T/2(ﬁK —7%)|12].

Lemma S3 (Bound on E[||H 11;/ 2 Mx — 1%)|I?]. Under the setting considered in Definition I with
w > 0, under Assumption I , under Assumptions 2.1 and 2.2, for any K in N* and any step-size
v € RT s.t. y(R% + 2My) < 1, the sequence (Tj;, — 1) ken= verifies the following bound:

_ L 1/2 1 54 1/4
E IIH}/Q(WK—W%)IP] ] < (W(l Y ))

VK —’Y(R% + 2 Mo

154y 1/2
+ V/ Mopu~1! ( > )
TS (R 2My)

Remark S1. 7o demonstrate Lemma S3, we use the Holder-type Assumption 2.2. This is why we
obtain a term with a square root in the bound.

Proof
Let k£ in N*, we denote o, = . — nk,, with n, = (Ig — YHr)ng—1 + vEk(Mk—1) and 7]2 =
(Ig — YHF)nY_| + €24, First, we write the exact expression of a1

o = (Ig — vHp) k-1 +v(E(nr—1) — £299)
k

= (la=vHp) a0 +7 Z(Id — yHp) (& (o) — €99),
i1

and because 778 = 10, it follows that a9 = 19 — 7]8 = 0. Averaging over K in N*, we have the exact

expression of oy 1:

K-1 k

Ax-1 = % > Aa—vHp)" (&(nio1) — £899))
=1

K-1
— % (Z Iy — yHp)*~ > (&i(nim1) — €99)).
k=1

=1

,_.

Nw
,_.o

Computing the geometric sum results in:

K-1

(I — (Ia — vHp)* ¥ (vHp) " (& (np—1) — 9.
=1

==

Q-1 =
And because for any kin N, 0 5 (I; — WHF)’“ < Iz, we obtain:

ag-—1 = fk Tke— 1) fl?dd),

MN

k;:

hence HH}T/QEK 2 =11% S H_I/Q(fk(nk_l) €24d) |2, We take full expectation, because
for any k in N*, by Deﬁnltlons 1 and 2, fmult (Mk—1) = E(M—1) — §add is Fj-measurable and
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E [{gmlt (Mk—1) ‘ ]-"k,l] = 0, we can unroll the sum and we have in the end that the variance of the
sum is the sum of variances:

K-

[ RS S |

Computing EH|H_1/ Emult (e 1) ||? | Fr—1] for k in N, we first have:

_] . (S11)

1/2 smu —1/2 mu
et () |12 < |1 H H| 1€ (ne—1) 117,

. . . o . ~1/2),2
where we used Inequality 2. Because H p is a symmetric semi-positive matrix, we have || H / I =

1/p, hence: | Hp 1/2§mult (Me—1) |2 < p~1|€2I (9 _1) ||2. Taking expectation conditionally to the
o-algebra Fi_1 and invoking Assumption 2.2 gives:

ElH 2 (1) 112 | Froa] < 7 (MallH i || + 3Mal|H Py [2). (S12)

Combining equations S11 and S12, we obtain:

M, K= K
1/2 1 1/2 1/2
El H Pane ] < 20 Y el + E[ 7 e |-
k=1 k=1
Now using Jensen’s inequality for concave function allows us to write:
1 & 1 &
1/2 1/2 1/2
2 D ElH (w—w)l] < Zﬁ UHF? (0= w2 < | 2 Y ElHL (w = w2,
k:l =
thus we have:
K- K-1
2_ 1/2 3Ms 1/2
Ell PP < Z A e 2]+ e 3 B el
k: k=1

Using Lemma S1 (with g = 0), we finally obtain:

s . 5AY 15AyMop™
H M * '
B[l “ax-1”] < ( LA \/1 —y(RE +2Ma) 1 —~(RE +2My)

In the end, we take the square root (and use that for any a,b in Ry, va + b < v/a + v/b) which
allows concluding:

e [ - a0 7] \ﬁ<\/M1u‘1<1 )

— v(R% + 2M,

154y 1/2
+/ Mopt < ) )
2T (RE + 2My)
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B.3 Final theorem

In this section, we gather the pieces of proof required to demonstrate Theorem 1.

Theorem S2 (Non-linear multiplicative noise). Under Assumptions I and 2, considering any constant
step-size 7y such that y(R% + 2Ms) < 1/2, then for any K in N*, the sequence (wy)ren+ produced
by a setting such as in Definition I verifies the following bound:

E[F(Wxk-1) — F(w )]<2K<HH7\F770H |V\’7;”+\/TY(¢amaH B+ (1049) 4/ Mypt

2
+ (30A47)"/2 \/Mzu‘1> :

Proof
As explained in the discussion in Appendix B.1 (Equation (S7)), we define the sequence (ng)keN*
which involves only an additive noise 772 = (Ig —vH F)n,g_l + ’yﬁzdd. Then, we decompose

E[||H11F/2ﬁK,1 ||] using Minkowski’s inequality S1:

e (1] < ( [imatear] ™ e ity o) )

First term.
To bound the first term, we use Lemma S2 which gives:

1/2 1 HHF_l/QUOH 70l -
Hl/2 < A +/Tr (Cania HZ) | .
H 1” } = T{ ( /—K \/» ( aniatt g )

Second term.
From Lemma S3, we have:

1/2
E [I1H* @ — %) 1]

< e (Vo ()

— V(R% + 2 Mo

15Ay 1/2
+/ Mopt < ) )
2T (R + 2My)

Final bound. Hence, back to Equation (S13), we get:

vz 1 (1HZ 00l ol -
H1/27 2 < F A +4/Tr Q:aniaHl
o P R v tiie (Canie )
5 Ay >1/4
)

VM 1<
T A (RE 1 2M,

15A% 1/2
VM < ) ,
T (R 1 2My)
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and considering v(R% + 2M3) < 1/2, it concludes the proof because E[F(wx_1) — F(w.)] =
1/2_
E[||Hy i [17)/2

_ 1 (1= 0ol ol - 1/a
E[F 1) = Flw,)] < — A + 4/ Tr (Conin H + (104 vV Mip—lt

2
+ (30.A47) Y2 M2u1> .

C. Generalisation of Bach and Moulines (2013) for linear multiplicative noise.

In this Section, we give the demonstration of Theorem 2 which extends Theorem 1 from Bach and
Moulines (2013) to the case of linear multiplicative noise. The demonstration follows the same steps
as the one given by Bach and Moulines (2013). The minor differences lie in the generality of the
form of the multiplicative noise in our approach. Bach and Moulines (2013) only analyse LMS
algorithm, while we here consider (LSA) with assumptions on the linear multiplicative noise process.
Moreover, our theorem decomposes into 3 terms instead of 2.

C.1 Proof principle

For £ in N*, the proof relies on an expansion of 7, and 7j;, as polynomials in 7. Because we consider
a linear multiplicative noise, there exists a matrix Zj, in R?¢ s.t. for any z in R?, 5,?““(2) =Eiz
(Assumption 3); hence the recursion defined in Definition 1 can be rewritten as:

M = M1 — YVE(r—1) + " (ne—1) + 7€ = (1o — vHr +vEk)mi—1 + &Y.

We denote MZ»’c = (Ig—vHr +7Ek) - (Ig — vHp + vE;) and Mf_l = I, then we have that
Nk = Mlkﬁo + 725 1 +1§add-

For K in N*, it leads to i1 = + > 5o MPno + £ 350, (ZZ A k+1> add " and with
Minkowski’s inequality S1 to:

27 1/2 27 1/2
s 5 1/2K1 }17/2K1K dd
[HHF NK— 1H } e Z Mg +E Z ZMkaa
k=1 i=k
(S14)

The left term depends only on initial conditions and the right term depends only on the noise process.
This is why, in the proof, we expend 7n;_1 and 7j;,_, separately for the noise process (i.e., when
assuming 79 = 0) and for the noise-free process that depends only on the initial conditions (i.e. when
assuming that the additive noise (£ add)keN* is uniformly equal to zero). In the end, the two bounds
computed separately may be added.
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Recursive expression Assumption 3 Assumptions 3, 4.1 and 4.2
O Lemma S4 Lemma SS Lemma S6
of (ak kEN,reN

Polynomial expension in ~
E [HHIl,/ %K,IHQ] Equation (S14)
Minkowski’s inequality

'\ﬁof““w

(€&

Equation (S16)

Lemma S5

Equation (S18)

Assumptions 3, 4.

Equation (S22)

Assumptions 3, 4.2

S
2 and Lemma S6 “

Lemma 2 ffom BM2013

Equation (S21)

and Lemmma S6

Equation (S23)

Equation (S24)
Theorem S3

Figure S2: Proof principle of Theorem S3.

To study the noise process, inspiring from Bach and Moulines (2013), we define the following
sequence:

Eadd

o

= (I, —~vH +
i (Ig—~ F)Ukl Y (S15)
N =

= (g —yHp)mp_y +¥&™ (n;71)  with  ¥r>0,75 =0

Then, we decompose E[|| H llm/ 2ﬁ #_1%] in the following way using Minkowski’s inequality S1:

\/E I mc 7] < BN S oo JP12 + ENEY e — 3 e )PV,

=0 =0

The goal is then to establish a bound for the two above quantities.

C.2 Lemmas for the noise process

In this Subsection, we provide lemmas for the noise process, and thus we suppose that 79 = 0.
The noise-free process is later considered in Appendix C.3 and puts together with the results of the
coming Subsection. The sketch of the proof relies on establishing two bounds.

45



APPLICATION TO FEDERATED LEARNING

e Forr, kin N x N*, noting o}, = ny — >_i_, 75, the first one is a bound on E[HHl/Q&;( 1|?] that
tends to zero when 7 tends to 4-o00.

* The second one is on ) ;_, E[|| Hy Y LlK 1I*] and is established using Lemma 2 from (Bach and
Moulines, 2013). It will correspond to the final variance term and it involves the additive noise’s
covariance €, p,.

In the following, we provide Lemmas S4 to S6. Let r, k in N x N*.

* Lemma S4 builds a recursive expression of a, =, — > ;_, 77}'€

 Lemma S5 provides a bound on E[HHI/QaTK L1?] which involves E[|&™I (7 ) ||%.
e Lemma S6 bounds the covariance of 7;_,, this result will be necessary when computing the
expectation of &M (nr_ )2,

Below, we provide the lemma that builds a recursive expression of 7, — >\ 77,1, with &, 7 in N*,

Lemma S4 (A recursion on n, — > ., 772)- Under the setting given in Definition 1, considering that
5,?““ (+) is linear (Assumption 3), for any k in N* and any step-size vy > 0, considering (n;,)reN as
given by Equation (S15), denoting for r in N, o}, = ni, — >0, n,i, we have the following recursive
expression for the sequence of iterate (/},)ren:

vr > 0,a), = (Ig — vHr)aj_, + &Mt (1) + ygpult (M%_1) -

Proof Let %k in N*, the proof is done by recursion. For » = 0, by Definitions 1 and 2, we have
M = Me—1 — YV EF(wr—1) + (1) = (o — YHE )1 + 7Y+ 7™ (ne—1), which gives:

Q
o
Il
3
=
||

{ Iy — YHp) -1 + 76 + g™ (1) } {(Id —yHp)np_y + vﬁadd}

Iy — YHF) (M1 — np_1) +7E™ (q1—1)
Iy —vHp)(Mk—1 —ﬁk 1)+75mmt (nk 1 —TIk 1) +75mmt( —1) )

(
(

which is possible because 5,2“““ is linear (Assumption 3). To go from r to r + 1, we have azﬂ

M — Z:I& M=k — YoMk — nk+1 Then by definition of 77’““ and using the hypothesis:

aftt = Iy — vHp) (Uk 1— an 1) + gt (Uk 1— Zﬁk 1) + &M (1)

1=0 =0
— (Lo = yHp)mp ) = &M (nh_y)

r+1 r+1
= (Ia — vHp) (nk 1= > i 1> + e (nk 1= np 1> +AgM (np )
=0

=0

again by linearity. This concludes the proof. |

The next lemma is the adaptation to our settings of Lemma 1 from Bach and Moulines (2013). We
give a bound on E[||H },/ 2&’}{_1 |?] with a quantity that tends to 0. This result will be used in the final
demonstration of Theorem S3.
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Lemma S5 (Bound on g — Y ;_, 17%). Under the setting given in Definition 1, considering that
512]“““3 is linear (Assumption 3), for any r, K in N x N* and any step-size -y s.t. ’y(R]%7 + M) <1,
the recursion oy, = N — Y i_, 17% verifies the following bound:

K
Vr>0,(1- ’V(R% + Mj))E <aK 1 Hpal 1 Z EHému“ 77k71) H2 :

Proof Letr, kin N x N*, we denote af, = n — >_\_, 7t then we have shown in Lemma S4 that:

ap = (g — vHp)ag_y + ™ (af_y) + &M (n_y) -

Taking the squared norm and developing it:

HOzZHz = HCYZ—1H2 + 2y <0411;—17 1rgmﬂt ( ) + fmlﬂt (7712—1) - HFOZZ—1>
+7 Hfmuu (0% 1) + fmlﬂt (772—1) — Hpog_4|?,

and developing the last term with Inequality 1 leads to:
lagll < [lag—o " +2v <04k LG (o) + 6 (M) — HFOZZ—1>

; 272{”5““1“ () IP + | Hpal s — €2 (of_y) ||2}

Because o), is Fj_1-measurable and E[¢™ (o] ;) | Fj_1] = 0 (expectation of &™!* () is zero,
see Definitions 1 and 2), taking expectation w.r.t. the o-algebra F_1, using Assumption 3 and again
Definition 1 gives:

Ell|Hraj_; — &M (af_1) |12 | Fror] = E[|Hraf_y|? | Fii]
+FE[EM (af_y) 12 | Fr]
< (R%:+ Mo) | HY a2

Hence:

Elllall® | Fr-1] < llag_11* = 2y(1 = 4(RE + M2)) {af_y, Hpaj_1)
+292E[lG™ () 17 | Freal,

which gives when taking full expectation and averaging over K in N*:
1 K 1 2
2
(1= Y(RE + M2)) 2= > E{aj_y, Hraj_y) < 5 leall” = o[
k=1

_l’_

K
ZE P (k) 17T

k=1

==

and by convexity (@, Hay_,) < & S, (a4, Hraj ), which allows to conclude as
agp = 0. |
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In below lemma, we bound E [771:»—1 ® 7712—1] for r, k in N x N*. It is required because we will use
Lemma 2 from Bach and Moulines (2013) and apply it to the sequence (7}, _; )ken* reN. The noise
process of this sequence is equal to 5”‘““ (nk 1) and computing the expectation of its covariance
involves knowing E [nk—l ® 77k71]-

Lemma S6 (Bounding the covariance of n;_,). Under the setting in Definition 1, under Assump-
tions 1, 3 and 4, i.e. considering that §mult (+) is linear, for any K in N*, any step-size v > 0, and
forany r > 0, we have the following bound on the covariance of m;,_,:

E [7712—1 ® ng—l} N Jr1]‘I‘[add]-L[Inultld .

Proof
Let r > 0, we first prove by recursion that we have:

VEk > 0,nt = 'VZ Ly — yHp)* g™ (nf_y) .
=1

For k = 0, we indeed have 77r+1 = 0. To go from k to k + 1:

miit = (Ia— yHe)ng ™ + 760 () by definition,
k
— 3> (W — Y HR) P () + (L — yHp) B D gl gy
i=1
by hypothesis, which allows concluding.
We now prove by recursion the main result of the lemma.
Initialization. For r = 0, by definition, we have 79 = (I; — YHp)n2_, + v£244, unrolling the sum

gives n) = (Iy — vHp) nd + v S8 (I — vHp)*~ €249, Because we consider 7 = 0 and given
that the sequence of noise (f?dd)ie[[l, k] 1s independent at each iterations, we have:

k
E[mlon] =4 Z(Id — yHp)"'E [ e f?dd} (Ia — vHp)*
i=1

Because the sequence of additive noise (£249);cn+is i.i.d., for any 7 in {1,--- , k}, we have that
E [ffdd ® §?dd} = Cania < Ml qqHr (Assumption 4.1), hence:

E[mon] <7 Z Iy — vHp)* MgqHp(Ig — vHp)*

These matrices commute:
k
E [7719; ® nk <y H_[add Z Iy —vHF) % 2ZHF , and because it is a geometric sum:
=1

_ 1

< v Mada <1d — (Ig—vHp)* 2) (Is— (Ia —vHp)?)" Hp
_ 1

< 7V’ Maqq <Id — (Ig — vHp)* 2) (2vHp —7*HE)™ Hp

< vﬂladnglﬂp because YHr < I,
< YHlagala -
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Recursion. Let r > 0, to go from r to r + 1, we start writing:

7“-1-1 ® nr+l _ 72 Z I, — ’YHF)k 1- zgmult( nh- 1) ® Smult(n;;l)(ld - ,YHF)kflfi )
i=1

Now we use linearity of the multiplicative noise (Assumption 3), thus there exists a matrix Zj, in
R?*d s t. for any z in RY, we have £™t(2) = =z, and it leads to:

m Tt en =4 Z Lo — vHp)* "Zi(ni_y @ 1{_1)Z] (la — vHp)*~
=1

Taking full expectation, we have:
k

E [y @npt] =42 Y (la — v Hp)*E B[Sy @nl_0)E]
i=1

o(2)]] (a— vHR)

3y ) B [ZEIy @niy | 0@ | (a - yHE)
=1

and because for any i in {1,--- , k}, /_, is independent of Z;, we have E [n]_, @ n7_; | 0(Z;)] =
Eln_ @n ] <™ HladdIHmultId, where we use the hypothesis for 7. We have in the end:

E [ @] < T*‘”’HladdlﬂmultZ (la = vHp)* € |2E] | (1 = yHp)*
i=1

Furthermore, by Assumption 4.2 we have E [EZE:] < I, HF, thus:

k
E [77;-1—1 Q nr—‘rl] < r+3H‘[addI-Hmult Z(Id _ WHF)2k72721HF
=1
<Y My Hy  Hpp

-1

because Y-8 (Iy —vHp) 2272 = (I; — (Ig — vHF)?*) (2vHp —+*H2) " <y 'Hp'. Inthe

end, we have E[n; e 77,:“] < HQIHaddIHmultId, which concludes the proof

C.3 Final theorem

In this section, we gather the pieces of proof required to demonstrate Theorem 2. As done in
Appendix B, we consider separately the noise process and the noise-free process, then put them
together to obtain the final result.

Theorem S3 (Linear multiplicative noise, convex case). Under Assumption 1, under Assumptions 3
and 4 i.e. with a linear multiplicative noise, considering any constant step-size vy such that ’y(R% +
Ms) < 1 and 4yl R% < 1, then for any K in N*, the sequence (wy)ren+ produced by a
setting such as in Definition 1, verifies the following bound:

2
— 1 ”770” —1 (’YdI—Hadd]—I—[mult)1/2
ElF(wr_1) — Flwy)] < — + A/ Tr (Cania + )
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Proof Let K in N*, the proof relies on the proof presented by Bach and Moulines (2013) and is
done separately for the noise process and for the noise-free process that depends only on the initial
condition. The bounds may then be added (see the discussion in Appendix C.1).

Noise-free process. As in section A.3 from Bach and Moulines (2013), we assume here that the
additive noise (£249),cn+ is uniformly equal to zero and that y(R% + M3) < 1. Using Definitions 1
and 2, we thus have for any k in N* that g, = np_1 — YHpnp_1 + fyfm““(nk,l), it flows:

Elllnkl1”] = Ellms—11I”] = 24E[(n—1, Henge—1)] + YEl Heng—1 — G (ne—1)||°]

= Elllmr—11*) = 29E[(mk—1, Hemr—1)] + Y E Hemr—1[1*] + VENE™" (ne—1) 7] -

Considering that Hp < Tr (Hp)I; < R FId and using Assumption 3, we obtain:

1/2 1/2
Ellmll?) < Elllme_1]1?] — 2vE[H Y 21 ]?] + 72 (RS + Mo)E[| HY *nio_1 ).

Because the step-size 7 is s.t. fy(R%; + My) < 1, we recover that in the absence of noise, we have:

2
£l Y2 2 o lmoll . S16
I1HE 7] < VK (S16)

Noise process. Now, all the following results comes from Appendix C.2 where we assume that
No = wo — w« = 0, we start using Minkowski’s inequality S1:

1/2 . 1/2
1 2__ 1/2 1/2,_ i
e [ 1)12) " < [nH / Z Ml VR Wy = Y 7)1
=0
(S17)
First term.
Let r € N, again using Minkowski’s inequality S1, we have
T T
1/2 i 1/2_;
ENEYS i [7)2 < S EH pic 1)/
=0 =0
)
1/2_ 1/2_;
= E[H 0% P12 + S ElH e 22 (S18)

=1

By Equation (S15), we have 1) = (I; — YHF)n?_, + 76244, hence to bound the first term, we have
to apply Lemma 2 from Bach and Moulines (2013) to the sequence (772_1) reN+ and we obtain

1/2_ _
E[IH 7 1P < Tr (Cana H') /K- (S19)
Letiin {1,---,r}, to bound the second term, we have to apply Lemma 2 from Bach and Moulines

(2013) to the sequence (nk 1)ken=. To do so, we bound the covariance of the noise which is here
equal to §mult (nk 1) (by definition of nk 1> see Equation (S15)).

Because the multlphcatlve noise is linear, using Assumption 3, there exists a matrix =, in R%*¢
s.t. gmult (n;;ll) = Epn;_ 1 It follows that taking the expectation w.r.t to the o-algebra o (Zy), and

because 17;;11 is independent of it, using Lemma S6, we have:
B[y ®niy [ oE0)] = E[n2) @] < 9 aaalll o
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Thus, the noise £ (:~1) is such that:

EIG™ (=) @ &M (mi2}) 10(Ek)] = S4E [ @ i 1] Ef < 7' MlaqalIl) L EkE)L

Taking full expectation, we furthermore consider Assumption 4.2 which gives that: E [EZEZT] =<
1,1t H, hence:

E [ mult (nk 1) ® é-mult (nk 1)} <5 HladdmmultHF . (S520)
Using Lemma 2 from Bach and Moulines (2013) results to:
T T
S EH a2 < 7 A aga T T (He HE') /K (s21)
; i=1

In the end, we obtain from Equation (S18):

”H1/2 Z 1/2 V Q:amaH \/ add Z l/QIHz/Q

mult

Tr (Q:aniaHE ) 4 ’Ydmaddmmult (1 - (’YH—Imult)T/2)
\/E \/F (1 Y 7mmult) .

Second term.
If y(R% + M) < 1, Lemma S5 gives:

En_—rn"_,H(n_—rni_)>§ E 1€ (mr_y) |
<K1;K1 = Y T z[ () 1]

(S22)

(m_1) H2 =Tr ( mult (pr 1)®2), by reusing what has been written in the
previous paragraph (Equation (S20)), we obtain:

1€ (mf_1) 11> < 4" g T (H )
<A Mg 7 RS (Definition 1).

mult

It follows that we have:

B r i r+2maddm r+1 R2
E <77K—1 - Zanla (i1 — ZUK 1) > S0y +mj\lj;2)§. (523)
— F

Putting things together. In the end, from the Minkowski decomposition done in Equation (S17), we
combine the two terms and it leads to:

V2 Mg I RY, 12 N Tt (Cania 1)
(1 —v(R% + My)) VK
+ \% Vdmadd]ﬂmult (1 - (’Y]Hmult)r/Q)

\/E (1 Y ’Y]-Hmult)

E [<ﬁK—17HFﬁK—1>}1/2 < (
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This implies that for any yII1,,,,;y < 1, we obtain, by letting r tend to +o0:

1 AL qq M y1e)
E [<ﬁK—1aHFﬁK—1>]1/2 < ﬁ (\/WWL <71 — H ) : (S24)

Final bound. We now take results derived from the part without noise, and the part with noise, to

get:
E[Tix_1, Hrlg_1)]? < L <|770H +/Tr (Canin Hp ') + (deaddmmult)1/2>
’ ~ VK VY F 1 — /vt 7
which leads to the desired result considering that 4yI1T,,,,,;; < 1. |

D. Validity of the assumptions made on the random fields

In this section, we verify that all the assumptions on the random fields done in Subsection 2.1 are
fulfilled in the setting of compressed least-squares regression analyzed in Section 3. To do so, we
first need to define the filtrations considered in this section.

For k in N*, we note u, the noise that controls the randomization Cy(-) at round k. In Section 2, we
have denoted by Fj, the o-algebra generated by (z1,&1,u1, -+ ,Z, ). In particular, wy and w,
are Fj-measurable. We also consider the following filtrations.

Definition S2. We note (Gy)ren the filtration associated with the features noise, (Hy)ren the
filtration associated with the output noise, and (Zy,)ken the filtration associated with the stochastic
gradient noise, which is the union of the two previous filtrations. Thus, we define Fo = {&} and for
ke N*:

Gk = o (Fr-1 U {zr})

Hi =0 (]:k:—l U {Ek})

Ty = 0 (Fr—1 U{zk, er})

Fr =0 (Fr—1 U{xg, ek, ur}) -

Note that there are two filtrations G and H for the two independent noises that are both involved
to compute the stochastic gradient. This will help us to compute the scalar product of these two
quantities.

We start by providing a bound on the distance between two compressions, this lemma will be used to
prove Property S3.

Lemma S7. For any compressor C in C verifying Lemma 1, for all x5 in R%, we have:

E[IC(x) = CW)II"] < 2(w + 1) |z + 2(w + 1) |y -

Proof Let a compressor C in C and z, y in R?, using Inequality 1, we have that:

IC(z) —Cc@)I* < 2/IC(@))* +2lIcw)]” -
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Taking expectation and using Lemma 1 allows to conclude:

E [IIC(l‘) —CWI?| < 2w+ 1) Jlz]* +2(w + 1) Jly* -

Now we prove that all the assumptions done in Section 2 are correct.

Property S1 (Validity of the setting presented in Definition 1). Consider Algorithm 2 in the context
of Model 2, we have that the setting presented in Definition 1 is verified.

Proof From Algorithm 2, we have for any k in N* and any w in R? &, (w — wy) = VF(w) —
Ci(g(w)). Because (g )ren+ and (Ck)ren~+ are by definition two sequences of i.i.d. random fields
(Algorithm 2), it follows that their composition is also i.i.d., hence (§)ken= is a sequence of i.i.d.
random fields.

Taking expectation w.r.t. the o-algebra 7, we have E [Cy (g (w)) | Zx] = g.(w) (Lemma 1), next
with the o-algebra Fj,_1, we have E [g,.(w) | Fr—1] = VF(w) (Equation 2). Hence, the random
fields are zero-centered.

From Model 2, we have for any k in N* and any w in R? that:

Flw) = 5 [((ak,w) — y)?) = 5 [(w— w) T (@ o4) (w — 12) — 2o {rw — ) + 3

= S (w—w) H(w —w) %)

hence F is quadratic with Hessian equal to H whose trace is equal to R. |

Property S2 (Validity of Assumption 1). Considering Algorithm 2 under the setting of Model 2 with
Lemma 1, for any iteration k in N*, the second moment of the additive noise fgdd can be bounded

by (w + 1)R%0?, i.e., Assumption 1 is verified.

Proof Let k in N*. Because we consider Algorithm 2, with Definitions 1 and 2, we first have ¢ 2‘1‘1 =
—Ck(gk.+), then with Lemma 1 we obtain E[||Cx(gr.)|I> | Za] < (w + 1) ||gr.«||*>. Next, we first
have from Model 2 and Equation (2) that g, , = €2, secondly because ((sk) kel K]) is independent
from ((x)kex]) (Model 2), we have that E[[|e2[|*] < 0> R?, hence it results to:

EIE? | Fima] = ENIEY*) < (0 +1)o”R2.

Property S3 (Validity of Assumption 2.1). Considering Algorithm 2, under the setting of Model 2

with Lemma I, for any iteration k in N*, the second moment of the multiplicative noise f,rcn‘ﬂt(w) can

be bounded for any w in R by 2(w + 1) R? HHl/Q(w — Wy) H2 +4(w+1)0%R?, i.e., Assumption 2.1
is verified.
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Proof Let k in N*, we note 7 = w — w. First, because we consider Algorithm 2, with Definitions 1
and 2, we have &(n) = VF(w) — Cr(g,(w)) and €299 = —Cp.(gi ), hence:

M (n) = &(n) — &4 = VF(w) — Cr(gp(w)) + Culgry) ,

thus developing the squared-norm of 5,?““ (n) gives:

I (1* = IV F(w)|* + 2 (VF(w), Ci(gr,») — Ci(gi(w))) + [Cr(gn.) — Crlgy,(w))|

On the first side we have E [E [Cy (g «) — Ci(g(w)) | Zk) | Fr—1] = —VF(wg—1). On the second
side, we use Lemma S7; this allows us to write:

E [1Ck(gk0) = Cilgr(w))I* | Ze] < 26w +1) (@) + 20w+ 1) gna | -

Note that this bound is far from being optimal when g;,(w) = gy, . or if C is the identity. Next, we
decompose as follows:

E [ICk(gn0) — Culer(w))I* | Te] < 20w+ 1) lgi(w) = gie
4@+ 1) {y(w) — ghowr gre) + 4w + 1) il

Taking expectation w.r.t. the o-algebra Gy, recalling that g (w) — gx « is Gy-measurable (Defini-
tion S2) and considering Model 2 allows to write:

E [ICk(gk.0) — Culen(@)I” | Ge] < 26 +1) llgn.e — (@)’ + 4w + 1)o* B2
< 2w+ 1) [[(zx ® zp) k- |I” + 4w + )0 R?,
and now taking expectation w.r.t the o-algebra Fj_1 concludes the proof:

E{ICk(gr) = Cilgr(w)I* | Fima] < 2(w + DRZH 2 (wy — wy)|* + 4w + 1)o* R?.

Property S4 (Validity of Assumption 2.2). Considering Algorithm 2, under the setting of Model 2
with Lemma 1, for any iteration k in N*, the second moment of the multiplicative noise §,I€nult(w)
can be bounded for any w in R? by QR?c||H'/?(w — w,)|| + 3(w + 1) R2|HY?(w — w,)|?
Assumption 2.2 is verified.

. Le.

Proof Let k in N*, we note = w — w,. Because we consider Algorithm 2, with Definitions 1
and 2, we have the following decomposition:

& (n) = [VF(w)||* + 2(VF (w), Cr(g.s) — Cr(gx(w))) + [ICk(gh,s) — Cr(gp(w))|?
We take expectation w.r.t. the o-algebra 7, and use Item L.2 of Lemma 1:
E [ () | ] < IVF @)1+ 2(VF(w), 010 — gy (w))

(@)D grs — gi(w) | +3(w + 1)l gy — gi(w)]*.

+ Qmin(|| gk
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Then, we have min(|[gx.« |, [l (w) ) llgk« — (W)l < [|gr.|[[[g.« — g, (w)]|, taking expectation
conditionally to the o-algebra Fj_1, applying the Cauchy-Schwarz’s Equation (S3) and considering
Model 2, we have:

gk« — gx (@)l | Fr-1)® < Elllge,el | Frr]Elllgr, — (@)1 | Fii]
< ?RYHY*(w —w,)|?.

Elllgn«

Therefore, we can conclude:
E [ () | Fia] < —IVF @) + 0 RQUHY2(w — w,) | + 3w + DR (w - w,) 2.

Property S5 (Validity of Assumption 3). Considering Algorithm 2, under the setting of Model 2
with Lemma 1, if the compressor C is linear, then for any iteration k in N*, the multiplicative noise
{,?u“ is linear, thus there exist a matrix =, in R%*? such that for any w in RY, 5,2“““(10) = Zpw.
Furthermore, the second moment of the multiplicative noise can be bounded for any w in R% by

(w+1)R? HHl/Q(w — wy) 2, hence Assumption 3 is verified.

Proof Let k in N*, we note 7 = w — w. First, because we consider Algorithm 2, with Definitions 1
and 2, we have &(n) = VF(w) — Ci(g,(w)) and €299 = —Cj,(gy ), hence:

M () = &) — €1 = VF(w) — Cr(gg(w)) + Crlgns) -

Because the random mechanism Cj, is linear, there exists a random matrix II;, in R4*¢ such that for
any z in R, we have Cj,(z) = Iz, it follows that:

gl () = VF(w) + Crlgn e — g(w)) = (H — j(zp @ 1))

Hence, the first part of Assumption 3 is verified with 2, = H — I (2 ® z). Now, we compute
the second moment of the multiplicative noise. We start by developing its squared norm:

1€ () |17 = IVE(w)[|* + 2(VF (w), Ci(ghs — &(w))) + Ch{gh, — & (w))[|* .

Taking expectation conditionally to the o-algebra 7, and using Lemma 1 gives:
E [l ) | Ze] = IVF()]? + 2 (VF(w), gr.e — g,(w)) + (@ +1) gh — ge(w)]] -
Finally, with o-algebra F_; and considering Model 2 we have:
E [ () 12 | Fi] = = IVF@)I? + (@ + DR (w — w,)|?,

which allows to conclude. [ |

Property S6 (Validity of Assumption 4). Considering Algorithm 2 under the setting of Model 2 with
Remark 1 and Lemma 1, if the compressor C is linear, then for any k in N*, there exists a constant
g > 0s.t. Conin < 02y Hp and E [EkE;] < R?W1 g H; Assumption 4 is thus verified.
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Proof
Let k in N*, we note n = w — w,. We first need to compute I1I; in R? for each compressor C in
{Cq,Csq,Cra1,Cs, Ca, Cpp}, it comes from Proposition 2 which results having a constant IITf s.t.:

¢(C,p) = Epepy [C(E)®?] < Wy H . (S25)

Indeed, Diag (H) car be bounded by Tr (H) Iy, and then I by u~! H. This constant IT11z can be
computed from Proposition 2 for any compressor:

Compressor Cran Cs Cep Co
h—1 _ h=1y1 (d-p7r 1 a=p | PT
o GRS S
: : oa— T
Iy (if H diagonal) 5 > > > + i
Where p = h/d, 7 = Tr (H) /i, and for sketching ov = % and § = %.

We now show that the two inequalities given in Assumption 4 are valid.

First inequality.

By Definition 3, we have €opin = E [0 @ ¢244] = E [Cy(epar)®?], because ((er)kerr) is
independent from (( k) ke KL) (Model 2) and using compressor linearity and Equation (S25), it
gives: Conia = 0°E [Ck(mk ] = 02¢(C,py) < 0?1y H .

Second inequality.

Using Property S6, because the compressor C is linear, there exists two matrices ITj, Zj, in R¥*¢ s.t.
for any z in R?, we have C,(z) = II;z and {,‘f“lt(z) = Ziz, which gives that 2, = H — I (2 @xy).
It follows that:

ExEp = HH' — Hll (2 ® a) — Wi (2 @ 2p) H + Wy (2p © ) (25 @ )1
Given that the compression is unbiased (Lemma 1) we have E [II, | Z] = I, hence:
E {Ekag ) Ik] — HH' — H(z, @ z1,) — (2, © 23)H + E [Hk(xk ® k) (@ © )] ‘ Ik] ,
and now taking expectation w.r.t the o-algebra F_1:
E [EkEZ ‘ J-"k_l] — —HHT +E [Hk(azk ® 1) (z) @ z) LT ‘ ]-"k_l} .

In the end, we have that E [S,Z] | Fip_1] < E [Ii(2p @ k) (2 @ )11, | Fr—1], and if we
consider that the second moment of the features (x)xen+ is almost surely bounded (Remark 1), we
obtain:

E 2] | Fior| < BB (Mo @ o)) | P | < BB [Cu(@)™ | Fia] - (S26)
Thus, using Equation (S25), we can state that E [EkE; ’ ]-'k_ﬂ < RNl H, which concludes the

second part of the verification of Assumption 4.
|
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E. Compression operators

In this Section, we provide additional details about compression operators. First, we prove in
Appendix E.1 that Lemma 1 hold and compute the compressor’s covariance given in Proposition 2.
The specific computations for sketching are given separately in Appendix E.2 because they are
more complex. Third, it allows to prove Propositions 3 and 4 in Appendix E.3. And finally, in
Appendix E.4, we plot the covariance matrix induced by quantization and sparsification for quantum
and cifar-10.

E.1 Computation of the variance and covariance of the compression operators

In this Subsection, we first prove Lemma 1. Item L.1 is frequently established in the literature and
corresponds to the worst-case assumption, see the introduction for references. On the other hand,
Item L.2 is the Holder-type bound, which is not used in the literature up to our knowledge. Next, we
compute the compressors’ covariances that have been given in Proposition 2.

Lemma S8. For any compressor C € {Cq, Csq, Crdh, Cs, Co,Cpp}, there exists constants w, ) € R,
such that the random operator C satisfies the following properties for all z, 2" € R%.

L.1: E[C(2)] = z and E[||C(2) — z||!] < w||2||* (unbiasedness and variance relatively bounded),
L.2: E[||C(2) — C()|1?] < Qmin(||z]|, [|Z'[D]|z — Z'|| + 3(w + 1)||z — 2'||*(Holder-type bound),

with w = v/d and Q = 12V/d (resp. w = (1 —p)/pand Q = 0) for Cq and Cyq (resp. Cyan,Cs,
Co,Cpp).

Proof

Value of w (Item L.1 of Lemma 1). For projection-based compressors, the proof is straightforward,
for quantization-based, the proof can be found in Alistarh et al. (2017).

Value of 2 (Item L.2 of Lemma 1). For linear compressors, it is straightforward to obtain €2 = 0.
For quantization, we take z,y in R?, we note (u;)%; the vector controlling the randomness of
compression, and we write Cq(z) — Cq(y) = A+ B + C, with:

1 A= elsgnta)Bem( gy - Il (x)Borm(p)

2. B:= H:pHsign(m)Bern( y ) || z||sign( )Bern(”‘zh)
3. C = |[=|sign(y)Bern(14) - |lyllsign(y)Bern({p).
We note || - || the 2-norm and || - ||; the 1-norm. By symmetry, we suppose that ||y||? > ||z]|2.
. d d
First term. We have ||A|? = H$H221:1( wilzl ~ 1 <‘Hzi”) = |lz|I? Y5, 12‘””i‘<u-<‘z“ because
- v llyll == Nl
ly[1 > [l[[2. Taking expectation, it gives E[||A[[2] = ||z ©i, 14} — [ = [l Ll
Now with triangular inequality, we have:
[l
Efl A% < e ly — |l < llz]l1lly — 2l < Valzllly — =,

and by symmetry E[[|A||?] < vdmin(||z|, [|y))]ly — =]
Second term.
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We have || B||* = ||z[* 2, (sign(x:)1,
sign(y;), then:

<l — sign(yi)1 < Il ). Let i in [d], if sign(x;) =

[l
[HBH = ||$H ZE [ min(le;llyl) o, o max(lel, |yl>] | Z lyi — x| < [|zfflz =yl -

T Ty Y|

— sign(y)1 <l )2, we have:

If sign(z;) # sign(y;), developping (sign(zi)1 e s

min(|zil, [yi])

% s |
x
- HH;:] Zmax |zil, |yi]) + 3min(|a;], |yi]) -

’ sign(xi)isign(yi) ’ ‘

Next, we have max(|x;|, [ys]) + min(|a;|, [ys]) = |zi| + |vs v;|, which results

d
wE[|B)?] <38 S jys — il < 3ljallllz — ylly < 3vdljallllz — vl

Third term. We have ||C||?> = (||z|| — ||y]|)? Z 12 < lul , taking expectation, it gives:

d
)
ENICI?] = (le] — 1yl Z” H_H HZHH ””1 V|lz - y|?.
=1

Overall, using Inequality 1, we have:

EllICq(2) — Cq(y)I1?] < 12Vdmin( ||, |yll)l|z -yl + 3vd]z —y],

which allows to conclude as for 1-quantization, we have w = v/d. |

We now compute the compressors’ covariance given in Proposition 2 and Corollary 3. However,
sketching requires more involved computations, they are provided in Appendix E.2.

Proposition S2 (Structure of the compressor’s covariance). The following formulas of compressors’
covariance hold:
¢ Q:(C@»PM ) =M
(Cprpmr) < M + \/"h" )\/Diag (M) — Diag (M)
(Cy,par) = M + =PDiag (M)
(Cprpar) = & (v = B)M + BTr (M) 1g) with o = 22 and § = %
(
(

c &

~c

~c

Cran»Par) = Z%d 1§M+< d((d 1%) Diag (M)

* &(Cppspm) = 3 M.

Proof
In this proof, we denote F the o-field generated by the random sampling of £ ~ pas € Py, and G
the o-field generated by the noise from the compression process. Let E ~ pyr € Pyy.

d
Quantization. By definition, we have C,(E) = || E||2sign(E) ® x, with x = (Bern( ||‘£ﬁ|2 )) LIt
follows that C,(E)®? = || E||3sign(E)®? ® x®2.
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Because:

|Ei| :

if =
. 12> ’
EL [ F] =
BUEL g,
IE]12
1 sign(E;)sign(E;)
and considering that sign(E)®? = , we have:
sign(E;)sign(E;) 1

1Ell2 |Ei| if i=7,
E [Cq(E)®2 ‘ ]:] =
E;E; else.
Taking the complete expectation gives:
E[E[2 [E]] if i=j
E [Cq(E)®2] =
M,;; else.

Changing the diagonal to make appear M, we obtain:

E [C4(F)®?] = M +E [|| F|l2Diag (1B, | — E [Diag (B2),_, ]

Furthermore, we first have that E {Diag (Ef)jzl} = Diag (M) and secondly, by Cauchy-Schwarz
Equation (S3) that:

€ [15]:Ding (1B, < € [1E1) € [Ding (E2)L_, | = Tr () Diag (M)

which finally gives E [C4(E)®?] < M + \/Tr (M)+/Diag (M) — Diag (M) .

Sparsification. By definition, we have Cs(E) = I%B ® E € R?, with B ~ (Bern(p))le, thus

Cs(B)®?% = I%B@@E@Q. Taking the expectation w.r.t. to the o-filtration 7, we have E [Cs(E)®? | F| =
p P
p%P ® E®? with P = , because for all 4, j in [1,d], we have E [B? | F| = p and
2
p p

E [B;B; | F] = p*. This naturally gives: E [Cs(E)®?] = I%P O M.

Sketching. The proof is more complex and therefore is given separately, in Appendix E.2.3.
Rand-h. By definition, we have C.qp(F) = %B(S) ® E with S ~ Unif(Py([d])) and B(S); =
lics, thus Coqn(E)®? = [%B‘X’Q@E@? (p = h/d). We have that forany ¢, j in {1, ..., d}, B; and B;
are not independent and that B; ~ (Bern(p)), therefore we have that E[B?] = p and that: h? =
(Z?Zl BZ-)2 = Zle B? + >_i+; BiBj. Taking expectation, it gives h? = h + d(d — 1)E[B;Bj]

ie. E[B;B;| = %. Taking the expectation w.r.t. to the o-filtration F, we have :

Ak 1) oz <d _ d(h‘l)) Diag (E%%) .

E [Cran(B)®? | F] = h(d—1) h  h(d-1)
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And taking full expectation allows conclusion.
Partial Participation. This result is straightforward.

E.2 Variance and covariance of sketching

In this Subsection, we compute the expectation, the variance, and the covariance of sketching. In
Appendix E.2.1, we give the proof principle of our computation, in Appendix E.2.2, we compute the
expectation and the variance, and in Appendix E.2.3, we compute the covariance.

We thank Baptiste Goujaud (Ecole polytechnique, CMAP) who greatly helped to prove the following.

E.2.1 PROOF PRINCIPLE

Let y in R with ||y||* = 1, and z in R%. By Definition 4, for ® in R"*, we have Cg(z) = %(I)T(I){E
with @7 = &7 (®®7)~! and p = h/d.

To compute the expectation, the variance, and the covariance of Cg (), the idea is to compute E[y " Cp (z)]
and E[(y' Co(7))?] by establishing Equation (S27) which allows controlling the randomness of
sketching by using Equation (S28). To establish Equation (S27), first observe that pCo(---) is a
projector into a subspace of dimension h, indeed we have (pCs ® pCq)(2z) = pCq(x). Then there
exists a random matrix P in Oy s.t. pCqy(z) = P .J, Px. It leads to:

1 1
y' Co(z) = 2;yTPTJthJC = E(Py)TJh(PUC)-

Now we note X = Px/||z|| and Y = Py, hence y ' Cg(z) = ”%HYTJhX, and because P is in Oy,
we have:

IXIP=1
Y] = ) = 1
(X.Y) = (w.9) /o]

Furthermore, P is a random projector, it follows that X and Y are sampled uniformly from the
zero-center sphere of radius 1; i.e. X ~ Unif(S4(0,1)) and Y ~ Unif(S4(0,1)). However, X
and Y are not independent, this is why, we consider that X ~ Unif(S4(0,1)) and write Y s.t.
Y = aX + bu with u a random vector in R? of norm 1 orthogonal to X, that is to say, u|X is
uniformly sampled on a zero-centered hyper-sphere of radius 1 orthogonal to the vector X (see
illustration on Figure S3). It comes that:

y' Cp(x) = MYTJhX = M(aXT +bul)J, X = M(aXTJhX +bu' J,X).  (S27)
p p p
Observe that for any 4, j in {1,--- ,d}, X, X (resp. u;, uj) have the same law, it results to:
V(i,j) € {1,---,d}*, VkeN,  E[X[]=E[X}] and E[u}]=E[u]]. (S28)

This property is the key to compute the expectation, the variance, and the covariance of sketching.

60



DISTRIBUTED, COMPRESSED AND AVERAGED LEAST-SQUARES REGRESSION

We now compute a and b. First, by definition, we have:

m—mw—aum?—a, )
' N

then we write that:

2
Lo i = O e g = B
] il Figure S3: Sphere zero-center
5 with radius 1: X and u are or-
which gives b = (/1 — ﬁ;ﬁé . thogonal.
Atthe end, we have: Y = aX + bu = U X 4\ [1 - {eay,

E.2.2 EXPECTATION AND VARIANCE OF SKETCHING

In this Subsection, we prove that sketching verifies Item L.1 in Lemma 1; for this purpose, we show
that it is unbiased, then we compute its variance.

Proposition S3. Sketching is unbiased and its variance is relatively bounded, i.e., it verifies Item L.1
in Lemma 1 with w = (1 — p)/p where p = h/d.

Proof Starting from Equation (S27), we have y ' Cg(x) = @(aXTJhX +bu' JpX). We first
compute the expectation w.r.t. the o-algebra o({ X }) generated by the noise involved in the random
vector X, it gives:

ElyT () | o({X})] = ”jj” S X? 4 BXE | o([X})]

=1

Because u is sampled uniformly from the zero-center sphere of radius 1 s.t. it is orthogonal to X, for
any iin {1,--- ,d}, we have E[u; | o({X})] = 0, hence taking full expectation, we obtain:

£l Cutey] = 1 HZ X

Using Equation (S28), we have E[X?] = dZ] LEX ] next recalling that p = h/d and || X ||? =
1, it leads to E[y " Cgp(x)] = aHxHE[Z _1 ] = a||:n||E[||X|| ] = al|z]|. And because a =
(x,y) /||z||, we have at the end that E[Cg ( )] = . Now we compute the variance:
1 1
E[Co(z)  Co(x)] = Elx' P J,PP" JPa] = SElz' P JyPx] = ” ” E[X " J,X].
p p

E[X " J,X] has been computed above and is equal to p, it results that E[Cp(2) T Co(2)] = |||/ /p.
In the end, sketching verifies Lemma 1 with w = (1 — p)/p. [
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E.2.3 COVARIANCE OF SKETCHING.

In this Subsection, we compute the covariance of sketching. For the sake of demonstration, we need
to compute the 4'"-moment of X and the 2°-moment of u;. For any i in [d] and any vector v in
Rd, we note v_; = (W)je[d},j;éi in RA—1,

Computing the 4" -moment of X .

The marginal density of X is fx, : = — B(dz;1 H7H1 — 22)@=3)/2 where B is the beta
function defined as B : z,y — fol tr1(1 — fW/Q in?2=1(t) cos®~1(¢)dt. This result
can be obtained either by an application of the formula for the surface area of a sphere (Li, 2010;
Sidiropoulos, 2014), either by writing that X; = ”Z71” with Z a Gaussian vector with d components.
Therefore we have that:

Sl A 3>/2dx o 25" cos4<t> sinH(t)dt (i) Wa—z — 2Wa + Wayo

E[XY] = &
1 2f7r/2 . d— dt 2f7r/2 . d— dt Wd—2

)

where at (i) we set z = cos(t) and at (ii) we make appears the Wallis’ integrals defined for any n in
Nas W, = f /2 sin® (t)dt. Furthermore, we have the following recursion using integration by parts:
Wito = d +2 LYy, therefore, we have:

B 20d—1)  (d—1)(d+1)\ 3
E[Xﬂ_<1_ a d(d + 2) >_d(d+2)' (529)

Computing the 2" -moment of u1 w.r.t the o-algebra o(X).
We define three (d — 2)—dimensional man-
ifolds, two parallel hyperplanes P, P’ and
a sphere .S, as follows:

P={aeR¥|(a,X_;) = —X;u;}
P ={aecR¥™|(a,X_;) =0}
S =84-1(0,1/1— u%) s\i n

Obviously u_; is in P N .S; then we de-
compose u_; in two terms n + v, with v ~  Figure S4: Parallel hyperplanes P and P’ with the
Unif (P’) orthogonal to X and independent sphera S.

of u;: n is the center of the sphere S N P

and v is its radius, n corresponds also to the normal vector of both P P’ with norm equal to the

(u i)

distance between the two hyperplanes, hence n = WX,Z = X_ ”2 X ;.
First, because u_; € S, we have ||n + vH2 = 1 — u?, next by Pythagorean theorem this is equivalent
tov2=1-u2—|n|?=1- ”X oz Second, because u—y € P, we have u; = _W%’IX*),

that is to say the probability density function of u; | X is proportional to the number of possible
values for u_1, which corresponds to the surface area of the hypersphere P N S. This surface is

proportional to the radius ||v]|9~* = (1 — ||X1i%1||2 )(d=4)/2 given that P N S is a (d — 3)—-dimensional
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manifold, therefore:

[X-all 2 2 (d*4)/2 d—4
Bl | o((X))] = S (- ) do g [IX 2 1 2 (L= %) dy
' 1X 2 (@972 [L (=292
P (- ) de ey /
(ii) Waq 3 — Wyt
Xl ==,
where at (i) we set y = m and at (ii) we reuse the previous computations to make appear the
Wallis’ integral. In the end, we obtain:
d—2 X_1]?
Ef? | o (X)) = (1 - S 2yx )2 = 2= (530)
d— d—1
Note that this result is consistent with the fact that Zle Elu? | c({X})] = Zd = 1. Now

we can compute the covariance of the sketching operator.
Proposition S4. Let x in pyy, the covariance of sketching is equal to:

E[Co(x)%?] = (0~ HM + FTx (M)1,),

Wlth o = ht2 and,@ m

d+2
Proof
Let z in R? and y in R? with Hy||2 = 1, starting from Equation (S27), we have:

HﬂCII2

(yTCq>(SU))2 (a X7 X—HmTJhX)
2
- ’;‘2‘ (aQ(XTJhx)2 +2ab(X T Jp XuT Iy X) + bg(“T']"Xf) '

First term. Taking expectation, we have E[(X T J, X)?] = S | (E[Xf] + Z?:L#i E[Xfo])

However:
h h " h 1 d
22 2 2] @ 2 2
R EIET SR I PO SRS SR
J=1,5#i J=1,j#i J=1,j#i k=1,k#i
(11) h 2 2
E X (1 - X
d— 1 [ ’L( ’L):| Y

where we use at line (i) Equation (528) and at line (i) Zle X ZQ = 1. It follows that:

E[(X"TJ,X)% = Z (3 — ’fE[X;*] + %E [X?])
i=1

d—1 d—12

(iii) h(d h) h(h — 1)

- d-1 B[] d(d—1)

cas20  3h(d—h)  h(h—1) h(h+2)
T dd—)d+2) dd=1) dd+2
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Where we considered at line (i) that for any i in {1,--- , h}, E[X}] = E[X{], and at line (ii) that
S E [X2] = BE[IX |2 = h/d.

Second term. We compute the expectation w.r.t. the o-algebra o({X}) generated by the noise
involved in the random vector X. It gives E [X " J,Xu' J, X | oc({X})] = 0, because u|X
is uniformly sampled on a zero-centered hyper-sphere, and thus for any i in {1,---,d}, we
have E[u; | c({X})] =

Third term. We have (u'J,X)? = Y0 w2X2 + Y1, . u;u;X;X;. On one side, we compute
the expectation w.r.t. the o-algebra o({ X }) generated by the noise involved in the random vector X:

h

S E[u2X? | o({X))] ZXQ o({x})] *= ZX2||X_1||2

i=1

Taking full expectation, we have Zh Elu?X?] = 7 Zz LE[X2(1—-X2) = dhl( — E[X{)),
because for any i in {1,...,h}, E[X}] = E[X}] and Y| E [X?] = 2E[| X|]?] = h/d.

Let i in [d], on the other s1de we compute the expectation w.r.t. the o-algebra o({ X, u;}) generated
by the noise involved in the random vector X and the random variable u;, hence we requires
to compute E [u; | 0({X,u;})]. To do so, as before, we decompose u_; in two terms n + v (see
Figure S4), with v ~ Unif (P’) orthogonal to X and independent of u;, hence E [v | o ({ X, u; })] =

It gives that E [u_; | o ({X, w;})] = — ||2X _i. Thereby, replacing for any coordinate j # i in
[d] the value of u_; and taking expectation w.r.t. the o-algebra o({ X }), we obtain:

h h h h
Z Z Efu; | o({X D] == Z H2X2X2 [uf | o({X})]

:1 Z_l.] 17.]
eq. S30 1 2 2
= 71 Z Z Xi X
=1 j=1,j#i
h h
1 1— X2
= X2 i
d—1 Z A Z St d—-1
i=1 j=1,571
Finally, we have: Y1 Y0, o/ E[X:X;usuy) = — 5355 (1 — S0, E[X}1). Putting together
the two terms, we have that:
h 1 h(h 1) eq. 529 h(d — h)
E[ TJXQ}zif—EXé‘ —71—dEX =" — =5

[

In the end, we have E[(y " Co(2))?] = 12}
and b= /1~ (2.9)? /|

2 2 2
yTE[Ca(x)) ]y = 12 (0" <Tf;ﬁi d <yTy - ﬁﬁlé )) |

(a®a’ +b?B"). And because ||y||> =1, a = (z,y) /| z||

b

hence E[Cy(2))®?] = 1% (o — Bz + 4 ||z|? Id). To conclude, we consider that x is a ran-

dom variable sampled from a distribution pjy, then taking expectation on this random variable we

have: EC(2)%% = % ((a = B)M + BTr (M) 1), witha = & = MZandp =" = %. [ ]
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Qtzd StabilizedQtz Sketching Sparsification Randl PartialParticipation
. T

Figure S5: H not diagonal, scenario using features standardization. Scatter plot of (x;)% /
with its ellipse Ecoy [y, )/

E.3 Proof of Propositions 3 and 4

In this Subsection, we give the proof of Propositions 3 and 4 which provides generic comparisons
between the asymptotic convergence rate of compressors. We first give a lemma resulting from the
Cauchy-Schwarz’s inequality necessary to establish these proofs.

Lemma S9 (Cauchy-Schwarz’s inequality on matrices’ traces). For any matrix M in R¥?, we

have Tr (M) Tr (M_l) > d?, with strict inequalities if M is not proportional to 14. And if M is
with constant diagonal equal to c in R, we have cTr (M *1) >d.

Proof Let M in R%*?, using the Cauchy-Schwarz inequality, we have:
2 2 1/247-1/2\% €5 -1
d® = Tr (1) :I&«(M M ) < e (M) Tx (MY
and we have equality if M is proportional to 1. |

Now we give the demonstration of Propositions 3 and 4. On Figure S5, we complete the numerical
illustration provided in Subsection 3.3.1 by illustrating the scenario of standardized features, i.e.,
when the diagonal of M is the identity.

Proposition S5 (Comparison between Cpp, Cs, Crdn, Co, w = d/h — 1). We consider C € {Cpp, Cs,

Cran,Ca} with p = h/d, such that C always satisfies Lemma 1 with w = d/h — 1. For any
matrix M € R&¥d;

1. If M is diagonal, then:
* &(Cpp,rm) = €(Cs,pm) = €(Cyp,y PM) = %M’
T (€(Cpp g PAVM ) < T (€(Co pa) M),
2. Moreover, for any matrix M with a constant diagonal (e.g., after standardization), we have:
Tr(€(Cpp, par) M) < Te(€(Coy par) M ™) < Te(€(Cyy par) M) < Te(€(Cgpys Pa) M ™).
With strict inequalities if M is not proportional to 1.

Proof
Let M in R¥9 and take p = h/d.
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Proof of Item 1 in Proposition 3. In the diagonal case, the first equalities are straightforward as we

have €(Cpp,prmr) = C(Cy, M) = E(CoyysPM) = %M. Next, we have (regardless if M is diagonal
or not):

_ h+1 Tr (T h—1 Tr(M)Tr (M1
TT((Q(C@]?M)—Q:(CPPWM))M 1):(m+5hd—1) (d)+(1—d_1) p(d+(2) )
Lemma S9 [/ h + 1 d h—1
> - — -1 1-—
> p<d+2+5hd +d—|—2( d—1)>
=0.

Proof of Item 2 in Proposition 3. Suppose now that Diag (M) = cly, then we have €(Cpp, par) =
d(h—1 _
AM, €(Cypar) = M + (3 = 1)elg, €(Coqpoprr) = g} M + (1 = i=})elg and €(Co, pas) =

% ((% — Ona) M + ( — %) T;%) Id>. Firstly, from previous item, we have

T (€(Cpp. pa) M) < Tr (€(Canpar) M

Secondly, we write:

_ d h+1 h
Tr ((Q:(C<1>>pM) - €(Cspr)) M 1) = E(m + 0pa — 8)
Tr(M~1) (1 d h—1 h
1- —(1—=
T <d+2( i1 | d)>
d,h+1 h, Ix (MY (d—2)(d—h)
= (575t 06— ) — :
pd+2 d D d(d—1)(d+2)
Lemma 89 ¢ (h 41 h  (d—2)(d—h)
< - —— " ) =0.
e (et i daniar )
Thirdly, we have:
h—d d—h
_ -1y _ -1
Tr ((€(Coqpspm) — €(Cs,prr)) M) h(d_l)Tr(Id)+h(d_l)cTr(M )
LemmaS9 d fh—d d—h
> —|——4+——1=0
~— h\d-1 d-1
|

Proposition S6 (Comparison between Cpp, Cq, Cs, w = Vd). We consider C € {Cpp,Cq,Cs} with
p= (Vd+1)71, such that C always satisfies Lemma 1 with w = /d.

1. For any symmetric matrix M diagonal, we have:

Tr (€(Cpp pa) M) = Tr (€(Copar) M) " <1 + \}3) T (€(Cq, M)M 1) .

2. If M is not necessarily diagonal but with a constant diagonal (e.g., after standardization), then
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* €(Cq, M) < €(Cypur)
o Tr (€(Cpp, par)M~1) < (1 n ﬁ) Tr (é(Cq,M)M”) .

Proof
Let M in R**9 and take p =

1+f

Proof of Item 1 in Proposition 4. In the diagonal case with p = 1+1 7 we have E(Cq, M) =

V/Tr (M)v/M and €(Cpp, prr) = (14+v/d) M, hence Tr ((’:(Cq,M ) v/ Tr (M)Tr (\/M‘l)

and Tr (€(Cpp,pm)M 1) = (1 + Vd)d. Noting (Ai)ic|a) the eigenvalues of M, and using the
Cauchy-Schwarz inequality’s, we have:

Which follows that Tr (E(Cq,M)Mfl) > d%? = Vd(1 + Vd) "' Tr (¢(Cpp, par)M ™) and it
allows to conclude.

Proof of Item 2 in Proposition 4. Suppose now that Diag (M) = cly, then we have €(Cpp, par) =
(Vd+1)M, €(Cy, M) = M + (v/d — 1)cly, and €(C,, par) = M + cv/dl,. Firstly, it follows that:

C(Cay par) — €(Cq, M) = (M + \/&cld) - (M +(Vd - 1)cId) — =0,

Secondly, we have (1+ I)E(Cq, M) —&(Cpp,pm) = —(1— )M+ (Vd— ﬁ)cld, which gives:

%\

T (((\f _ Lyée, m) - et(cpp,pM)) M—1> — (- Sy () - (1 - Ly

Vd vd Vd
1 1
> (Vd— —=)d—(1——=)d (Lemma S9
> ( \/g) ( \/g) ( )
>d(Vd—1)>0.
And the proof is concluded.
|

E.4 Empirical covariances computed on quantum and cifar10

On Table S3, for both quantum and cifar-10, we first plot the covariance matrix (1) without
any processing and (2) with standardization. In this latter case, we then plot the covariances induced
by quantization and sparsification for w = 1 and 8. For quantum, without standardization, only
four points are visible; it is caused by some rows having extremely large values at features 27 and 43,
resulting in a feature mean 100 times greater than the others.
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Table S3: (1) Data covariances for quantum and cifar-10. (2) Covariance €(C,, py) W./w.o.
standardization for quantization and sparsification; see Figure 6 to have the corresponding trace of
€(CMapH)‘Zw—_l‘

M Quantization Sparsification
raw-data standardized

quantum

o

cifar-10

';’-2;\%‘\\

Looking at the covariance induced by the compressors, we observe that for small w, quantization
better preserves the matrix structure compared to sparsification. This fact is consistent with Figure 6
where is given the trace of €(C,,, pr) M ~1 for these eight covariances: the traces for quantization
are indeed smaller than for sparsification. This is also consistent with Figures 7c and 7f where w = 1
and where quantization outperforms sparsification.

F. Technical results on federated learning.

F.1 Validity of the assumptions made on the random fields in the case of covariate-shift

In this Subsection, we examine the setting of federated and compressed LSR under the scenario of
covariate-shift (Subsection 4.1). Specifically, we consider the case where for any 4, j in [1, N], we
have heterogeneous covariances, i.e., H; # Hj, but a unique optimal model i.e. w! = w,. We verify
that all the assumptions on the random fields done in Subsection 2.1 are fulfilled in the setting. For
this purpose, we redefine the filtration given in Appendix D to align them with the FL setting. For k
in N* and for 7 in [N], we note u, the noise that controls the compression Cj. () at round k.

Definition S3. We note (Gi)ren the filtration associated with the features noise, (Hy)ren the
filtration associated with the label noise, and (Iy)ren the filtration associated to the stochastic
gradient noise, which is the union of the two previous filtrations. For k € N*, we define Fy = {&'}
and

= 0 (Fr-1 U{(ai) 1))
”Hk:a(]:k LU{(EHN, )

o (Fio1 U{(zh, ) e })
Fr=o0 (Fk_l U {(:vk,sk,uk)Z 1})
Now we prove that all assumptions done in Section 2 are correct in this setting.

Property S7 (Validity of the setting presented in Definition 1). Consider Algorithm 3 in the context
of Model 1, we have that the setting presented in Definition 1 is verified.
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Proof From Algorithm 3, we have for any k in N* and any w in RY, & (w — w,) = VF(w) —
+ Zf\il Ci. (g, (w)). Because (g},)en+ icp1,n] and (Cp)ken ic[1,n] are by definition two sequences
of i.i.d. random fields (Algorithm 3), it follows that their composition is also i.i.d., hence (& )ken~ is
a sequence of i.i.d. random fields.

Taking expectation w.r.t. the o-algebra Z), we have E [C. (g} (w)) | Zx| = g} (w) (Lemma 1), next
Wlth the o-algebra Fj_1, we have E [gk ‘ Fr_ 1] = VF;(w) (Equation (2)). And because

N Zi:l VF;(w) = VF(w), we obtain that the random fields are zero-centered.
From Model 1, we have for any k£ in N* and any w in R? that:

1 X , .
Plw) = 5 DEl(ekw) - ]
}}jﬂ@wmwwmgm@w—wm—%i@zw—w»+@@ﬂ
1 _
2NZw w,) " Hy(w — w*)—i—azz5((w—w*)TH(w—w*)+02).

And we have from Model 1: Tr (H) = £ SN v (H;) = & YN | R? = R”, which concludes
the verification. |

Property S8 (Validity of Assumption 1). Consider Algorithm 3 in the context of Model 1 with
Lemma 1 for any iteration k in N*, the second moment of the additive noise £add can be bounded by

(w+ 1R 02/]\7 i.e. Assumption 1 is verified.

Proof Let k£ in N*. Because we consider Algorithm 3, with Definitions 1 and 2, we first have
gdd = 2 Zf\i 1 Ci(gt ), hence taking expectation w.r.t the o-algebra 7 and because the N
compressions are independent (Algorithm 3), using Lemma 1, we have that:

EWWHM=$i4M%MWM+$Z@b%>

i#]
w + 1
g+ oo Z<gk*,gk*> :
i#]
Next, we first have from Model 1 and Equation (2) that for any i in [N], g; , = —eja}, sec-

ondly because ((&},)re[k],ic[n)) are independent from ((x},)rer]ic(n]) (Model 1), we have that

Elllef 2 [|?] < o2R2, hence it results to E [||¢244]|2 ‘ Fr—1] = E[[|&249)?] = “’N—El i]\il o’R?. W

Property S9 (Validity of Assumption 2.1). Consider Algorithm 3 in the context of Model 1 with

Lemma 1, for any iteration k in N*, the second moment of the multiplicative noise §mult( ) can be
bounded for any w in R% by 2(w + 1) max;c(n](R?) Hﬁlm(w — Wy) /N +4(w+1)R 2/N ie.

Assumption 2.1 is verified.

69



APPLICATION TO FEDERATED LEARNING

Proof Let k in N*, we note = w — w,. Because we consider Algorithm 3, with Definitions 1

and 2, we write {M(n) = & 32V, 1 (), where & (n) = Hin — C(g},(w)) + C(g}.,) is
the multiplicative noise on client 7 in [N], hence developing the squared norm gives:

H{]Ignult H fl?mult("?)HQ = Z <£;mu1t {k,mult(n)> '

Z fz mult

1 N
—mZ;\

Taking expectation w.r.t. the o-algebra Fj_1, using that the N compressions are independent
(Algorithm 3) and that for any 7 in [N], E[€-™" () | Fr_1] = 0 (Lemma 1) results to have:

E[I&E™" () I | Fia] = 5 ZE E™™ (mI* | Fia]

Next, we use the result of Property S3 for each client 7 in [N] and we obtain:

E [llg™ () I | Fia] < Z (2w + DRH(w = w.)|? + 4(w + 1) R2o?)

< 2(w + l)m;Xie[N]( )”Hl/z

2+ 4w+ 1)?202

(w — wy) N ;

which allows concluding.

Property S10 (Validity of Assumption 2.2). Consider Algorithm 3 in the context of Model 1 with
Lemma 1, for any iteration k in N*, the second moment of the multiplicative noise fmult( ) can be

bounded for any w in R? by (Qo max;c(n|(R?) Hﬁl/ (w—w,)||+ (w+1) max;en (R?) ||H1/2(
wy)||?)/N i.e. Assumption 2.2 is verified.

Proof Let k£ in N*, we note = w — w,. From Property S9, taking expectation w.r.t. the o-algebra
Fi—1, decomposing the multiplicative noise results to have:

EIg™" () 7 | Fia] = NQZEHNU“ )I* | Fial.

Next we use the result of Property S4 for each client 7 in [N] and we obtain:

E[le™™ (n) |12 | Fra] < ZW VI — w2 + (w+ DRE(w — w,)|?.

i=1
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With Jensen’s inequality S2 used for concave function:

E |:H€Ir€nult (77)H2 ‘]__k_l] B Qamasz\i[NK ZHH1/2 (w0 — w,)|2

w+1 maxz (R?)

Q i
- Umaxz\i[]v] \/HHI/Zw w)||?

+ —(w+ 1) max(R2)[H"* (w — w,)|?,
1€[N]

2|~

which allows concluding.

Property S11 (Validity of Assumption 3). Consider Algorithm 3 in the context of Model 1 with
Lemma 1, if the compressor C is linear, then for any iteration k in N*, the multiplicative noise
f,ﬂ,nun is linear, thus there exist a matrix =, in R¥? such that for any w in RY, 5}43“‘1“(11)) = Zpw.
Furthermore the second moment of the multiplicative noise can be bounded for any w in R® by

_ 2
(w + 1) max;e ) (R?) HHl/Q(w — Wy) ‘ /N, hence Assumption 3 is verified.

Proof Let k in N*, we note n = w — w,. Because we consider Algorithm 3, with Definitions 1
and 2, we write {M(n) = & SV, 5 (), where & (n) = Hin — C(g},(w)) + C(g}.,) is
the multiplicative noise on client 7 in [N]. And because for any clients ¢ in {1, - - - N'} the random
mechanism C,’i, is linear, there exists a random matrix HZ, in R4 g t. for any z in R?, we have
Ci(z) = I} 2, it follows that:

N N
o 1 o o | oo .
& (n) = VF(w) = — > Ch(gh(w)) + Cilgh,.) = (H -5 2 M@k ® x%)) U
i=1
Hence, the first part of Assumption 2.2 is verified with =), = +- Zfi Hi — I (2%, @ «%). From
Property S9, taking expectation w.r.t. the o-algebra Fj_1, decomposing the multiplicative noise
results to have:

N
e[l off 7] = 3

Next we use the result of Property S5 for each client 7 in [N] and we obtain:

E [Hé;ﬁnun (U)HQ ‘ ]-“kl] < ;fi(w +OR2 |2
=1

5117mu1t(77)H2 ‘fk—l] .

2

A

i (w —wy)

2
(w+ 1) max;en) (R

N2

IN

)

ZHUQ (w — wy)

71



APPLICATION TO FEDERATED LEARNING

which allows concluding.

Property S12 (Validity of Assumption 4). Considering Algorithm 3 under the setting of Model 2
with Remark 1 and Lemma 1, if the compressor C is linear, then for any k in N*, we have € pin <
o? max;e(y (g, )H /N and E [E:EL] < max;e(] (R g, )H /N, with (g, );c(n] given in
Corollary 2. Overall, Assumption 4 is thus verified.

Proof
First inequality.

s _ add add _ 1 N i \®2
By Definition 3, we have Cania = E[{39 @ 9 | Fi—1] = 5z >2;21 E[Ch(91.,.)9 | Fi—1], because
for any client ¢ in [NV] ((5};)%[ k1) is independent from ((x},) e K]) (Model 1) and using compressor
linearity and Equation (S25), it gives:

L SR - Y = ot < T
Cania = 07575 k(@ = N2 ' PH;) S 555 mH <
N N P N P N

Second inequality.

Using Property S11, because the random mechanism C° is linear, there exists two matrices H};, E};
in R4 s.t. for any z in R%, we have C}C(z) = H}‘;z and ™M (2) = Elz = (H; — I (2}, ® x1)z,
which gives that Zf = 3 Zf\il H; — 1T (}, ® x7,). It follows that:

i=1 i#£j

Taking the o-algebra Fj_1, using that the N compressions are independent (Algorithm 3) and
that for any 4 in [N], [ﬁi’mult ‘ Fk,l} = 0 (Lemma 1) results to have E[Z,Z] | Fj_1] =

N2 va LE[(EDELDT | Fe-1]. Now, we can reuse the computations given in Property S6 to
obtain E [ uk)(Efg)T | Fi—1] < Ry, H;. Therefore, we can state that E [Z,Z] | Fr_y] <
max;c(y] (R g,)H /N, which concludes the second part of the verification of Assumption 4.

(3 )

F.2 Heterogeneous optimal point

In this section, we explore further the scenario of concept-shift by adding a memory mechanism
(Mishchenko et al., 2019). This mechanism has been shown by Philippenko and Dieuleveut (2020)
to improve the convergence in the case of heterogeneous clients. We give below the updates equation
defining the algorithm of distributed compressed LSR with memory.

Algorithm 4 (Distributed compressed LMS with control variates). Each client i € [N| maintains

a sequence (h;c)z‘e[ N in RY, observes at any step k € [K| an oracle g (-) on the gradient of the
local objective function F; and applies an independent random compression mechanism C(-) to
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the difference g}; — h};. And for any step-size v > 0, any k € N*, the sequence of iterates (wy)keN
satisfies:

N
W = W - = C (g (wp_1)—ht_;)+h:_
k k-1 N; o (8k (Wi—1) k—1) k—1 (S31)
i = i1 + aCh(g(wp—1) — i),

witha =1/2(w +1).

The counterpart of adding memory is that the random fields are no more identically distributed,
thus Definition 1 is not fulfilled, and results from Section 2 cannot be applied, especially because
E [ add g ¢ add} changes along iterations. To remedy this problem, we define here the /imit of the

covariance of the additive noise i.e. €0, = i lim E [ ® ¢844]. In the following result, we
—+00

establish an asymptotic result on the convergence, similar to Theorem 1.

Theorem S4 (CLT for concept-shift heterogeneity). Consider Algorithm 4 under Model I with . > 0
and Lemma 1, for any step-size (i )wen+ S.t. Ve = 1/\Vk. Then

I (VETg_1) k>0 —— N(0, Hp'ez, Hib),
K—+oo

anla

2. €2, = Q:((Ci,p@/_)fi ), where pey is the distribution ofg}; . — VF;(wy).

ania

Theorem S4 shows that when using memory, in the settings of heterogeneous optimal points (w?) ;N 1

convergence is still impacted by heterogeneity but with a smaller additive noise’s covariance as
©! < ©;. In particular, in the case of deterministic gradients (batch case), we case ©; = 0. From a
technical standpoint, it shows that we recover asymptotically the results stated by Theorems 1 and 2
in the general setting of i.i.d. random fields (£(nk_1))ken+. To prove this theorem, we show that
the assumptions required by Theorem S1 are fulfilled by this framework.

Proof

For the sake of demonstration, we define a Lyapunov function Vj, (as in Mishchenko et al., 2019; Liu
et al., 2020; Philippenko and Dieuleveut, 2020), with k in [1, K]:

N
1 )
Vi = Inl® + 2705 3 [Ihis = VE ||
i=1

with C' in R* being a Lyapunov constant that verifies some conditions given in Theorem S6 in
Philippenko and Dieuleveut (2020). For any k in N, the Lyapunov function is defined combining two
terms: (1) the distance from parameter wy, to the optimal parameter wy, (2) for any client i in [N],
the distance between the memory term hj,_, and the true gradient V Fj(wy).

First, we have that in the case of decreasing step size s.t. for any & in N, v, = £~, we have

2
ik —2 5 0and iy —2 s VE(w,).
K—4o00 K—4o00
Let k£ in N*, from the demonstration of the Art emi s algorithm with memory, we have from Theorem

S6 in Philippenko and Dieuleveut (2020) (see page 41-45) that (1) combining Equations (S14) and
(S15) in the form (Sl4)+27,%C(SlS), (2) and applying strong-convexity, allows to obtain Equation
(S17) but adapted to decreasing step-size:

27kC<> 2 Q’YI%O'A
E Vi | Feo1] < (1= 29pp0) [Jwp—1 — wi|* + N ZZ;WI — VE(w.)|” + N
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with O, &, A being three constants in R whose exact expression can be found on pages 42-43 in
Philippenko and Dieuleveut (2020). Furthermore, in the same article, they verify that to obtain a
(1 — ) convergence, the following condition on (g, &, A are fulfilled for any & in N*: [, < 1/2
and ¢ < 1 — ypp.

These properties are valid under some conditions on the Lyapunov constant C, the step-size y;, and
the learning rate «; these conditions are provided in the statement of Theorem S6 from (Philippenko
and Dieuleveut, 2020) and we don’t recall them here. Hence, we can write that we have:

2v2C 2 27202 A\
E [V | Fet] < (1 - ) (Hwk e = Z [y = VE(w)| ) + =,
and because for any k in N, the step-size is decreasing, we have v < vx_1, which makes to recover

the Lyapunov function Vj,_j atstep k — 1: E[Vj | Fr—1] < (1 — yep) Vi1 4 oo Takmg full
expectation and unrolling the sequence (V})xen, We obtain:

202N & k
EVk<||1—on+ E || (1 —ip) -
j=1 i=j+1

To show that each part of the bound given in the above equation tends to zero when k grows to
infinity is classical computations and can be find for instance in lectures notes of Bach (2022, pages
164-167 and 182), and Kushner and Yin (2003).

To apply Theorem 1 from Polyak and Juditsky (1992, recalled in Theorem S1), which gives the
desired result, it suffices to prove the convergence in probability of the covariance of the noise
Er(nr—1) towards €apia, as k — 0.

In the following, we show that lim E [&r (1) (m—1)T | Fr1] & €%, Let k in N*, for this

purpose, we consider the followmg addltlve/multlphcatlve noise decomposition:

€ = ch Fi(wy))

N
1 i (ol i 1 i i
fgﬂ(ﬁk) = Hpny, — N ch(gk(wk—l) —hj_1) + N ch(gk,* — VFi(wy)) 4+ hp_1 -
i=1 i=1
(S32)

2
Furthermore, we have that fgdd kL—> f{j* because of the Holder-inequality (Lemma 1) and
—+00 ’

. 2
because we shown that hi, —=—» VF,(w,); thereby E[¢24d  ¢add] —> ¢2o. . Next, from
K K400 ks ania*

Equation (S32), we write:
Ee(m—1)&r(Me—1) " = (G — N m—1)) (Ex — & (1))
= & O &y — G 1) T = & ) (R T+ E (1) © & () -

(i) Developing the covariance of the additive noise and considering Model 1 and Algorithm 3 results
to E[ﬁ,ﬁj* ® {,{:* | Fr—1] = # Zf\il E[C,i(g,iy* — VFi(ws))®? | Fx_1]. For any iteration k in N*
and any client ¢ in [N], we note O/ the covariance of g,i’* — VF;(w,), then g} , — VF;(w,) is an
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i.i.d. zero-centered random vectors draw from a distribution pg/, hence we have for any iteration &k
1

in N*, Q:g?na = E[gl?,* ® 5?’* ‘ ‘kal] = Q:(Cl7 (p@g)ﬁ\il) :

(ii) Second, we show that E [52/1 (—1)®2 _ ] converge to 0 in probability: it is sufficient to show
that [|€M (ng—1)®?|| F tends to 0. To do so, we use the fact that [|EM (ng—1)%%||F = [|EM (nk—1) |3, it
results to the following decomposition:

2

N
1 i i i (i
€8 Ome—1) 2| < 3| Hmpa |* +3 || Z (g (wi—1) = hig—1) = Cii(Gipu — VEi(wy))

2

Zh — VF;(w,)

2
Considering the Holder inequality given in Item L.2 from Lemma 1, because 7y, L—> 0 and
—+00
ht k—> VF;(ws), we deduce that E [¢M (1) ®? ‘ Fi—1] tends to 0 in L'-norm.
—+00

(iii) Third, it remains to show that E[¢M (m,_1)(&2,) " | Fr_1] % 0. We use the Cauchy-
’ —+00
Schwarz inequality’s S3 for conditional expectation:

E [ o) (@) Tl | Ficr] = E [ omnlalER) Tl | i
< IE[EM I3 | Fr]E IR0 I3 | Fica]

The sequence of random vectors (£ ,’3 . )keN is 1.i.d., and moreover we have shown previously that
EM(11,—1)®? tends to 0, hence E[EM (_1)(€2,) T | Fr—1] converges to 0 in distribution. Conse-
quently, noting ©} = E[g!., — VF;(w,))®?] we can state that:

P o TN
E [&(me-1)®? | Fra] e Conia = €(C, (per)iLy) -
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