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LLAMN:-like property for stable Lévy SDEs and
application to asymptotic efficiency in the
constant scale coefficient case

ALEXANDRE BROUSTE!®, LAURENT DENIS!? and THI-BAO-TRAM NGO!<

1 1e Mans Université, Laboratoire Manceau de Mathématiques, Avenue Olivier Messiaen, 72085 Le Mans Cedex
09, France ®Alexandre.Brouste @univ-lemans.fr, b1 aurent. Denis @ univ-lemans. I,
CThi_Bao_Tram.Ngo @univ-lemans.fr

The joint parametric estimation of the drift coefficient, the scale coefficient and the jump activity in stochastic
differential equations driven by a symmetric stable Lévy process is considered, based on high-frequency obser-
vations. Firstly, the LAMN property for the corresponding Euler-type scheme is proved and lower bounds for the
estimation risk in this setting are deduced. When the approximation scheme experiment is asymptotically equiv-
alent to the original one, these bounds can be transferred. Secondly, a one-step procedure is proposed which is
shown to be fast and asymptotically normal and even asymptotically efficient when the scale coefficient is constant.
The performances in terms of asymptotical variance and computation time on samples of finite size are illustrated
with simulations.

Keywords: LAMN property; Lévy process; one-step procedure, parametric estimation; stable process, stochastic
differential equation.

1. Introduction

Local Asymptotic Mixed Normality (LAMN) provides a powerful framework under which the asymp-
totical optimality of estimators can be studied. More precisely, for a statistical experiment satisfying the
LAMN property, minimax theorems can be applied and a lower bound for the variance of the estimators
can be derived (see e.g. Jeganathan (1982)).

The LAMN property of the likelihoods has been of great interest by many authors. It was established
for the estimation of the parameters of the drift and the diffusion coefficient for R?-valued solutions
of diffusion processes observed at high-frequency (infill asymptotics) in Gobet (2001). This result
confirmed that the estimators elicited in Genon-Catelot and Jacod (1993) were asymptotically efficient.
Recently, the LAMN property has been extended to the solution of stochastic differential equations
driven by stable Lévy processes in the high-frequency setting for the parameter of a general drift but
with constant scale coefficient in Clément and Gloter (2015) and for the parameters in drift and scale
in Clément, Gloter and Nguyen (2019). In these works, the stability index was supposed to be known.
For an unknown stability index, the LAN property with a non-singular Fisher information matrix was
set in Brouste and Masuda (2018) using a nondiagonal rate matrix for a stable Lévy process with drift.
Later on, quasi-likelihood estimation procedures were proposed to estimate jointly drift parameter,
scale parameter and stability index in Clément and Gloter (2020) but the asymptotic efficiency remains
an open question in the general setting. The present paper gives an answer for the asymptotic efficiency
in the joint parametric estimation (drift, scale and stability index) for stochastic differential equations
driven by stable Lévy processes in the high-frequency setting for constant scale coefficient.

Precisely, in this work, the LAMN property of the likelihoods is established for the statistical exper-
iment of observing a generalized Euler scheme of the stochastic differential equations driven by stable
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Lévy processes. This asymptotic property is obtained for both multiplicative and non-multiplicative
scale coefficients thanks to the explicit expression of the loglikelihood of the numerical scheme. For
constant scale coefficient, it can be shown theoretically with the results in Clément (2023) that this
statistical experiment is asymptotically equivalent (see Shiryaev and Spokoiny (2000) and the refer-
ence therein) to the high-frequency observation of the solution of the considered stochastic differential
equation.

Since the maximum likelihood estimator (MLE) can be time-consuming for large samples, an alter-
native Le Cam’s one-step procedure is proposed (see Le Cam (1956)) in the general setting. It is based
on an initial guess estimator which is a combination of generalized variations of the trajectory for the
scale and index parameters and a maximum likelihood type estimator for the drift parameter. Since
the Fisher information matrix can be expressed explicitly, the initial guess estimation is corrected by a
single step of the Fisher scoring method on the log-likelihood function. Similar methods were recently
used in closely related context in Bayraktar and Clément (2024) and Masuda (2023). This new estima-
tor is fast to be computed and is shown to be asymptotically normal, and even asymptotically efficient
when the scale coefficient is constant.

The rest of this paper is organized as follows. Section 2 is dedicated to the notations and the as-
sumptions made. The main results on the LAMN property of the likelihoods for the aforementioned
statistical experiment and the asymptotic efficiency of the one-step procedure are shown in Section 3.
Numerical simulations in Section 4 illustrate the performance of the procedure on samples of finite size
in terms of asymptotic variance and computation time. The proofs for LAMN properties are postponed
in Section 5 and the accompanying paper Brouste, Denis and Ngo (2024).

2. Assumptions and settings

We consider the stochastic differential equation driven by a stable Lévy process as follows

t t
X: =xo +/ b(XS,y)ds+/ a(Xs_,o)dJg, te[0,T], (2.1)
0 0
where (J;) denotes the standard symmetric S-stable Lévy process whose characteristic function is
Eg(e™1) = e_l"‘ﬁ, u€R.

The distribution of (X;) associated with parameter 6 = (i, o, B) € R X (0, 00) X (0,2) is denoted Py
and the expectation under Py is denoted Eg.

Without loss of generality, we assume that 7 = 1. We observe the process (X;n)o<;<, on the time
grid 1! =i/n for i € {0,1,...,n} that solves (2.1) for the parameter value 6y = (/fo, 00, Bo) € ® where
© is an open subset of R X (0, c0) X (0,2). The unknown parameter 6 is to be estimated.

In addition, we make the following assumption on the coefficient functions. Note that from now on,
we denote by C and p some generic positive constants whose value may change from line to line.

(A) We assume that x > a(x,09) is C* on R and that there exists a neighborhood Vi, X Vi, of
(1o, 00), such that b is C3 on R x Vo and

sup( sup |dxb(x, )| +[0xa(x,00)]) < C,

X pEVHO

max sup [95b(x, )| +|07a(x,00)| < C(1+x|P),
2<6< #pVHU




VxeR Vo eVy, a(x,0)>0 and sup <C(1+x|P).
O‘EVO-O a(x9 0-)

We also assume that for any x € R, u + b(x, 1) and o — a(x, o) are C* and

sup max (|0f,b(x, )| +|05a(x,0)]) < C(1+|x|P),
(1, 07) €Vyg X Vi 1<t<4

sup [050Lb(x, )| < C(1+x|P), for k €{2,3}, (k.0) #(2,2) .

HEVy,

Remark 2.1. These imply the regularity assumptions on the coefficients a and b in the work by Clé-
ment and Gloter (2020). In particular, under the boundedness assumption on the derivative with respect
to x, the coefficients a and b are globally Lipschitz and equation (2.1) admits a unique strong solution.
Comparing to Clément and Gloter (2020), we assume more regularity on the derivatives of the coeffi-
cient functions a and b up to one additional order.

Now, on the same probability space for (X;), we define the alternative scheme for (2.1) (proposed in
Clément and Gloter (2019)) on the time grid ¢ = i/mforie{0,1,...,n},

Yt." :gtﬁl_’?(it{"ﬂ) +a(Ytin’o-)(Jtin+1 _Jtl.") (2.2)

i+l

where (&;(x, 1)) solves the ODE

E(r ) =x+ /0 b(&s(x, ), w)ds, 12 0.

To help analyse the asymptotic properties for the statistical experiment using the observations (X " ), we
work with the observation (Y,in) that solves (2.2) with 6. In some particular cases, it can be deduced

(see Section 3) that the estimation based on (X,n) has the same asymptotic properties as estimation
based on (X;n). Let

y _fl/n(xnu)

,y,0) = .
Zn(x y ) I’l_l/iBa(x,O')

Note that (z, (Ytl_n ’Y’{il ,0p)); are i.i.d. By-stable random variables. Consequently, the log-likelihood

function based on the observations (X;n)o<;<n has an explicit form and is given by

n-1

£2(0) 1= 6(0:%) = ) log(nPa(Xyp. o) dp(en(Xyp Xon . 0))), 2.3)
i=0

where ¢g denotes the density of J;.

To establish the LAMN property for the Euler approximation (X;n)o<;j<n, we use the Taylor’s for-
mula with the help of our law of large number (see Theorem 5.2) and the explicit expression of the
probability density functions which allows us to avoid the need of Malliavin calculus. Let ¢, (+) a scale
such that ¢, () is a sequence of 3 X 3 non-singular matrices satisfying ||¢,(6)|| — 0 as n — co. In
what follows, by Taylor’s expansion, for arbitrary bounded u € R3, there exists 0 < &, < 1 such that




Cn (0 + @n(0)u) — £,(0)

=T An(6) ~ 3T T O+ 33 (e (OG0T (0% £nen () - (£ (0)10) (en(O)) 24)

where An(0) := @n(6) T 006, (6),

1,(6) == 856,(6) and  Jn(0) := 0,(6) T L, (6) @ (6).

_ _ _ _\T
We use the notation hT - 991, (0) - h = (hTﬁl,In(H)h, h'0,1,(0)h, hTﬁﬁfn(Q)h) € R3, for any
heR3and 6 €®. Also, we note that

LB Ouéi1n(x, pt) doa logn

apzn == a(x, o) , L0gZn= _TZn, 652,1 = _FZn. (2.5)

To simplify the notations, as in Clément and Gloter (2020), we introduce the functions

hp(z) =(0:0p/¢p)(2)  kp(z) =1+zhp(z),
qp(z) =20:kp(2), rp(z) =20hp(2), fp(2) = (Opdp/Pp)(2).
From these notations, we easily see that d;kg(z) = hg(z) + 20, hg(z) and 9, fg(z) = (9ghp)(2).
In what follows, on the same probability space for X for any continuous random functions &, (6),
n > 1and &y(0), we write &, (0) Stazbz}y £0(0),asn — 0 if B(Uh(£,(0))) — E(Uh(£0(8))) as n — oo for

P
all bounded continuous function 4 and all bounded random variable U; also, we write &, (6) 2 &0(0)
if for any & > 0, Pg, (|€,(0) — £0(0)| > €) — 0.

3. Main results

First, we state in Section 3.1 the main results on the LAMN property which differs depending on the
form of the scale coefficient, namely the non-multiplicative (NM) and multiplicative case (M). Then,
we recall in Section 3.2 the asymptotic equivalence between the discrete time observations of the
solution of the SDE (2.1) and the corresponding approximation scheme (2.2) and the possible transfer
of the lower bounds for estimation risk. Third, a one-step procedure is described and shown to be
asymptotically efficient in Section 3.3.

3.1. LAMN property for the Euler type scheme

Here, we assume that (A) holds and now present our main results, namely LAMN property for (Ytin)
in two cases the non-multiplicative (NM) and multiplicative (M) cases. The proofs of these results are

postponed in Section 5. We define the sequence (ﬁzo) as distribution of (Ytin).

3.1.1. Non-multiplicative case

Here, we assume in addition of (A):

e s> 62—“( X,, 09) is almost surely non constant




e Almost surely, 3¢ € (0, 1), such that d,b(X;, o) # 0, where (X;);¢[0,1] solves (2.1) for the pa-
rameter value 6.

nl/2=1/B0 0

For this case, we take ¢, (6p) = 0 n'2 0

1
0 0 lognvn

Theorem 3.1. Let X be the solution of (2.1) with the parameter value 6y. Then, under assumption

(A), the family (I_’ZO) satisfies the LAMN property. More precisely, we have the following convergences
under Pg,:

]P’yo
—0

£, (00 + ©n(6o)u) — £, (8g) — (MTAn(9o) - %MT%(QO)M)

stabl
for any u € R3, and (A, (6y), Fn(60)) ”a=>y (A(6p), I (60)) where A(6) = I (60)' 2N with N a stan-
dard Gaussian variable independent of I (8g) and I (6y) is the random asymptotic information of the
statistical model

IM 2
[(90):(/0 aCo)? BB g, (JD) 0 @3.1)

0 7 (o)

1 O o 1 0o s>
Jy Szaao UO) cot T dsE g, (kg (1)) BLS/O e dsEa, (G, (1)

. - (Xs, a(Xs,o9)
with I(0g) = la
L[l dea(Xs 1
ﬁ_gfo a?}((s,o-;r)O)dSEQO(kﬁo(Jl)) B—gan(kng(Jl))

Moreover, there exists a local maximum 6,, of €, with probability tending to 1, for which
P stably )
¢n(60)” (6, —60p) =" I(6p) N.

Remark 3.2. Note that the matrix 7 (6) is invertible a.s. since

Lo o2 ' doa(Xs.00)? Vaca(Xs,00) |\’
IB_gEHO(kﬁO(JI)) (A md&' - (L mdé‘) >0, a.s.

3.1.2. Multiplicative case
Here, we assume in addition of (A):

e a(x,0)=o0d(x) for all x.
o Almost surely, 3t € (0, 1), such that 8, b(X;, uo) # 0, where (X;);¢[0,1]50lves (2.1) for the param-
eter value 6.
nl=1/Bo 0 0
In that case, we take ¢, (6g) = % 0  ¢11,2(00) ¥12.2(60) |, where
0 ¢21,n(60) ¥22,n(60)

@11,(60) 5= + a1, n(90) - = ¢12n(90);0+9022n(90) - =P,
#21,n(60) = @3y, ‘P22,n(00) - ¥,

— D 0
P12 P12¥21

(3.2)
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Theorem 3.3. LEZ X be the solution of (2.1) with the parameter value 6y. Then, under assumption
(A), the family (Pg,) satisfies the LAMN property with asymptotic score function A(6o) and random

asymptotic information matrix I (69) where A(6g) = I (69)" />N with N a standard Gaussian variable
independent of I (0g) and

1 a,ub(xs’l‘())z 2
[(90):(/0 Stz PRl (1) 0 _) (3.3)
0 ¢ I(6o)e

E(-)Q(kéo(‘]l)) _Ef)o((kﬂofﬁo)('ll))
~Ea (kg f5)(J1)  Eay(f5,(J1))

a local maximum 6, of €, with probability tending to 1, for which

o —_[P1 P12 =
with =" _ and I (6¢p) =
4 (9021 <P22) (80) (

). Moreover, there exists

1,7 stably —12
¢n(00)" (0, —60) = I(6p)” '“N, underPy,.

3.2. Asymptotic equivalence
Let us first recall the definition of total variation (see e.g. Strasser (1985)).

Definition 3.4. The total variation between two probabilities measures P and Q on (Q, ) dominated
by v is defined by

1 dP d
dry(P,Q) = sup |P(A) - Q(A)| = 5/ ap _d9 dv
AeF

dv dv

Now, let us consider the two experiments as follows.

.....

For any subset K C © containing 8, the Le Cam distance, A, (see Le Cam (1964)) is bounded by

A(S",gn;K) < sup dTV(Pz,ﬁZ).
0eK

Let w : R — R, be any non-constant continuous bounded subconvex loss function. The minimax
estimation risk for the statistical experiment G" is defined by

R(G", w3 K) =il sup By (w (' (0)(T, = 9)))

where the infimum is taken over all the estimator 7, of 6y. From Theorem 3.1 and Theorem 3.3,
combined with (Hopfner, 2014, Sections 1.11 and 7.12), we have

nli_r)rgoR(gn,w;K) >Ew(Z(6))~' 2N)).

From (Shiryaev and Spokoiny, 2000, Theorem 2.1), it can be shown that if lim A(&", gn; K) =0, then

n—oo

lim R(E", w;K) = lim R(E", w; K). (3.4)
n—oo n—oo




In addition, by (Shiryaev and Spokoiny, 2000, Section 2.1.3), it turns out that for the unbounded loss
functions w(¢p,, L(00) (T, - ) = e, L(60) (T, —9)||”, p > 0 typically used in estimation problems, the
assertion (3.4) remains valid under some additional conditions. Consequently, the statistical inference
in experiment &" inherits the same asymptotic properties as in &g" (see e.g. (Clément, 2023, Remark
4.3)). Hence, for instance, we deduce the following result.

Theorem 3.5. Let K| C R be compact and K, be a compact subset of (0,2) such that K = Ky X (0, c0) X
K> C O, we assume that the function a(x, o) = o constant for any x € R, (A) holds with further

sup (|0xb(x, )| +102b(x, p)|) < C
HEK,
xeR

then, the experiments are asymptotically equivalent in Le Cam sense since

lim A(E",&";K) =0.

n—oo

Proof. This is direct from (Clément, 2023, Theorem 4.1 (1)) that

_ 1 1
n n
dry (P, Py) <C(o,b,f3) max{—\/ﬁ, pTIIT) }

where C (o, b, 8) has exponential growth in ||dxb]|c and polynomial growth in ||02b||e, 1/07, o, 1/
and 1/(B8-2). O

Remark 3.6. From Theorem 3.5, when a is constant, we have the asymptotic equivalence between the
two experiments &" and &". Then, thanks to the LAMN property proven above, the quasi-likelihood
estimator proposed in Clément and Gloter (2020) for the original experiment &" is consequently ef-
ficient in the sense of the Convolution Theorem and attains the local asymptotic minimax bound (see
e.g (Hopfner, 2014, Theorems 7.10 & 7.12)). For the general form of the function a, the equivalence
between these two experiments remains an open question.

3.3. One-step statistical procedure

We present in this section the construction of the one-step procedure when the asymptotic equivalence
between the two experiments &" and &" and the result on asymptotic efficiency hold. It is based on
an initial guess estimation which is corrected by a single step of the Fisher scoring method on the log-
likelihood function. This one-step procedure based on moment fitting has been also studied for related
statistical experiments in Bayraktar and Clément (2024), Brouste and Masuda (2018) and also Masuda
(2023).

3.3.1. Moment estimator

For the one-step procedure, our initial estimators is built with the ratio of generalized p-variations (see
Todorov (2013)). Namely, denoting AP X = X;n — X;n. e

n n
Va(p, X) = Y IATX = AL XIP and Vi(p, X) = > |A]X = A7 X +A] X — A X7,

1=2 =4




we define

20 _ plog2
1
" log V20, X) Vi (p, X)) VA0V ()

and &0 which satisfies
ol 0 150 0
n V(P X) = pp (B~ Y la(Xip TP (3.5)

For the multiplicative case where a(X;,70) =70 a(X;), we get the form explicit of

Lo el -
—~ 50 —
G =P Vi (0, X) | up (B~ Y 1a(Xym) I
iz '
p+l
where #p(ggl) o1 IBh zpri/zrzlr(;/g )/ Br) . The parameter p( is estimated by maximizing the log-
likelihood function ¢, (,u, O'n, ﬁn) with respect to u. Therefore,
0 = (i1, T0: B).- (3.6)

Remark 3.7. We have from (Todorov, 2013, Corollary 1, Theorem 3 and (21)) that if p takes its values
in (|80 —11/[2(Bo A 1)],B0/2) and provided By > 2/3, we have that \/ﬁ(ﬁg — Bo) is tight for both
multiplicative (M) and non-multiplicative (NM) cases and that (+/n/log n)(5‘2 — oyp) is tight for the
multiplicative (M) case. For the non-multiplicative case (NM), the tightness of (n'/2/logn) (@0 - o)
is proved in the next Lemma 3.8. See also Bayraktar and Clément (2024) for similar approximations.

The next Lemma 3.8 and Theorem 3.9 are proven in Brouste, Denis and Ngo6 (2024).

P
Lemma 3.8. Let us assume that E?l 2 Bo, (A) holds and that a and 0, a are non-singular and positive.
Then G0 defined in (3.5) satisfies that (n'/* Jlogn) (G0 — o) is tight.

For this choice of 52 we get in the following theorem the global uniqueness of 2% under some further
assumptions on Bq and the coefficient function b.

Theorem 3.9. Assume that (A) holds and further u € int(A) (the interior of A) for A a compact subset

of R, Bo > 1 and sup (10xb(x, )|+ [0ub(x, )| + |6§b(x,;1)|) < C. Let us denote
ueint(A),xeR

G () =" 2P0 3,0, (1,59, B X)

where (\/_/log n) (0' - 09, ,Bn Bo) is ttght Then, any sequence (0, n > 1) that solves Gn(u)=0is
e A 2 Aoy A




3.3.2. Asymptotic efficiency

The one-step estimator @1 is defined by
T T
O =00+ (2n ()" T(O)@n(@) ™) 0pLn(6): X) 37
with ¢n(§9l) defined as in Section 3.1.

Theorem 3.10. We suppose that (A) holds and ((nl/ﬁ"‘]/z/(logn)z)(ﬁg - uo),(\/ﬁ/logn)(a'g -
0'0),\/5(52 — Bo)) is tight and By in a compact subset of (0,2), the one-step estimator defined in
(3.7) satisfies

_ stably
¢n' (00)(6, —00) =" I~'2(B0N, (3.8)
with N a standard Gaussian variable independent of I (0g).

Proof. With a choice of initial estimator satisfying the tightness assumption, the asymptotic normal-
ity of the one-step estimation depends on the form of ¢, (6y) defined in the LAMN property. More
precisely, if the initial estimator 52 is such that

@n(60) 1 (85 - 69) = Op (1), (3.9)

then we say that it has a good rate of convergence and the proof of normality for the corresponding
one-step estimation is straight-forward by (Hopfner, 2014, Theorem 7.19 (a)). Otherwise, we need to
prove its asymptotic normality using some classical techniques and the help of Theorem 5.2. Here and
in the sequel, Op(n~°) and o p(n™¢) mean that n°Op (n~°) is bounded in probability and n€op(n=°)
converges in probability, i.e., for any € > 0, there exists C > 0 such that

Pg,(n°|0p(n~ )| > C) <egand lim Pg,(nlop(n~ )| > &) =0.
n—oo

Now, let us have a closer look into our two cases:
e For the non-multiplicative (NM) case, its initial estimator does not possess a good rate of con-
vergence for the estimation of 6. Precisely, we only have that v, 1 (90)(52 — 6p) is tight for v, (6p) =

diag((logn)?/n'/Bo=1/2 logn/+/n, 1/+/n). Here, for ¢, (6¢) = diag(1/n'/Po=112 1/\/n,1/(lognyn)),
we need to prove that the one-step estimator defined in (3.7) satisfies (3.8). First, from (3.7) and Taylor’s
formula,

0" (00) (8, — 00) = 0, (00) (85 = 00) + T~ (8 0n (00)0Ln (6 X)
=g, (00) (8 — 00) + I~ (60 (00) [0 (80 X) + 07 (8 X) () - 60)]
=T (09)@n (00)0n (00: X) + I~ (B [ L (6) + 0u (00)0% L (B X) 0 (80) 105, (80) (61 — 6o)
=T (80)@n (00)06,(00; X) + T~ (@)L (8) - I (60)]¢;," (60) (8, - 60)
+ IO [Z (00) + @n (80) 0% £n (B X) 0 (00)] 07, (80) () — )

2y

n

where 6,, is some value between

and 6y. From this, the asymptotic normality of the first term
-1 0 : 4

om Clément and ote 020 heorem and Nex
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by Assumption (A) and approximation (5.5) with B in a compact set, we have

1Z(80) —Z(6p)| <C(1+ sup |Xs|P) |60 — 6ol = Op(va(8)), for some p >0,
s€[0,1]

and since v,,(@o)tp,_ll (60)vn(8g) — 0, the second term

Py,
TN @DIL (@) - 1 (60)]¢y" (80) (6 — 60) — 0.
Considering the last term, since ¢, ' (69)v,(69) = Op((logn)?), we have

T7HO) [T (80) + 9 (60)0%€n(Gn; X) 0 (B0) 105" (60) (8 — 60)
=T (B2) [ (60) + ¢n(00)0* 6 (81 X) 0 (60)10p (log n)?) vy (60) (62 — ).

Since ||v;; 1 (69) (8, — 6p)|| < C, one can follow the arguments in (Clément and Gloter, 2020, The proof
of Theorem 3.1) and in the proof of Theorem 5.2 to get that

T(80) + ¢n(00)0% 60 (83 X)pn(60) = 0p(n™%).

Finally, we obtain that
@n' (00) (8, —00) =T~ (6) @u(80)9Ln(80: X) + 0p (1)

and (3.8) is deduced from (Clément and Gloter, 2020, Theorem 3.1).

o For the multiplicative (M) case, the initial estimator possesses a good rate for the estimations of oy
and By but not for the estimation of yg. Thanks to the block-diagonal forms of ¢, (6g) and the Fisher
information matrix respectively, we can consider the estimation of y( separately from the one of pair
(00, Bo)- Then, the conclusion is immediate for oy and By by (Hopfner, 2014, Theorem 7.19) and is
obtainable for pg by similar arguments as in NM case above. O

Remark 3.11. The explicit observed information matrices (3.1) and (3.3) can not be computed since
the trajectory of X which is only observed discretely. In practice, the integrals are replaced by Riemann
sums based on the discrete observations. Under regularity conditions, the proof of Theorem 3.10 can
be rewritten.

By virtue of Theorem 3.10, we make their way to the following Corollary.

Corollary 3.12. When the scale coefficient a is constant, under the hypotheses of Theorem 3.10, the
sequence (é}l,n > 1) is asymptotically efficient.

Proof. First of all, from Theorem 3.3, we have LAMN property for the experiments based on the
Euler scheme hence asymptotic efficiency by (Hopfner, 2014, Theorem 7.11). Thanks to asymptotic
equivalence proved by E. Clément in Clément (2023) and by (3.4) we have also asymptotic efficiency
for the estimator based on high-frequency observations of the trajectories. O

Remark 3.13. In all other cases, if asymptotic equivalence holds, we would have asymptotically effi-
ciency for the one-step estimator with the same proof. Unfortunately, at that time, asymptotic equiva-
lence is not yet established




4. Numerical simulations

In this section, the performances in terms of asymptotic variance and computational time on samples
of finite size are illustrated for the moment estimator (ME), the one-step estimator (OS) from Section
3.3 and the maximum likelihood estimator (MLE) from Theorems 3.1 and 3.3 considering two cases
discussed above: multiplicative (M) and non-multiplicative (NM). It is important to note that here
our numerical test results are obtained by using the statistical experiment &" corresponding to the
observations on the true trajectory (X;). The OS performs quite similarly to the MLE in terms of]
variance but it reduces significantly the computational time.

All the models have linear drift b(x, 1) = ux. For these choices, we can easily obtain the explicit
solution of the ordinary differential equation &1, (x, u) = xe"/™ Moreover, the conditions of Theorem
3.9 are satisfied which affirm the uniqueness of the initial estimator for the drift. Note that for the
more complicated form of drift where the exact solution can not be found, the quantity &1, (x, u) can
be replaced by its Euler approximation &;,, (x, ) = x + b(x, u) /n. Indeed, as shown in (Clément and
Gloter, 2020, Remark 3.2), they state that when 8 > 2/3, the quality of estimation is the same when
using the approximation of &1, (x, u) as when using its true value.

Here, we generate the vector of observations (th_n )o<i<n by sub-sampling a refined simulation of the

process (X;);>0 (by an Euler scheme with time-step (1000r)~").

4.1. Multiplicative case

nl=1/Bo @ 0
We take ¢,,(0) = \/Lﬁ 0 1-By%0plogn |which yields gy =o', @1 =@y =0and gy = 1.
0 0 1

Remark 4.1. There are several choices for the non-diagonal matrix ¢, (6g) (see examples in Brouste
and Fukasawa (2018)) (symmetric or not). In this section, we fix @y; ,, = ¥55 , = 1 and the matrix is not
symmetric for all cases due to conditions (3.2).

We emphasize that, as the asymptotic law of [, is mixed normal, the estimation error fi; — pg is
re-scaled by a factor involving the random quantity

U _/1 3pb(Xs,,uo)2ds
o a(Xs,00)?

that we approximate, in practice, by the Riemann sum based on the observations (X;» )o<;<p.-

From this, following the theoretical results obtained by using the statistical experiment &" in Section
3, we can easily deduce the following asymptotic properties. In particular, using Theorem 3.3, the
re-normalized error by maximum likelihood estimation converges to a Gaussian limit and the mixed
normal form at the limit is eliminated, namely,

— 1,5 stably ~ ~1
on(60)” (6n —600) = N(0,Z(60) ),

U_%nl’l/IBO 0 0
where g, (6y) = %m Ko 0 1 —p;2eplogn |
0 0 1
Eg, (g, (1)) 0 0
7(6) = 0 UL%E"o(kéo(Jl)) ‘crioEHo(kﬁo(Jl)fﬁo(Jl)) non random. Considering our

0 - LRy (kg (J1) g, (J1)) Eg, (f2 (J1))
o 0 PO PO (Vg o))
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one-step procedure, we take the moment estimators described in (3.6) as the initial estimators. In this
case, from Theorem 3.3 and Remark 3.7 we have that &, (6¢) " (52 — 0p) is tight and from Theorem
3.10

— _ stably ~ _
Gn(00)71(8) — 00) =" N(0,7(6)7h).

In what follows, we show the numerical simulations based on these re-normalized statistical errors but
using instead the statistical experiment &™. For this multiplicative case (M), we consider two kinds of]
models: the Ornsteins-Uhlenbeck (O-U) model

t
X,:/ uXsds+old,, te[0,1]. A1)
0

and the square root model (SR)

t t
X,:/ ,uXSds+0'/ J1+X2 dJs, te[0,1]. 4.2)
0 0

Figures 1-3, we plot the histograms of the re-scaled errors of estimation together with the density
of their Gaussian limits in red lines for the O-U model. In each panel, this solid line represents the
asymptotic normal distribution with an efficient variance. The implementations of the likelihood, the
score and Fisher information for computing the sequences of the MLE and the OS are based on the
techniques of Matsui and Takemura (2004). From here, we can observe that the histograms of the
ME are far from the efficient asymptotic normal distributions, whereas both of the MLE and the OS
sequences show much better performances. For the second model, the comparison between the three
methods is shown in Table 1 by analyzing their renormalized mean squared errors. Almost the same as
the first model, it is shown that MLE and OS have similar performance in terms of asymptotic variance
but OS consumes much less time for the computations than MLE.

In the Figures 1-3 and Table 1, the asymptotically efficient variance is 1/ Ego(héo (J1)) for the esti-
mation of ug and is

Eoy (kz, (J1)
Eq, (f5,(J1))Eay (kg (J1)) = (B, (kg (J1) fg, (J1)))?

(4.3)

for the estimations of oy and S (see e.g. the calculations in (Brouste and Masuda, 2018, (9) and (10))).
Now, we present in details our simulation results.
For the O-U model (4.1), we simulated 2000 Monte-Carlo samples of n = 2'0 random variables
AjX =Xn T X,;z with yg=-0.7, 09 =1 and By = 1.3, p =0.55.
Jt J
Remark 4.2. The O-U model is the simplest model that satisfies the conditions in the (M) case. Since

the coefficient function a is constant, theoretically from Theorem 3.5, we do have the equivalence
between the estimation based on (X;) and the estimation based on (X;»).

Remark 4.3. Here, for this O-U model, the computational time of MLE is 594459 secs while the one
by one-step estimation is 55590 secs. This means that the estimation by one-step procedure is about
10 times faster than the maximum likelihood estimation, but gives similar approximation as shown in
Figure 3 and 2




_1 n ~ 30 —
(a)UéonﬁLO ;(ﬁg—llo) (b) ISgrn(o—g_o—O) () Vn (B, - Bo)

Figure 1: Distributions of the re-scaled errors of moment estimation (ME) and comparison with the
asymptotic normal distribution with efficient variance given by (4.3)

(a) Uéon[%o_% (I’I’ll ) (b) 1(;{;1 (5’,11 - 09p) © ‘/ﬁ(ﬁrl; - Bo)

Figure 2: Distributions of the re-scaled errors of one-step estimation (OS) and comparison with their
theoretical Gaussian limits

111 n  ~ g. —
(a)UﬁonﬁO 2 (fin — Ho) (b)%(dn—(ﬁ)) (©) Vn(Bn - Bo)

Figure 3: Distributions of the re-scaled errors ofthe maximum likelihood estimation (MLE) and com-
parison with their theoretical Gaussian limits
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For the SR model (4.2), we simulated 2000 Monte-Carlo samples of n = 210 random variables A X =
Xin  — X,n with pg =-0.5, 09 =0.5 and By = 1.5, p =0.7. Our numerical results are summanzed in
/+

the followmg table.

Initial estimation (ME) 2.36 6.80 6.34 20749 secs

One-step 2.36 2.97 2.53 87060 secs

MLE 2.34 2.71 2.39 487063 secs
Efficient variance 2.33 2.38 2.38

Table 1. Comparison on the truncated re-normalized mean squared errors and on the computational times between
the three methods of estimation ME, OS and MLE for the model (4.2).

Remark 4.4. The scale coefficient a of the SR model is not constant, then, it is clear that the Theorem
3.5 can not be applied in this case. The equivalence between the estimation based on (X’i") and the

estimation based on (X,n) remains as an open theoretical question.
L

4.2. Non-multiplicative case

Comparing to multiplicative case (M), the rate of estimation in the non-multiplicative case (NM) is
faster for both o7y and B by a factor of logn. Here, the rate is n'/Bo=1/2 for g, \/n for o and Vi logn
for By. Similarly as the second model of case (M) above, first, we recall the theoretical results from
the alternative Euler scheme, then, we do some numerical tests but using the observations on the true
trajectory. To begin with, the asymptotic law of the estimation error is mixed Gaussian by Theorem 3.1,
Therefore, we define re-scaled errors of estimation that have Gaussian laws. First of all, we define

U _/1 6[lb(XS’,uO)2ds
o Jo a(Xs,00)?

2
U z/l 0ga(XS,O'0)2ds_(/l aaa(Xs’O'O)ds)
7 Jo a(Xs,00)? o a(Xs 00)
-1
(30-(1(Xg,0'0)
=U
O-O(ﬂo'/ Q(XSaO'O)Z S)

Then, let us denote \7,,,” = (]Egohéo(Jl))l/zUlllézn]/BO‘l/z, Vg,n = (]Egokéo(Jl))l/ng,/OZ\/ﬁ, \75," =
(EgokéO(Jl))l/zU’;ézx/ﬁlogn and V,, = diag(Vy,n, Vo ,n,Vp,n) and from the stable convergence result

—~ o~ stably . . . ..
of Theorem 3.1, we have V,,(8,, —6g) = N(0, 1), where I is the identity matrix in R>. For our one-
step procedure, we take the moment estimators described in (3.6) as the initial estimators. In this case,
the rates of convergence for 5'0 — 09 and ,E?L — Bo are worse than the ones in the formula of ¢, (6p)

chosen. Despite of this obstacle, from Theorem 3.10, we still have that Vn( - 60) => N(0,1). We
consider the following model

t t
Xt=1+/ ,uXSdS+/ exp (o sin’(Xy))dJs, te[0,1]. (4.4)
0 0




For this model, we simulated 2000 Monte-Carlo samples of n = 2!° random variables A X=X T thr;
J+ s

with ug =-0.5, 09 =1and By = 1.5, p =0.7. Our numerical results for one-step estimations are shown
in the following histograms.

Remark 4.5. Here, for this model, the computational time of MLE is 207328 secs while the one by
one-step estimation is 37063 secs. This means that the estimation by one-step procedure is about 5
times faster than the maximum likelihood estimation, but gives similar approximation as shown in
Figure 3 and 2.

12

@ U2 P2 (@~ o) ) LU (&) - o) (© UL ogn (B} - Bo)

Ho

Figure 4: Histograms of the re-scaled errors of one-step estimation and comparison with their theoret-
ical Gaussian limits

5. Proofs of Theorems 3.1 and 3.3

We start from the Taylor’s expansion (2.4), we rewrite

n-118 (Xt" Xt" ,00) n-1 308 (Xt" Xt" .00) "
Bn(60) == 0n (0T > | 82 (R Ko 60) | and Tu(00) = > | B0g> Koz Koz .60)"
=0\g (Xt” Xz" ,60) i=0 \ 9gg° (Xt” Xz" .00) 7

For any 6 € 0, it can be addressed to (Clément and Gloter, 2020, formulas (2.6)-(2.8)) for the explicit
expressions of g"(x,y,e) and (Clément and Gloter, 2020, formulas (3.6)-(3.9)) for all elements of
d9g* (x,y,0). Here, we recall that

ﬂf]/n(ﬂ) aquﬁ

g'(x.y.0)=n' o) b (zn(x.7.0)),

2 Oga(x,o) 0,08

8 ('x’y’e):—(l-'-zn(x?y’e) (Zn(x’y’e)))7
a(x,(f) bp

& (x,y,0)= (1 +2Zn(x,, 9) (zn(x y,0)) - (zn(x y,6)).
B ¢s B

By denoting

2(0) = 22 (Xpn, X ,6) (5.1)
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and the elements of 7,,(6) can be expressed as follows

n=1 0% & 1y (Xyn, ) n=1 (Op & (Xyn.p))?
uS1/n A . uS1/n Xy
(2l (6)) — P —
Py a(Xlin,O') = a(Xtin,O')

dpaXm. o)\ draXm, o)\ .
Ao 77[) kﬁ(zh(g))— —7') Zh(g)azkﬁ(ziz(g)) >

a(X,in,O' a(Xtin,O'

' (6)=n!lP d:hp (2} (6)),

n-1

o=y

i=0

n—1

o)==

i=0

log n (log n)

Apfp(zh(8)) -2

Zn(é))ﬁzkﬁ(zn(é)))

=20, (0) (9php) (24(8)) +2 Bg"k/x 25 (0)) +

12 21 1/ S )l dra(Xn. o)
L,7(0)=1; (0)=-n ﬁa,ugl/n(xt" #)3zkﬁ(2n(9))
i=0 i

n-l 6ﬂ§1/n(it{”#) _logn

52 0)=1,"(6)=n"P —
’ ! S aXp.o) | B

—-9zkp(2(0)) +6zfﬁ(zn(6))]

23 3.2 1ol doraXpn. o) [ jogp i i i i
L7 (0) =1y (9)22 ﬁ - 52 zn(B)szB(zn(H))+zn(9)((')ﬁh'3)(zn(0))].
i=0 zl."’

Let us first remark that in both cases, the multiplicative (M) and non-multiplicative (NM) ones, the
convergence of the score function and of the information matrix are established in the same manner as
in Clément and Gloter (2020), Theorems 3.1 and 3.2. It just remains to prove from equality (2.4) that
the term

((‘Pn(QO)M)T 001, (00 + enn(6o)ut) - (¢n (90)”))T(‘Pn(90)”)

tends to zero in probability. To do so, we denote M,,(6) = 991, (0), for any 6 € ®, we have the explicit
elements of the hypermatrix M, (6) as follows

3 Sl/n(th jo)] i §1/n(Xz" M) ) )
11,1 1/8 Gt T 1 GusinXapo k) o 4
Myt () =n Z( Xy o) 5 (21,(0)) + Ky 5 (2n(6)) uz,.w))
2(5y§1/n(X,n 1))33 §1/n(Xt" M) ) (O &t jn(Xyn m))? ) )
2 i i 2 i i
/B Z( a(X,_n,O')z azhﬁ(zn(g))+W6zhﬁ(zn({~)))aﬂzn((})
M2,2,2 ) n—1 82 300(?,{1,0’) . ; 0 P Bga(th o) ok Mo )
7 )—;) m (2, (6)) + 00 (X - ) e B(Zn( ))8025(0)

Ou-a(itin,(r) Ba-a(itl_n,cr) ; 60’“(Yti"’0') 2 ) ;
Pl T | Ta e | o0

M333(0>——Z[< fﬁ)(zn(f)))+4'3 r,;(z:;w))—2%(azrﬁ(zz<o>>apz:;(0>+(aﬁrﬁxzf‘,w)))

logn

-6 logn
B

kg(z, n(9))+2

T 9k (2 (0))9pz5 (6) + (9pkg) (2,(0)) = 4(10§n)

ap(z},(0))

(log n)

(024 (24 (0)) Bz}, (0) + (35615)(Zn(9)))




]21(0) M1]2( ) = Mr2l,],1({_))

n-1 a(,a(im, o)
e

=-n'/P o (B &1/ Ky )82k (23,(0)) + 0y &1y Ky . )32 kg (27,(0)) Dpuzy (9))

pary a(itn,(r
212(0) M221(0)_ 122(9)

au-a(X n, o)
7)32@@”(9))@01"(9)

a(thp, o

n-1
=-nl/B %" O yn Xy )
i=0

Bga(itn, o)
B | ——

Ao )azkmzn(am
s

M 12(0) =M (0) = M1 (0) = M2 (0) = M (0) = My (0)
n-1 60—a(th o)

—_,l/B 76 Xn
n 24 a(X,in, ) ,uf]/n( 1! S M)

—%azkmnw)) + 02k (21, (0)) 9z} (6) + (aﬁazkm(z,,(e))]

n-l 5,24451/n(itp,/1)

i=0 a (Y[l” ,0)

logn

Mt () =My (0) = M (0) =0 P

5-0:kp(21,(0)) +3zfﬁ(zn(9))]

nl Bty Ken 1) | togn

i=0 a(itin,o-) B?

+n'/P kg (2(6))duzly (0) +a§fg(z;;<e>>auz:;<e)]

10 ufl/n(xt" M) 10
M3 (0) =M1 (8) = My 0) = g” ‘//”Z L
= a(X,n o) B

azkﬁ<z:;<0>>+azfp(z:;<e))]

n-l aﬂ‘fl/n<yl;”ﬂ) logn

+nl/P = S
i=0 a(Xzi",O') B

—== kg (2h(0)) - —(azk,;(zf,w»apz:;(e) +(9pdzkp) (2h(6)))

+02 f3(24(0)) 924 (0) + (350 fp) (1 (0)) |

logn

S

n—1 ﬁg—a(ytin ,0) logn
+§)60(W)[ 52 CIB(Zn(H))+rﬁ(zn(9))]

2,3,2 2,2,3 32,2 ") OgaXyp, o)
MZ¥2(0) =ME>3 (0) = MPP2(0) = Y — 1~
77(0) =M (0) = M2 (0) ;0 o)

92q5(2h(0))8e 2} (0) + 8,15 (2(0))der 2 (0)

M2 (0) =My 2 (0) = M3 0)

s s

= al ,n o)

o-a(th o) log

5 ap(z 2 (0)) - (5zqﬁ(zn(9))5ﬁzn(9)+(aﬁcw)(2n(9)))

+0:7(21,(6)) 921y (0) + <aﬁrﬁ><z£,<a>>] :
The next Proposition, whose proof is given in Brouste, Denis and Ng6 (2024), is widely used.
Proposition 5.1. Under the Assumption (A), we have
SUP v, 10ut/n (3o 1t) = 5;0ub(x, )| < C(1+|x|P) [,
SUPy ey, |0p1/n (s ) = 550 (x, )| < C(L+|xIP)/n%, for some p > 0. (5.2)
SUp v, 10p€1/n (% 10) = 20pb(x, ) < C(1+xP) /n?,

The next Theorem, which is a modified version of (Clément and Gloter, 2020, Theorem 4.2), plays an
. le in L Itis al Lin B Deni | Ned (202
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Theorem 5.2. Under the Assumption (A), let f be a continuous function such that

|f (e, 0) = £ (3, 0, 00) | < C(L+ [x|P + [y[P) (1 = ol + o = a0l + |x = y]),

and let (z,3) — gp(z) be a C! function (with respect to (z, B)) such that 0.8p is bounded (uniformly
in B on a compact subset of (0,2)) and

g5 ()] +19pgp(2)| < C(1+ (log(1+]z])P), p>0.
Then, for € < ( Blo - %) A % and n > 0, we have the convergence in probability under Pg,:

sup n®
aev™ (gy)

n—1 1
> oo g 0) = [0, ) (g, )

i=0

—0, (53)
n—oo

where VA (80) = {6 : ||diag(n'/Bo=112(logn)2, n'/2 [log n,n'/? /log n) (8 — 6o)|| < n} and z4.(0) is
defined by (5.1). Moreover, if Eg,(gg,(J1)) = 0, the following convergence in probability under Pg,
holds:

sup

n—1
ns—l/,Bo Z f(Ytin,,u, O')g,B(ZiL(G))
0evy™ (gy)

i=0

— 0. 5.4)
n—oo

Proof of Theorem 3.1. First of all, similarly as in (Clément and Gloter, 2020, Remark 3.3), one can
easily follow the proof of Theorem 2.10 in Masuda (2015) and Theorems 1 and 2 in Sweeting (1980) to
prove the last assertion.
Now, to obtain LAMN property, we only need to prove the convergence to zero in probability of the
last term in the Taylor’s expansion (2.4). To do so, for Op =00 + £n0n(09)u, we use Theorem 5.2 for
the convergence to zero of the elements of the following matrices

M0 M0 My ()

n3/f02—3/2 nzl/foz—l/z nz/BO;lz/zlogn

1 5 A 1 A

1ep N\, 1/2-1/By T A _ M, 7 (0,) M7 (60,) M7 (6,)
7'{n (gn) =n $n (GO)OyIn(Qn)‘Pn (90) = n;/,go_l/rzl n?/ﬁoﬂ/; nl/ﬁr(l)+1/2 l:gn s

M2 M0 My (6n)
n?Bo=1210gn n'/Bot1210gn nl/Po+1/2(logn)?

M (0 M2 () My (6y)

2/Bo-172 ABoH T2 [ TTB0 2 1og
20A N —1/2 T A _| MRV MEFE(G) MEF(6n)
Hy; (6,) =n ©n (00)05-21 (0n) pn(00) = n?/50+1/r21 nn3/2 = n’31/2 log:tl

My (6n) M) My ()
nl/BOH/zlogn n3/210gn n3/2(10gn)2

M0 M) My ()
22Bo-172 logn nl/Bo+1/2 logn nl/ﬁ0+l/2(logn)2
3,12, 4 32245 32309
M2 (0n)  MP2(0n) M (6n)
n P02 10g 1 n32logn n3/2(logn)?
31,3, 4 3,235 33309
My () My (Gn) M (6n)
W B0 (g )2 1312 (logn)? n3/2(logn)3

H3(0,) = @ (60)9pZn(6n) n (60) =

1
Vnlogn

First, it is followed from the series expansion of the density (see e.g. (Sato, 1999, Remark 14.18) or
Masuda (2015)) that for any non-negative integers k and k’,

|0£05 dp(2)| ~ Crpr ploglz)¥ 12l P717F, 2] - oo, (5.5)




for some positive constant Cy i/ g. From this, since d,¢5(z) = hg(z)$g(2), it is easy to get thanks to
the Leibniz formula:

1050 hg(2)] ~ C 1 p(log )X 217", |zl > oo, (5.6)

.. ,
for some positive constant Ck’ KB

This equivalence (5.5) permits to deduce that hg, d;hg, kg, 0.kg, 0, fg(= dghg) and qp are
bounded, |r5(2)| = |(9kg) ()| = [2(3php) ()] < Clog 2], | f(2)| < Clog|z| and that |(9p fs)(2)] <
C(log|z|)?. We also have from the symmetry of ¢p and the integration by part formula, Eg (hg(J1)) =
0.
Similarly, it is easy to see from (5.6) that dgd,hg, 2950, hp, 22030, hg, 0>hg, g0>hg 2050 hs,
220502 hg, 82 hg, 20, hp, 20> hg, 2202 hg, 203 hg and 7207 hg are also bounded. This leads to

02kp(2) = 20;hp(2) +202hp(2), 20%kg, Z20%kg,
0:rp(2) = (9p0:kp)(2) = (9php)(2) + 2(8pd-hp)(2), 20:rp,
02rp(2) =2(0;08hp) (2) +2(9pd2hp) (2),  8;(20;rp)(2) =2(32rp)(2) + (3:7p) (2),
(9p4qp)(2) = 2(0pd:kp) (2) =2(0:rp) (2),  (9:qp)(2) = 2(D7kp) () + (0:kp)(2),  20:.qp,
(024p)(2) = 2(02kp) (2) +2(02kp) (2). 2974
0:(20:4p)(2) = 2(92qp) (2) + (9:4p)(2).  (8:9pqp)(2) = 2(3pd2kp) (2) + (9pd:kp) (2),
(0p02kp)(2) =2(0p0;hp) (2) +2(Ipd2hp)(z), 20p02kg,
03kp(2) =30;hp(2) +203hp(2), 203kp(2), 0,(202kp)(2) =203kp(2) +02kp(2)
are bounded. Moreover, on the one hand, we also have 6;61165, 0,0prg, (312 Ips zaZZ s 63(2612 8)
2 f5, 00 s, 6[2382 15, 0502 fg and 9, (202 f3) are bounded. On the other hand, we have ds(z0,qp),
0p(20;1p), 6§qﬁ, Oprp, Bér/g, 6[% fp and 6; f bounded by logarithm. All these analyses make sure that

we are in good conditions for applying the Theorem 5.2 in the following.

Concerning the elements of the matrix 7! (6,,): Applying the formulas in (2.5) for the M ,11 L1 B,),
by some basic calculations, we easily have the following inequality

My (6n)
n3/Bo—3/2

n-1

+2

i=0

ncl 5 0ub(Xn. fin) O éryn X in) = 5 Oub(Xin . fin)

a(itl." 5 é'n)

< n3/2-3/Bo+1/Bn ( hg, (25 (0n)) hs, (2} (6n))

|

i=0 a(th(z,é'n)

n-1

+n3/2=1/Bo+2(1/Bn~1/Bo) Z
i=0

(O &1yn Xyno fin) = 307 (Xyn . on)) Oy &1y (Xyn fin)

a(},’n 5 &n)z

zhg, (z3,(6n))

5 05b Xy fin) (B 1 Xy fin) = 50ub Ky fin)) - 25 05 (Xiyn fin) b (X fin) o
" X o2 + - dchg, (2 (0n))
a(Xn, on) a(Xn, op) "

-1 Xon.f,) -+ Xon. 2 X, 0
+n3/2—1/ﬂ0+2(1/[§n—1/ﬁ0)nz 20 &1/ Xy fin) "i"b(X’i An)) &1/ Xips fin)
a(X,n, 61)2

0
=0

zhg, (2,(6n))
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HOub (X, fin) (0 &1/ (Xyn. fin) = 37 0Rb(Xyn. fin)) 5 0ubXyn . fin) Opb (X, fin) o
+ : = : + —— : dzhg, (23,(0n))
aXyn, on)? aXyn, on)? "
(19#51/,!(th Iln) a;lb(}p",ﬁn)+%6pb(it?”ﬁn))3 .
3/2+3(1/fn~1/Bo) i d Fhy (25 (6n))
+n — Z .
Z(:) a(Xt.”,ﬁ'n)”’ “pn

Then, thanks to the inequalities in (5.2) and Assumption (A), the first sum in the upper bound of

L1,1, 4
% above verifies the hypotheses of Theorem 5.2 and the other sums are bounded by the

convenient terms that enable us to use the result from Theorem 5.2. More precisely, we have

n=183 b (X )

(2} (6n))

1,LI,L1, 5 o
IMw > (On) | 1/2-1/Bo+1/Bn=1/By __L
W3Be32 1/Bo

n-1
C = i A
+ 2 =+ X | g, (2h(0n))]
i—0 a(th Gn) 'Bn i=0 n i o

+nll2- 1/Bo+2(1/Bn-1/Bp) 1 Z C(l+ |th|P)(1 + l/n)lﬁz (Zn(9n))|

n—1
. 5 1/50) 1 - .
s 1/24301/Bn l/ﬁO);ZC(IHXti"V)(1+1/")|6§h3n(2n(9n))|-
(5.7)

Now, using the fact that (6,,),, converges to 6 and applying Theorem 5.2, the convergence to zero
in probability of the first sum and the remaining sums in the r.h.s. of the above inequality (5.7) are
obtained respectively by (5.4) since Egq,(hg,(J/1)) =0 and by (5.3) as n tends to infinity. Similarly, the

convergences to zero of other elements of ?{,{ (9,,) since we have that

IMy "2 (60)
n21Bo-1/2

. n=1|0ga Yn,ﬁ'
S,,1/2—2/ﬁo+1/ﬁnz o aXn. &n)

— 1 — 1 — P oA
2 N 2 N L) N i
s e ‘(aﬂfl/,xx,p,un) = bRy fin)) + b Ry fin)|10: kg, (25 (0)) |

. n=1 ao—a(itn,é'n) 2
+ n1/2-2/Bo+2/Bn Z I (5u§1/n(Xt" fin) - 76#17(th fin) + — 8,1b(X,n fin))?192k (zn(Gn))l

= a(itin ,om)3
<n”12- ‘/ﬁO“/ﬁn ZC<1+|X,n|P>|aZ (2 ()]
+n~127200Bo= '/B"LZC(HIXWI”)I kg, (zh (62))1, (5.8)

MY @) n2-2Bo 1B ] 15 1y K fin) = 505 Kyn . fin)) + 1 O5b Ky fin)|

n2/Bo=1210gn ~ logn

o

la (X )]

log n

(Zn(grz))"'azfﬁ (Zn(gn))‘

n1/2-2160+2/fn 1= B Ky fin) = 35 0ub Ky fin) + 550 Xy fin))?

logn

i=0 a(iti",(j'n)z

' 1°g”al 5 (2 (00) + 025, (Zn(gn))‘




<V Zc<1+|xtn|f’>( o GO+ o0 1, (100

+n~ /220 B0~ l/ﬁ")lzC(HIthl")( 107Kg,, (20 (6n)) |+ 1—— |62f5n<zn<en>>|) (5.9)

I My (00)

n-1
N 1 — 1 =
1/Bn-1/By-1/2 E N N A
nl/ﬁ0+1/2 <n z /Bo=1/ |6ﬂ§]/n(Xti’".un) - ;‘9;117(th_’".“”) + ;ayb(xtl_"a.un)l

i=0

(aaa(yti", 6n))

i/h 2
)sz,;n(zn(en))+wzn(9n)8 (Zn(an))

(aaa(xt_"a é'n)

a(it?’hé'n)z
L
<n~ 127 VBo B L ZC<1+|X,»«|P>(|6Z kg, (2 (0n)) 1+ 102k, (2 (6)))) (5.10)

IML23 8,y nl/Bn=1/Bo=1/2 ]
<
nl/Bo+tl/210gn ~ logn

ao'a(iti", Gn)

- . 1 - . 1 - .
|6;1§I/n(xzi"a,un) - ;a,ub(xzi"a,un) + ;a,ub(le_"alvln)l

i=0 a(iti"v &n)z

logn

(zn<en>)+‘;”zn<en>62 (2 (0n) = (952K ) (21, (6n))

n= 1210+ B |
S e —

logn

Z ci+ |X,n|”>( 2 (19:kg, (2h(60)]

Hazh (0n)92kg, (2 (8n)]) +1(3p0:kz, ) (21 (B))]) 5.11)

IME33(00) VB 1Bo=1/2 = 18 €1 Ky fin) = 5 0ub (K fin) + 33 0ub (X fin)|
<

nl/Botl2(logn)? = Brlogn i3 la(X;n, o)
1
x |- ‘;g" 5 (0 (0n)) +0:f 5 wwm‘

alBn=1160=1/2 1= 10 &1 (Xyn. fin) = 35 0ub (Xyn. fin) + 3 0ub Xy fn)
(logn)?

i=0 |a(Xt:l’6-n)|

log

|2 b (0n)0Zks, (2h(0n)))

(zn(Hn)) /?2 ((5,3192 B )(2h () -

logn

zn(en)azfﬁ (2h (8n)) + (8502 £3,) (23 (6n))

nl/Bn=1/Bo=1/2 | n logn
<W ZC(HIinI”) If‘?z (2 (00)) | +10: 15, (Zn(an))l}
nllBn=1/Bo=1/2 | logn logn o
N Zc<1+|xtn|p> |azﬁ (2 ()| + 7 (1(3p0zkg, ) (2 (6))]

logn ogn

|z,,<0n>a2 (2 (6n)) n) 9 13, (2 (6n)) |+ 1 (8502 15,) <zn<on>>|} (5.12)
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Concerning the elements of the matrix %2 (6): By symmetricity of this matrix, we have

M0 M6 MR M6 M6 M )
n2/Bo-1/2 n2/p-1/2 ’ nl/Bot1/2 nl/Bot1/2 ’ nl/ﬁo+l/21ogn nl/,80+1/210gn’

then, the proof of their convergences are treated as above. For the rest elements, we rewrite as follows

MG 1 ey |
n3/2logn _n3/210gn[.:0

1
‘;%’2 2 (8n)02a, (2 (0n)) = 21 (8n)er, (2hh(0n))

a(?,in, )

1
—‘;?2"%@,,(0,1)“ (21 (6n))

+ =5 —
n32logn & a(X,n, 6n)

1 n-1 (50'11(Xﬂ1,(5'n))
-t

1 logn
UzlognnZC(HIXrnlp)[ G (<) dca, (501 +lag, (5 (Bu)D)

Hzh (B ders, (24 () + Irg (2 (B)I] (5.13)

IMz?2(6,)]
n3/2

n—1

1 X2
Sy Z(:) 9%
o

dga(X;n, 6n) ) dga(X;n, &n) dga(X;n, 6n)
——Lt ks (z(n)) - — -
aXp.om) | P aXn o)

6061(?;."’5%) 3061(?;."’5%) o Bga(itn,é—n) 3 o o
-2 S— aa— S— . ;19" -t ;zgn 8.0 5 ;10}1
a(Xn, 6n) a(Xn, 6n) G (2 (On)) + a(Xn, 6n) 2n(6n)zqp, (2, (0n))

)z;;(én)azkgn(zz<én))

a(izi", 6n)

1 1 - — N PN PN PN PN N
—,;Z (141X 17) (Tkg, (24 (0a)) |+ 12 (6) D2k, (2 (0n)) |+ lag, (21 (0n))| +12h (6a)Dzag, (2 (Ga))D),

(5.14)
|M%’3’3((§n)| 1 n= aoa(ilin’é—”) logn i logn . logn ;
2 n ~ - = n n 6 n n
w2 Gogn = i logm? 2| om | g PO T g (Oneag, (B
+(0pdg, ) (zh (6n n)dzrp, <z:;(én>>+<apr,§n><z:;<én>>‘
1 logn logn logn
<Wn ZC(1+|X,n|P> S 9GO |+ TS LR (0)0cq, (G 00)
P4 logn ;4 i4 ich
+(19pag,) @h (B 1+ =57 124 (Bu) e, (2 (Bu)) | +1 B, ) (GBI . (5.15)

Then, by similar arguments as above, we also obtain their convergences to zero using Theorem 5.2.
Concerning the elements of the matrix 7 (6): Since from symmetricity of this matrix

M) M6 M0 My (6n)
n2lBo=121ogn  n2/Bo=121ogn’  nl/Bo+1/2logn  n'/Po+1/2logn’

M2 @) M) MO MR M B M0
nl/Po+1/2(logn)?  nl/Bo+1/2(logn)?”  n3/2logn n32logn = n32(logn)®  n32(logn)?’




the proof of their convergences are treated as above. For the element resting, we rewrite as follows

log n

IMy2 (60)
n3/2(logn)3 ~

log n

(_

zn(an)(?zr (Zn(9n))

< Aar ) (2, (6)) + 42 £3 g, (zn(6n)) =2

P oA ! ! It
+(3pr, ) (2h(0n))) = 6 ‘[’;”B (2 (60)) + 22%"(— ‘;?2" 0 (0n) 02k (2h(60)) + (ks ) (h(60)))

1 A 1 1
“’E") 4s, (2 () + 08 T Bndap, G0 + 3, ><zn(en)>>‘
DU SN & ! [P Y 1"g"| )|+ 2 (O (B0 (2 (6a))]
< W; Z4 fﬁn Zn n + r Zn n n zr Zn n )
logn logn logn

+(9prg, ) (21, (0n)))| + 34| (20 (0n))] + (’é2|n(6’n)5z 3, (20 (0n) | +1(9pkg ) (2 (0n))])

n

“";”) 45, (zn<en>>|+“°;f) (1;?2”| ()9, (2 (0n)] +1(9pa, ><zn(en>>|>] (5.16)

Thus, by similar arguments as above, we obtain their convergences to zero. O

Proof of Theorem 3.3. Now, here again we can follow (Masuda, 2015, Proof of Theorem 2.10) and

(Sweeting, 1980, Theorems 1 and 2) to prove the last assertion.
To obtain LAMN property, we only need to prove the convergence to zeros in probability of the last

term in the Taylor’s expansion above. To do so, for 8, = 6y + £,¢, (0p)u, we use some inequalities in
the proof of Theorem 3.1 for the convergence to zero of the elements of the following matrices

HY (6) =n'2=1P0 o (60) 8y I (6) @ (6p)

Myt (6n) P M2 () + @21 My (60) 12 My (Br)+020 n My ()
3/30 32 2IBo-172 2Bo-172
‘/’ll,nMn (9n)+9021n M3 (6n) Q.1 (0n) K1 (6n)
n2/Bo=1/2 W1/Bo+1/2 21 /Bo+172 ’
12 M2 (00132 M () Kot (0n) Pt (0n)
n2/Bo-1/2 W1 /Bo+1/2 W1/Bo+1/2

H2 (6n) =02 (11,0 + @12,0) @0 (00) o T () @ (6p)

(eintei ) M (0n) el ME 2 (0)+ oo yME3(00) @10 ME12(00) 402, MBS (00)
n2/Bo=1/2 (¢11,n+¢12,n)'1n1/ﬁo+1/2 (‘Pll,n,+‘p12,n)_lnl/ﬁ0+l/2
P M (B e ME' (60) Qu2(6n) K2 (0n)
- (@11,n+e12,,) " 10! /P0*1/2 (@11 n+e12,0) " 032 (P11,n+¢12,n) 1132 ?
P12 ME 2 (Bn) e oy M1 (0n) K2 () P2 (0n)
(@11 n*+@12,0) " In!1P0*12 (P11,n+¢12,0) 132 (P11,n+¢12,0) 1032

Ho (0n) =02 (021 0+ €22,0) 1 (03 L (0n) @ (6)

(o1t ) MY (8n) P My () ren a My (00) @12.n My (Bn)+er My (0n)
n?/Po=172 (@21 n+¢22,) "L PO1/2 (@21,n+¢22,0) "L n1Po+1/2
Pl My B e M (6) Q,.3(0n) K3 (On)
B (@21t @20.0) " InV/POF12 (021,n+920,n) " 10312 (@21,n+p20,n) " 1312 ’
P12 M (B) v enn M3 (6n) Kn,3(6n) Pru3(6n)
(@21 p+2,n) "L n11P0*1/2 (021, n+@20,0) " 1032 (@21,n+p20,n) 10312

where for convenience ¢;; , signifies ¢;; »(6o), i,j € {1,2} and fori € {1,2,3},

(A 2,205

0,23/ 5 i,3,3/5
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Qu.i () = 03 M2 (00) + 20110021 M (Bn) + 63, M (81).
Pri(Bn) = @ M2 (00) + 20120022 Mi> () + 03 M (81).

First, from our choice of ¢, (6p) above, |¢;; »(00)| < C(1 +logn), i, j € {1,2}. This deduces that

— O4xa (5.17)

where v, (00) = (vij,n(00))i jef1,...4) = (@110 ©12,0 @210 ©21,0) T (@110 P12.0 P21,0 21,n). Now,
since 3, = Bo + j—'}l (u2921,1(80) +u3922,1(60)), we have

nl/Bn=11Bo _ exp | 108 ! _1
Bo \1+ %(”2¢21,n(00) +u302.1(600))

logn &, )
~exp|-— —(u 6o) +u 0 — 1.
P( Bo \/ﬁ( 2¢21,n(60) +u3¢22,1(60)) | —
Thus, combined with the previous analyses for the NM case, we can obtain easily the convergence in
probability of the considering terms. In particular, from (5.7), /\/(,1,’1’l (0,)/n3Bo=3/2 _ 0. And from
n—oo

(5.8), (5.9), (5.10), (5.11), (5.12), (5.13), (5.15), (5.14) and (5.16), respectively we get that

vijn(00) —MEV2(8,) vijn(O0)logn — MED3(0,)  vija(6)) —MEB2(8,)

Vn " n2/Bo-1/2 Vn nnZ/ﬁo—l/Z logn’ Vn " nl/Bo+1/2
vij,n(6p)logn - ME23(0,)  vijn(6p) (logn)? - MLE33(8,) vij,n(6p)logn nM,z,’z’3(én)
Vn nl/Po*1/210gn” vn nl/Bo+1/2(logn)2’ vn n3/2logn ’
Vi (00) dogm)® - MG (0n)  vijin(00) —MEP2 () Vg (B0) (ogm)® M3 ()
Vi n32(logn)?”  n nd2 Vi n3/2(logn)?
are convergent to zero as n tends to infinity for any 7, j € {1, ...,4} thanks to (5.17). O
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Supplementary Material

The proofs of the technical results (Proposition 5.1, Theorem 5.2, Lemma 3.8 and Theorem 3.9) and
some more numerical results are shown in Brouste, Denis and Ngd (2024).
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