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A multi-scale patch approximation for Poisson problems
with a small inhomogeneous inclusion

Saber Amdouni* Mohamed Khaled Gdoura* f Arnaud Heibig Thomas Homolle’
Nidhal Mannai* Adrien Petrov? Yves Renard?

December 16, 2023

Abstract

The paper deals with the multi-scale approximation of the influence of a small inhomogeneity of arbi-
trary shape in an elastic medium. A new multi-scale patch method is introduced, whose caracteristic
is to deal with a large scale problem without inclusion, a small-scale problem on a patch surrounding
the inclusion defining a corrector and an iterative procedure between these two problems. Theoretical
results of convergence of the iterations, a posteriori error estimate and comparison of the corrector with
the asymptotic expansion are provided. The finite element approximation is also addressed together
with some numerical tests.

Key words. Patch method, Asymptotic expansion, finite element method, multi-scale analysis, trans-
mission problem

1 Introduction

An important engineering and mathematical literature is devoted to inclusions embedded in elastic media
as for instance in automotive industry to design tires having specific structure stiffnesses. A good under-
standing of these inclusions influence is crucial to preserve the quality required by the traffic safety and
driver comfort as well as to reduce maintenance costs. We are particularly interested in this work to some
small elastic inhomogeneous inclusions in a two-dimensional elastic body. Without adapted treatment,
the numerical approximation of this problem requires a mesh refinement near the inclusions which is
rather costly from numerical viewpoint, especially when the inclusion is small compared to the domain
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of interest. The homogenization techniques can be used in the particular case where the inclusions are
arranged within a periodic or nearly periodic network. The reader is referred for instance to [I, 28] for
further details. However, these techniques are not convenient when one needs to evaluate the influence of
isolated inclusions. These inclusions are often omitted in many applications at least for the smallest ones
because of the induced computational cost. The asymptotic analysis could be used to determine isolated
inclusions influence, see for instance [6l, [7, 111, 12} 20} 22| 34, 36] and the references therein. The numerical
method we propose is inspired by the asymptotic analysis presented in [5].

This paper focuses on an approximation of the influence of a small inhomogeneity in an elastic medium
by the construction of a patch type method. This method allows to compute successive approximations
of the deformation, starting from the deformation without the inclusion. Unlike the analytical approaches
derived from Eshelby’s seminal work [17] and various extensions analyzed later on in [I8, 31}, 24] 25, 4]
35, 27], the considered inclusion is of arbitrary geometry and elastic property. The proposed method is
close to the Schwarz type domain decomposition method with total overlap (see [14] for instance) as well
as to the patch methods described in [21], 30}, 32], except that here, the micro and large scale problems
do not take into account the same physics. It is also close to the structural zoom methods [13} [10] with
the main difference of starting from the solution without inclusion and iterating on correctors to this
solution. This last characteristic has the advantage of being less intrusive for an existing finite element
code (the large scale computation is performed on the whole geometry without taking into account the
inclusion) and it allows the link with the asymptotic analysis developed in [5] and unable us to guarantee
some approximation orders.

The paper is organized as follows. In this work, we are interested in a transmission problem between
a body and an inhomogeneous inclusion both being elastic. More precisely, a geometrical setting is
presented and the solvability is recalled in Section [2l Our patch method is introduced in Section [3] This
method consists to incorporate an intermediate polygonal domain, so-called influence domain or Patch
domain, which contains the inclusion. Hence a corrector is evaluated on the patch domain by using a
mesh refinement and added to the solution without inclusion evaluated on the whole domain by using a
coarse mesh. This procedure can be iterated to improve the approximation accuracy. Some convergence
results of the iterations to the solution of the transmission problem are given. Then, Section [4] makes
the link between our patch method and the asymptotic analysis in [5]. In the particular case of Dirichlet
condition on the boundary of the domain, it allows us to state an order of convergence with respect to
the inclusion and patch sizes for the corrector on the first iteration. Finally, the numerical patch method
is introduced in Section [5| with a two-scale finite element approximation and some numerical tests on a
simple geometry and a circular inclusion are presented in Section [6] that are compared to the theoretical
results of sections [3] and [l

2 Mathematical formulation of the transmission problem

Let © be a bounded Lipschitz domain in R? with a Lipschitz-continuous external boundary I' = 9. Let
Q} a bounded connected domain of characteristic dimension 2 representing the geometry of the inclusion,
and Q; = eQ} the domain of characteristic dimension 2e representing the inclusion, satisfying €2y C ).

Let I'* = 9€Q; be the curve separating the two domains and €, o O\Q ¢ the rest of the domain. The
inclusion is assumed to be small enough compared to the characteristic size R of the domain 2. We

assume also that the boundary I' is split into two disjoint sets I'p and I'y where Dirichlet and Neumann
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boundary conditions are considered, respectively. Finally, we denote by A a patch domain supposed to be
included in © and containing € (for € of interest) and by OA its boundary (see Figure |1)).

Figure 1: A small inclusion in an elastic medium

We focus in this work on a two-dimensional multi-scale problem with discontinuous coefficient « across
I'*. Let u: Q — R2, be the displacement of the body € and h be the prescribed Neumann boundary
condition on I'y. The mathematical problem is formulated as follows

—afAuy = f in Qy, (2.1a)
—amAuy, = f in Oy, (2.1b)
Uf = Uy, on I (2.1c)

9 m
af% = ozmaaun on I (2.1d)
u=0 on Ip, (2.1e)
gz —h on I, (2.1f)

where % denotes the normal derivative, ay > 0 and a,, > 0 are the constant shear coefficients in

the inclusion and in the matrix, respectively, while u; and u,, are the restriction of u to Qf and Q,,,
respectively. A perfect transmission conditions of u and its normal derivative is assumed. We denote by
u? the solution to the problem without any inclusion which reads:

—apAud =f in Q, (2.2a)
u’=0 on Tp, (2.2b)

ou0
8—1; =h on Iy (2.2c)

We describe the weak formulation associated to problems ([2.1)) and (2.2). To this aim, we introduce the
following vector space:

Vo = {v e HY(Q) : U, = 0} (2.3)
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We state the problem ([2.1)) in a variational form as

find u € Vy such that for all v € V),

/ amVu~Vvd:c+/ afVu-Vvdx:/fvdx—i-/ hvdsS, (2.4)
Qm Qp Q 'y
while the variational form associated to problem (2.2) is given by
find u® € V), such that for all v € V),
(2.5)

/amVuo-Vvdx:/fvdm—i—/ hvdsS.
Q Q I'n

We assume that h € L?(T'y) and f € L?(£2). The existence and uniqueness results to problems (2.4) and
(2.5) follow from Lax-Milgram’s theorem. We denote in the sequel by C' > 0 a generic constant depending

only on the data and Ci, a,, def \/@

3 The patch method

We introduce in this section an iterative procedure allowing to approximate the solution u starting from
u?, the solution which does not take into account the inclusion. To this aim, we define a corrector on the
patch A and an iterative method allowing to progressively take into account the influence of the inclusion
in the large-scale solution. We define w’ and u’, i € NU{—1}, intended to capture the inclusion influence
with precision and to report this influence in the whole domain, respectively. The main difference between
the algorithm introduced below and the domain decomposition [14] or the zoom method [10] comes from
the multi-physical aspect added to multi-scale nature of the problem.

It is convenient to introduce also the following notations; let (u,v)q.0 £ / aVu - Vudz be the scalar
Q

def

product and ||ul|? , = / a|Vul?dz the associated norm for all (u,v) € HY(Q) x HY(Q), where
' Q

o {af in Qp,

O In Qpy,

and let
Wo £ {v e H(Q) : Yora = 0},

be the Hilbert space whose associated scalar product is (-,-)a,a. We denote by Projyy, : HY(A) — H{(A)
the orthogonal projection onto Wy relatively to this scalar product. Notice that Wy is isomorphic to
Hy(A).

3.1 The multi-scale patch method iteration

This section is dedicated to develop a multi-scale patch iterative strategy in order to approximate u the
solution of the interface problem (2.1)). Let w=! = u~! = 0 be the first terms of the iterative procedure.
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For any w" ™! € Wy and u"~! € V, given, n > 0, u™ is the solution to the following macroscopic problem
on the whole domain :

find u™ € Vy such that for all v € V),

/amVu"-Vvdx:/fvda:—i—/ hvdS
Q Q T'n (3.1)
—/ (af — am) VU1 Vodr — / aVuw" - Vodz,

Qp A

and w' is the solution to the microscopic problem on the patch A:

find w™ € W, such that for all v € W,

/an“~Vvd1::/fvdx—/aVu”-Vvdx.
A A A

Note that the method is constructed such that u° is the solution to problem without inclusion (2.5)).

(3.2)

3.2 Convergence of the iterations

We establish below that u" 4+ w™ converges toward the solution u to problem (2.4). To this aim, let us
introduce

A" Eu— (W +w"h) and " Eu— @ +w") (3.3)
for all n € N. Observe that a™ and b” belong to H*(Q2).
Firstly we prove that [[b"[|, o < [la”|, o and secondly we discuss the conditions under which |la”([, o <
K Hb"*1Ha o With K <1 in order to ensure that |[b"[|, o decreases to zero.

Lemma 3.1. Assume that u, u™ and w™ be the solutions to problems (2.4), (3.1) and (3.2)), respectively
and (3.3)) holds. Then, we have

16" 0,0 < lla" o0 (3.4)
for alln € N.
Proof. Since u is the solution to problem ([2.4)), it comes that
/ aVu - Vudr = / fvdz (3.5)
A A

for all v € Wy. By subtracting (3.5)) from (3.2]), we get

/an”-Vvdx:/aV(u—u”)-Vvdx
A A

for all v € Wp. Clearly, we may infer that w™ = Projy, (u — u") and it follows that
lu = (" + w")llgp < [Ju— @" + 0", - (3.6)
On the other hand, we have
lu— (u" + w™)|2 g = llu =2 g\a + lu = @" + w2 5 - (3.7)

Carrying (3.6)) into (3.7)), the desired result follows. O
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Note that subtracting (3.5 from (3.2]), we obtain the following identity:
/ aVb" - Vudr =0 (3.8)
A
with v € Wy. The next step consists to establish that there exists K(e,ay, o) € |0,1[, depending on ¢,
ay and oy, such that
Han”a,ﬂ < K(Evafval) anil}layg' (3.9)
We deduce from ([2.4) and (3.1)) that

/ o, Vu" - Vodx = / oy Vu - Vodr — / am V" Vodz
Q Q A

— u— W+ h) - Vode
—I—/Qf(af m)V(u — ( + ) - Vud

for all v € V°, which according to notations (3.3 implies that

anVa" - Vodr = —/ (af — am) V"1 - Vodr (3.10)
Q Q

for all v € VY. Choosing v = a™ in (3.10]), we get
/ a|Va'? dz = / (af — o) IVa"? dz — / (af — am) V"1 - Va"da.
Q Q Q

According to Cauchy-Schwarz’s inequality, we find

af — Om 1 2 -1
I+ S 12 0, = = [ IV S 10 1,
(3.11)
On the one hand, using Young’s inequality, we infer from (3.11)) that for all 4 > 0 we have
lla™|]2 S an|2 g, < C2 la™ I3 +*H b
a A, m, + Q a ag, Qf — Qg,0m v la af,Qf ay, Qf
Taking ‘;—’? > 1 and v =1, we obtain
a3 < (52 - 1) o) (312)
Ol o 0p .

On the other hand, (3.11]) implies that

. (07
min (1, a’;) la o0 < €2 1", 0, - (3.13)



A multi-scale patch approximation for Poisson problems 7

Hence we may deduce from (3.12) and (3.13) that for oy < au, < 5oy, 10"l 0.0 < Clawm, ap) 10740
with C(ay,, af) < 1. Consequently, b" converges to 0 in H(2). However, this result can be improved as
we will see later on. To this aim, we define the two following auxiliary problems:

find ¢ € H'(A) with ¢ = g on A such that for all z € W,

e 3.14
€ ann [ ¥ Vs =0, 19

and
find n € H'(A) with 7 = ¢ on JA such that for all z € W,

e 3.15
<777 Z>a,A «f /AOZVT] -Vzdz = 0. ( )

The existence and uniqueness results to problem (3.14) and (3.15) follow from Lax-Milgram’s theorem,
the verification is let to the reader. Under appropriate regularity assumptions on boundary conditions,
we establish below that ||C||af,Qf and ||n]| being limited to O(e). We will use the following notations

in the sequel: X & HY/2(9A) and X’ = H-1/2(HA).

ap,dy

Lemma 3.2. Assume that g € X and ¢ be the solution to problem (3.14)). Then, there exists a constant
C > 0, independent of €, such that

1Clla, 0, < Cellall - (3.16)

Proof. Let C, be a disk of radius ¢ > 0 such that Qy CC,/p CCp C A and 0 < & < gg small enough. For

any (z,y) € C, /2, let z o+ 1y, and we can express the Poisson kernel as follows:

™ ei9 Py
Clz,y) = Rf(z) with f(z)% L / 9" T2 (pcos(8), osin(8)) do.

27 ) pet? — 2

For further details on the Poisson kernel, the reader is referred to [33]. Since |z| < p/2, we have

1 s 0
rel<s | oo | [<(0cos(®), 05in(8)] 40 < CClz(ocy-

Therefore, we infer that R-euclidian norm |V{(z,y)| satisfies

IVE(z,y)| < ClIcllezac,) (3.17)

for all (z,y) € Cp/o. We integrate (3.17) over Qy, we obtain

€12, 0, < €121 <1206,y < O €I gay < C<2 lall%
for all 0 < € < €g, which proves the lemma. O

Lemma 3.3. Assume that ¢ € X and n be the solution to problem (3.15)). Then, there exists a constant
C > 0, independent of €, such that
19lla, 0, < CelInlloa-
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Proof. Let us define v & ¢ — 1 where ¢ and 7 are the solution to problems (3.14) and (3.15)), respectively.
Hence it comes that

/OéVI/'VZd(L'_/ (am — ayp)V( - Vzde,
A Q;

for all z € Wy. Since v € Wy, we get
Wllan < Capan I€la, g, - (3.18)
It follows by using the triangular inequality and (3.18)) that

170, < (1+ Capam) 1€lla,0, -

Hence, Lemma [3.2] and triangular inequality lead to

Illa, 0, < Cellally < Cellnl -
which completes the proof. O

Finally, we prove below that there exists a positive constant K < 1 such that

-1
16"l < K (0" (3.19)
for any n € N, provided € > 0 is small enough.

Proposition 3.4. Under the assumptions of Lemma [5.5. Then, for € small enough and any n € N,
(319) holds true with K < Clagf,am) €,

Proof. According to Lemma we have [b”(, o < [la"]

aq- Since [la”[[, o < C Hb”*1}|af’ﬂf (see (3.13)),

we obtain
10" o0 < CJB" ], 00, - (3.20)
Appealing to and Lemma with n = 0", we have
1" oy, < Ce Nl (3.21)
Finally, and lead to .
O

3.3 A posteriori error estimate

The following result allows to estimate the error norm ||b*||,.q With respect to a norm of the correctors
on the boundary of the patch. This result is of practical interest to compute an estimation of the error
in a numerical procedure.

Lemma 3.5. Still considering b* < u — (uF + w"), for all k > 1, we have

okt ot
on on

Xl

"]

o, < CH
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Proof. If g is a function defined on 2, we denote by g1 and g3 the restrictions to Q\A and A\Q f, respec-
tively. Let n be the unit outward normal to the boundary of A.
From (3.8)), we have AV =0 on A. Hence, by using Green’s formula, we get

/ aVvr - Vodz = <04mg
A

B (ug — (ub + wh)), v> (3.22)

XX

for all v € HY(Q). Let us define Vo & {v € Vo, v, = 0}. Observe that b* is a solution to the following
problem:

/ aVb* - Vodz =0 for all v € )70,
Q\A

k (3.23)
b¥=0onTp, — =0onTI\.
on
It follows that Ab‘kﬂ\A = 0 and therefore by Green’s formula leads to
/ aVbr - Vudz = —<am£(u1 —uk —wh) v> (3.24)
O\A on Ty
for all v € V. Hence, by (3.22)) and (3.24)), we have
0 0
k _ -~ .k kY v .k k
/QaVb Voudz <am o (ug — uy — wsy) — auy, o (up — uy — wy), U>X’,X (3.25)

for all v € V. Next, notice that (u — u* — w*=1) € H(Q) satisfies
/ amV(u—uf — w1 . Vodz =0
Qm

for all v € H§(Qy,), due to (2.4), (3.1) and w* ' =0 on Q\A. Hence we have A((u — uF — wkil)‘ﬂm) =0
and A((u—u* — wk_l)lQ ) € L?(Qyy,). Since dA C Qyy,, we get the following jump relation:

0 _ 0 -
%(ug—u’g—w’g 1)—%(u1—ulf—wlf 1Y =0 on 9A. (3.26)

According to (3.25)), (3.26) and wf = w’f_l =0, we obtain

d
k - _ Yo k=1 k
/Qonb Voudz <am o (wy w2),v>X,’X (3.27)

for all v € Vy. Taking v = b* in ([3.27)), using Cauchy-Schwarz’s and trace inequalities, the desired result
follows. O
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4 The patch method and asymptotic analysis approaches

The aim of this section is to describe the link between the first iteration of our patch method (namely
u® and w?) and the asymptotic analysis given in [5, 23]. This study is restricted to the case I'p = 0
since the asymptotic analysis has only been developed in this framework. Let us recall that the first order
expansion of the problem with the small inclusion can be written

u(z) = u®(z) + 5W0(§> + O(e?),

where W9 is the solution to the following problem

find WO € VI such that for all v € |
/ (af — o) Vul®(0) - Vvda:—i—/ ap Ve Vvda:—i—/ VWY - Vudz = 0,
O 1

h @ >
where Q}c is Qp fore =1, Q®° =R\ QL. and for a fixed R? > 1, the space 91?2 is a closed subspace of

(4.1)

Vieg = {v € D'(R?) : (1 + [z[>)2(log(2 + |z|*)) v € L*(R?) and Vv € L3(R?)?},
defined by
ij‘g £ {U € 1710g : / v(R cos(h), R sin(h))df = O},
and endowed with the norm

def

— —1 2 2 1/2
IIUH\7{§§ = (10 + 21?72 (og (2 + [2*) ol 2@z + IV0lT2ge)
For the self consistence of the paper, the estimate on the rest of the first order expansion is recalled
below (see for instance [23]). The rest of the section will be dedicated to demonstrate that the difference

between the corrector of the patch method w® and eW?° (g) is in O(ﬁzm)). We give also the result that

‘ %ﬁHH_l/Q(aA) is in O(W). These results gives also some estimates on the rest u — (u® + w?).

Lemma 4.1. There exists a constant C > 0, independent of €, such that

ot = (2)

< Ce% (4.2)

HI(Q)

Proof. The corrector W9 satisfies

/Qf(af — ) Vul9(0) - Voda + / qu(eWo(é)) -Voudz

Qf

+/Qm amV<5W0(é)) -Vudzr =0

for all v € H{(Q). On the other hand, by subtracting (2.4) from (2.5, we obtain

(4.3)

/ (af — ) VU’ - Vodz + / ayV(u—u?) Vudz +/ amV(u—u?) - Vodz = 0. (4.4)
Qp Qp O



A multi-scale patch approximation for Poisson problems 11

Then, it comes by subtracting (4.4]) from (4.3)) that

/ (af — ) (Vu® — vu©(0)) - Vodz + / afV(u —u® — e ? (7)> -Vudz
Qf €

Qy

+/ amV<u—u(0) —eWo(é» -Voudax =0

for all v € H}(Q).
Let £ : HY/2(I') — H(Q) be a continuous lifting operator (see for instance [29]). We define 2° &
Z(—EWO(é)) and & <y —u’ — EWO(é) — 2°. Note that for v € H}(2) and by using (4.5)), we find

(4.5)

/ arVEs - Vode —|—/ am VE - Vude —l—/ (af — am)(Vu2(0) — Vu°) - Voda
Qs Qm Qy

(4.6)
= —/ arVz© - Vodr — / am V2t - Vodzr.
Qf m
Choosing v = £ € H}(Q) in (4.6]), we get
oy vaaHi?(Qf) + am | VE |2, + /Q (af = am)(Vu'(0) = V) - VE° da
f
= /Q apVz® - Ve da —l—/ o,V - Ve du,
f m
which by using Cauchy-Schwarz’s inequality leads to
V€ a0 < C(IVa0(0) ~ Va ) + 19 ).
According to Poincaré’s inequality, we find
16 sy < CUITA0) — Ty + 127l ).
Notice that ¢ = u —u® — 5W0(§) — 2° allows to infer that
0 o 0
= =W () [y = CUTEO) = T sy + 1 ) (@)
By using the continuity of the lifting operator from H'/2(T) to H'(Q), we get
0 _of < 0 H of " ’ _
Jums =W () < CUTHO =Py + [V ) 49)

We evaluate now separately the two terms on the right hand side of (4.8)). On the one hand, we observe
that
Vul(x) = Vu(0) + O(|z]).

Consequently, we find

HVUO(x) — vau( ) < C H:EHLQ ) < Ce?. (4.9)

O] 20,
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On the other hand, the last term on the right hand side of (4.8) can be evaluated thanks to an expansion

of W9 in polar coordinates. Let z = (rcos(8),rsin(d)) for all r > eRy with Ry > 1. Since W' is an
harmonic function, for all n € N* and 0 € [0, 2x], there exists (an, b,) € R? such that

Wo(f) - Z(LRO)"@ cos(nd) + by sin(nh)). (4.10)

e r
n>1

Let . be a subset of R? with I' C €2, such that there exists (01,02) € R? with g1 < |z| < 02, for all
z € Q.. Then, the trace inequality leads to

we (2] <cwe (). (4.11)
e/ IlHY/2(T) e/ lIHY(Q¢)
Choosing & > 0 such that ¢ < £-, we get
12 22 R2Q.| eRp\2(k=1)  _ ~
wo(2)] < 0 2 1 [Bf?) < Ce? 4.12
W0 ey = 2 (50) (@l ) s 02 (4120
\ |12 42 R3|2| eRp\ 2(k—1) ~

vwo (- ) < 220l g2 (5700 Tl? + [B]?) < Ce2, 4.12b

N e T s
where |{)¢| stands for the usual measure of Q.. Introducing (4.12)) into (4.11)), we get

HWO(L)’ < Ce. (4.13)
e/ lla/2(1)

Carrying (4.9) and (4.13)), we finally obtain (4.2)). O

In order to make a comparison with respect to the size of the inclusion ¢ and the size of the patch,
without changing its geometry, we introduce a fixed size patch A C Q (such that A N IQ = (). We

consider A = % with p > 1. It is also convenient to introduce the following notation:
hy - A = A

u = u/p

In the sequel, we denote by £ : HY/2(9A) — H!(A) the continuous harmonic lifting operator in the fixed

configuration. We define £, : X — H!(A) as the scaled harmonic lifting operator, for all f, € X and

x € A, we get

(Lp(fp)) (@) = (Lf)(pz)
with f(z) € f,(z/p) for any z € dA. Notice that
IV (L follltzay = IV LN g - (4.14)

The following estimate between W9 (g) and Projy, (WO(E)) is an intermediate result which allow us
to get an estimate between w” and Wo(é).
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Lemma 4.2. There exists a constant C' > 0, independent of € and p, such that

e (2) = proiw, (W ()

< Cpe.
oA P

13

(4.15)

Proof. Let Wy 2 WO(2) — Projyy, (W0(2)), W = WO(2). £, = WO(2),,, amd £ 2TW) = W), .

Observe that W), is the unique solution of the following variational formulation:

find W, € HY(A) with W, = f, on 9A such that for all z € Wy,

aVW, -Vzdzr = 0.
A

Hence, we can apply (3.18) to n = W), and ¢ = L, fp, we find
Wp = Lopfollaa < Capam 1£pF0lla, 0, < Capioam [1£pfollan -

It follows that

HW HaA (1+Caf am)max(af,am) 1V ( pfp)”LQ(A (1+Caf am)max(afvam) Hv(ﬁf)”}ﬂ ()

by (4.14). Finally, by using (4.13)), we find

[Willon < Cmax (erg, am) 1 g1z o5, < C max (ag, am)pe.

O]

We can now establish the following estimate between the corrector w® given by the patch method and

WO( ) the corrector of the asymptotic analysis.

Lemma 4.3. Let w® be the solution to Problem (3.2) for n = 0. Then, we have

o =)

Proof. Note that the triangle inequality leads to

0 of: 0 : of:
O G )
Hw ¢ e/ laA — v FoIwo (& €
Since w’ = Projy, (u — u?), it comes that
Hwo — Projyy, (eWO (E)) Projyy, (u —ul — EWO(;)>
e a,A

According to inequality (4.17), Lemmas 1.1 and [4.2] (4.16]) follows.

On the one hand, we observe that

< Cpe?.
oA p

o T Proim (W (2)) = ),

ot =)

a,A T ‘ ‘a,/\

= (0 + 0 fan < flu—u® =W (2)
9

)

«,

< Ce? + Cpe? < Cpe?.

(4.16)

(4.17)

(4.18)

O]
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On the other hand, this implies

0 0 <H 0 _pof
lu— (v +w) oo < |lu—u —eW (5)

<o-on-awe()

+ Hwo — EW[)(;)
a,) e

a,Q)

)

+ Hwo — 5W0<;>
o, e

am Q\A
< Ce* 4+ Cpe? + €HW0< )

3

o, QA

By using (4.12)) for o1, which is the largest radius of the circle included in A, for € < ]%, we find
v ()
€

|u— (u® + wO)Ha’Q < Cpe?. (4.19)

<cs
am,Q\A 01

< Cpe,

which implies that

The next step consists to obtain an estimate for H%—“;f pos

Lemma 4.4. There exists a constant C > 0, independent of € and p, such that
|5
on

Proof. We evaluate first HfHHl/Q(ax) with respect to || fp|| - To this aim, we define the linear operator D,

2
< Op32e? < Ce

X ~ diam(A)3/2 (4.20)

as follows -
Dy,: J(0N) — I (ON)
Ip — f

where 4 could be L2, or H'/2 or H'. On the one hand, we observe that

(4.21)

£ 132 o5) = /a @ ds = /d 1p(w/PI S = pll oIz o)

and ) .
IV 1oy = [ 25 VA4S = < 195

for all p > 1. We deduce that

£l 20k
IDplle = sup o =,
fp€EL2(OA) prHL2(aA)
HfHHl(aK) 1 .
|Dplln =  sup 7 <P+ — withp > 1.
fpEH(OA) ”fp”Hl(aA) \/15

By interpolating [16], we find

1/2 1/2
1Dyl < C DI 1D, < CV/T+p,
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with a constant C' > 0 independent of € > 0 and p > 1. Let § € C* (A, [0,1]) be a cut-off function which
is such that 6(z) = 1 for z in a small tubular neighborhood T of OA and 6(z) = 0 outside a small tubular
neighborhood containing 7" and 6, = 6 o (hp)_l. Using the regularity of w® and Green’s formula, it comes
that

/Aan N (O,L,f,) dz <8w ,f,,>

for all f, € H/2(OA). Denoting T={zeA:0x)>0}and T = L, we deduce that

\<35,‘; ) 0 o S @ 190 2y IV L) lan) = 0 HVwO\\L2(T) IV 6L e i)
However, we have
IV OLAN ey < 1Ol i 1€ s i) < C 1 s 2oy
< C Dyl agor < : 1ol 1fllx < CVIF RISl

and

196 iy < |9 =W () |y 2[99 ) (422

LA(T)
On the one hand, Lemma [£.3] leads to

HVwO . svwo(i) H < Ope?.
e/ llL2(a)
On the other hand, (#.12) and since |z| > oy for z € T, we get

9 ey =[G 5, = 2

L3(T)

Consequently, we obtain

‘<aw ’fp> ‘<CP5 VI+pfllx < CEP2 [ flly

which proves the lemma. ]

5 Numerical multi-scale patch method

We present in this section a multi-scale discrete patch method defined by the iterative patch procedure
and . To this aim, we introduce 7 and 7% two non-degenerated, non-overlapping triangulations
which are being respectively the polygonal domain partitions of A and €. More precisely, 7 is a refined
mesh of A with maximal size equal to h and T is a relatively coarse mesh of Q with maximal size H.
Furthermore, 7% is taken conformal to the boundary of A for simplicity. In order to approximate u” and
w™, we first introduce the following finite element spaces:

VE = (v e Q) : for all K triangle of T, VK € PH(K), YUrp = 0} C Vo,

WEE {v e C°(Q) : for all K triangle of T2, VK € PH(K), =0} C Wp.

Yo
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1 n—1

We assume also that the first terms of the discrete procedure satisfy w, = = u;{l = 0. Hence for any w),
and u’}fl given, n > 0, we first solve the following macro problem on 7

find ul; € V[{{ such that for all vy € V(I]LI ,

/amVu"H-Vdex:/vadx+/ hvg dS
Q Q I'n (5.1)
—/ (af — o)Vl - Vo do — / aVwy ™! Vg da,

Qp A

and then we solve the following micro problem on 7TA:

find w € W such that for all v, € W},

5.2
/anZ - Vopdx = / fopda — / aVul - Vupde. (5:2)
A A A

From a numerical viewpoint, the micro and macro coupling terms in (5.1) and (5.2) are computed by
using Gauss-quadrature formulas on the macro and micro meshes, respectively. Clearly, the solution
wzfl to the micro problem ([5.2) (resp. uY; to the macro problem (5.1f)) is implicitly employed in the

macro problem (5.1)) (resp. the micro problem (5.2)) through its orthogonal projection onto the space

VI (vesp. W) with respect to the scalar product (-, )44 (more rigorously by the scalar product induced
by approximate integration). Let uj o u'y +wy. The reader may notice that uj,; is an approximate
solution of u (see (2.4))) on the nth iteration. We denote by 7 a regular mesh with a maximal size Ay
be conformal to both boundaries A and I'*. The reference solution u,ef, used later on in the numerical

simulations, is the solution to the discrete variational formulation:
find u € Vél ref guch that for all v € V(}f ref)

/ oszu-Vvd:U+/ afVu-Vvdx:/fvdw—l—/ hvds.
m Q Q I'x

Assume that wy and u% converge to wy, and uy, respectively, as n tends to co. It follows by adding

and that

(5.3)

/ aV(ug +wp) - V(vg +vp)de = / flog +vp)dz + / h(vyg + vp)dS,
Q Q r

N

for all vy € V({{ and all v, € W(}} which means that upg = ug + wy, is the best approximation to the
solution on V({{ + Wg.

6 Numerical examples

Let Q@ = (=L,L) x (=L, L) with L = 10. We assume that the boundary I' is split into two distinct
parts, namely, Dirichlet and Neumann boundaries denoted by I'p = (—=L,L) x {—L} U (—L,L) x {L}
and 'y = {—L} x (=L,L) U{L} x (—L, L), respectively, where homogeneous conditions are prescribed.
Furthermore, we suppose that the inclusion is a disk of center (3,2) and radius € (see Figure , while
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the patch domain is a square A = (3 —1,3+1) x (2 —1,241). We choose the volumetric source term f
equal to 10 cos({F x) cosh(5%). Note that the reference solution (see Figure is calculated on the
reference mesh 77 (see Figure while all the numerical simulations are performed by using a macro
mesh 72, which is conformal to the patch boundary dA.

I'p

F€
O\ 1y

()

I'p

Figure 2: A simple square domain containing an inclusion and a patch.

6.1 Convergence of the iterations

6.1.1 Convergence of the iterations with a single mesh for the reference, micro and macro
models

Our goal consists in this section to test the convergence of the iterations without the influence of the
difference between the meshes (and the corresponding projections) of macro and micro problems by using
the same mesh for the three problems, although this situation is not really of practical interest. When the
convergence occurs and since VI + Wi = VI = Vg ref | the iterations should converge toward the reference
solution up to machine precision

We consider, in the numerical simulations, several values of the contrast between v, and oy and for
h=H = hyt = 4L—0. We illustrate the contrast impact between o, and oy on the solution by plotting the
difference between the solutions associated to the reference model u,ef and the macro model (see Figures
and . Recall that u(}l is the discrete solution of without any inclusion.

The relative error rate in the H!(€2)-norm between wu,es and ully is plotted in Figure |5 according
to the variation of the iterations number n. We observe that the iterative procedure converges within
few iterations. Since the convergence occurs for all tested contrast values, the results obtained by the
numerical simulations are much better than expected by the theoretical results presented in Section
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Figure 5: The relative error in H!(Q2)-norm for different values of contrast (between ., and ay = 100)
and with the same mesh for the reference, micro and macro model (h = H = hyef = %).

6.1.2 Convergence of the iterations with non-matching meshes

In order to highlight the influence of the difference of meshes on micro and macro problems, we consider
now three independent meshes. The reference solution is computed by using an adaptive mesh, where the

maximuin size near the inclusion is set as hper = 66—0, while in the remaining domain it is %. Furthermore,
meshes are generated for the micro and macro models, having maximal sizes h = 155 and H = %,

respectively. Note that the mesh for the macro model is non-conformal to the inclusion boundary 0€2;.

We observe that if o, satisfies a,,, > 15, the iterative procedure converges quickly for the H' (€2)-norm
(see Figure @ The relative error in the H(Q)-norm is much more important compared to the case where
the same mesh is used for the three models. While in the case where a.;, < 15, the error decreases during
the first iterations, but the procedure finally diverges. Consequently, this scenario is less advantageous
than the one involving identical meshes and aligns more closely with the theoretical outcomes presented
in Section 3.2. which predict convergence for not too high contrast or for a sufficiently small inclusion.
However, in both cases, the error resulting from halting after the second iteration is quite low.

Finally, we might note that the iterations convergence in the case where o, < 15 can be recovered
by a refinement of the patch mesh (see Figure , i.e. by taking the micro mesh size h sufficiently small.

Here we choose H = 4L—0, am =1 and ay = 100.

6.2 A relaxation method to recover the convergence

As an alternative approach to the refinement of the patch mesh, we propose below a relaxation method
in the case of a high contrast.

Since Problem corresponds to a descent method on the potential energy associated to the system
in the direction wj, it does not alter the iteration convergence. The non-convergence for high contrast
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[|uhy = Ured |3 ()

0 101

o1 %

1

Figure 6: The relative error in H!(£2)-norm with respect to the variation of the number of iteration n
for different values of contrast between o, and oy = 100, non-matching meshes (h = ﬁLO, H = %) and a

non-conformal macro mesh with the inclusion 02 I

”UEH = Uref]|H1(0)
— [y
o (e}
L1

-
9
(&2}

Figure 7: The relative error in H!(Q)-norm with respect to the variation of the number of iteration n for
different values of micro-mesh size (with oy, = 10 and a; = 100), non-matching meshes (H = %) and a

= 40
non-conformal macro mesh with the inclusion 02 I

"1 in (5.1). This term follows the asymptotic expansion and ensures that

values arises from the term u’;
u%, is the solution without the inclusion. Furthermore, wg is close to the first corrector of the asymptotic
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expansion and globally u%; is a smooth solution which does not take into account the local variations
across the interface between the matrix and the inclusion which is handled by wj'. To lower the influence
of this term on the convergence, we propose to introduce a relaxation keeping u(}{ and wg unchanged and,
for g € (0,1) a relaxation coefficient, to modify from the second iteration as follows:

e denoting now @} a solution to (5.1)) for n > 1 and taking u% = Buf, + (1 — B)uf;  instead u'y.
e the remaining is unchanged, in particular, wj is still a solution to (5.2)).

Note that this relaxation method is applied only to the step and, thus, it slightly differs from the
relaxation method proposed in [21I]. Looking at Figure [8] it is clear that with a sufficiently low relax-
ation coefficient (specifically, 8 < 0.05 in this scenario), our iterative approach can recover convergence
even under high-contrast conditions (with a,,, = 1 and ay = 100). However, the cost of this restored
convergence is an elevation in the requisite number of iterations for achieving convergence.

10-14 —— B=0.01
B=0.05
» —— B=0.1
@10 —— B=0.5
é —— B:]_
L1073
[
=10"*
1073
100 101 102 103
n+1

Figure 8: The relative error in H!(Q)-norm with respect to the variation of the number of iteration n for
different values of the relaxation coefficient (with a,, =1 and ay = 100), non-matching meshes (h = 1L70,

H = %) and a non-conformal macro mesh with the inclusion 0€;.

6.3 Influence of the size of the patch

In this section the reference solution is calculated by using an adaptive mesh with a maximal size hef
equal to 6—80 in the inclusion vicinity and % in the remained domain. In order to study the effect of the
patch domain size on the accuracy of the obtained solution by the multi-scale patch strategy, we plot in
Figure |§| the relative error in L2(Q) and H!(Q) norms according to the patch characteristic parameter

p with h = %, H = 4% and a non-conformal mesh with the boundary 9€Q; for the macro model. As
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Figure 9: The relative error in L2(Q) and H!(Q) norms for the first and last iteration of the iterative
method with respect to the patch characteristic parameter p with h = %, H = 4% and a non-conformal
mesh with the macro model boundary 0€2;.

expected, we observe that the relative error between ul and wuyes, decreases in both L?(Q) and H!()
norms, when the patch size increase (see the Figure . Note that the convergence rate of order 1
in H!(Q)-norm given by the theoretical estimate is not fully reached for large value of p. This
corresponds to patch sizes close to the inclusion size for which there is probably some side effects. On
the other hand, the relative errors between uyz and e, in both L2(Q) and H'(Q) norms, remain almost
constant when the patch size varies (see the Figure . Consequently, we conclude that the choice
of a relatively small patch can be compensated by using an adequate iterations number of the proposed
method.

6.4 Influence of the inclusion size

In this section, the reference mesh (resp. the micro mesh) is conformal to circles with radius e = 1.5, €5 =
1,e3 = 0.5, and €4 = 0.25. The maximum size of the reference mesh (resp. the micro mesh) near each
circle i (1 < ¢ < 4) is hyer = €;/40 (resp. h = ¢;/20), while in the remaining domain, it is equal to
L/80 (resp. L/40). The macro mesh is non-conformal to the inclusion boundary 0§2y and possesses a
maximum size H equal to L/40. In order to study the effect of the inclusion size on the solution accuracy,
we first plot in Figure [10| the variation of the relative error in L2(£2) and H'(2) norms according to the
size of the inclusion. We observe that the relative error between 9 ; and uyf, in both L?(2) and H(Q)
norms, decreases when the size of the inclusion decreases (see Figure [10(a))). The convergence rate are
approximately of order 2 for both L2(Q) and H! () relative error norms. Such a convergence rate confirms
the result in . Furthermore, the Figure shows that the relative error between upr and uyer, in
both L2(2) and H!(Q2) norms, also decreases being several order of magnitude smaller than for the first
iteration. However, a certain saturation of the error can be observed, probably due to the difference in
element sizes between the reference mesh and the macro and micro meshes. We plot on the Figure|11|the
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Figure 10: The relative error in L?(2) and H!(Q) norms according to the size of the inclusion ¢ with a
non-conformal mesh with the macro model boundary 9€2y.

relative error in H*(2) norm according to the number of iterations n for three values of & with a,, = 5,
af = 100, hyet = ﬁ, h=q4, H= 4—L0 and a non-conformal mesh with the boundary 0€2; for the macro
model. We observe that the iterative method diverges when € = 1 but it converges for a smaller value of

€, specifically € < 0.5, confirming the outcome stated in the Proposition

[luhy = Urerl |HY@)
[N [
()] o
L 3

—_
9
(&2}

100 10!
n+1

Figure 11: Evolution through iterations of the relative error in H!(Q)-norms for three inclusion sizes.
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Conclusion

We presented in this work an iterative patch method for a problem with a small inhomogeneity. The
main interest of this method is that it starts from the problem without inclusion, which allows to use a
standard code to compute the large scale solution without meshing the inclusion. The method build a
local corrector on a patch surrounding the inclusion leading to a robust solution as long as the inclusion is
small enough (or the contrast between the coefficient is small enough) and the patch is sufficiently large.
Furthermore, an iterative procedure allows to converge to the best finite element approximation, at least
for a small inclusion or contrast as well.

We obtained some theoretical results for the iterations convergence of our patch method and we
established some convergence order with respect to the inclusion and patch sizes. These results, together
with the presented numerical examples, indicate that the first iteration corrector allows to improve the
solution in all the cases. This means that is many cases, no supplementary iteration is necessary to get
an accurate approximation.

The numerical examples highlight that the numerical multi-scale patching method convergence is not
ensured for high value of the contrast of stiffnesses in accordance with our theoretical results. For an
unclear reason, this limitation is not noted in the numerical results when the meshes for the micro and
macro problems are the same (which of course does not really correspond to a situation in agreement
with the objectives of the proposed method), and also when the mesh for the micro problem is sufficiently
refined. We proposed then a relaxation method to recover the convergence for arbitrary meshes.

Some natural perspectives for further work are extensions to the nonlinear case of finite deformation
problems and to the case of multiple inclusions.
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