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Abstract

In this paper, an optimal bounded robust control algorithm for secure autonomous navigation in
quadcopter vehicles is proposed. The controller is developed combining two parts; one dedicated to
stabilize the closed-loop system and the second one for dealing and estimating external disturbances
as well unknown nonlinearities inherent to the real system’s operations. For bounding the energy used
by the system during a mission and, without losing its robustness properties, the quadratic problem
formulation is used considering the actuators system constraints. The resulting optimal bounded
control scheme improves considerably the stability and robustness of the closed-loop system and at
the same time bounds the motor control inputs. The controller is validated in real-time flights and
in unconventional conditions for high wind-gusts and LoE - Loss of Effectiveness- in two rotors. The
experimental results demonstrate the good performance of the proposed controller in both scenarios.
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1 Introduction

Quadcopters have been the most preferred multi-
rotor aerial robot configuration for civilian appli-
cations [1, 2]. Due to their simplicity and ver-
satility, quadcopters have attracted the attention
of a large part of control and robotic scientific
communities in front of other types of UAVs [3].
However, quadcopters have some disadvantages;
for example, it is an underactuated system, unsta-
ble, with nonlinearities and fast dynamics as well

as couplings between their different loops. Never-
theless, these disadvantages represent a challenge
for the control scientific community [4]. With the
increasing demand of autonomous flights under
different conditions, controlling a quadcopter stills
an important challenge. For instance, the posi-
tion and attitude controls of the quadcopter are
extremely sensitive to external disturbances such
as wind gusts [5]. Therefore, the design of robust
regulators become more attractive attractive for
outdoor missions and practical applications.
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In particular, robustness issues may be critical
for quadcopter control since it can be subjected
to undesired nonlinear dynamics and external
disturbances. In order to weaken the effect of
wind gusts, some authors have proposed complex
control techniques to achieve stability. In [6–8]
adaptive controllers with different structures were
proposed and verified by simulations and experi-
ments on test a bench. However, others researchers
preferred to apply a Disturbance Observer Based
Control (DOBC) strategy for attenuating exter-
nal/internal disturbances. Among the most used
DOBC techniques, it is worthy highlight the fol-
lowings [9–11]. In these works, the Disturbance
Observer (DOB) uses the transfer function of the
system to compare the analytical desired perfor-
mance with the real one and then, the difference
between these inputs of these systems is taken as
the disturbance. Despite several works found in
the literature propose guaranteeing robustness of
the system, few of them bounds the control inputs
for limiting the energy applied in the system. This
is because in some cases, bounding the control
input only guarantees the robustness in a small
range of external disturbances [12].

Bounding the control input is a challenge when
implementing theoretical control results in real
systems. This is due to the fact that, if the con-
trol signal exceeds the control inputs limits, it
may lead to undesirable behavior of the system
and therefore loose the stability. The anti-windup
technique is frequently used in wide range of appli-
cations to solve this problem. For example, the
analysis of the aircraft control system with input
saturation conducted in [13] has shown existence
of hidden oscillations, which were compensated by
an anti-windup scheme. In [14] the anti-windup
approach was proposed and then applied for the
aircraft control problem in [15, 16]. This anti-
windup algorithm was based on the property of
convergence for marginally stable linear plants
with saturated inputs. Furthermore, in [17] an
iterative thrust-mixing scheme based on the LQR
approach, to compute the desired single rotor
thrusts and a prioritizing motor-saturation, was
validated in real-time tests. In [18], a cascade inte-
gration of Incremental Nonlinear Dynamic Inver-
sion (INDI) for the attitude and position control
of micro aerial vehicles is addressed. Wind tunnel
experiments show that the vehicle can enter and

leave the 10 m/s wind tunnel flow with only 21 cm
maximum position deviation on average. In most
of all these works, the desired collective thrust and
body torques need to be converted into four sin-
gle rotor thrusts. Consequently, it can be applied
by means of the mapping from motors commands
to rotor thrusts, i.e., thrust mapping [17].

For autonomous navigation, aerial vehicles
need robust control systems to compensate the
adverse effects produced by parametric and non-
parametric uncertainties, unknown dynamics and
atmospheric disturbances [19]. In flight real-time
applications the robot is exposed to these unde-
sired situations, therefore, the controller computes
large amount of energy for counteracting them.
Thus, if this energy is sent without a priori
knowledge and during large periods of time, the
actuators can be overheated and damaged lead-
ing to poor performance or undesirable crashes.
This situation happens because they have physi-
cal constraints that often are not considered when
computing the control law, e.g. maximum angular
velocity in a motor.

In this work, we strive for a robust bounded
control architecture by combining a nonlinear/-
linear controller and an uncertainty disturbances
estimator. The idea behind of our approach is to
bound the control input actuators while consid-
ering their constraints such that, the disturbance
estimator is aware of these limits and therefore
the disturbance compensation is as well bounded.
This approach guarantees the robustness when
dealing with undesired nonlinear dynamics and
high dynamic disturbances. The proposed optimal
bounded robust control architecture is depicted in
Figure 2. The scheme is validated experimentally
in real-time flights under unconventional condi-
tions for high wind-gusts and LoE in two rotors. In
addition, it is worth to highlight that even if our
architecture does not use classical Fault Tolerant
Control (FTC) schemes, it is capable to detect,
estimate and compensate Loss of Effectiveness in
rotors, fast enough, even when the aerial robot is
flying in a non-hover position.

The rest of the paper is organized as follows:
in Section 2, the dynamic model of quadrotor
is recalled. The optimal bounded robust control
scheme is addressed in Section 3. Experimental
real-time tests to demonstrate the good perfor-
mance of the proposed architecture, are provided
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in Section 4. Finally, conclusion and future work
are discussed in Section 5.

2 Problem formulation

The dynamic model of a quadcopter can be
described by representing the vehicle as a 3D rigid
body, which is driven by forces and torques gen-
erated by the propellers, see Fig 1. Therefore,
the nonlinear model of the quadcopter using the
Newton-Euler formalism can be expressed as [20]

ξ̇(t) = v(t), mξ̈(t) = R(t)F (t)−mgez,

Ṙ(t) = R(t)Ω̂(t), JΩ̇ = −Ω(t)× JΩ(t) + τ (t),

(1)

where ξ(t) denotes the vector position of the vehi-
cle with respect to the inertial frame I , v(t) ∈ I
describes its linear velocity, Ω(t) represents the
angular velocity of the body defined in B, and m
is its total mass. The constant moment of inertia is
J expressed in B, τ (t) , [u2, u3, u4] expresses the
torques applied in the rigid body, Ω̂(t) introduces
the skew-symmetric matrix of Ω(t), R(t) means
the rotation matrix from the body B to the iner-
tial I frames, and F (t) , [0, 0, u1] is the force
vector applied to the robot.
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Fig. 1 Quadcopter aerial vehicle representation. I =
{xI , yIzI} denotes the inertial frame, and B =
{xB , yB , zB} the body frame attached to center of mass of
the vehicle. fi expresses the force applied of motor i.

In this work, it is assumed that the thrust fi ≈
kfw

2
Mi

, and torque, τMi ≈ kτw
2
Mi

, of each pro-
peller are directly controlled by the angular rate of
the motor, wMi , with kf and kτ are aerodynamic
thrust and torque factors, respectively. Therefore,

from (1) and Figure 1, F and τ can be written as

F = [0, 0,
∑4

i=1 fi]
T and τ = [l(f1 + f4) − l(f2 +

f3), l(f1 +f2)− l(f3 +f4), kτ (−f1 +f2−f3 +f4)]T ,
with l representing the distance from the center of
mass to the point where the force is applied.

Thus, the following relation for the control
inputs can be established based on the angular
rate of the rotors

ū =


u1

u2

u3

u4

 =


kf kf kf kf
kf l −kf l −kf l kf l
kf l kf l −kf l −kf l
−kτ kτ −kτ kτ



ω2
M1

ω2
M2

ω2
M3

ω2
M4

 .
(2)

Bounding the controller without degrading the
closed-loop system performance is a challenge, and
several works have been proposed in the literature
[21–26]. Nevertheless, most of them only consider
the bound in the control laws without taking into
account their actuators allocation. In this work,
we propose an optimal bounded control algorithm
for quadrotor aerial vehicles. The control law is
composed by two parts; one dedicated to stabilize
the vehicle when it is close to ideal conditions. The
second one is capable to estimate and compensate
the endogenous and exogenous properties of the
system, such as undesired dynamics (produced by
fault in motors) or external perturbations. In addi-
tion, the controller is developed to find the optimal
values of the control law for avoiding saturate or
overheat the actuators.

3 Optimal bounded robust
control scheme

System (1) can be also expressed as a perturbed
nonlinear system with the form

ẋ(t) = Ax(t) + Bū(t) + f(x, ū, t) + d(t) (3)

where A ∈ Rnxn and B ∈ Rnxm are the sys-
tem matrices, x(t) = [ξ,η]T ∈ Rn and ū(t) ∈
Rm are the state and control vectors respectively,
f(x, ū, t) : Rn×R×R+ → Rn defines an unknown
non-linear function, and d(t) : R+ → Rn denotes
the vector of unknown external disturbances. η
represents the attitude vector of the vehicle, with
Ω = Wη η̇ and Wη defines the standard kinemat-
ics relation between Ω and η. The full state is
assumed to be measurable.
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Assumption 1. The nonlinear function
∂[f(x,ū)+Bū]

∂ū 6= 0, for all (x, ū) ∈ Rn × Rm.

3.1 Control law

The goal is to regulate the state x(t) of the closed-
loop system so that it asymptotically tracks the
state of the reference model

ẋq(t) = Aqxq(t) + Bqrq(t), (4)

where xq ∈ Rn, Aq ∈ Rn×n and Bq ∈ Rn×m are
the state vector, the state matrix and the control
vector, respectively and Aq a Hurwitz matrix.

The goal is that x → xq, therefore, the
following error can be proposed

e = (ξ − ξq,η − ηq)> = x− xq. (5)

Differentiating (5) and using (3), (4) such that
adding and subtracting Aqx it holds that

ė = Aqe− Γ, (6)

with

Γ = Ax−Aqx−Bqrq + Bū + f(x, ū, t) + d(t)

Observe that if Γ → 0 then (6) will be
asymptotically stable. Hence, ū can be proposed
as

ū = B+

 un︷ ︸︸ ︷
[(Aq −A)x + Bqrq]− [f(x, ū, t) + d(t)]︸ ︷︷ ︸

uζ


(7)

where B+ = (BTB)−1BT corresponds to the
pseudo-inverse of B. The first part of the proposed
control law concerns to the reference tracking per-
formance of the linear system (4). On the other
hand, uζ will contain the non-linear part of the
controller. Then, the goal will be to compute un
and uζ . un = Kx(t) + B+Bqrq(t), with K =
B+(Aq−A) representing the control part for sta-
bilizing the system in ideal conditions.
In addition, observe that uζ is a function of
unknown variables, i.e., uζ = f(x, ū, t)+d(t), and
therefore it is difficult to estimate this parame-
ter in this form. However, using (3), it can be

- -

Disturbance 

  Observer

 Control

Strategy

Fig. 2 Block diagram of the control structure. un and uζ
correspond to the nominal control action and the control
rejection part, respectively, ξd is the desired reference. ξ,
η means the position and attitude states. ū and u∗ repre-
sent the proposed controller and the set of its optimal and
bounded values, respectively. The quadratic problem block
deals with the motors constraints and ζ represents external
disturbances.

rewritten as

uζ = B+[Ax + Bū− ẋ]. (8)

From (8), we can deduce that the unknown
dynamics and disturbances can be estimated from
the known dynamics of the systems and control
signal.

Computing uζ in the form (8) is not causal
but uζ will be implemented in a micro-controller.
Hence for solving it, the Laplace transform is
applied. Then, (8) becomes

uζ(s) = Gf (s)B+[Ax(s) + Bū(s)− sx(s)], (9)

where Gf (s) is a strictly proper stable low-pass
filter with unity gain and zero pahse shift over the
spectrum of the uncertain term f(x, ū, t) + d(t)
[27].

3.2 Bounded observer

In quadrotor systems the real control inputs are
related with the energy computed by the motors
using the relation of the control inputs ū, as can be
stated in (2), for obtaining the angular velocities
of each motor. This relation is often obtained when
the control laws ū need to be transformed into the
real control inputs, i.e., the actuators (motors).
For the quadrotor vehicle it can be expressed as

M = Hū, (10)



Springer Nature 2021 LATEX template

Article 5

with

M =


M1(t)
M2(t)
M3(t)
M4(t)

 ; ū =


u1(t)
u2(t)
u3(t)
u4(t)

 =


un1 + uζ1
un2 + uζ2
un3 + uζ3
un4 + uζ4

 ;

and H denotes the allocation control matrix with
the form

H =


1 1 1 −1
1 −1 1 1
1 −1 −1 −1
1 1 −1 1


Notice that (10) represents the real robust

control input applied to the i−th actuator (Mi)
for controlling the aerial vehicle. If the vehicle
is affected by external disturbances or undesired
dynamics, the controller needs to be capable to
estimate and compensate them. However, when
the quadrotor is dealing with aggressive and con-
stant perturbations or repetitive missions (tests),
the motors can be overheated in several cases,
resulting in a physical damage or degradation on
its performance. For avoiding that, it is necessary
to compute a set of the optimal bounded control
inputs, u∗, from ū.

Hence, u∗ can be obtained as

u∗ = δTM ū, (11)

where δTM = [δ1 δ2 δ3 δ4] with δi defining a factor
for fulfilling the rotors constraints. The bounds for
the motors control inputs can be find solving the
following quadratic problem

min
δM

1

2
δTMQδM + cT δM (12)

st. AMδM ≤ b, (13)

where Q, c,AM ,b are matrices and vectors that
will be defined later.

For computing matrices and vectors in (12)
and (13), the following cost-to-go function can be
defined as

fo =

4∑
i=1

Qi(ūi − u∗i )2, (14)

where Qi is a weight value penalizing the control
input. Developing the above equation, it follows

that

fo =

4∑
i=1

Qi(ū
2
i − 2δiū

2
i + δ2

i ū
2
i ). (15)

From (15), note that the term ū2
i does not

affect to find the minimum of the quadratic prob-
lem, thus, it can be neglected. Rewriting the above
equation in matrix form, it yields

fo =
1

2
δTMQδM + cT δM ,

with

Q =


Q1ū

2
1 0 0 0

0 Q2ū
2
2 0 0

0 0 Q3ū
2
3 0

0 0 0 Q4ū
2
4

 , c =


−Q1ū

2
1

−Q2ū
2
2

−Q3ū
2
3

−Q4ū
2
4

 .
Let us introduce the constraints on the motors

control inputs with the form
¯
σi ≤Mi ≤ σ̄i, where

σ̄i and
¯
σi are the upper and lower bounds of the

motors, respectively. Moreover, define u∗0 as the
equilibrium point of the aerial robot at hover posi-
tion, in other words, the u1 needed to compensate
the weight of the vehicle.

For finding condition (13), consider the case of
the motor M1 ≤ |σ1|. Thus, taking into account
the weight compensation u∗0 and using (10) with
the optimal value of ū (11), it follows that

|δ1| |ū1|+ |δ2| |ū2|+ |δ3| |ū3| − |δ4| |ū4| ≤ |σ1| −u∗0.
(16)

Then, following the same procedure for the rest of
motors but considering the general form∣∣∣∣∣

4∑
i=1

±δiūi

∣∣∣∣∣ ≤ |σ̄i| − u∗0 (17)

and rewriting them in a matrix form, it follows
that (13) is founded with

AM =



+ū1 +ū2 +ū3 −ū4

+ū1 −ū2 +ū3 +ū4

+ū1 −ū2 −ū3 −ū4

+ū1 +ū2 −ū3 +ū4

−ū1 −ū2 −ū3 +ū4

−ū1 +ū2 −ū3 −ū4

−ū1 +ū2 +ū3 +ū4

−ū1 −ū2 +ū3 −ū4


,b =



σ̄1 − u∗0
σ̄2 − u∗0
σ̄3 − u∗0
σ̄4 − u∗0
−

¯
σ1 + u∗0

−
¯
σ2 + u∗0

−
¯
σ3 + u∗0

−
¯
σ4 + u∗0


.

Thus using (11) with constraints (12) and (13)
, it is possible to find the set of optimal bounded
values of ū. Then, (8) becomes

uζ(s) = Gf (s)B+[Ax(s) + Bu∗(s)− sx(s)] (18)
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with Gf (s) = 1
Tfs+1 , and Tf > T , being T the

sample-time.

4 Experimental results

The practical goal of these experiments is to vali-
date the proposed control architecture. For better
illustrate the good performance of the optimal
bounded robust controller (11), it is compared, in
two scenarios, with respect to its nominal form
(7). It is worth to mention that both algorithms
have a low computational cost, which permits to
be implemented in low cost CPU. The experimen-
tal tests are performed in a quadcopter vehicle AR
Drone 2. Its firmware was modified to work under
the software Fl-AIR - Framework libre AIR which
is open source and runs a Linux-based operating
system, capable of implementing a wide range of
control schemes, see [28]. An OptiTrack motion
capture system was used to estimate the vehicle’s
position, while its internal Inertial Measurement
Unit (IMU) measures its orientation and angular
rates. A video of the experimental results can be
seen in https://youtu.be/El7xDcuCas8

The control parameters are presented in the
Table 1. Here, K̄1i , K̄2i , express the gains of the
controller un for each subsystem, i : φ, θ, ψ, x, y, z.
Each state in (4) can be considered decoupled
and modeled by a double integrator with the form
G(s) = b/s2 such that b can obtained experimen-
tally for each state. For control implementation
the following low-pass filter Gf = 1/(Ts + 1) is
used, with T representing its bandwidth.

Table 1 Gain parameters used in the experimental tests

Parameter φ, θ ψ x, y z

K̄1i 0.8 0.6 0.17 0.3
K̄2i 0.1 0.2 0.13 0.1
b 140 44 10 5
T 0.1 0.5 0.5 0.3

4.1 First scenario: Aggressive
wind-gust

Most of the aerial robot applications are devel-
oped in outdoors environments where robustness
with respect to wind is a primary task. The goal of
the first scenario is to show the performance of the
quadcopter while it is at hover, subject to aggres-
sive constant and intermittent wind-gust. For this

end, a leaf blower Bosch AVS1 was used to emu-
late external wind gust with an airflow speed of
60km/h and placed at 1.5m from the quadro-
tor. The hover position is at: x(0) = 0, y(0) =
0, z(0) = 1 all in meters. A video of the exper-
imental results can be seen in https://youtu.be/
0SrcbkVlmUg.

In Figure 3-up the performance of the vehicle
in 3D space subject to high wind-gust is intro-
duced. Notice the better performance of the opti-
mal bounded robust controller u∗ with respect to
ū. The position behavior of the drone is depicted
in Figure 3-down. In the experiment the wind-gust
was directed to the y−axis the firsts 20s. Note that
both approaches suffer a degradation in their per-
formance, nevertheless it is clear that when using
u∗, this degradation (especially in z) is smoother.

Fig. 3 Scenario 1.- System performance during flight
tests.

https://youtu.be/El7xDcuCas8
https://youtu.be/0SrcbkVlmUg
https://youtu.be/0SrcbkVlmUg
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Figure 4 depicts the performance of the distur-
bance estimations and the motors control input.
Notice the relation between these figures. When
the disturbance estimation is computed in the con-
troller for compensating these undesired dynam-
ics, notice that the nominal controller ū, computes
higher values exceeding the limits constraints in
actuators (in our case is 1). However, when the
vehicle is controlled by u∗, observe that the afore-
mentioned problem does not appears.

0 10 20 30 40 50 60 70
-0.5

0

0.5

1

0 10 20 30 40 50 60 70
-1

-0.5

0

0.5

0 10 20 30 40 50 60 70
-1

-0.5

0

0.5

Fig. 4 Scenario 1.- Attitude disturbance estimation and
motor control action performances.

4.2 Second scenario: Loss of
effectiveness in rotors when
performing a trajectory

Conducting electrical inspections with drones has
been an application developed through the last
years. In this kind of tasks, the vehicle needs to be

robust with respect to many factors, as wind-gust,
possible loss of effectiveness in rotors (repetitive
tasks), among others.

The goal of the second scenario is to show
the performance of the quadcopter when two LoE
in motors M1 and M2 occur while performing
a desired trajectory emulating conduct electrical
inspection. In this experiment, the efficience in
M1 is reduced 40% at time t ∼ 28s and, later,
at time t ∼ 44s, the efficience in M2 is reduced
20%. An helical trajectory with the form xr(t) = t,
yr(t) = a sin(t) and zr(t) = a cos(t) was cho-
sen as desired trajectory, where a indicating the
radius of the circumference. The initial conditions
are defined as ξr(0) = [−1, 1, 2]T in meters. A
video of this experiment can be seen at https:
//youtu.be/rp0u8eeerh0.

Figures 5- 6 show the performance of the
quadcopter, while tracking the helical trajectory
subject to LoE in two rotors. The behavior of the
vehicle in 3D space is presented in Figure 5. Notice
from this figure that when the first LoE (40%)
in rotor M1 was injected, the practical stability,
when using ū, is compromised making the drone
becomes perturbed. Moreover, this controller was
not capable to assure the stability of the system
and therefore, it was not possible to apply the
second LoE in rotor M2 because the aerial robot
crashed. Nevertheless, when using u∗, the quad-
copter can continue tracking the desired reference
and even tough, compensate a second LoE (20%)
in rotor M2 at time t ∼ 44s.

Fig. 5 Scenario 2.- 3D state performances in flight tests.

https://youtu.be/rp0u8eeerh0
https://youtu.be/rp0u8eeerh0
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Figure 6 introduces the behavior of the distur-
bance estimation and the motor control inputs.
Observe from these figures that when using u∗, the
vehicle suffers a small degradation on their perfor-
mance without exceeding the physical constraints
of the motors and even tough, it can overcome the
second LoE around t ∼ 44s allowing to continue
tracking the desired reference and landing safely.

0 10 20 30 40 50 60
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2

4

0 10 20 30 40 50 60

0

2

4

0 10 20 30 40 50 60
-4

-2

0

40% LoE

M
1

20% LoE

M
2

Vehicle crashes after

40% LoE in M
1

Fig. 6 Scenario 2.- Attitude disturbance estimation and
motor control action performances.

5 Conclusions

An optimal bounded robust control algorithm was
developed in this paper. This controller was con-
ceived to be robust with respect to uncertain
dynamics and external and unknown perturba-
tions. Its structure contains two parts, one for
stabilizing the aerial vehicle close to the ideal con-
ditions (small angles) and the second one for esti-
mating and compensating unknowns dynamics.

For improving robustness and avoiding saturate
actuators in the system, the resulted controller of
this scheme was bounded solving a quadratic prob-
lem in the control inputs and taken into account
the motors constraints.

The proposed architecture was proved, in prac-
tice, when several wind-gust were applied while
the vehicle was at hover. In addition, the scheme
was also validated when loss of effectiveness (LoE)
in rotors appears. Here, the practical goal was
to track a desired trajectory while two LoE (one
of 40% and the second of 20%) in two different
motors were applied. Practical validations demon-
strated the good performance of the proposed
optimal bounded robust controller. Future work
includes practical validation of the algorithm in
different aggressive scenarios.
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