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Abstract

We study the asymptotics, for small and large values, of the supremum of a product
of symmetric stable processes. We show in particular that the lower tail exponent
remains the same as for only one process, possibly up to some logarithmic terms.
The proof relies on a path construction of stable bridges using last sign changes.
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1 Introduction

Forn € N, let (Z M 1<i< n) be independent symmetric a-stable Lévy processes
with a € (0,2]. In this short note, we are interested in the study of the random variable

n

S, = sup HZ&Z‘).

0<u<1 =1

Except when n = 1, in which case the double Laplace transform of S; is classically given
by fluctuation theory (see for instance Bertoin [4, p.174]), it does not seem evident to
compute explicitly the law of S,,, and we shall rather study its asymptotics P (S, > z)
asz — +ooand P (S, <e)ase — 0.

Most of the paper is devoted to the computation of the limit as ¢ — 0, which is known
as a lower tail problem, see for instance [9]. By scaling, this problem is equivalent to
a persistence problem (see the surveys [1, 6]) and amounts to the study of the first
entrance time of the n-dimensional stable process (Z M 1<i< n) into the "hyperbolic"
domain H,, = {(z1,...,2,) € R", [, 2z > 1}:

1 n .
]P(Sngg):IP(Rn>—a) where Rn:inf{uzo,nzy>z1}.
En

i=1

There are several papers in the literature dealing with entrance and exit times of sym-
metric stable processes, mainly for three families of domains : cones and wedges
(Banuelos and Bogdan [2], Méndez-Hernandez [11]), parabolic domains (Bafiuelos and
Bogdan [3]) and unbounded convex domains (Méndez-Herndndez [10]). Here, since the
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On the supremum of products of symmetric stable processes

domain H,, is non-connected, not much is known regarding R,, and we shall tackle the
problem directly by working with S,,.

In the following, for any real functions f and g we will use the standard notation
f(z) < g(z) as © — +oo to express the fact that there exist two positive finite constants
k1 and ko such that k1 f(z) < g(z) < kaf(z) as z — +o0.

We start with the Brownian case, i.e. a = 2.

Theorem 1.1. Let (Z(), 1 <i < n) be independent Brownian motions.

1. Large deviations : there is the asymptotics

n
P| sup H fo) >r| = T exp (—Ex
0<u<1y 5 2

3o

) (x — +00)

2. Lower tail probability : there exist two constants 0 < k1 < ko < 400 such that

msﬁl?( sup HZ“ 5) < Kkoel|ln(e)|" (e = 0)

0<u<1

In the non-Gaussian stable case, the situation is different.

Theorem 1.2. Let (Z(i), 1 < i < n) be independent symmetric a-stable Lévy processes
with « € (0,2).

1. Large deviations : there is the asymptotics

( sup HZ(Z ) (hl(z# (x — +00)

0<u<1

2. Lower tail probability : there exist two constants 0 < k1 < ko < 400 such that

0<u<1

nlso‘/QS]P(sup HZ(Z)<€><I£ /2 |In(e)| (e —0)

The main part of the proof deals with the computation of an upper bound for the
lower tail probabilities. As can be seen, the exponent is the same as for only one process,
possibly up to logarithmic terms. Therefore, a simple approach would be to try to bound
the quantity S,, by H?Zl Zé? where 6, is the value at which one of the Lévy processes,
say Z(™, reach its maximum on [0, 1]. This yields of course two main difficulties.

1. First, the product of the other processes [])'_; Z) might not be positive. This can
be however easily circumvented thanks to Sleplan s inequality, since the processes
are symmetric.

2. The second difficulty is less obvious and is due to the arcsine law for stable pro-
cesses. There is a high probability that 6; will be close to 0, hence, although Z, (”)

(Z)

will be large, the remaining product H¢:1 will also be close to zero, thus not

providing us with a good upper bound.

The general idea of the proof will be to decompose the path of the processes (Z (i)) at
some last passage times and then use a time reversal argument, so as to find a value
not to close to the origin at which Z( is large enough.
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The presence of logarithmic terms in the upper bound of the lower tail probability
in the Brownian case is due to some additive phenomenons. Indeed, as suggested

above, our upper bound will involve expressions of the form sup Z" H 1Z"|. Then,

0<u<l1 =1
recalling the estimates (see Bertoin [4, p.219]):
P(|Z1| <¢e) ~ ke and IP( sup Zy Ss) ~ ce? (1.1)
e—0 Ogugl e—0

for some positive constants k and ¢, we see that when o < 2, the second asymptotics
will be the leading one, while for a = 2, they will be of the same order, and some
compensations will appear, see Lemma 2.1 below.

The outline of the paper is as follows : the large deviation results are proved in
Section 2, the lower tail probabilities in Section 3, and finally Section 4 provides the
proof of an intermediary lemma.

2 Large deviations

The proof of the large deviations result relies on the symmetry of the processes

(Z®), and on the fact that the asymptotics of both random variables |Z;| and sup Z,
0<u<1
are similar. Indeed, on the one hand, the lower bound is easily given by the use of

symmetry:
n ) 1 n .
P(S, > z) > P (H 7 > w) =5P (H 1217 > w) -
i=1

=1

On the other hand, still by symmetry,

n—1 n—1
P(S,>z)<P| su Z( ") su Z(l >z | +P | inf Z( ") inf Z(Z)>:L'
(Sn 2 2) < <0<ur<)1 0<sgl H 0<u<1 0<s<1

=1

n—1
:2]P<sup Z( sup HZZ)>$>

0<u<l1 0<s<1

<2"P (H sup Z(l) > ac) (by iteration).

i 10<u<1

It remains thus to compute the involved quantities in both cases.
(1aw) |Z1

e In the Brownian case, since sup Z, we deduce that the asymptotics of

0<u<1
S, is given by that of [];-, |Z£i)|. Its Mellin transform reads, for v > —1:

G 2\ % 1 "
E|[]1Z")" :(?) (F( ;”)) . (2.1)
=1

The converse mapping theorem, see Janson [8, Theorem 6.1], yields :

) iy _mg?
P (]:[|Z1 |€d:r> /dzx%Jroon e 2

i=1

for some positive constant «. The result then follows by integration, using the asymp-
totics of the incomplete Gamma function.
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e Next, when « € (0,2), it is known from Bertoin [4, p.221] that there exists k > 0
such that

2k
P(|Zi|>2) ~ —

z——+oo x

and IP( sup Z, > ac) ~ ﬁ (2.2)

0<u<l1 z—+oo ¥ ’
Point 1. of Theorem 1.2 is then consequence of the following lemma (see for instance
Lemma 2.2 in Profeta-Simon [12]):

Lemma 2.1. Let X and Y be two independent positive random variables satisfying the
asymptotics :

P>z = WO g . = R

z—+o00 Vid z—+00 ZH

where n,p € IN and v, u are positive constants such that 0 < v < u. Then it holds :

{z"’(ln(z))" ifv<p

277(In(2))" P+ ifv = pu. O

3 Lower tail probabilities

We now turn our attention to the lower tail estimates and start with some notations.
Let X be a symmetric stable process. We denote by P, the probability measure of X
when started from x € R, with the usual convention that P = Py. Let T be the first
time that X takes a negative value :

Ty = inf{t > 0, X, < 0}.

We recall from Bertoin [4, p.219] that since X is symmetric, there exists ¢ > 0 such that

(&
Py (Tp > t)tgm%. (3.1)

Finally, let us introduce the last change of sign of X before time ¢t > 0 :
ge=sup{0<u<t X, X, <0}.

This random time will be the key to the computation of the lower tail probabilities.

Remark 3.1. In the following, when applying the Markov property, X will always de-
note an independent copy of X. Besides, we shall use the notations ¢ and « to denote
positive constants that may change from line to line.

We first show that the asymptotics of the distribution of g; is similar to that of the
arcsine law.

Lemma 3.2. There exists a positive constant ¢ such that

P(gy € dr)/dr ~ —

C
r—0 r ’
Proof. We first have, using the symmetry of X and applying the Markov property with
re (0,1):
P(gp <r)=E [IAP|XT| (T\o >1 77")} .

By scaling, this is further equal to

~ [~ 1—r
Plgi<r)=E|Py(To>—=]]|-
<0 =5 [P (T 1)

ECP 23 (2018), paper 1. ecp.ejpecp.org
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Recall now from Doney-Savov [7] that under IP;, the random variable 7; admits a con-
tinuous density h satisfying h(z) ~ k z~3/2 for some constant x > 0. Therefore, dif-
zZ—r+00

ferentiating, we deduce that
1 1 1—r K o
P dr)/dr= =E | ——h| —— ~ — EX42
e anjar= 2| 2o ()| 2 e B 10
which is the announced result. O

3.1 Lower bound for the lower tail probabilities

Observe first that by scaling

PSS, <e)=P ( sup HZS) < 1)

uel0,e-a/n] iy

ZlP< o [120 <1 127 <0, sw g%gl)
ue|

0,e=/n] 5 iy 1<i<n € ™"
n n . .
=P | sup HZ&Z) <1, HZS) <0, sup g(?g <1
u€[0,1] =1 =1 1<i<n € ™

where the last equality follows from the fact that, by definition of the (g(i)), the product
[T, Z" remains negative after time 1. Applying the Markov property at time 1 and
then the scaling property, we obtain :

n =R ~i 1 n . ~(i 1
P(S, <e) > E H]P\Zf”\ <T(§) Z = — 1> 14| 2 E H]Pl <T(§) > W) HA]
i=1 en i=1 en|Z,"]
(3.2)
where A = sup Hfo) <1, HZfi) < 0} . From (3.1), there exists x > 0 such that
u€0,1] 59 i=1

for 6 > 0 small enough

5 [ 760 1 51295 ,
PUTY 2 a0 | Lt 120 acsy Z 0 120 1 s 501 gy
en|Zy7 |

Plugging this inequality in (3.2), we deduce that

P(S, <e)> k"2 E

II |z§“|“"‘]

n
H|Z£Z)|31{55|Z§”Ia<5}ﬂ"‘] %y FeT B
i=1

e—0
i=1
which gives the lower bound.

3.2 Upper bound for the lower tail probabilities

We assume in this section that n > 2, since the bounds are known to hold for n = 1.
Using the fact that the processes (Z(?)) all have the same law, we first write :

P(Sase)=nP ( sup [[ 259 <e, oi” > swp g§“> .

Oguglizl 1<i<n—1

where we have used that gli) =+ g%j ) a.s. fori # j since the (g(i)) are independent random
variables having a density. To simplify the notation, we shall remove the superscript (")
and denote
X =2z, g1 = g§") and & = sup g,gi).
1<i<n—1

ECP 23 (2018), paper 1. ecp.ejpecp.org
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This yields

n—1
P(S, <e¢) n]P( sup XUHZ(” <e ¢ >§1>
0<u<1 =1
n—1
<nlP sup XUHZ£Z)<5 g1 > &
0<u<gy i=1
n—1 ) n—1 )
~our o o 124 <o T 40 20,0026

where the last equality follows by symmetry since the time of the last change of sign of
X and of —X is the same. By scaling, we further obtain

1 n—1 n—1
Xur n ; 1
P(Sa<e) §2n/ IP< Subp S HZv(j) <6 ].__[Zf) >0,1>&1| g1 =7r|P(g €dr).
0 i=1 i=1 "

0<u<1 T

(3.3)
We set X (*9) for the a-stable bridge of length ¢ starting from = and ending at y. Notice
that when X is a Brownian motion, then g; coincides with the last zero of X before

X““,Ogugl) is a
N

standard Brownian bridge, independent of g;, see Bertoin-Pitman [5]. We shall extend
this result to the stable case in the following lemma, whose proof is postponed to the

end of the paper.

time 1, so that X, = 0 a.s. and it is well-known that the process (

Lemma 3.3. We set by convention Xy_— = X,. Conditionally on the event {Xf}a = a},

91
Xugi—
0<u<l1
1/a
91

is independent of g1 and has the same law as the stable bridge (Xffil’a), 0<u< 1).

the process

Remark 3.4. When dealing with stable Lévy processes Z, there exist several similar
results in the literature, for instance replacing g; by the last zero of Z before time 1
(assuming o > 1, see Bertoin [4, p.230, Theorem 12]), or replacing g; by the last time
that Z equals its minimum before time 1 (see Bertoin [4, p.230, Proposition 16]).

Let us denote by p(da, dr) the law of the pair (gfl/anl_, gl). Since the (Z()) are
quasi-left continuous and independent of X, we deduce from Lemma 3.3 that

400 pl n—1 n—1 )
P (S, <¢)<2n / / P < sup X2 rE [T 20 <e. [[ 20" 20, 1> &) p(da, dr)
0 0 i=1 i=1 )

0<u<l1
400 pl n—1 n—1
=2n / / P ( sup X(@10pa H 7z <e, H z9>0,1> &) p(da, dr)
0 0 0zuszl i=1 i=1 "
(3.4)

where the equality follows from the time-reversal property of stable bridges. We shall
now decompose the right-hand side of this inequality according as {a < 1} or {a > 1}.

3.2.1 The case {a <1}

We start with the term giving the main contribution :

n—1

1,1 _ n—1
ING) ;:/0 /0 P ( sup X(@10pa H 70 <e, H 7% >0, 1> Q) p(da, dr).

Osusl i=1 i=1

ECP 23 (2018), paper 1. ecp.ejpecp.org
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Let us denote by p; the density of the random variable X;, and recall that it is even, and
decreasing on (0,+oc). Taking the supremum only on [0, 1], and using the change of
measure formula for the stable bridge (see [4, p.229]), we get

1 1
€)§// 1P< sup X (@10 ‘HZ(” <e, HZ(”>0 1>§>p(da,dr)
0 JO

0<u<1/2 i i
p1 a+X1)
/ / ck Aulibs 251 wnol w1 p(da, dr)
{ sup (a+X.)re [] 29 <e, TI 29>o0, 1251}
0<u<1/2 i=1 i=1 v
0 n—1 ) n—1 )
/ / sup (a+ X,)re H Zfz_)u <eg, H Zfz) >0, 1>¢1 | p(da,dr).
1 0<u<1/2 i1 i1 "
(3.5)

We now study the integrand in (3.5). Recall that X admits the representation (B, ,u >
0) where B is a standard Brownian motion and 7 a stable subordinator with index
independent of B. Let us consider the conditional expectation :

AQ IO R——— )

P sup (a+ By, ra w <e .
<O<u<1/2( }_[1 1w 1<i<n-1

N

where 7 and (w(i), 1 <i<n-—1) are some fixed cadlag paths. We apply Slepian’s lemma
with the Gaussian processes

n—1 n—1 n—1 n—1
U,=a H wgl_)u + By, H wgl_)u and V.=a H wy_)u + By, H |w§l_)u|
i=1 i=1 i=1 i=1

which satisfy for every 0 <u < s < 1,
EU)=E[V,], E[U]=E[VZ] and E[UU] <E[V,V.

This yields, using the tower property of conditional expectations :

n—1 n—1
P ( sup (a4 X, )re H Zfz,)u <e, H Zfz) >0,1> f%)

0<u<1/2 e}
n—1 n—1 .
<P sup a Z w+ Xu |Z(l) re <e, Z(Z)ZO, 1>¢&:
<0<u<1/2 < 11;[1 H 11;[1 ' "
n—1 n—1 0
=P| sup |a Z . Z & <e e>are 237 >0,1> ¢
<0§u§1/2 ( g H | ) E ! T)

where the equality follows from the fact that the additional condition ar= H;:ll Zfi) <e
already appears (implicitly) in the first condition by taking v = 0. Then, denoting 0% =

Argmax X,,, we may replace the supremum by its value at 91 to get the bound
0<u<1/2

n—1
<( HZ1 0, +Xo, H|Z1 0, )r% <e e>ard [[ 20" >0, 12,51). (3.6)

i=1
We further decompose this expression according to the sign of H?;ll Zfi_)el .
2

ECP 23 (2018), paper 1. ecp.ejpecp.org
Page 7/12


http://dx.doi.org/10.1214/ECP.10.1214/18-ECP193
http://ecp.ejpecp.org/

On the supremum of products of symmetric stable processes

1. When H" ! Z(l) 2 0, the expression (3.6) is smaller than

<X01T“ H |Z(l)9 |<e 12> gi) =: U, (r,e). (3.7)

2. When [] ! Z; (1) . <0, the situation is slightly more complex. Plugging the second

condition in the ﬁrst one, we have

IP 0, raH|Z |<€ s>araHZ“>o 1>§>

=1

n—1 A

Hi:l Z£—)9l| n n—1 )

XQITO‘ |<€ 1+ﬁ ,EZ&TEHZFZO,lZgl
Hi:l Zl =1

n—1

< U, (r,2¢) +IP<X9 ro H|Z(Z)|<25 1>¢& ):: U, (r,2¢) + O, (r, 2¢)

=1

where we have used in the last line the inequality : 1{,<.(o+5)} < l{z<2ae} + L{z<2pe} fOT
a,b > 0. Going back to (3.5), we have thus proven that

p1(0)
p1(1)
and it remains to study the asymptotics of the right-hand side.

We start with ¥, (r, 2¢) which will give the main contribution. From Lemma 3.2, we
may choose 6 € (0,1) small enough such that

I(e) < /0 l(zqfn(r, 9 + By (r, 2¢))P (g1 € dr)

Vr<s, P(g €dr)/dr< \if (3.8)

r

for some constant ¢ > 0. On the one hand, when r > 4§, we obtain by scaling and using
that 0 < 3:

1 n—1n—1 ]
/ U, (r,26)P(gy € dr) <P <X91 gl (1 - 91) T2 < 25>
5 2 2

=1

’—1n 1 a .
f 0,2
<P X@ 6"/04 (_) H|Z1)|<25 - kez 1 ifl( ) )7
€20 | ke [ln(e)] ifa=2

where the asymptotics follow from (1.1) and Lemma 2.1. On the other hand, when r < 6,
we deduce from the Markov property at time 1 and the scaling property that :

% (T 1
H]P“()(Tg)z;—1)n,4

n—1

(i N o L =0
s (s » =0

i=1

U, (r, 2¢) <E

where A = {Xg1 ra [T |Z S 25}. Recall next that by the independent incre-
ments property of Z(®), for any fixed u > 0, the process Y = (2% — z{" t > 0) is an
a-stable Lévy process independent from Z,,. This yields the identity Zfz) = fo) + Yl(i)u

ECP 23 (2018), paper 1. ecp.ejpecp.org
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where on the right-hand side, Z,, and Y;_, are independent. Replacing v by the inde-
pendent random time 1 — 6 and using the classic inequality [z + y|* < 2(|z|* + [y|*)
(since a € (0,2]) we deduce that

n—1
N i a )\ (i 1-96
TT20 (1282, 1+ )70 = 220 )1]
i=1 2 2
1

The scaling property of the processes (Z() and (V")) as well as the fact that §; € [0, 3]
then yield

U,(r,2e) <E

U, (r,2¢) <E

n—1
D )| 1)\ (3 1-9¢
G ((|z§>| + YOI = 2—) nBM] (3.9)

=1

where, for1 <k <n-1:

n—-1 p
n 1 * 7

Next, using the inequalities
B (17010 s 170\ _ 6 Do y@e) > 170\ cop® (|70~ L9
PO (1200 2 120) < BY (1201 + 1) 2 150 ) <28 (1201 > 1

) (aw) Z{i), we deduce from (2.2) that when « € (0,2),

N i)\a i) \|a 1-94
B (1200 4 1v0r) 2 50 =

r—0

since ;"

Therefore, from Lemma 2.1 and the asymptotics (3.1), we may choose § small enough
such that

(7 7)1 )\ (i 1-9
Vr <6, E[P§)<(|Zf)| V1+ |y )TO()ZQ—T>:|§H\/; (3.10)

for some positive constant « (independent of i), and where a V b = max(a,b). Note that
(3.10) is also valid for o = 2 since Brownian motion admits moments of all order. We
shall now proceed by iteration starting from (3.9).

1. If |Z§"_1)| > 1, then, we may remove |Z§"_1)| from the productin B,,_, and deduce
from (3.10) that ¥, (r, 2¢) is smaller than

n—2
N0 ) a D)o\ A0 1-6
kT E H]Pg) <(|Z£)| +|Y1()| )TO()ZQ—r) ﬂanl-
i=1

2. If |Z£”71)| < 1, then, we may replace |Z£”71)| by 1 in the first product in (3.9), and
deduce, still from (3.10), that ¥,,(r, 2¢) is smaller than

n—2

S D i) o\ A6 1-9§
kT E H]P§><<|Z£>| + v )TO()ZQ—r> 113”11.
=1

Iterating the procedure, we obtain that ¥, (r,2¢) may be bounded by a sum of 27!

terms: oy
2zl s (1) (i
U, (r,2¢) < K > P (X(;%ra <§) 1127 < 25>

AcC{l,...,n—1} i€A
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where the sum is taken over all the subsets of {1,2,...,n— 1} (including the empty set).
The change of variable ex = ra and the estimate (3.8) yield then the upper bound

n—1
1\ « 7 @
/0 P <X9% (5) 11271 < 2) 2% da

icA
(3.11)
and it remains to study the asymptotics of the integrands. From Lemma 2.1 and (1.1),
we deduce that

sn/a

)
/ \Ijn(T, 2E)P(gl (S d’f“) < 55%
0 AC{1,...n—1}

1. when « € (0,2) all the terms have the same contribution :

1 = ) 1 @/2
P <X9% (5) 161 |z |z < 2) L= (5)

2. while, for a = 2, they depend on the cardinality of A :

1 = (i) On(x)ﬂA|
Z <2 = _—
E’<X9%<2) |||Zl|x__ )I Jrooc .

i€EA

Plugging these expressions in (3.11) finally gives the announced upper bound.

The study of the asymptotics of ®,,(r, 2¢) follows the same pattern of proof, except
that we do not need to introduce the random variables (Yl(i)). Indeed, when r > J,
we get the same asymptotics bound while for » < § we obtain, applying the Markov
property:

n—1
NG Nam) o L—0
(I)n(ra 28) S E H ]Pg) (|Z§ )|aTO() Z —) ]lcn,1‘|

. T
i=1

where, for1 <k <n-1,
k .
Ck = {XQ%TCV 1:]1: |Z£Z)| < 25} .
We now follow the same steps as for ¥,,(r, 2¢) :

1. If |Z§"71)| > 1, then, we may remove |Z§"71)| from the product in C,_;, and deduce
from (3.10) that ®,,(r, 2¢) is smaller than

TT 50 (10 . 10
il;[l Py <|Z1Z 1" > 2—T> ]1an] :

2. If |Z£”71)| < 1, then, we may apply directly (3.1) to deduce that ®,,(r, 2¢) is smaller
than

krE

n—2
n—1) 2 (i Dar() 1 =0
kVrE ||Z"7Y)3 H]pp (|Z§>| T > o )]107“].

i=1

Iterating the procedure, we obtain as before that ®,,(r, 2¢) may be bounded by a sum of
2"~1 terms:

s/

6 € . o “
[oesroensa & [T,
0 0 X

(4)
; Z, 7 x<2
AC{1,...,n—1} IEA 9% zle_l |Z)" |x<

(3.12)
and, as e — 0, all the terms on the right-hand side have the same asymptotics : €2 [In(¢)|.
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3.2.2 The case {a > 1}

Starting back from (3.4), we first bound the supremum by its value at u =0 :

400 1 n—1 ) n—1 )
/ / P ( sup X(@10pa H 70 <e, H 7% >0 1> &) p(da, dr)
1 s

0<u<1 i=1 i—1

+00 n—1 n—1
/ / <a7’a Z(Z)<€ HZ(1)>O 1>¢&: )p(da,dr)
g/ (mH|Z”|<5 1>§> (g1 € dr).
0

The study of this last expression will be similar to that of ®,(r,2¢), replacing Xy, by

1. Indeed, on the one hand, we first deduce from Lemma 2.1, taking § small enoug2h as
before, that :

1 n—1 n—1
o i n i n—2
/5 P <m [T1271<e 1 zg) P(gy €dr) <P <5a 1121 < 5) = rellne)"7.

=1 =1

On the other hand, for » < §, we deduce, as for (3.12), that

s n-l
/ P<T2H|Z£l)|§57 1251>1P(91€d7’)
: =

=1

sn/o

<ke? /E E |Z§i)|%]1 _ z2 V.
= S s

AcC{1,...,n—1} i€EA

When ¢ — 0, all the integrals on the right-hand side are finite, hence we obtain the
asymptotics €2 which is negligible. |

4 Proof of Lemma 3.3

Proof. This lemma being classical for Brownian motion (see Bertoin-Pitman [5]), we
assume that a € (0,2). Let 0 < s < ¢ < 1 and take F' a positive functional. Let us denote
by f(y; z,r) the probability density function of (Xr,,7p) when Xy = y. By symmetry and
time reversal, we first have

E

Xu—
F< o s<u<gl> 1{912,5}

g1
+o0 (v.1,0) X,
*2/0 e [1 ((17 W’%S“Sl5>1{T°9‘”]p1(y)dy'

The change of measure formula for the stable bridge as well as the Markov property
then yield

+oo X
2/ E |: é(Xl 5)F (W’TO < u < 1 —S) 1{T0<1t}:| dy

_2/+OO/ /1 t { (X1—s—r)F (%,O<u<1—s—r>]f(y;z,r)dydzdr
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Next, by scaling and using that t'/p;(z) = p1 (;5=),

+oo 0 1—t /
1/
2/ / / b [ s ((1 —r) X

x f(y; z,7) dydzdr
( )F(Xu,0§u§1 i )]
- 1—r

=[]
2/+Oo/ /1 tIE(‘“O)[ (Xu,o<u<11i>]p1( )f(y; a1 — 7)Y r) dydadr

x f(y;a(l —7)* r) dydadr
0 s +oo 1—t
=2 [ dumOr {F (Xu, Zcus 1)} n | F a1 = )Y, r) dydr
-r 0 0

— 00

e ) F (X 0<u<t—s—7)]

where in the second line we have used the change of variable z = a(1 — )/, in the
third line the change of measure formula for the stable bridge and in the last line the
time reversal property of the stable bridge. Letting s — 0, we finally deduce that

Xu—
E F< 1/ 0<’U,<gl> 1{912t}‘|
0 +oo 1—t
= 2/ da BOY) [F(X,_,0<u<1)] pl(a)/ fy;a(l =) r) dydr
—o00 0 0
which proves Lemma 3.3. O
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