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Abstract. The Dual Characteristic-Galerkin method (DCGM) is conservative, precise and experimentally
positive. We present the method and prove convergence and L2-stability in the case of Neumann boundary
conditions. In a 2D numerical finite element setting (FEM), the method is compared to Primal Characteristic-
Galerkin (PCGM), Streamline upwinding (SUPG), the Dual Discontinuous Galerkin method (DDG) and
centered FEM without upwinding. DCGM is difficult to implement numerically but, in the numerical context
of this note, it is far superior to all others.

Résumé. La méthode Dual Characteristic-Galerkin (DCGM) est conservative, précise et expérimentalement
positive. Nous prouvons la convergence et la stabilité L2. Dans le cadre numérique des méthodes d’éléments
finis (FEM) en 2D, la méthode est comparée a la méthode Primal Characteristic-Galerkin (PCGM), au
Streamline upwinding (SUPG), ala méthode Dual Discontinuous Galerkin (DDG) et a une discretisation FEM
sans décentrage. La méthode DCGM est difficile a mettre en ceuvre numériquement, mais elle est de loin
supérieure a toutes les autres dans le cadre étudié dans cette note.

2020 Mathematics Subject Classification. : 35Q35, 65M06, 65M15, 65M25, 65M60.

This article is a draft (not yet accepted!)

Introduction

A good numerical method for the convection-diffusion equation is important in itself but it is
also a test bed for more complex systems such as the Navier-Stokes equations. A finite element
method (FEM) combined with a first or second order implicit in time discretization without
upwinding works only if a CFL condition is satisfied, a severe constraint if the viscous coefficient
is small (the method is also known as Arakawa’s scheme in meteorology [7]). Hence in the eighties
a number of upwinding schemes have been proposed in particular by K. Baba et al [9], J.-P.
Benque et al [1] T.J.R. Hughes [6] and O. Pironneau [11]. Later, in the nineties Finite Volume
methods and Discontinuous Galerkin methods were proposed for non-solenoidal convective
velocities (see for example A. Ern et al [3].)

Recently we were faced with the problem of finding a good method for the computation of
the probability density of a process via the Kolmogorov forward equation. Here positivity and
conservativity are essential. A more subjective criteria is the numerical diffusivity. It became an
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2 Frédéric Hecht and Olivier Pironneau

opportunity to review the state of the art forty years after the above mentioned methods were
proposed, what R. Glowinski would call a rear-guard battle. Nevertheless, the following methods
are popular:

¢ The Primal Characteristic-Galerkin method (PCGM) proposed in [11] is very precise but
known to diverge in some cases when the viscosity is zero [14] and it is not conservative.
It is convergent when mass-lumping is used [12] but then it is too diffusive.

¢ The Dual Characteristic-Galerkin method (DCGM) proposed in [1] by J.P. Benque et al.
was never shown to converge except possibly when the initial and convected triangula-
tions are intersected.

e TJ.R. Hughes’ streamline upwinding method (SUPG) [6], also called Galerkin Least-
square upwinding [8], easy to implement, conservative and convergent but numerically
diffusive, even when the upwinding parameter is tuned to the problem.

In the present note we study the DCGM with numerical quadrature for the nonlinear integral,
prove that it is conservative, L?-stable and convergent when the diffusion coefficient v is not zero.
Proposition 5, below, shows that the method is O(h + h2/5t) when v > h2/6t; 5t is the time step
and £ is the size of the edges of the triangulation.

The numerical section shows the superiority of DCGM over all 4 above cited methods. But
DCGM is difficult to program. Indeed it is hard (but not computer intensive) to find in which
element of the triangulation lies a given point, a well known problem of computational geometry
[13].

Note also that the paper analyzes only the case of homogeneous Neumann condition. It
ends with a numerical test with non-homogenous Dirichlet conditions for the Navier-Stokes
equations, but the error analysis does not apply and it seems that it is numerically sensitive to
the choice of the time step.

1. The Dual Characteristic-Galerkin Method

Given a real parameter v > 0, a bounded open set Q of R%, d = 2,3, a smooth velocity field
a: Qx(0,T) — R? and an initial condition u° : R — R, we wish to find u: Q x (0, T) — R such
that, at all time ¢ € (0, T),

o;u+a-Vu—vAu=0, u(0)=u°inQ, 0nu=0o0noQ. (@))]

Let a be the extension of a by zero outside Q. Define: 7(f) = a((1)), 7(0) =xand 5* (x) = 9(+61).
Recall that

orux, ) +akx) - -Vux, t) = lim i[u(x, H-um x),t-061)].
5t—00t

We assume that V-a = 0 and a-n = 0 at the boundary I' := 0Q, so that p* (Q) = Q and detVn* = 1.
Hence two variational formulations of the problem discretized in time are feasible,

1
f(E(u"a—u"*on*a)+vvu"~va)=o Vite H'(Q), (Primal form),

(%(u”ﬁ—un_l12011+)+VVu”-Vﬁ)=0 Vite H'(Q), (Dual form). @)
Q

We have used n* (n~ (X)) = x and,

ff(x)g(ﬂ_(x))=f g(Y)f(ﬂ+(Y))/detV1]_(Y)=f g fm* ). 3)
Q 7~ (Q) Q
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A spatial discretization with the Finite Element Method (FEM) of the first line in (2) leads
to the Primal Characteristic-Galerkin method (PCGM); on the second line it leads to the Dual
Characteristic-Galerkin method (DCGM): finds u" € V}, such that

fg(uZﬁh+6thuZ-Vﬁh)=ZuZ‘l(£i)ﬁh(1}i)wi, Y, €V, 4)

iel

where,

« Qis polygonal so as to be covered by a triangulation Uy T*.

« The points {&/};c; and positive weights {w'};c; define a quadrature rule which must be
exact at least for continuous piecewise-P? functions on the triangulation. We assume
that the quadrature is defined on triangles so as to write

Y fEHe' =Y Y fEHoL, I=url(Th. 5)
iel k iel(Tk)
Example 1. In 2D one may choose the quadrature points at the mid edges and w;; = %,
but more precise formulae are permitted.
« 7' € Qis an approximation of 5* with |p’ — 5% (&)| < C5%. For example
Nl X =x+aX)5t+ gétza(x) -Vax), o=0orl, 7'= n;(fi). (6)

e V4 is the P! continuous finite element space.

Proposition 2. DCGM conserves mass in the sense that
n 0
u,=1| u,, vn.
Joi=J,

Proof: Simply replace i, by 1 in the scheme.

Proposition 3. Assume that the triangulation is regular, in the sense of [2](p131) , i.e. for all
triangles, the ratio of largest edge to the radius of the inscribed circle is bounded independently
of h.Then DCGM is stable:

hZ
2 -1
luyllvsr < |1+ |detAlo¢ +C7 lup ™ llvee

1
where || V|ys¢ = (| U|% +0tv|V vlg) 2, C is a generic constant and h is the length of the longest edges
in the triangulation.

Proof: The proof is given in 2D with the quadrature at the mid-edges (Example 1) and scheme
(6).

The discrete Cauchy-Schwarz inequality applied to the right hand-side of (4) combined with
the choice i, = uj in (4), leads to

1 1 1

3 3 2
lull?s, < (Z up ! (z’)zw‘) (Z uj, (n’)zw’) < lup s (Z u;:ml)zw’) , (7)

iel iel iel
because the quadrature is exact for (uZ‘l)2 and because IuZ‘1 lo < I uﬁ‘l lvs¢ - The map & — UME3)
defined by (6) transforms a triangle T* of the triangulation into 7% and {5}, '} ; is a quadrature
rule which is almost exact on P2 functions of T*. We will show that, for some C,
. . h?
Y Y umHels (1+C(—+6r2))||u,’;||2 8)
k ier(rk)

v vot:
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4 Frédéric Hecht and Olivier Pironneau

Proof of (8) in the linear case

Assume that a is linear in x = (x, y) T with V-a =0, and consider the case ¢ =0 in (6),

0
oy _ ay Oxarx+0ya1y| o
7" (X)=x+0tax) =x+0t ag +0t 3 arx—0dyayy =n,X).

It is not quite an isometry because detV(x+adt) =1 - [(axal)2 + 6ya16xa2]6t2.

Consider the quadrature at the mid edges with weight w; = %IT k|, the area of T*. A triangle
(q',q%,q®) is transformed by " into the triangle (§',§?, §®) with

qf = qj +6ta’ +(5t(Va)qu.
Obviously a mid edge %(qf1 +q/2) of T* is mapped into a mid edge of T*. Therefore, the only
error is due to the variation of the area of the triangle: | Tk =detV(x+ 6 ra)| T¥|. Indeed, as uZ(n+)
is affine on T* and because of (3),
Y upm? el =(upon)?ly px = (1 - 61*detVa)|ujly r+,
iel(Tk)

because the quadrature is exact for P2 functions; | flo,r is the integral of f on T.
Proofin the general case

Consider a triangle T* and a Taylor expansion of a about x°, the center of T*,
1
ax)=ag+Ax—-x°) + 5(x—x") ®(x—x°): D).
With scheme (6), for some bounded function ¥,
1
n,x =x+ 6t(a0 +Ax-x0) + E(x—xo) ®x-x):dx)
o 2.0 _ 0. _ 0 )
+25t(éa0+é x-x)+a®x—x):PX+xX-x)®xX—-X )‘I’(é,g,vg)
It is of the form
Nh@) =1, +5tx-x")® x-x°):¥; where 7;x) :=x+5t@ +A,x-x"),
and where a;,A,, ¥, are lafﬁne in .6 t. ‘ . o
Recall the notation 5’ := 113, (¢") and let 17} := ,(¢"). The segment [n},n'] cuts a finite number
of edges of the triangulation. Let these intersections be { j.}{_l. With the convention that & (i) = nlé
and f; =7, we can write
upm? —up@p? = Y (&, )? - upEn?.
0<j<j-1
Each term is continuously differentiable, so the following Taylor expansion is valid,
up, ()2~ (7% = 20<]~Z<H uj ;) - Vi 0j) (6. = &) < 2maxluf o) - Vu 0 I’ =)

i

i i
where X; € [Ej, I

]. Let xfw = argmax; Iu;;(xj.) . Vu7 (x;'.)l. Then we have found xjw € [ni,nil such
that, . _ . _ o
wy " < gy () + 2| (),) - Val ()1 ' =3
By hypothesis V-a = 0, so A is as above . Hence, x — 1);(x) being affine (see (7)), ¥ ¢+, u] (1) ?w},
is bounded by (1 - detélé‘tz)lu;flgjk. Now |’ —n}| =61 —x%) ® (&' —x%): W], s,
Y uhm)wp< (1 -detd; 5t upl2 o+ BP6H Wil Y, 2lup X)) - Vup ()0
ieI(Tk) ' ieI(T¥)
A discrete Cauchy-Schwarz inequality leads to,

. . . ) 1 . .
2l b1V (i) < uf (3% + 1V )P < (e 2+ vo eV )P .

C. R. Mathématique — Draft, 13th December 2023
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At the cost of a multiplicative constant we may replace x}, by &/(¥), the nearest quadrature point
in the triangle of x}w and obtain,

. . . C c
Y Y 2ed) Vupsiplop s —= 3 Y (un @O +varvun @D P)of = - iy,
T ierrk vot g e ToTk

iel(Tk) i€I(T")

The lastinequality holds for a regular triangulation because each quadrature point occurs at most
N times, finite, and the a)’ differs from w k( D at most by the ratio R of areas of triangles:

Y (uZ(fj(”)Z+v6t|VuZ(Ef‘”)|2)a)§cs Y max ]ﬁ) (uz(fj(i))z+V§t|vuz(£j(i))|2)wi(i)
k,ieI(T¥) k,ieI(T¥) O
<RN Y (up&)?+vorvur @il
k,ieI(TF)

In the end,

h
>y uh(n’) wk_(1+|detA|6t +C—)|Iuh||w5t
k ie1(Tk)

This proves (8) and completes the proof of Proposition 3.

1.1. Error Estimates

Letull e H 1(Q) be the solution of the continuous problem (1) discretized in time and with the
same 1, as in the discrete case; then let u/, € Vj, be the projection of ;] in the sense that

f(uZﬁ+v6tVu£‘VL2)=Lu£’_1-aon;, Viie HY(Q),,
(uZhah+v6tVuZhVﬁh)=f(ué‘ﬂh+v6tVu;‘V12h) Vi, € Vy. 9
Q Q

Lemma 4. Lete;l’ =u- u;’h defined by (9). Then,

h
2 hz 2 1,2 2 1
||e;;||véts(1+6(7+6t ))nez‘ 125, + CHlEr v (10)

Proof
Let Q be the quadrature (5),

Qo w) =Y vEHwEHe' =Y Quv,w), Quww) = Y vEHwEHwt.

i€l k iel(Tk)
Then Vii, € Vy,
[ (epan+sevves Vi) = Qata ™ anon - [t on
n

=Qale} !, dpom}) + Quu’; ,ﬂhonZ)—fQue‘l‘ﬂhonZ

Consequently
ez, = Qg(eZ‘l,eh‘ °1,)
+Qot —ul el on)
+Qa(uy ™" el <>11a)—fQ ¢ ey oy,

A discrete Schwartz inequality is applied to the first term on the right and then (8),
1 - h? -
Qalel L ertonh) < (1 +C( +6r2)) lert112,

C. R. Mathématique — Draft, 13th December 2023



6 Frédéric Hecht and Olivier Pironneau

The second term is handled in the same way,
h? _ _ -
Qo' —ul el o) < (1 +C(— +6t2)) lep M lvse - luly, " = ul = o
hZ
<Ch? (1 +C; +5t2)) ler  vee-

Finally the third term is bounded by the quadrature error on 7* for u?~'o (n*)71,

Qo e tonh) - fg ul tef ot =+ COAYRP I u) o) s ler v

Let us gather the pieces
h? _ -
lep2s, < 1+ C(— +6t2)) ler 125, + Ch* 1€} vs: an
Proposition 5.
h? h? "
||€Z“v§t5(”€(;]l”v6t+c_) (1+C(—+5l‘2)) . (12)
ot v
Proof

Recurrence (10) is of the type

12 . .
with & = [l€} o1, B = Ch?and a = C(hT +612). Tt is rewritten as

n-1
n n-1 € n-1 n-1
E —€ Sm(af) +ﬁ)S(X€ +ﬁ
n-1 n
; 1+a)* -1
= £"S£O(I+a)”+Ch2Z(1+a)]sgo(l+a)”+;(?h2.

j=0
The result derives from the fact that n < T/6tand (1 +a)" -1 < na(l + )" L.

Remark 6. Notice that the sequence is closed to the solution of the ODE in time &’ = ﬁ (ae+P),

e(n+ g = (e(0) + g) exp(t%), approximated by £(#) = €(0)(1 + t%) + t% hen h? << vét,
because then 37 << 1. So, at best, a tighter argument will only improve the constants in (12).

Remark 7. To derive the total error from €}, is standard. The time discretization being first order

it produces and extra O(dt) term , so the total error is of order ¢ + hTZ, provided h? < v&t. Notice
that here too, as for Primal Characterisic-Galerkin methods, ¢t should not be chosen too small.

2. Numerical Tests

2.1. The Rotating Gaussian Bell

Apointx® = x?,x9)” convected by a(x) = (—xp,x;)” is in fact rotated at time 7 to x°(r) = (x{ cos 7 +
0 0

X, sin#,—x; sinf + x(z) cost)T. Consider
_rix=xn?
e 1+4vrt

1= T (9

It verifies (1) and 0, ue = 0 if r is large and v is small.

C. R. Mathématique — Draft, 13th December 2023
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A Delaunay-Voronoi mesh generator is used for the triangulations of the unit circle. We tested
3 meshes with 926, 3601 and 14071 vertices, corresponding respectively to N = 100, 200 and 400
boundary vertices. The corresponding number of time steps chosen are 33, 66 and 133.

The other parameters are x(l) =0.35, x(z) =0,T=2r,v=10"*0r0.01, r = 10.

2.2. Convergence Study

In this section v = 1074

The differential equation is discretized by (6) with o = 1. V}, is constructed with the linear
continuous triangular finite element method and the nonlinear integral is approximated with
the mid-edges as quadrature points of Example 1 or a 9-points quadrature per triangle [4].

Figure 1 shows the convergence rate and Figure 2 shows the Gaussian bell after one turn. It is
difficult to see the difference with the exact solution.

A discontinuous function is subject to the rotating field to test the robustness with respect to
discontinuity. Results are on Figure 3. Finally, as shown by Figure 4 u; need not be zero at the
boundary. Figures 2, 3 and 4 have been computed with N = 200. Table 1 shows the positivity and
conservativity of the method.

——9ptquad
—— 3 ptquad
soeeee @ITOI~ B
1072 E
5 L ]
$ . .
(\’L] |- -
1073 ]
: | | | | :
102 1022 1024 1026
Number of vertices Figure 2. Gaussian Bell after one
turn and exact solution. The level
Figure 1. Plot (log-log scales) of L? lines of both surfaces are very near to
error versus vertices number and ef- each others. Level lines values are as
fect of quadratures on the precision. in Fig. 3.

Table 1. Positivity, Conservativity and Convergence

N min uy, maxuh‘ Jo un ‘ L?-error

100 || -1.13689e-08 | 0.643741 | 0.156945 | 0.0112869

200 1.94281e-11 | 0.664612 | 0.156998 | 0.00282539

400 1.94281e-11 | 0.665645 | 0.156962 | 0.000763338
Exact || 1.94281e-11 | 0.665268 | 0.156965 0

C. R. Mathématique — Draft, 13th December 2023
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Iso¥alue
ml.
mY.
ml.
| |*8
mly.
ml.
ml.
my.
21:06733
Figure 4. Gaussian bell
Figure 3. u° = 1(x—03)2+y2<0.15and u}{ af- crossing the boundary, be-
ter one turn. Notice there is almost no os- cause initially xp = 0.5, after
cillation and no numerical diffusion. one turn and exact solution.

3. Comparison with other methods

In this section v = 0.01 and by default N = 200.
We ran the same tests with 4 other popular methods: PCGM [11], SUPG [6], DDG [3] and no
upwinding [7]. Streamline Upwinding Galerkin (SUPG) reads:
n-1

uZ‘”h n
f(—+a-Vu)(wh+aa-th)+fvVuh-th:O
Q ot Q

for all wy, € V3,; @ = 0.3 in the numerical test.
With homogeneous Dirichlet conditions the Dual Discontinuous-Galerkin (DDG) methods is:

u —y1 1
f((u +a-VuZ)wh+vvun'VWh)+f Wh(a|n'a|__n'a)[u;zl]:0
Q ot h E 2

for all wy, € Vj; @ = 0.5 in the numerical test. Here E is the set of inner edges and [b] is the jump
of b across an edge of E.
Finally the centered method which keeps the convective terms as is

un_un—l
h h n n —
.[Q((—5t +a-Vu )wp+vVu, -Vwp) =0 Ywye V.

A CFL condition 6t < c(v) h? is necessary for stability, so the method is not viable for small v.

Figure 5 shows the horizontal cross sections of the Gaussian bell in the x direction after one
turn for all 5 methods. Obviously PCGM and DCGM perform better, with the advantage that
DCGM is convervative and convergence is proved. The level lines of the Gaussian bell after one
turn are shown on Figures 6, 7, 8 and 10 and the positivity and conservativity on Table 2. Finally
the convergence rates are shown in Figure 9.

4. Application to the Kolmogorov Equation for Heston’s Model

Let E[f] be the expected value of a random f. In quantitative finance Heston’s model [5] is,

dX; = X (rdt+/Y,dW}), dY;=«x(0-Y)dt+A/Y,dW?,
EldW!dW?] = p, Xo =N(u,0), Yo=N',0"). (14)

C. R. Mathématique — Draft, 13th December 2023
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- -- Centered
Exact

0.6

0.4

0.2

— PCGM — PCGM
— DCGM — DCGM
SUPG 0.6 SUPG
DDG DDG
- -- Centered - -- Centered
Exact 0.4 Exact
-4 02F B
i ok 4
Il Il Il Il Il Il Il Il Il Il

Figure 5. Plot of x — uy(x,0) computed by the 5 methods, at N = 100 (left), N = 200

(middle) and N =400 (right) .

Figure 6. Bell com-
puted with N = 100
and with PCGM after
one turn and exact so-
lution (level lines are
essentially on top of
each other).

Bell com-
puted with N = 100
and with SUPG after
one turn and exact
solution. Phase error,
flatness error and max-
imum error are visible.

Figure 7.

Figure 8. Bell com-
puted with N = 100
and with DDG ele-
ments after one turn
and exact solution.
Phase, flatness and
error are

maximum
visible.

e,

107!

--- |-~ Centered
~-— --- error~h

1072

L?-error

107

Il Il
1022 1024
N, the number of boundary points

1 1
102 102.6

Figure 9. Plot (log-log scales) of I?
error versus N. Both characteristic
methods are equally precise and the
other methods (SUPG, DDG, no up-
wding) are equally coarse.
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Figure 10. Bell computed with N =
100 and with the centered FEM (i.e.
without upwinding). There are ten
times more time steps to perform
a turn. Phase error, maximum error
and flatness error are visible.



10 Frédéric Hecht and Olivier Pironneau

Table 2. Comparison of the methods at N=200 after one turn.

Method min uy, max uy, Jo un L?-error
u. intorpolated || 1.94281e-11 | 0.66339 | 0.156984
PCGM 1.94281e-11 | 0.662813 | 0.156777 | 0.00277886
DCGM 1.94281e-11 | 0.664612 | 0.156998 | 0.00282539
SUPG 1.94281e-11 | 0.40193 | 0.157103 | 0.0893023
DDG 2.27941e-06 | 0.448727 | 0.157102 | 0.0847009
Centered 1.94281e-11 | 0.400491 | 0.157099 | 0.0894042

It is popular to set the (undiscounted) price of a “Put" to be Py = E(K — X7)" at time T where K
is the “strike". Here the random process t — {X;, Y;} is driven by its initial conditions {Xj, Yo} and
the two normal Brownian motions t — Wti, i = 1,2 with correlation p. The initial conditions are
Gaussian random variables of means y, u’ and standard deviations o,0’. The parameters r,«,0
and A are positive real numbers. Kolmogorov’s theorem gives the PDF u € L2(R?) of {X;, Y;}: for
all {x,y, 1} e R2 x (0, T),
x%y Axy
( Axy A%y

where G is the Gaussian curve. Then Pr = fRz (K — x)+ur(x,y). Computing Pt for large T is a
challenge because it is essential to keep having fRz u;=1forall tand u(x,y) =0forallx=0,y = 0.

Wecomputed uratT = 10w1thDCGMwhenr—003 K=75u=50,x=2,0=0.1,1=0.2,
o =-0.5, 4 =0.75, 0 = 10, 0’ = 0.1. The results are in Figure 11 after 1500 time iterations and a
mesh of 150 x 150 vertices. No negative values are observed and by construction f"ﬁ u=1.

rxu

atu+V- K(O—y)u —

2) =0, =0 = GG (1), (15)

Iso)alue

Figure 11. The level lines of the PDF of Heston’s model at time T=10.

5. Non Homogeneous Dirichlet Conditions

Equation (3) is wrong when a- n|r # 0. To compensate with the fact that 7 (Q) # Q, a correction
must be added (resp. subtracted) outside (resp. inside) I' if a- n|r is negative (reps. positive). For
Dirichlet conditions u = ur, we propose to replace (4) by: find u — ur € Vo, such that

f (upipn+6tvVuy - Vi) —f Sta-nupiy, =) uZ‘l(Ei)ﬂh(ni)wi, Vi, € Von, (16)
Q r iel

This formulation was tested on the Navier-Stokes equations for the backward step problem,
using the P? — P! element. Results are on Figure 12. However the results are better without the

boundary integral on right, so something is afoot, the problem is open.
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Figure 12. Stationary solution of the Navier-Stokes equation at Reynold 50. The level lines
of the horizontal component of the fluid velocity are shown. The color scale is the same as
that of Figure 3. The size of the recirculation is 3 times the height of the step as expected [10].
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