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UNIVERSAL POLYNOMIALS FOR TROPICAL REFINED INVARIANTS IN GENUS 0

the authors showed that the coefficients of small codegree of the tropical refined invariant are polynomial in the Newton polygon. This raised the question of the existence of universal polynomials giving these coefficients, i.e. polynomials depending only on the genus and the codegree, and with variables the combinatorial data of the Newton polygon.

In this paper we show that such universal polynomials exist for rational enumeration, and we give an explicit formula. The proof relies on the manipulation of floor diagrams.

N X,δ (L) of δ-nodal irreducible curves in the linear system |L| passing through L 2 +c 1 (X)•L 2

-δ points in generic position ?

For fixed δ, Di Francesco and Itzykson conjectured in [START_REF] Di | Quantum intersection rings[END_REF] the number N δ (d) to be polynomial for d large enough. For δ = 1, 2, 3 these node polynomials were known in the second half of the XIXth century. They have been computed up to δ = 14 by Vainsencher, Kleiman-Piene and Block in [Vai95, [START_REF] Lawrence | Node polynomials for families: methods and applications[END_REF][START_REF] Block | Computing node polynomials for plane curves[END_REF].

In [START_REF] Göttsche | A conjectural generating function for numbers of curves on surfaces[END_REF] Göttsche generalized the conjecture of Di Francesco-Itzykson : for all δ ∈ N, there exists P δ ∈ C[x, y, z, t] such that for all non-singular complex algebraic surface X and for all line bundle L sufficiently ample :

N X,δ (L) = P δ (L 2 , c 1 (X) • L, c 1 (X) 2 , c 2 (X)).
Moreover, the generating series of the P δ 's was conjectured to be multiplicative, i.e. there exist some universal power series A 1 , . . . , A 4 ∈ Q [[u]] such that

δ 0 P δ (x, y, z, t)u δ = A x 1 A y 2 A z 3 A t 4 .
This has been proved first by Tzeng [START_REF] Tzeng | A proof of the Göttsche-Yau-Zaslow formula[END_REF]. Kool, Shende and Thomas then gave in [START_REF] Kool | A short proof of the Göttsche conjecture[END_REF] an alternative proof.

By the adjunction formula one has g

+ δ = L 2 -c 1 (X)•L+2 2
, where g is the geometric genus of the curve. Hence we can consider a dual problem : given X, L, g, what is N X,g (L) the number of curves of genus g in |L| passing through a generic configuration of c 1 (X) • L -1 + g points on X ? However, Di Francesco and Itzykson showed the asymptotic ln(N CP 2 ,0 (d)) ∼ 3d ln(d) in [START_REF] Di | Quantum intersection rings[END_REF], hence we cannot hope for the numbers N X,g (L) to behave polynomially when g is fixed and L varies.

1.1.2. Floor diagrams. Using tropical geometry, Brugallé and Mikhalkin gave in [START_REF] Brugallé | Enumeration of curves via floor diagrams[END_REF][START_REF] Brugallé | Floor decompositions of tropical curves : the planar case[END_REF] a combinatorial method to compute these numbers for a certain class of toric surfaces. Via Mikhalkin correspondence theorem [START_REF] Mikhalkin | Enumerative tropical algebraic geometry in R 2[END_REF] they reduced the enumeration of algebraic curves to the enumeration of a certain type of graphs called floor diagrams. If the polygon ∆ defines the line bundle L ∆ over the toric surface X F , where F is the dual fan of ∆, then the number of curves in |L ∆ | passing through the appropriate number of points can be calculated by counting some marked floor diagrams instead.

Building on this tool, Fomin and Mikhalkin gave a combinatorial proof of Di Francesco and Itzykson conjecture for CP 2 in [START_REF] Fomin | Labeled floor diagrams for plane curves[END_REF]. Ardila and Block proved polynomiality in [START_REF] Ardila | Universal polynomials for Severi degrees of toric surfaces[END_REF] for families of toric surfaces. Their combinatorial approach allows to also deal with singular surfaces for which the initial Göttsche conjecture does not say anything. In [START_REF] Block | Computing Severi Degrees with Long-edge Graphs[END_REF], Block, Colley and Kennedy considered a logarithmic version of a quantity introduced by Fomin and Mikhalkin and showed it is linear. This gives a new proof for the multiplicativity stated in Göttsche's conjecture in the case of CP 2 . Motivated by this work, Liu recovered in [START_REF] Liu | A combinatorial analysis of Severi degrees[END_REF] the result of Block, Colley and Kennedy as a particular case of a more general theorem. Thanks to this theorem, Liu and Osserman completed in [START_REF] Liu | Severi degrees on toric surfaces[END_REF] the work of Ardila and Block, especially by clarifying the link with Göttsche conjecture and generalizing the statement to singular surfaces.

1.1.3. Tropical refined invariants. Tropical refined invariant for a toric surface X F has been introduced by Block and Göttsche in [START_REF] Block | Refined curve counting with tropical geometry[END_REF]. It is a Laurent polynomial in a variable q which interpolates between complex and real enumeration of curves : plugging q = 1 we get Gromov-Witten invariant, and plugging q = -1 we get tropical Welschinger invariant. In the case g = 0 Göttsche and Schroeter defined a tropical refined descendant invariant G ∆ (s)(q) in [START_REF] Göttsche | Refined broccoli invariants[END_REF]. Plugging q = -1, if X F is an unnodal Del Pezzo surface we now get the number of real curves passing through a generic configuration of points having s pairs of complex conjugated points.

In [START_REF] Block | Refined curve counting with tropical geometry[END_REF] it is shown that if we fix the number of nodes δ, then the coefficients of the tropical refined invariant are eventually polynomial with respect to ∆ : the polynomiality behaviour stated in Göttsche conjecture passes down to the refined level. More surprisingly, if we fix the genus g instead of the number of nodes δ, then Brugallé and Jaramillo-Puentes proved in [START_REF] Brugallé | Polynomiality properties of tropical refined invariants[END_REF] that we recover a polynomial behaviour : the coefficients of small codegrees of the tropical refined invariant are eventually given by some polynomials in ∆. This is also the case for the Göttsche-Schroeter invariant : the coefficient of small codegrees of G ∆ (s) are eventually polynomial in ∆ and s.

This raises the question of the existence of universal polynomials for these coefficients. Is there a Göttsche-like conjecture in this dual and refined setting ? In this paper we positively answer this question for the Göttsche-Schroeter invariant.

1.2. Notations and results. Let F be a fan and D(F) the set of all the polygons dual to F. For i ∈ N and ∆ a polygon, we write ∆ > i if any edge of ∆ has a lattice length greater than i. The fan F determines a toric surface X F and any ∆ ∈ D(F) gives a line bundle L ∆ and a linear system on X F . If ∆ is h-transverse (see definition 2.1) we will denote by G ∆ (s) the tropical refined invariant (see theorem 2.8 which can be taken as a definition). If P is a (Laurent) polynomial, its degree deg(P ) is the maximum exponent appearing with a non-zero coefficient, and P i is its coefficient of codegree i, i.e. its coefficient of degree deg(P ) -i.

We show in this paper that if ∆ is h-transverse, non-singular and large enough with respect to i, then G ∆ (s) i is given by a polynomial in s and in the combinatorial data of ∆, i.e. in the topological data of (X F , L ∆ ). Moreover, the generating series of these polynomials can be expressed simply and does not depend on the underlying toric surface, making the polynomials universal.

To state the result, consider

A 0 = 1 1 -x 2 , A 1 = 1 1 -x , A 2 = i 0 p(i)x i = k 1 1 1 -x k
where p(i) is the number of partitions of i, i.e. the number of decreasing sequences λ = (λ 1 , . . . , λ k ) of positive integers whose sum is i. Given three integers y, χ and s we consider the following series

G(y, χ, s)(x) = A s 0 A y-2-2s 1 A χ 2
and we denote by (P i ) i its coefficients, i.e. G(y, χ, s)(x) = i P i (y, χ, s)x i . For any series A = i a i x i with a 0 = 1 and any integer n, the degree i coefficient of

A n is k 1 +2k 2 +•••+ik i =i n k 1 , . . . , k i a k 1 1 . . . a k i i .
Each term of the sum is polynomial of degree k 1 +• • •+k i in n, and thus the degree i coefficient of A n is polynomial of degree i in n. Hence P i is polynomial and has degree i in each of the variables y, χ and s. Given ∆ a polygon with dual fan F we denote

y(∆) = c 1 (X F ) • L ∆ and χ(∆) = c 2 (X F ).
Combinatorially, these quantities are

y(∆) = |∂∆ ∩ Z 2 | and χ(∆) is the number of vertices of ∆.
Our main universality result is the following. We refer to section 2.1 for the notations.

Theorem 3.10. Let i ∈ N and F be a non-singular and h-transverse fan. Let ∆ ∈ D(F) and s ∈ {0, . . . , s max (∆)}. If

(1) the fan F has two vertical rays and

   ∆ > 2(i + 2) e +∞ (∆) > i + (a(∆) -⌊a(∆)/2⌋ + 1)d F e -∞ (∆) > max(i + 2s, i + (a(∆) -⌊a(∆)/2⌋ + 1)d F )

or

(2) the fan F has a single vertical ray generated by (0, ε), with ε ∈ {-1, 1}, and

   ∆ > 2(i + 2) a(∆) > max(i + 2s, 5(i + 1) + 6) e ε∞ (∆) > max(i + 2s, 5(i + 1) + 6, i + (a(∆) -⌊a(∆)/2⌋ + 1)d F ) then one has G ∆ (s) i = P i (y(∆), χ(∆), s).
The strategy of the proof in the following. In the proof of [BJP22, theorem 1.5] the authors write an explicit formula for G ∆ (s) i , where ∆ is a polygon dual to a fan in a certain family. This formula involves floor diagrams of codegree at most i (see section 2.2) and constant divergence (see definition 2.2). We adapt their proof to a more general family of fans. In particular the divergence of our floor diagrams is no more constant, and we study in lemmas 3.1 and 3.4 its contribution to the codegree of the floor diagrams. Then we determine the generating series of the different terms appearing in the formula to conclude for this family, and we get theorem 3.5 which corresponds to the point (1) of theorem 3.10.

For the point (2), we study in proposition 3.6 the link between G ∆ (s) i and G ∆ (0; s) i ,

where the toric surface associated to ∆ is a toric blow-up of the toric surface associated to ∆. More precisely we construct a correspondence between the floor diagrams with Newton polygon ∆ and the ones with Newton polygon ∆. Using this correspondence we are able in corollary 3.8 to include CP 2 in the universality result, but also to lighten the hypothesis of point (1), leading to point (2) of theorem 3.10. With a slight adapation of the proof we can extend the universality result of theorem 3.5 to singular surfaces if we take into account the number n k (∆) of vertices of ∆ of index k (see definition 2.1), i.e. the number of singularities of index k of X F (see [START_REF] Liu | Severi degrees on toric surfaces[END_REF]proposition A.1]). Given integer y, s, n 1 , n 2 , . . . , we consider the series

H(y, s, n 1 , n 2 , . . . )(x) = A s 0 A y-2-2s 1 k 1 A 2 (x k ) n k .
We denote by

Q i its degree i coefficient, i.e. H(y, s, n 1 , n 2 , . . . )(x) = i Q i (y, s, n 1 , n 2 , . . . )x i .
Note that Q i is a polynomial of degree i in the variable y and s, and of degree at most i/k in each of the variables n k .

Theorem 3.11. Let i ∈ N. and F be a h-transverse fan having two vertical rays. Let ∆ ∈ D(F) and s ∈ {0, . . . , s max (∆)}. If (∆, s) satisfies

   ∆ > 2(i + 2) e -∞ (∆) > max(i + (a(∆) -⌊a(∆)/2⌋ + 1)d F , i + 2s) e +∞ (∆) > i + (a(∆) -⌊a(∆)/2⌋ + 1)d F then G ∆ (s) i = Q i (y(∆), s, n 1 (∆), . . . ).
Note that the term k 2 A 2 (x k ) n k , which takes into account the singularities, is the same as the one appearing in [LO18, corollary 1.10]. This is surprising, especially because Liu and Osserman work at fixed number of nodes while we work at fixed genus. It may worth investigate more precisely this phenomenon.

We do not know how to remove the hypothesis on the vertical rays because a singular fan is not as constraint as a non-singular one. As in the proof of theorem 3.10 we are able to describe what happens when we perform an operation similar to a blow-up, but it is not sufficient to reach any non-singular h-transverse fan.

The paper is organized as follows. In section 2 we introduce floor diagrams and related quantities. We then prove some lemmas about codegrees that will be used thereafter. Section 3 contains the proofs of our universality theorems. In section 4 we briefly discuss what happens if we change the multiplicities of the floor diagrams, leading to simpler formulas. Last, section 5 contains some technical lemmas we used in section 3. 1.3. Some computations. The formulas we obtain in theorems 3.10 and 3.11 are explicit and we can make some computations.

Example 1. The first coefficients of G(y, χ, s)(x) = A s 0 A y-2-2s 1 A χ 2 are P 0 (y, χ, s) = 1, P 1 (y, χ, s) = y + χ -2s -2, P 2 (y, χ, s) = 1 2 (y 2 + 2yχ + χ 2 -4ys -4χs + 4s 2 -3y -χ + 8s + 2), P 3 (y, χ, s) = 1 3! (y 3 + 3y 2 χ + 3yχ 2 + χ 3 -6y 2 s -12yχs -6χ 2 s + 12ys 2 + 12χs 2 -8s 3 -3y 2 + 3χ 2 + 18ys + 6χs -24s 2 + 2y -4χ -16s), P 4 (y, χ, s) = 1 4! (y 4 + 4y 3 χ + 6y 2 χ 2 + 4yχ 3 + χ 4 -8y 3 s -24y 2 χs -24yχ 2 s -8χ 3 s + 24y 2 s 2 + 48yχs 2 + 24χ 2 s 2 -32ys 3 -32χs 3 + 16s 4 -2y 3 + 6y 2 χ + 18yχ 2 + 10χ 3 + 24y 2 s -24χ 2 s -72ys 2 -24χs 2 + 64s 3 -y 2 -14yχ -χ 2 -32ys + 16χs + 80s 2 + 2y + 14χ + 32s).
Example 2. In the case of degree d curves on the projective plane CP 2 , one has y(∆) = 3d and χ(∆) = 3, see figure 1. With corollary 3.8 one has

• (0, 0) • (d, 0) • (0, d) Figure 1 ∀d > max(11, 2s), G ∆ d (s) 0 = 1, ∀d > max(16, 2s), G ∆ d (s) 1 = 3d -2s + 1, ∀d > max(21, 2s), G ∆ d (s) 2 = 1 2 (9d 2 -12ds + 4s 2 + 9d -4s + 8), ∀d > max(26, 2s), G ∆ d (s) 3 = 1 3! (27d 3 -54d 2 s + 36ds 2 -8s 3 + 54d 2 -54ds + 12s 2 + 87d -52s + 42), ∀d > max(31, 2s), G ∆ d (s) 4 = 1 4! (81d 4 -216d 3 s + 216d 2 s 2 -96ds 3 + 16s 4 + 270d 3 -432d 2 s + 216ds 2 -32s 3 + 639d 2 -744ds + 224s 2 + 690d -352s + 384).
Note that the bounds we obtain on d in corollary 3.8 are not as sharp as the one in [BJP22, theorem 1.6 and example 1.9]. 
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⊲ s max (∆) = y(∆) -1 2 .
Note that y(∆) = e +∞ (∆) + e -∞ (∆) + 2a(∆). Moreover, for ∆ a h-transverse polygon we denote :

⊲ L(∆) (resp. R(∆))
is the unordered list of integers k ∈ Z appearing j times, with j maximal such that j(k, -1) is the translation of a edge of the left (resp. right) side of ∆.

Example 3. Consider the polygons of figure 2. The polygons ∆ 1 and ∆ 2 are h-transverse but ∆ 3 is not, and ∆ 1 is non-singular while ∆ 2 and ∆ 3 are singular. We give in table 1 their combinatorial data.

• • • • • • • • • • (a) ∆ 1 . • • • • • • • • • • • • (b) ∆ 2 . • • • • • • • • • • (c) ∆ 3 . Figure 2. Some polygons. a(∆) e +∞ (∆) e -∞ (∆) y(∆) χ(∆) s max (∆) L(∆) R(∆) ∆ 1 3 0 3 9 3 4 {0, 0, 0} {1, 1, 1} ∆ 2 3 1 1 8 6 3 {-1, 0, 0} {1, 0, -2} ∆ 3 3 0 2 6 5 2 Table 1. Combinatorial data of polygons of figure 2.
An oriented graph Γ is a collection of vertices V (Γ), of bounded edges E 0 (Γ) which is a subset of V (Γ)× V (Γ) and of infinite edges oriented outward E +∞ (∆) (resp. inward E -∞ (Γ)) which are subsets of V (Γ). We denote by E(Γ) the set of all edges of Γ. The graph Γ is weighted if there is a function w : E(Γ) → N * . Given a vertex v ∈ V (Γ) of an oriented weighted graph, its divergence div(v) is the difference of the weights entering and leaving v. Last, the genus of a graph Γ is its first Betti number. 

⊲ ℓ : V (Γ) → L(∆) and r : V (Γ) → R(∆) are bijections such that for every vertex v ∈ V (Γ), div(v) = r(v) -ℓ(v).
Remark 2.3. Floor diagrams are defined in general for any genus. Since we will only consider floor diagrams of genus 0, we include it in the definition. Proof. By hypothesis, the rays of F are defined by vectors of the form ±(0, 1) or ±(1, k) for some k ∈ Z. Let N r (resp. n r ) be the the maximal (resp. minimal) integer k such that (1, k) is a primitive vector of a ray of F. Then the function r of any floor diagram is bounded :

n r r N r .
Similarly, let N ℓ (resp. n ℓ ) be the the maximal (resp. minimal) integer k such that (-1, k) is a primitive vector of a ray of F. Then the function ℓ of any floor diagram is bounded :

-N ℓ ℓ -n ℓ . Since div = r -ℓ one has n r + n ℓ div N r + N ℓ and the result holds for d F = max(|N r + N ℓ |, |n r + n ℓ |).
By abuse of notations, we will use D for Γ. The degree of D is

deg(D) = e∈E(D) (w(e) -1).
The orientation of D induces an partial order ≺ on D. We will always draw the floor diagrams oriented from bottom to top. Hence we do not put any arrow on the edges to show the orientation.

Example 4. Figure 3 gives all the floor diagrams with Newton polygon the polygon of figure 2a. The functions r and ℓ are constant equal to 1 and 0, so any vertex has divergence 1. Example 5. Figure 4 gives some floor diagrams with Newton polygon the polygon of figure 2b. We show in each vertex the values of r and ℓ.

-1 A pairing of order s of the set P = {1, . . . , n} is a set S of s disjoint pairs {i, i + 1} ⊂ P . Given a floor diagram D and a pairing S of {1, . . . , n(D)}, we say that a marking m is compatible with S if for any α ∈ S, the set m -1 (α) consists of ⊲ either an edge and an adjacent vertex, ⊲ or two edges that are both entering or both leaving the same vertex.

1 0 0 0 -2 3 3 (a) 0 1 0 0 -1 -2 2 2 (b) -1 1 0 -2 0 0 (c)
Let (D, m) be a marked floor diagram and S a pairing compatible with m. We define For n ∈ Z the quantum integer [n](q) is defined by

E 0 = {e ∈ E(D) | ∀α ∈ S, e / ∈ m -1 (α)}, E 1 = {e ∈ E(D) | ∃v ∈ V (D), ∃α ∈ S, {e, v} = m -1 (α)}, E 2 = {{e, e ′ } ⊂ E(D) | ∃α ∈ S, {e, e ′ } = m -1 (α)}.
[n](q) = q n/2 -q -n/2 q 1/2 -q -1/2 = q (n-1)/2 + q (n-3)/2 + • • • + q -(n-3)/2 + q -(n-1)/2 ∈ N[q ±1/2 ]
and we will use the shorcuts

[n] 2 = [n](q) 2 and [n] 2 = [n](q 2 ).

Definition 2.7 (Refined S-multiplicity). The refined S-multiplicity of the marked floor dia

- gram (D, m) is µ S (D, m)(q) = e∈E 0 [w(e)] 2 e∈E 1 [w(e)] 2 {e,e ′ }∈E 2 [w(e)][w(e ′ )][w(e) + w(e ′ )] [2] ∈ N[q ±1/2 ]
if S and m are compatible, and µ S (D, m)(q) = 0 otherwise.

Theorem 2.8 ([BJP22, theorem 2.13]). Let ∆ be a h-transverse polygon and s ∈ N. For any pairing S of order s of {1, . . . ,

| ∆ ∩ Z 2 | -1} one has G ∆ (s) = (D,m) µ S (D, m)
where the sum runs over the isomorphism classes of marked floor diagrams with Newton polygon ∆.

Remark 2.9. The theorem implies that the right-hand side does not depend on the pairing S but only on its order s. Thus, to study G ∆ (s) we can choose a particular pairing which makes the calculations easier. 

a(∆) n=k+1 (r(v n ) -ℓ(v n )) = | ∆ ∩ {j = k} ∩ Z 2 | + 1 and so deg(D) = | ∆ ∩ Z 2 |.
Because this is the maximal possible degree of a diagram with Newton polygon ∆, we conclude that deg(G Remark 2.12. We then have

∆ (s)) = | ∆ ∩ Z 2 |. v a(∆) v k+1 v k v 1 w(e k ) • • • • • • • • • • • • • j -k -0 Figure 6. A floor diagram D with its Newton polygon ∆. Remark 2.11. If ∆ and ∆ ′ are congruent, i.e. if there exist A ∈ GL 2 (Z) and t a translation such that ∆ ′ = t(A∆), then G ∆ (s) = G ∆ ′ (s). Indeed,
G ∆ (s) i = (D,m) µ S (D, m) i-codeg(D)
where the sum is over the isomorphisms classes of marked floor diagrams with Newton polygon ∆ and codegree at most i.

We will use the following operations on a floor diagram.

A + : If there are v 1 ≺ v 2 connected by an edge e 1 and another edge e 2 leaving v 1 but not entering v 2 , then we construct a new diagram as depicted in figure 7a.

A -: Similarly if e 2 is entering v 2 but not leaving v 1 , see figure 7b.

B ℓ : If there are v 1 ≺ v 2 connected by an edge e and such that ℓ(v 1 ) < ℓ(v 2 ), then we construct a new diagram as depicted in figure 8a.

B r : Similarly if r(v 1 ) > r(v 2 ), see figure 8b. v 2 v 1 w(e 1 ) w(e2) v 2 v 1 w(e 1 ) + w(e 2 ) w(e 2 ) (a) Operation A + . v 2 v 1 w(e 1 ) w(e2) v 2 v 1 w(e 1 ) + w(e 2 )
w(e 2 ) (b) Operation A -.

Figure 7. Operations A + and A -. Lemma 2.13 ([BJP22, lemma 3.2]). Genus and Newton polygon are invariant under operations A ± , B ℓ,r . Furthermore, the codegree decreases by w(e 2 ) under operations A ± , by ℓ(v 2 ) -l(v 1 ) under operation B ℓ and by r(v 1 ) -r(v 2 ) under operation B r .

ℓ(v 2 ) ℓ(v 1 ) w(e) ℓ(v 1 ) ℓ(v 2 ) w(e) + ℓ(v 2 ) -ℓ(v 1 ) (a) Operation B ℓ . r(v 2 ) r(v 1 ) w(e) r(v 1 ) r(v 2 ) w(e) + r(v 1 ) -r(v 2 ) (b) Operation B r .
The following lemma is proven in particular cases but with sharper bounds in [BJP22, lemmas 4.1 and 5.5].

Lemma 2.14. Let ∆ be a h-transverse polygon with dual fan F.

(1) If e +∞ (∆) > i + d F then any floor diagram with Newton polygon ∆ and codegree at most i has a unique maximal floor.

(2) If e -∞ (∆) > i + d F then any floor diagram with Newton polygon ∆ and codegree at most i has a unique minimal floor.

(3) If e +∞ (∆) > i + d F and e -∞ (∆) > i + d F then any floor diagram with Newton polygon ∆ and codegree at most i admits a total order on its set of vertices.

Proof. The point (3) is an immediat consequence of (1) and (2), and to prove (2) it suffices to apply (1) to -∆. Hence we prove (1). Let D be a floor diagram with Newton polygon ∆. Assume that D admits two maximal vertices. By a finite number of A + operations we can turn D into the diagram D ′ depicted in figure 9a. Performing more A + operations we get the diagram D ′′ of figure 9b. By lemma 2.13 the codegree decreases by w 2 + u 1 under these operations. But w 2 = e +∞ (∆) -u 1 + div(v 2 ) hence the codegree decreases by e +∞ (∆) + div(v 2 ) and Proof. We will give the proof in the case where D has a unique top floor, the other point being proved applying that case to -∆. Let b be the maximal integer such that the order is total on v a-b ≺ • • • ≺ v a . We would like to show that a -b i + 2. Assume the contrary. By A ± operations we reduce to the case where D looks like the diagram of figure 10. By more operations A -we can attach v c under v c+2 which reduces the codegree by at least a -b -c -2. Then we attach v c+1 under v 1 by other operations A -which reduces the codegree by at least c. Hence we have

codeg(D) codeg(D ′′ ) + e +∞ (∆) + div(v 2 ) > i. v 0 v 1 v 2 • • • • • • w 1 w 2 • • • u 1 • • • e +∞ (∆)-u 1 (a) The diagram D ′ v 0 v 1 v 2 • • • • • • w 1 + w 2 w 2 + u 1 • • • e +∞ (∆) (b) The diagram D ′′
codeg(D) > (a -b -c -2) + c = a -b -2 > i which is a contradiction.
The following lemma is a generalization of the last assertion of [BJP22, lemma 4.1].

Lemma 2.16. Let i ∈ N and ∆ be a h-transverse polygon with dual fan F. Let (a, e +∞ , e -∞ ) = (a(∆), e +∞ (∆), e -∞ (∆)) and assume a > 2(i + 2).

(1) If e +∞ > i + (a -⌊a/2⌋ + 1)d F , then the weights of the a -⌊a/2⌋ highest bounded edges of any floor diagram with Newton polygon ∆ and codegree at most i are greater than i -codeg(D).

(2) If e -∞ > i + (a -⌊a/2⌋ + 1)d F , then the weights of the a -⌊a/2⌋ lowest bounded edges of any floor diagram with Newton polygon ∆ and codegree at most i are greater than i -codeg(D).

(3) If e ±∞ > i + (a -⌊a/2⌋ + 1)d F , then the weights of all the bounded edges of any floor diagram with Newton polygon ∆ and codegree at most i are greater than i -codeg(D).

Proof. The point (3) is an immediat consequence of (1) and (2), and to prove (2) it suffices to apply (1) to -∆. Hence we prove (1). Note that the hypotheses imply e +∞ > i 

+ d F , hence v a v a-b v a-b-1 v c+1 v c v 1 • • • • • • • • • Figure 10. A diagram
v i+2 v ⌊a/2⌋ v a-i v a-1 v a . . . • • • • • • u 1 • • • • • • u i Figure 11.
A diagram with a total order on its highest vertices. and v k+1 .

⊲ If a -i k a -1, the weight of e k is w(e k ) = e +∞ - i j=a-k u j + a j=k+1 div(v j ) i + a - a 2 + 1 d F -codeg(D) -(a -k)d F > i -codeg(D) + a 2 + 1 -i d F i -codeg(D).
In particular w(e a-i We will use the shortcut codeg = codeg 1 , and for i 1 let

) > i -codeg(D) + (a/2 + 1 -i)d F . ⊲ If ⌊a/2⌋ k a -i -1, the weight of e k is w(e k ) = w(e a-i ) + u i + a-i j=k+1 div(v j ) > i -codeg(D) + a 2 + 1 -i d F -(a -i -k)d F i -codeg(D) + a 2 - a 2 + 1 d F i -codeg(D).
C i = {u ∈ N N * | codeg(u) i}, B i = {u ∈ N N * | codeg(u) = i}. Note that if u ∈ C i or u ∈ B i , then u k = 0 for k i + 1.
Hence we can consider u as a vector in N i by forgetting u k for k i + 1.

For s ∈ N we denote by d(s) the set of all decompositions of s, i.e.

d(s) = {S ∈ N N | sum 0 (S) = s},
and for S ∈ d(s) we set

s S = s S 0 , S 1 , . . . = s! S 0 !S 1 ! . . . .
For integers a, p ∈ N and vectors u ∈ N N * and S ∈ N N we define

ν n (a, p, u, S) = a + np -sum n+1 (u -2S) u n -2S n , ν n (a, p, u, S) = k n ν k (a, p, u, S), N(a, p, S) = n 0   codeg(u)=n ν 1 (a, p, u, S)   x n = u∈N N * ν 1 (a, p, u, S)x codeg(u) .
Given two integers k, ℓ 0 we define

F (k, ℓ) = i 1 +•••+i k =ℓ i j 1 k j=1 i j and Φ ℓ (k) = F (k, k + ℓ)
with the convention Φ 0 (0) = 1.

Recall that we consider the following formal series :

A 0 = 1 1 -x 2 , A 1 = 1 1 -x , A 2 = n 0 p(n)x n = k 1 1 1 -x k
where p(n) is the number of partitions of n.

We postpone to section 5 some lemmas regarding all these quantities that will be used in the proofs of this section. Lemma 3.1. Let i ∈ N and ∆ be a non-singular polygon with ∆ > 2i. Let D be a floor diagram with Newton polygon ∆, codegree at most i and having a total order on its vertices

v 1 ≺ • • • ≺ v a . Let n = min k r(v k ), N = max k r(v k ), and for n k N let a k be the number of vertices with r(v) = k. Finally let α k = a n + • • • + a k . One has : (1) if 1 j a n -i then r(v j ) = n, (2) if n k N -1 then : (a) if α k -i + 1 j α k + i then r(v j ) ∈ {k, k + 1} ; moreover there are i vertices with r(v) = k and i vertices with r(v) = k + 1, (b) if α k + i + 1 j α k+1 -i then r(v j ) = k + 1. (3) if α N -i + 1 j α N then r(v j ) = N .
The situation described in lemma 3.1 is summarized in figure 12.

Proof. Because ∆ is non-singular, all its vertices have index 1. Hence the right side of ∆ looks like the picture of figure 13. For any n k N , a k is the length of the edge of ∆ having direction vector (k, -1) so a k > 2i by hypothesis, which implies α k -i > α k-1 + i and α k > 2(k -n + 1)i. We investigate how can we choose the function r so that D has codegree at most i. We construct r from the bottom vertices to the top ones. The key element is lemma 2.13. (n, -1)

• 1 • a n - i r(v) = n • α k - i + 1 • α k + i r(v) = k (i vertices) r(v) = k + 1 (i vertices) • α k + i + 1 • α k + 1 - i r(v) = k + 1 • α N - i + 1 • α N r(v) = N Index of the vertex Value of r
(n + 1, -1) . . . (N -1, -1) (N, -1) • • • • Figure 13. The right side of ∆.
(1) Assume that r(v j ) > n for some 1 j a n -i. The vertex v j has at least a n -j + 1 vertices with r(v) = n above it, thus we can perform at least a n -j + 1 operations B r , each of them making the codegree drop by at most 1 by lemma 2.13. Since -j i-a n we get codeg(D) i + 1, a contradiction.

(2) We prove it by induction over k.

⊲ If k = n then necessarily r(v j ) n for any j. Among the a n vertices having r(v) = n we know by (1) that a n -i of them are v 1 , . . . , v an-i . Thus it remains i vertices to be given r(v) = n. If r(v j ) = n with j > a n + i then between v an-i+1 and v an+i there are at most i-1 vertices having r(v) = n, so at least i+ 1 vertices having r(v) > n. These i + 1 vertices are all below v j thus we can perfom at least i + 1 operations B r each of them making the codegree drop by at least 1. Hence codeg(D) > i, contradicton. Thus between v an-i+1 and v an+i there are i vertices with r(v) = n. Assume that r(v j ) > n + 1 for some a n -i + 1 j a n + i. Then v j has at most j -a n + i vertices with r(v) ∈ {n, n + 1} below it, so at least

(i + a n+1 ) -(j -a n + i) = a n + a n+1 -j a n+1 -i > i
vertices with r(v) ∈ {n, n + 1} above it. With some operations B r we compute codeg(D) > i, contradiction.

⊲ Assume that the result holds up to k -1 for some n k -1 N -1. All the vertices with r(v) k -1 have been chosen and are below v α k-1 +i ; and a k -i vertices with r(v) = k are between v α k-1 -i+1 and v α k-1 +i . Thus it remains i vertices with r(v) = k to choose. If r(v j ) = k with j > α k + i, then between v α k -i+1 and v α k +i there are at most i -1 vertices having r(v) = k, so at least i + 1 vertices having r(v) > k. These i + 1 vertices are all below v j thus we can perfom at least i + 1 operations B r each of them making the codegree drop by at least 1. Hence codeg(D) > i, contradicton. Thus between v α k -i+1 and v α k +i there are i vertices with r(v) = k. Assume that r(v j ) > k + 1 for some α k -i + 1 j α k + i. Then v j has at most j -α k + i vertices with r(v) ∈ {k, k + 1} below it, so at least

(i + a k+1 ) -(j -α k + i) = α k + a k+1 -j a k+1 -i > i vertices with r(v) ∈ {k, k + 1} above it.
With some operations B r we compute codeg(D) > i, contradiction.

(3) The proof is similar as (1). If r(v j ) < N for some α N -i+ 1 j α N , then the vertex v j has j vertices with r(v) = N below it, thus we can perform j operations B r , each of them making the codegree drop by at most 1 by lemma 2.13. Since j α N -i + 1 and α N a N > 2i we get codeg(D) i + 1, a contradiction.

Remark 3.2. The point (1) is also true if the order is total only on the b lowest vertices, with some b a n -i ; the proof is the same.

Remark 3.3. Consider ∆ ′ the symmetric of ∆ with respect to a vertical axis. Then any diagram D ′ with Newton polygon ∆ ′ corresponds to a unique diagram D with Newton polygon ∆. Their functions r ′ , ℓ ′ and r, ℓ are linked by r ′ = -ℓ and ℓ ′ = -r. Thus, applying lemma 3.1 to ∆ ′ gives a similar result for the function ℓ.

Lemma 3.4. Let i ∈ N and ∆ be a non-singular polygon with ∆ > 2i. The number of possible couples (r, ℓ) to construct a floor diagram with Newton polygon ∆, codegree at most i and having a total order on its vertices is

i k=0 k 1 +•••+k χ * (∆)-2 =k p(k 1 ) . . . p(k χ * (∆)-2 )
where χ * (∆) is the number of non-horizontal edges of ∆.

Proof. We use the same notations as in lemma 3.1. By lemma 3.1, the function r is entirely described by the data of vectors γ k ∈ (N * ) i for any n k N -1 such that the vertices between v α k -i+1 and v α k +i having r(v) = k are the v α k -i+ γ k j for 1 j i.

Given n k N -1 and 1 j i, the vertex v α k -i+ γ k j has γ k j -j vertices with r(v) = k+1 below it, thus we can perform

c r := N -1 k=n i j=1 ( γ k j -j)
operations B r , each of them making the codegree drop by 1. Hence the function r contributes c r to the codegree of D.

Similarly, by the previous remark the function ℓ is entirely determined by vectors δ k ∈ (N * ) i for any n ′ k N ′ -1, where (n ′ , -1), (n ′ + 1, -1), . . . , (N ′ , -1) are the primitive direction vectors of the edges of the left side of ∆, from top to bottom. Similarly, we can perform

c ℓ := N ′ -1 k=n ′ i j=1 ( δ k j -j)
operations B ℓ , each of them making the codegree drop by 1. Hence the function ℓ contributes c ℓ to the codegree of D.

Putting together these two contributions we should have

c r + c ℓ codeg(D) i.
Given a vector β ∈ (N * ) i , we consider the vector β ∈ N i defined by β j = β i-j+1 -β i-j -1, where β 0 = 0 by convention. One has

codeg(β) = i j=1 ( β j -j).
Applying this to the vectors ( γ k ) k and ( δ k ) k , we see that the data of functions r and ℓ satisfying c r + c ℓ i is equivalent to the data of vectors (γ k ) k and (δ k ) k satisfying

N -1 k=n codeg(γ k ) + N ′ -1 k=n ′ codeg(δ k ) i, i.e. to the data of N + N ′ -n -n ′ = χ * (∆) -2 vectors whose sum of codegrees is at most i. If that sum equals k, this corresponds to the data of a decomposition k 1 + • • • + k χ * (∆)-2 = k,
and then for any 1 j χ * (∆) -2 to the data of a vector of codegree k j . By lemma 5.1 there are p(k j ) possibilities for such a vector. Hence, we conclude that the number of possible couples (r, ℓ)

is i k=0 k 1 +•••+k χ * (∆)-2 =k p(k 1 ) . . . p(k χ * (∆)-2 ).
Theorem 3.5. Let i ∈ N and F be a h-transverse and non-singular fan having rays generated by (0, 1) and (0, -1). Let ∆ ∈ D(F) and s ∈ {0, . . . , s max (∆)}. If (∆, s) satisfies

   ∆ > 2(i + 2) e -∞ (∆) > i + 2s e ±∞ (∆) > i + (a(∆) -⌊a(∆)/2⌋ + 1)d F then G ∆ (s) i = P i (y(∆), χ(∆), s).
Proof. Let i, F, ∆ and s be as in the hypothesis. We look for a formula for G ∆ (s) i . We will use the pairing {{1, 2}, . . . , {2s -1, 2s}} of order s. We use the shortcuts (a, e +∞ , e -∞ , χ) = (a(∆), e +∞ (∆), e -∞ (∆), χ(∆)). By lemma 2.14 the order is total on the vertices of any diagram D having Newton polygon ∆ and codegree at most i ; we denote them by v 1 ≺ • • • ≺ v a . Any diagram D has the shape of figure 14 : it can be entirely described by the data of the vectors u, u ∈ N i and of the functions r, ℓ, hence we will use the notation D = (u, u, r, ℓ).

ℓ(v 1 ) r(v 1 ) ℓ(v 2 ) r(v 2 ) ℓ(v i+1 ) r(v i+1 ) ℓ(v a-i ) r(v a-i ) ℓ(v a-1 ) r(v a-1 ) ℓ(va) r(va) • • • • • • u 1 • • • • • • u i • • • • • • u 1 • • • • • • u i Figure 14. Overall shape for D.
Since e -∞ > i + 2s then for any compatible marking m and any j 2s we have m -1 (j) ∈ E -∞ (D). In particular, the multiplicity of (D, m) does not depend on m and is just

µ(D) = e∈E 0 [w(e)] 2
We then have

G ∆ (s) i = D ν(D) µ(D) i-codeg(D)
where the sum runs over the floor diagrams of Newton polygon ∆ and codegree at most i, and where ν(D) is the number of compatible markings of D. For D = (u, u, r, ℓ) this number only depends on u and u and is

ν(D) = S∈d(s) s S ν 1 (e -∞ , 2, u, S)ν 1 (e +∞ , 2, u, 0).
By lemma 2.16 and lemma 5.5 its multiplicity gives

µ(D) i-codeg(D) = Φ i-codeg(D) (a -1)
which is also independent of r and ℓ. Thus, to compute G ∆ (s) i we need to determine how many couples (r, ℓ) are possible and then sum over (u, u). Here, χ * (∆) = χ -2 so by lemma 3.4 the number of possible couples (r, ℓ)

is i k=0 k 1 +•••+k χ-4 =k p(k 1 ) . . . p(k χ-4 ).
Once (r, ℓ) is chosen and contributes k to the codegree, it remains to sum over (u, u) such that codeg(u + u) i -k, i.e. u + u ∈ C i-k . We can now compute

G ∆ (s) i = D ν(D) µ(D) i-codeg(D) = i k=0 k 1 +•••+k χ-4 =k p(k 1 ) . . . p(k χ-4 ) u+ u∈C i-k ν(D)Φ i-k-codeg(u+ u) (a -1) = i k=0 k 1 +•••+k χ-4 =k p(k 1 ) . . . p(k χ-4 ) i-k j=1 u+ u∈B j ν(D)Φ i-k-j (a -1)
which shows that G ∆ (s) i coincides with the degree i coefficient of the product of :

⊲ the generating series of   k 1 +•••+k χ-4 =k p(k 1 ) . . . p(k χ-4 )   k , which is A χ-4 2 by definition, ⊲ the generating series of   u+ u∈B k ν(D)   k , which is A s 0 A e -∞ +e +∞ -2s 1 A 4 2 by lemma 5.2,
⊲ the generating series of (Φ k (a -1)) k , which is A 2a-2 1 by lemma 5.4.

Since y = e -∞ + e +∞ + 2a, this product is

A s 0 A y-2-2s 1 A χ 2
and its degree i coefficient is a polynomial P i of degree i in the variables y, χ and s.

3.2. The blow-up trick and the case of CP 2 . Let F be a fan. Let u and v be two primitive generators of two consecutive rays of F. Consider F be the fan constructed from F by adding a ray generated by u + v. We say that F is a blow-up of F. This terminology comes from toric geometry : the surface X F is the blow-up of X F in one point. At the level of the dual polygons, any ∆ ∈ D( F) is obtained by cutting off a corner of a ∆ ∈ D(F), and is said to be a blow-up of ∆. Let i ∈ N. For ∆ a polygon with dual fan F and s an integer we consider the following conditions :

(⋆) i    ∆ > 2(i + 2) e -∞ (∆) > i + 2s e -∞ (∆) > i + (a(∆) -⌊a(∆)/2⌋ + 1)d F .
Proposition 3.6. Let ∆ and ∆ be the polygons whose bottom right corners are depicted in figure 15. There exists a series B such that if (∆, s) satisfies (⋆) i then G ∆ (s) i is given by the degree i coefficient of

A s 0 A e -∞ (∆)-2s 1 A 2 2 × B,
and if ( ∆, s) satisfies (⋆) i then G ∆ (0; s) i is given by the degree i coefficient of

A s 0 A e -∞ ( ∆)-2s 1 A 3 2 × B.
(n, -1) Proof. Let a = a(∆) = a( ∆) and e -∞ = e -∞ (∆). We denote by a n the integer length of the edge of the right side of ∆ having direction vector (n, -1). We denote by b the integer length of a side of the triangle we cut off to obtain ∆, see figure 15. We will use the pairing {{1, 2}, . . . , {2s -1, 2s}} of order s.

• • • • • • • • • . . . . . . (n -1, -1) (n, -1) • • • • • • • • • • . . .
We will first make a calculation for ∆. Then we will explain how to construct a correspondence between the floor diagrams with Newton polygon ∆ and the ones with Newton polygon ∆, allowing us to make a calculation for ∆.

Calculation for ∆. Because ∆ is large enough, any diagram D that contributes to G ∆ (s) i has a unique minimal vertex by lemma 2.14. By lemma 2.15, D has a total order on its a-i-1 lowest vertices. It may have several maximal vertices that we hide in a very top part T, see figure 16. By remark 3.2, the function r is constant on the a n -i lowest vertices. Moreover, we have the following inequalities :

i + 1 < b + i < a + b 2 < a -i -1.
We can cut D into two parts, see figure 16 : 

⊲
-k. v 1 v 2 v i+1 v ⌊(a+b)/2⌋ v a-i-1 T • • • • • • u 1 • • • • • • u i                                                    D -                          D + Figure 16. Decomposition of a diagram.
As explained above there is a bijection

C i (∆) ≃ i k=0 B k × T i-k (∆).
The number of markings of a diagram D can be calculated separately on its top and bottom parts.

If D is represented by (u, D + ) ∈ B k × T i-k (∆)
, we denote by ν(D + ) the number of markings of the top part D + , and the number of markings of the bottom part is

S∈d(s) s S ν 1 (e -∞ -2s, 2, u, S).
Moreover, because e -∞ > i + 2s then for any compatible marking m and any j 2s one has m -1 (j) ∈ E -∞ (D). Hence the multiplicity of (D, m) does not depend on m and is

µ(u, D + ) = µ(D) = e∈E 0 [w(e)] 2 = e∈E 0 ∩E ( D -) [w(e)] 2 × e∈E 0 ∩E ( D + ) [w(e)] 2 = µ(D -) × µ(D + ).
By lemmas 2.16 and 5.5 it gives

µ(D) i-k-codeg(D + ) = i 1 +i 2 =i-k-codeg(D + ) µ(D + ) i 1 µ(D -) i 2 = i 1 +i 2 =i-k-codeg(D + ) µ(D + ) i 1 Φ i 2 (⌊(a + b)/2⌋ -1)
and this is independent of u. Hence if we set

α k (e -∞ , s) = u∈B k S∈d(s) s S ν 1 (e -∞ -2s, u, 2, S), β k (a, b) = D + ∈T k (∆) ν(D + ) i 1 +i 2 =k-codeg(D + ) µ(D + ) i 1 Φ i 2 (⌊(a + b)/2⌋ -1),
then we get

G ∆ (0; s) i = codeg(D) i ν(D) µ(D) i-codeg(D) = i k=0 u∈B k S∈d(s) s S ν 1 (e -∞ -2s, 2, u, S) D + ∈T i-k (∆) ν(D + ) µ(u, D + ) i-k-codeg(D + ) = i k=0 α k (e -∞ , s)β i-k (a, b)
which shows that G ∆ (0; s) i is the degree i coefficient of the product of ⊲ the generating series of (α k (e -∞ , s) 

) k which is A s 0 A e -∞ -2s
γ m = m-1 ℓ=0 (γ b-ℓ + 1), i.e. γ m = γ b-m+1 -γ b-m -1 with the convention γ 0 = 0. Note that we have γ 1 1, γ m > γ m-1 and codeg(γ) = b m=1 ( γ m -m).
In particular, γ m b + i otherwise we would have codeg(γ) > k. This implies γ m a n -i and so r(v γm ) = n by lemma 3.1.

Consider the diagram D γ obtained from D with the following process : set r(v γm ) = n -1 for any 1 m b, adjust the weight of the bounded edges and remove enough sources to the minimal vertex of D to satisfy the divergence condition. Then D γ ∈ C i ( ∆) ; its codegree is codeg(D γ ) = codeg(D) + codeg(γ) i. Note that we did not change anything in the top part D + of D.

Conversely, let D ∈ C i ( ∆). By lemmas 2.14 and 2.15, D admits a total order on its a -i -1 lowest vertices. The diagram D has b vertices with r(v) = n -1. Suppose there is such a vertex with more than b + i vertices below it. Then at least i + 1 of the vertices below it have r(v) = n. Performing i + 1 operations B r we see that codeg( D) i + 1, a contradiction. Thus all the vertices with r(v) = n -1 are between v 1 and v b+i . We denote by γ ∈ N b the vector whose coordinates are the indices of the vertices with r(v) = n -1, and let γ ∈ N b be defined by

γ m = γ b-m+1 -γ b-m -1. Then k := codeg(γ) = b m=1 ( γ m -m) codeg( D) i and D = D γ , where D is the diagram of C i-k (∆)
obtained by setting r(v γm ) = n for any 1 m b, then adjusting the weights and adding enough sources to v 1 .

In other words, there is a bijection

C i ( ∆) ≃ i k=0 B k × C i-k (∆)
and a floor diagram with Newton polygon ∆, genus 0 and codegree at most i can be represented as

D = D γ = (γ, D) ∈ B k × C i-k (∆) for some 1 k i. Its codegree is codeg( D) = codeg(γ) + codeg(D) = k + codeg(D) The diagram D is itself represented by D = (u, D + ) ∈ B j × T i-k-j (∆)
for some 1 j i -k, so

D = (γ, u, D + ) ∈ B k × B j × T i-k-j (∆).
The number of markings can be computed separately on a bottom part D -= (γ, u) and on a top part D + = D + . Moreover, by lemma 2.16 all the edges of D -have a weight greater than i -codeg( D) so that in the expression

G ∆ (0; s) i = i k=0 γ∈B k i-k j=0 u∈B j S∈d(s) s S ν 1 (e -∞ -b -2s, 2, u, S) D + ∈T i-k-j (∆) ν(D + ) µ(γ, u, D + ) i-k-j-codeg(D + )
the inner sum does not depend neither on u nore on γ by lemma 5.5. Hence, the sum over γ ∈ B k contributes p(k) by lemma 5.1, and we get

G ∆ (0; s) i = i k=0 p(k) i-k j=0 α j (e -∞ -b, s)β i-k-j (a, b)
which shows that G ∆ (0; s) i is the degree i coefficient of the product of ⊲ the generating series of (p(k)) k which is A 2 by definition,

⊲ the generating series of (α k (e -∞ -b, s)) k which is A s 0 A e -∞ -b-2s 1 A 2 2 by lemma 5.2, ⊲ the generating series of (β k (a, b)) k which is B. Since e -∞ ( ∆) = e -∞ -b we can conclude.
Corollary 3.7. With the same notations as in proposition 3.6, let i m be an integer such that both (∆, s) and ( ∆, s) satisfy (⋆) im . The following are equivalent.

(1) For any i ∈ {0, . . . , i m }, G ∆ (s) i = P i (y(∆), χ(∆), s),

(2) For any i ∈ {0, . . . , i m }, G ∆ (0; s) i = P i (y( ∆), χ( ∆), s). Proof. For any 0 i i m , both (∆, s) and ( ∆, s) satisfy (⋆) i . Hence by definition of (P i ) i and proposition 3.6 one has the following equivalences :

(1) ⇔ A s 0 A e -∞ (∆)-2s 1 A 2 2 × B = A s 0 A y(∆)-2-2s 1 A χ(∆) 2 mod x im ⇔ A s 0 A e -∞ ( ∆)+b-2s 1 A 3 2 × B = A s 0 A y( ∆)+b-2-2s 1 A χ(∆)+1 2 mod x im ⇔ A s 0 A e -∞ ( ∆)-2s 1 A 3 2 × B = A s 0 A y( ∆)-2-2s 1 A χ( ∆) 2 mod x im ⇔ (2).
This can be used to compute G ∆ (0, s) i when the underlying toric surface is CP 2 .

Corollary 3.8. Let F be the fan whose rays are generated by (-1, 0), (0, -1) and (1, 1). For any i ∈ N, any ∆ ∈ D(F) and s ∈ {0, . . . , s max (∆)}, if

∆ > 5(i + 1) + 6 ∆ > i + 2s
then one has G ∆ (s) i = P i (y(∆), 3, s). Proof. A polygon ∆ ∈ D(F) is a ∆ a for some a ∈ N * , see figure 17. Let i m be the maximal integer such that

• (0, 0) • (a, 0) • (0, a) • (0, 0) • (a -b, 0) • (0, a) • (a -b, b) • (0, 0) • (a, 0) • (b, a -b) • (0, a -b)
∆ > 5(i m + 1) + 6 ∆ > i m + 2s
and b be an integer such that

a + 2(i m + 1) + 1 5 < b < a -2(i m + 1) -1 2 .
We consider the polygon ∆ a,b of figure 17. The hypotheses imply that for any i ∈ {1, . . . , i m } one has

       a, b, a -b > 2(i + 2) a, a -b > i + 2s a, a -b > i + a - a 2 + 1
so ∆ a and ∆ a,b both satisfy the condition (⋆) i and we can apply corollary 3.7 with ∆ = ∆ a and ∆ = ∆ a,b . We will check that the assertion (2) of corollary 3.7 is true.

The polygon ∆ a,b is congruent to ∆ ′ a,b , see figure 17, so that G ∆ a,b (0; s) = G ∆ ′ a,b (0; s). Note also that y(∆ a,b ) = y(∆ ′ a,b ) and χ(∆ a,b ) = χ(∆ ′ a,b ) = 4.
The hypotheses imply that for any i ∈ {1, . . . , i m } one has

       a, b, a -b > 2(i + 2) a > i + 2s a, b > i + a -b - a + b 2 + 1 hence by theorem 3.5 applied to ∆ ′ a,b one has G ∆ ′ a,b (0; s) i = P i (y(∆ ′ a,b ), χ(∆ ′ a,b ), s) = P i (y(∆ ′ a,b ), 4, s)
and so G ∆ a,b (0; s) i = P i (y(∆ a,b ), 4, s) for any i ∈ {1, . . . , i m }. Hence the point (2) of corollary 3.7 is true and we deduce that (1) is also true. In particular, one has

G ∆a (0; s) i = P i (y(∆ a ), χ(∆), s) = P i (y(∆ a ), 3, s)
for any i ∈ {0, . . . , i m }.

3.3.

The non-singular case. We can generalize theorem 3.5 and remove the hypothesis on the existence of rays generated by (0, 1) and (0, -1).

Lemma 3.9. Let F be a non-singular and h-transverse fan. One of the following is true.

(1) The fan F is congruent to a h-transverse fan having two vertical rays.

(2) The fan F has a single vertical ray. In that case F is obtained from a non-singular and h-transverse fan with 3 rays performing several blow-ups.

Proof. Assume first that F has no ray generated by (0, 1) or (0, -1). Let n ∈ N be the biggest integer such that F has a ray generated by (±1, ±n). By symmetries we can only consider the case of (1, n). Necessarily n > 0 otherwise F is not complete. Let u 1 , . . . , u k be the primitive generators of the rays of F, taken in the anticlockwise direction and with u 1 = (1, n). Write u 2 = (a, b). Because F is h-transverse one has a ∈ {0, 1, -1}. By hypothesis a = 0, and a = 1 otherwise b would be greater than n. Hence u 2 = (-1, b) and one has b + n = 1 because F is non-singular, so u 2 = (-1, 1 -n).

Write u 3 = (c, d). By hypothesis one has c = ±1 and -d± (n -1) = 1, hence u 3 = (-1, -n) or u 3 = (1, n -2). If u 3 = (-1, -n) = -u 1 then with the same argument one has u 4 = -u 2 and there is no more ray, i.e. k = 4. If u 3 = (1, n -2) then the only possibility for u 4 is u 4 = (1, n -1) and there is no more ray, i.e. k = 4. This gives two possible fans we show on figure 18a. We see these fans are congruent to the fans of figure 18b, so (1) is true.

Assume now that F has a single vertical ray. By symmetry we can assume that this ray is generated by (0, -1). Let n ∈ N be the biggest integer such that F has a ray generated by

• • • • • • • • • • • • • • • (1, n) (1, n -1) (-1, 1 -n) (-1, -n) • • • • • • • • • • • • • • • • • • (1, n) (1, n -1) (1, n -2) (-1, 1 -n) (a)
The two possible fans without vertical ray...

• • • • • • • • • (1, 0) (0, 1) (-1, 0) (0, -1) • • • • • • • • • (-1, 1) (0, 1) (1, 1) (0, -1) (b) 
...are congruent to these.

(±1, n). By symmetry we can only consider the case of (1, n). Necessarily n > 0 otherwise F is not complete. Let u 1 , . . . , u k be the primitive generators of the rays of F, taken in the anticlockwise direction and with u 1 = (1, n). As previously one has u 2 = (-1, 1 -n). The sequence of generators afterwards is of the form u j = (-1, 3 -n -j) for 3 j ℓ -1 for some 3 ℓ k, and u ℓ = (0, -1). The k -ℓ remaining generators are necessarily the vectors u j = (1, n -k + j -1) for ℓ + 1 j k. Hence F is the fan of figure 19a. Consider the non-singular and h-transverse fan F ′ depicted in figure 19b. Then F can be obtained from F ′ performing blow-ups, and thus (2) is true.

If ∆ and ∆ ′ are congruent then G ∆ (s) = G ∆ ′ (s). Hence by the previous lemma we can only consider polygons having one or two horizontal sides, i.e. fans having one or two vertical rays.

Theorem 3.10. Let i ∈ N and F be a non-singular and h-transverse fan. Let ∆ ∈ D(F) and s ∈ {0, . . . , s max (∆)}. If

(1) the fan F has two vertical rays and

   ∆ > 2(i + 2) e +∞ (∆) > i + (a(∆) -⌊a(∆)/2⌋ + 1)d F e -∞ (∆) > max(i + 2s, i + (a(∆) -⌊a(∆)/2⌋ + 1)d F ) or • • • • • • • • • • • • • • • • • • (1, n) (0, -1) (-1, 1 -n) (a) The fan F. • • • • • • • • • • • • • • • • • • (1, n) (0, -1) (-1, 1 -n) (b) The fan F ′ .
Figure 19 (2) the fan F has a single vertical ray generated by (0, ε), with ε ∈ {-1, 1}, and

   ∆ > 2(i + 2) a(∆) > max(i + 2s, 5(i + 1) + 6) e ε∞ (∆) > max(i + 2s, 5(i + 1) + 6, i + (a(∆) -⌊a(∆)/2⌋ + 1)d F )
then one has G ∆ (s) i = P i (y(∆), χ(∆), s).

Proof. In case we can apply theorem 3.5.

In case (2), by lemma 3.9 and up to symmetries the fan F is obtained by several blow-ups from the fan of figure 19b. This fan is congruent to the fan whose rays generators are (-1, 0), (0, -1) and (1, 1), which defines CP 2 . Hence we can use corollary 3.8, invariance under GL 2 (Z) and translations, and several applications of corollary 3.7 to conclude.

3.4. The case of singular surfaces. The results of sections 3.1 and 3.2 can be extended to singular surfaces. Recall that for a polygon ∆, we denote by n k (∆) its number of vertices of index k. Recall also that Q i is the degree i coefficient of A s 0 A y-2-2s 1 k A 2 (x k ) n k . Theorem 3.5 generalizes as follows.

Theorem 3.11. Let i ∈ N. and F be a h-transverse fan having two vertical rays. Let ∆ ∈ D(F) and s ∈ {0, . . . , s max (∆)}. If (∆, s) satisfies

   ∆ > 2(i + 2) e -∞ (∆) > max(i + (a(∆) -⌊a(∆)/2⌋ + 1)d F , i + 2s) e +∞ (∆) > i + (a(∆) -⌊a(∆)/2⌋ + 1)d F then G ∆ (s) i = Q i (y(∆), s, n 1 (∆), . . . ).
Remark 3.12. If n k (∆) = 0 unless k = 1, the product over k is just A χ(∆) 2 and we recover theorem 3.5. Proof. For all k 2 let m k = n k (∆) and m 1 = n 1 (∆) -4. For a vertex of index k 1 of ∆, the adjacent edges have direction vectors (q, -1) and (q ± k, -1) for some q ∈ Z. Hence in the choice of the function r for the construction of a diagram D (see proof of lemma 3.4) the vector γ will contribute to the codegree by i j=1 k( γ j -j) and if we want codeg(D) i then the corresponding vector γ will satisfy codeg(γ) i k .

Thereby, to choose the functions r and ℓ we need, for every k 1, to choose m k vectors γ 1 k , . . . , γ m k k of codegree at most i/k and such that

k 1 m k j=1 codeg(γ j k ) i.
If the divergence contributes c to the codegree of D, then by lemma 5.1 the number of choices for (r, ℓ) is

c 1 +c 2 +•••=c k 1 j 1 +•••+jm k =c k /k p(j 1 ) . . . p(j m k )
where c k is the contribution of the vertices of index k. The corresponding generating series is

k 1 A 2 (x k ) m k
and the rest of the proof is as in theorem 3.5.

If F is a fan having two consecutive rays primitively generated by u and v, we construct a new fan F from F by adding a ray generated by mu + v for some m 1. In other words, we replace a 2-dimensional cone of F of index | det(u, v)| by two 2-dimensional cones of indices | det(u, v)| and m. Proposition 3.6 deals with the case m = 1 and generalizes as follows. Recall the conditions

(⋆) i    ∆ > 2(i + 2) e -∞ (∆) > i + 2s e -∞ (∆) > i + (a(∆) -⌊a(∆)/2⌋ + 1)d F .
Proposition 3.14. Let ∆ and ∆ be the polygons whose bottom right corners are depicted in figure 20. There exists a series B such that if (∆, s) satisfies (⋆) i then G ∆ (s) i is given by the degree i coefficient of

A s 0 A e -∞ (∆)-2s 1 
A 2 2 × B, and if ( ∆, s) satisfies (⋆) i then G ∆ (0; s) i is given by the degree i coefficient of

A s 0 A e -∞ ( ∆)-2s 1 A 2 2 A 2 (x m ) × B.
(n, -1) Proof. It is the same proof as proposition 3.6, except that to pass from a floor diagram with Newton polygon ∆ to a floor diagram with Newton polygon ∆ we drop the divergence of some vertices by m. Hence, in the computations for ∆ we need to consider γ ∈ B k/m , where B k/m = ∅ if m does not divide k. We will end up with

• • • • • • • • • • • • • . . . . . . (n -m, -1) (n, -1) • • • • • • • • • • • • • . . . . . . b×m        b
G ∆ (0; s) i = i k=0 p k m i-k j=0 α j (e -∞ -bm, s)β i-k-j (a n )
which shows that G ∆ (0; s) i is the degree i coefficient of the product of ⊲ the generating series of (p(k/m)) k which is A 2 (x p ) by definition, ⊲ the generating series of (α k (e -∞ -bm, s)) k which is A s 0 A e -∞ -bm-2s 1 A 2 2 by lemma 5.2, ⊲ the generating series of (β k (a n )) k which is B.

Since e -∞ ( ∆) = e -∞ -bm we conclude.

We could try to generalize theorem 3.10 to singular surfaces, but some difficulties appear.

⊲ If ∆ is a h-transverse polygon with one horizontal edge, it can be obtained by several transformations described in proposition 3.14 starting from a polygon congruent to the triangle defining a weighted projective plane CP(1, 1, n). Hence we can link the generating series for ∆ with the one for CP(1, 1, n), but still we do not know how to compute explicitly the latter (although we conjecture it fits in the general form of theorem 3.11).

⊲ For a h-transverse polygon without horizontal edge, there is no reason for it to be congruent to a h-transverse polygon with one horizontal edge (leading to the previous case) or with two horizontal edges (leading to the case of theorem 3.11). Hence we are not able to say anything for these polygons, but we conjecture they fit in the general form of theorem 3.11.

Removing the denominators

Motivations.

In what precedes, computations are made and formulas are shown for tropical refined invariants as defined in theorem 2.8. In particular, the multiplicities we considered are products of terms of the form

[n](q) = q n/2 -q -n/2 q 1/2 -q -1/2 .

However some results suggest that the interesting part of the multiplicities is the numerators. For instance, [Mik17, theorem 5.9] and [Blo23, theorem 4.12] establish a link between tropical refined invariants without denominators and a refined count of real curves ; [Bou19, theorem 5] relates tropical refined invariants without denominators to a generating series of log Gromov-Witten invariants. Therefore, we briefly discuss in this section what happens for our results if we get rid of the denominators in the multiplicities.

4.2. The result without denominators. Let (D, m) be a marked floor diagram and S be a pairing compatible with m. Recall the notations E 0 , E 1 and E 2 used in definition 2.7. We consider the partitions

E 0 = E 0 0 ⊔ E ∞ 0 , E 1 = E 0 1 ⊔ E ∞ 1 and E 2 = E 00 0 ⊔ E 0∞ 2 ⊔ E ∞∞ 2 ,
where the superscript 0 stands for bounded and the superscript ∞ stands for infinite, for instance E 0∞ 2 = {{e, e ′ } ∈ E 2 | e bounded and e ′ infinite}. For an integer n and a formal variable t we set the notation t n = 1 -t n . We introduce the following multiplicity : 

µ ⋆ S (D, m)(t) = t codeg(D) e∈E 0 0 t 2 w(e) e∈E ∞ 0 t 1 e∈E 0 1 t 2w(e) e∈E ∞ 1 (1 + t)
µ ⋆ S (D, m)(t)
where the sum runs over the isomorphism classes of marked floor diagrams with Newton polygon ∆.

For A(q) ∈ C[q 1/2 , q -1/2 ] a symmetric Laurent polynomial we set

A(t) = t deg(A) A(t) ∈ C[t]
i.e. we dispel the negative powers.

If A(q) = a 0 q d + a 1 q d-1 + • • • + a 0 q -d , then A(t) = a 0 + a 1 t + a 2 t 2 + . . . : the coefficient a i of codegree i in A(q) becomes the coefficient of degree i of A(t). Note also that AB = A B for A, B ∈ C[q 1/2 , q -1/2 ].
Lemma 4.1. Let ∆ be a h-transverse polygon. Let s ∈ {0, . . . , s max (∆)} and S be a pairing of order s. One has For quantum integers one has

G ∆ (s)(t) = A s 0 A y(∆)-2-2s 1 G ⋆ ∆ (S)(t). In particular G ⋆ ∆ ( 
[n](t) = 1 -t n 1 -t , [n] 2 (t) = 1 -t n 1 -t 2 , and [n] 2 (t) = 1 -t 2n 1 -t 2
and we get

µ S (D, m)(t) = e∈E 0 1 -t w(e) 1 -t 2 e∈E 1 1 -t 2w(e) 1 -t 2 {e,e ′ }∈E 2 (1 -t w(e) )(1 -t w(e ′ ) )(1 -t w(e)+w(e ′ ) ) (1 -t) 2 (1 -t 2 ) .
The product over E 0 is rewritten

e∈E 0 0 1 -t w(e) 1 -t 2 e∈E ∞ 0 1 -t 1 -t = A 2|E 0 0 |+|E ∞ 0 | 1 e∈E 0 0 t 2 w(e) e∈E ∞ 0 t 1 ,
the one over E 1 becomes Putting together the three products, the total power for A 0 is |E 1 | + |E 2 | = s. Given the system

e∈E 0 1 1 -t 2w(e) 1 -t 2 e∈E ∞ 1 (1 -t)(1 + t) 1 -t 2 = A |E 1 | 0 A -|E ∞ 1 | 1 e∈E 0 1 t 2w(
         |E 1 | + |E 2 | = s |V | -|E b | = 1 2|V | + |E ∞ | = y(∆) |E α | = |E α 0 | + |E α 1 | + 2|E αα 2 | + |E αβ 2 |
, where {α, β} = {0, ∞} the total power for A 1 is y(∆) -2 -2s. Hence we eventually get

G ∆ (s)(t) = A s 0 A y(∆)-2-2s 1 (D,m) µ ⋆ S (D, m)(t) = A s 0 A y(∆)-2-2s 1 G ⋆ ∆ (S)(t).
Theorem 4.2. Let F be a h-transverse fan and ∆ ∈ D(F). Let s ∈ {0, . . . , s max (∆)} and S be a pairing of order s.

(1) If F is non-singular, let i m be the maximal integer such that (∆, s) satisfies one of the conditions (1) or (2) of theorem 3.10. One has

G ⋆ ∆ (S)(t) = A χ(∆) 2 mod t im .
In particular, it does not depend on S neither on the order s of S.

(2) If F has two vertical rays, let i m be the maximal integer such that (∆, s) satisfies the conditions of theorem 3.11. One has

G ⋆ ∆ (S)(t) = k 1 A 2 (x k ) n k (∆) mod t im .
In particular, it does not depend on S neither on the order s of S.

Proof.

(1) Theorem 3.10 shows that

G ∆ (s)(t) = A s 0 A y(∆)-2-2s 1 A χ(∆) 2 mod t im i.e. A s 0 A y(∆)-2-2s 1 G ⋆ ∆ (S)(t) = A s 0 A y(∆)-2-2s 1 A χ(∆) 2 mod t im hence G ⋆ ∆ (S)(t) = A χ(∆) 2 mod t im .
(2) Theorem 3.11 shows that

G ∆ (s)(t) = A s 0 A y(∆)-2-2s 1 k 1 A 2 (x k ) n k (∆) mod t im which leads to G ⋆ ∆ (S)(t) = k 1 A 2 (x k ) n k (∆) mod t im .
In other words, in case (1) the degree i coefficient of G ⋆ ∆ (s) is given by a polynomial P ⋆ i ∈ N[χ] of degree i, and the generating series of (P ⋆ i ) i is A χ 2 . In case (2), the degree i coefficient of G ⋆ ∆ (s) is given by a polynomial Q ⋆ i ∈ N[n 1 , n 2 , . . . ] and the generating series of (Q ⋆ i ) i is k 1 A 2 (x k ) n k . These expressions for the generating series are easier than the ones of theorems 3.10 and 3.11. In particular, it is remarkable that they do not depend neither on y nor on s.

Some technical lemmas

In this section we prove few lemmas regarding the quantities we handled in section 3. We refer to the beginning of section 3.1 for the notations.

Lemma 5.1. Let i ∈ N. The cardinality of B i is p(i), the number of partitions of i.

Proof. Let λ = (λ 1 , . . . , λ n ) be a partition of i. For 1 k i let w k (λ) be the number of k in the sequence λ. Then (w 1 (λ), . . . , w i (λ)) ∈ B i . Conversely, any w ∈ B i defines a partition λ(w) = (λ 1 , . . . , λ n ) where λ j = k for w i + • • • + w k+1 + 1 j w i + • • • + w k . Lemma 5.2.

(1) Let a, p ∈ N and S ∈ N N . One has

N(a, p, S) = A a 1 A p 2 k 0 (x 2k ) S k .
(2) Let s, a, p ∈ N. One has S∈d(s) s S N(a, p, S) = A s 0 A a 1 A p 2 .

Proof.

(1) We will prove the following formula by induction over n :

N(a, p, S) = A a 1 × n-1 k=1 (x k ) 2S k (1 -x k ) p × (1 -x n ) a+(n-1)p × N n (a, p, S)
where N n (a, p, S) = (un,... )

ν n (a, p, u, S)x codeg n (u) 1 -x 1 -x n sum n (u-2S)

.

Note that N 1 = N so the formula is true for n = 1. Assume that the formula holds for some n 1. Writing ν ⋆ as a shortcut for ν ⋆ (a, p, u, S) and using the binomial formula we get

N n (a, p, S)

= (u n+1 ,... ) ν n+1 x codeg n+1 (u) 1 -x 1 -x n sum n+1 (u-2S) un 0 ν n x n -x n+1 1 -x n un-2Sn (x n ) 2Sn = (u n+1 ,... ) ν n+1 x codeg n+1 (u) 1 -x 1 -x n sum n+1 (u-2S) 1 -x n+1 1 -x n a+np-sum n+1 (u-2S) (x n ) 2Sn = (x n ) 2Sn 1 -x n+1 1 -x n a+np N n+1 (a, p, S)
which gives the desired formula for N(a, p, S).

(2) This results from the previous point and the multinomial formula :

S∈d(s) s S N(a, p, S) = A a 1 A p 2 S∈d(s) s S k 0 (x 2k ) S k = A s 0 A a 1 A p 2 .
It is shown in [BJP22, lemma 3.5] that Φ ℓ is a polynomial of degree ℓ in k. Actually we can give an explicit formula for this polynomial.

Lemma 5.3. For k, ℓ ∈ N one has

Φ ℓ (k) = 2k + ℓ -1 ℓ .
Proof. Here is a combinatorial proof. By definition,

Φ ℓ (k) = i 1 +•••+i k =k+ℓ i j 1 k j=1 i j = i 1 +•••+i k =ℓ i j 0 k j=1 (i j + 1).
The interpretation is the following. We first need to choose a decomposition of ℓ into k parts. This is the same as taking k + ℓ -1 white boxes in line and choosing k -1 of them to be black. The black boxes determine k groups of i 1 , . . . , i k white boxes. We add one blue box in each of these groups. Then k j=1 (i j + 1) is the number of ways of choosing the places of the blue boxes. This is the same as taking 2k + ℓ -1 whites boxes, then choosing and coloring 2k -1 of them alternately blue and black. Thus

Φ ℓ (k) = 2k + ℓ -1 2k -1 = 2k + ℓ -1 ℓ .
For ℓ ∈ N we can thus extend Φ ℓ to a function t ∈ R → Φ ℓ (t).

Corollary 5.4. Let t ∈ R. The generating series of (Φ ℓ (t)) ℓ∈N is A 2t 1 .

Proof. This comes from the fact that 2t+ℓ-1 ℓ = (-1) ℓ -2t ℓ (see the upper negation in [GKP94, table 174]) and from the binomial formula. 

Definition 2. 2 (

 2 Floor diagram). Let ∆ be a h-transverse polygon. A floor diagram D with Newton polygon ∆ is a quadruple (Γ, w, ℓ, r) such that ⊲ (Γ, w) is a weighted, connected and oriented graph of genus 0, with |V (Γ)| = a(∆), |E +∞ (Γ)| = e +∞ (∆) and |E -∞ (Γ)| = e -∞ (∆), ⊲ all the infinite edges have weight 1,

Lemma 2. 4 .

 4 Given a h-transverse fan F, there exists d F ∈ N such that for any floor diagram with Newton polygon ∆ ∈ D(F) we have |div| d F .

Figure 3 .

 3 Figure 3. The floor diagrams with Newton polygon the polygon of figure 2a.

Figure 4 .

 4 Figure 4. Some floor diagrams with Newton polygon the polygon of figure 2b.

Figure 5 .

 5 Figure 5. Some marked floor diagrams with Newton polygon the polygon of figure 2a.

Remark 2 .

 2 10. If µ S (D, m) = 0 then deg(µ S (D, m)) = deg(D). Let D be the diagram of figure 6, where the function r is increasing and the function ℓ is decreasing. The diagram D has a single marking m and any pairing S is compatible with m. We denote by ∆ the interior of ∆. The weight of the edge e k is w(e k ) = e +∞ (∆) +

  a translation does not change the family of floor diagrams defined by ∆. Moreover, a floor diagram is a way to encode a tropical curve C. Via the dual subdivision of ∆ corresponding to C, a matrix of GL 2 (Z) which acts on ∆ also acts on C, and preserves its multiplicity. Hence to total count does not change. 2.2. Codegrees. Let ∆ be a h-transverse polygon and D a floor diagram with Newton polygon ∆. Its codegree is codeg(D) = | ∆ ∩ Z 2 | -deg(D) 0. We denote C i (∆) the set of floor diagrams with Newton polygon ∆ and codegree at most i.

Figure 8 .

 8 Figure 8. Operations B ℓ and B r .

Figure 9 .

 9 Figure 9. Diagram with two maximal vertices.

3.

  Universal series in genus 0 3.1. The case e ±∞ (∆) = 0. For any integer vector u ∈ N N (or N N * ) with finite support and any k ∈ N we set sum k (u) = j k u j and codeg k (u) = j k ju j .

Figure 12 .

 12 Figure 12. The function r.

Figure 15 .

 15 Figure 15. The polygons ∆ (left) and ∆ (right).

  a bottom part : we denote by D -the diagram consisting of the sources, the vertices from v 1 to v ⌊(a+b)/2⌋ and the bounded edges between them ; ⊲ a top part : we denote by D + the remaining of D ; it has a -⌊(a + b)/2⌋ vertices. This leads to consider the following sets. Let k ∈ {0, . . . , i}. We define ⊲ B k (∆) the set of all possible bottom parts D -having ⌊(a + b)/2⌋ vertices and of codegree k. Encoding how the infinite edges oriented inward are attached to the vertices we establish a bijection between B k (∆) and B k : each D -can be represented by a u ∈ B k . ⊲ T i-k (∆) the set of all possible top parts D + having a -⌊(a + b)/2⌋ vertices and of codegree at most i

  5.2, ⊲ the generating series of (β k (a, b)) k that we will denote by B. Calculation for ∆. Now let's have a look at what happens for ∆. Let k ∈ {0, . . . , i} and j ∈ {0, . . . , i -k} be integers, let γ ∈ B k be a vector of codegree k, and let D = (u, D + ) ∈ B j × T i-k-j be a diagram with Newton polygon ∆, genus 0 and codegree at most i -k. Because b > 2(i + 2) we can see γ as a vector in N b . Consider γ ∈ N b the vector given by

Figure 17 .

 17 Figure 17. The polygons ∆ a (left) and ∆ a,b (middle) and ∆ ′ a,b (right).

  Remark 3.13. For k 2, n k (∆) is the number of singularities of X F of index k, see [LO18, proposition A.1]. Hence the term taking into account the singularities k 2 A 2 (x k ) n k is the same as the one in [LO18, corollary 1.10].

Figure 20 .

 20 Figure 20. The polygons ∆ (left) and ∆ (right).

  S)(t) does not depend on the choice of the pairing S of order s. Proof. For any diagram D one has deg(G ∆ (s)) = deg(D) + codeg(D) = deg(µ S (D, m)) + codeg(D), hence G ∆ (s)(t) = (D,m) t codeg(D) µ S (D, m).

  Lemma 5.5 ([BJP22, corollary 3.6]). Let i, k ∈ N and a 1 , . . . , a k > i be integers. One hask j=1 [a j ] 2 i = Φ i (k).
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