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Abstract

In this paper, we consider variational autoencoders (VAE) for general state space models.
We consider a backward factorization of the variational distributions to analyze the excess risk
associated with VAE. Such backward factorizations were recently proposed to perform online
variational learning [Campbell et al., 2021] and to obtain upper bounds on the variational esti-
mation error [Chagneux et al., 2022]. When independent trajectories of sequences are observed
and under strong mixing assumptions on the state space model and on the variational distribu-
tion, we provide an oracle inequality explicit in the number of samples and in the length of the
observation sequences. We then derive consequences of this theoretical result. In particular,
when the data distribution is given by a state space model, we provide an upper bound for
the Kullback-Leibler divergence between the data distribution and its estimator and between
the variational posterior and the estimated state space posterior distributions. Under classical
assumptions, we prove that our results can be applied to Gaussian backward kernels built with
dense and recurrent neural networks.

1 Introduction

Deep generative models have been increasingly used and analyzed for the past few years. In this
setting, Variational autoencoders (VAESs) offer the possibility to simultaneously model and train
(i) the conditional distribution of the observation given latent variables referred to as the decoder,
and (ii) a variational approximation of the conditional distribution of the latent variable given
the observation referred to as the encoder. They have been successfully applied in many contexts
such as image generation [Vahdat and Kautz, 2020], text generation [Bowman et al., 2015], state
estimation and image reconstruction [Cohen et al., 2022].

Variational inference has been widely and satisfactorily used for many practical applications but
its theoretical properties has been analyzed only very recently. Theoretical guarantees have been
mostly proposed for variational inference procedures in settings where datasets are based on inde-
pendent data and for mean-field approximations. In [Huggins et al., 2020], the authors provided
variational error bounds, in particular for the estimation of the posterior mean and covariance.
In [Chérief-Abdellatif and Alquier, 2018|, the authors established the concentration of variational
approximations of posterior distributions for mixtures of general laws using PAC-Bayesian theory.



The PAC-Bayesian theory has also been used in [Mbacke et al., 2023] where the authors controlled
in particular the L? reconstruction loss under the true data distribution for VAEs. In addition,
[Tang and Yang, 2021 provided a theoretical analysis of the excess risk for Empirical Bayes Varia-
tional Autoencoders for both parametric and nonparametric settings. They derived a set of generic
assumptions to obtain an oracle inequality explicit in the number of samples and proposed an up-
per bound for the total variation distance between the true distribution of the observations and
a variational approximation combining the empirical distribution of the dataset and the proposed
VAE architecture.

In this paper, we aim at extending the theoretical results on variational inference procedures
in two directions. First, we set the focus on the use of VAEs for general state space models,
i.e. settings where the decoding distribution PQY of the observations depends on an unobserved
Markov chain. In addition, instead of using mean-field approximations, we consider variational
encoding distributions @, satisfying a backward factorization as proposed in [Campbell et al., 2021}
Chagneux et al., 2022]. In |[Chagneux et al., 2022], the authors derived the first theoretical results
providing upper bounds on the state decoding estimation error when using variational inference
with backward factorization and no such results were proposed for state space models using a
mean-field approximations. This factorization was used in [Campbell et al., 2021 to define new
online variational estimation algorithms, where observations are processed on-the-fly.

In this paper, we provide the first (up to our knowledge) theoretical guarantees on the trained
variational approximation in the setting of independent copies of sequences with distribution Pp
when using a backward variational factorization.

e We provide assumptions on the decoding and variational encoding kernels under which we
prove an oracle inequality for the risk explicit in particular in the number of samples and
in the length of the observation sequences, see Theorem 3.l This result is established using
an alternative formulation of [Tang and Yang, 2021, Theorem 3] in our state space setting
and with an explicit dependency on some constants to track all terms depending on the
number of observations. This allows to understand when the procedure leads to a decoding
distribution that approximates well the data distribution together with a coding distribution
which approximates well the decoding state distribution.

e In particular, when data are generated from a general state space model, and when Pp belongs
to the decoding family of distributions, we give an upper bound also explicit in the way the
backward coding kernels approximate the backward decoding kernels, see Corollary

o We analyse settings in which our results hold, in particular settings with Gaussian backward
kernels based on Multi-Layer Perceptrons (MLPs) and on Recurrent Neural Networks (RNNs).

The paper is organised as follows. The general setting and notations for state space models and
variational learning are given in Section Assumptions and theoretical results are proposed in
Section [3] along with discussions on specific deep architectures used in practice. A discussion with
insights for future works is given in Section @l Detailed proofs of theoretical results are given in
Appendices [Bland [Cl Additional proofs to highlight that when the state and observation spaces are
compact our main results hold are given in Appendix



2 State space model and variational estimation

Let © C R% be a parameter space. In this paper, we consider a state-space model depending on
0 € O, i.e. a bivariate discrete-time process {(X¢, Y;) }1>0 where {X;}+>0 is a hidden Markov chain
in a measurable space (X, X) with initial distribution y with density ¢ with respect to a reference
measure y and for all ¢ > 0, the conditional distribution of X;1 given X4 is written My(Xy, )
and has density mg (X4, ), where a,., is a short-hand notation for (a,,...,a,) for 0 < u < v and
any sequence (ag)e>o. The observations {Y;}o<i<r take values in a measurable space (Y,)) and
they are assumed to be independent conditionally on Xo.r and, for all 0 < t < T, the distribution
of ¥; given Xo.7 depends on X, only, is written G (X, -), and has density y — gj (X¢) with respect
to a reference measure v.

In this context, the joint probability distribution Py of (Xo.7, Yo.7) has density with respect to
p®T+D) @ @M+ given, for all § € O, zo.r € XT*! and all yo.r € YT, by

T
Po.0.7 (@01, o) = ((x0) gy’ (o) Hme(xtfl,xt)ggf (1) 5
t=1
and the joint smoothing distribution, i.e. the conditional distribution of Xy.r given Y.r, is given
for all measurable function h by

YT (h) = J x(dwo)gy (wo) [Ty My (-1, des) gy’ (‘Tt)h(xo:T).
9,0:T|T [ x(da0) gl (o) TT1—y Mo (21, das)g¥ (2:)

The probability density of @g%:TT‘T is denoted by gbg?(’):TT'T. In the following, we use the notation

DY = DY ;¢ to denote the the filtering distribution at time ¢, i.e. the conditional distribution
of X; given Yy, with a similar convention for the probability densities. The joint smoothing

distribution can also be written

T-1
(I)g?é:TﬂT(deﬁT) = (I)zOTT (dzr) H BGy?i“T:tt:ll\T—t(IT*t’ dzy 1),
=0

where Bg?fT:ttjll|T_ J(wr_¢,drr_¢_1) is the backward kernel at time 7" — ¢ defined by

Bg?q:ﬂT:ttht(xT—tade—t—l) oc ®4°7 T (dwr g1 )me(Tr -1, T7—1)

Yo:T—t—1

9,T7t71|T7t(wT—t7 ). For all T, 0, yo.T €

with a probability density with respect to p denoted by b
YT+1 the loglikelihood of the observations is:

207 (0) = log LY (0)
where

LY (0) = /Pe,o:T(ivo:%yo;T)M(dCCO;T) .

The joint smoothing distribution is usually intractable and we focus in this paper on variational
learning to perform approximate maximum likelihood. Following [Campbell et al., 2021, [Chagneux et al., 2022],
we propose a backward variational formulation:

T-1
wr(dzor) = QT (dur) T QUf_ yr_i(@r—s,der—s1),
t=0



where ¢ € ® C R%, and where Z‘?E,T_t_l‘T_t(xT_t,-) (resp. QY’7) has probability density

qi‘j&ﬁ_t_llT_t(:vT_t, -) (resp. q;’JOTT) with respect to the reference measure p. In this setting, the

ELBO writes, for all 6 € ©, ¢ € ®, and for a sequence of observations Yj.r,

)

ELBOXY" (6, ) = £3°7 () — KL (Q:%T:T 0,0:T|T

Let (Yg.r)i<i<n be Lid. sequences with distribution Pp with density pp. Maximizing (6, ¢)

S ELBO?‘;T (0, ) is equivalent to minimizing the following loss function

n

1 Z i
En,T(eu 90) - E i m(97 2 YZ):T) ’
where

) Yi. i
L7 (0)

Yo.r
’(I)G,O:T\T .

Define

(On,7, Pn,1) € argMingeg pea Ln,1(0,0) -

Such a procedure is a so-called M-estimation method in the statistical literature. The intuition is
that with large data sets, that is when n is large, the ELBO is closed to the expected value of m
under the unknown distribution of the data, and the estimated decoding and coding parameters
are close to minimize this expected value. An important body of work in the statistical community
has been devoted to develop very general settings in which non asymptotic bounds on the risk
of M-estimators, referred to as oracle inequalities, can be given, see |[van de Geer, 2000] as early
reference, or [Wainwright, 2019] and the references therein for more recent results. Moreover,
oracle inequalities are obviously the only property one can hope for such estimators, the other
properties being consequences of the oracle inequality. In the following section, we thus first provide
assumptions under which we obtain an oracle inequality and then discuss consequences.

3 Main results

3.1 Notations.

In the following, for all measures A and 7 on (X, X’) and all transition kernels K we consider the
following notations. For all measurable sets A C X x X, A@n(A) = [1a(z, 2" )\(dz)n(dz’) and A®
K(A) = [14(z,2")\(dz)K (x,da’), for all measurable sets B C X, AK (B) = [ A(dz)1p(2')K (z,dz’),
and for all real-valued measurable functions h on (X, X), A(h) = [ A(dz)h(z). For all measurable
functions hi, ho, we write hq @ ho : (z,2') — h1(z)ha(z'). For all & > 0, define on Ry the function
o ¢ — exp(z®) — 1. For all real-valued random variables X, define the Orlicz norm of order « by

[ XNy = infrso {E [Ya(|X|/N)] <1}

For all probability measures P and @ defined on the same probability space, | P — Q||+v will denote
the total variation norm between P and @, and KL (Q||P) their Kullback-Leibler divergence, that
is KL (Q[| P) = Eq[log(dQ/dP)].



3.2 Assumptions

In this section, we propose a set of assumptions on the kernel densities my and qf}“tql; 4 0t <T-1,
and on the conditional densities gy, under which we are able to prove an oracle inequality. In the
state space model literature, Assumption HI] is usual to control smoothing expectations and HZ|
for the study of asymptotic properties of maximum likelihood estimators. More assumptions are
needed to manage the complexity of the models and to get a nonasymptotic control of the risk of
the estimators. These controls are obtained with Assumptions H3H6l We discuss in Section [3.4]
how they can be applied to specific architectures used in practice. Additional discussions on the
assumptions are provided in Appendix [Dl where we prove that usual compact state space models
are covered by our theory.

H1 There exist probability measures n— and 74 on (X, X) and constants 0 < o_ < o4 < 0o such
that for all § € ©, x € X, all measurable set A,

o-n-(A) < x(4) < o1+ (A)

and
o-n-(A) < My(z, A) < o4y (A) .

There exist probability measures A_ and Ay on (X, &) such that for all yo.r € Y7+, there
exist 9¥°7" > 0 and 99" > 0 such that for all ¢ € @, t > 0, x € X, all measurable set A,

PLTA(A) < QUi (2, A) S VLTAL(A)

In addition, for all ¢ € ®, all yo.r € YZ*!, and all measurable set A,

TN (A) < QUE(A) < VTN (A)

H2 For all y €Y, infgeco [ g5 (z)n-(dz) = c_(y) > 0 and supgeg [ g5 (2)n+(dz) = ¢4 (y) < .

We consider also the following notation supycggy’ = §¥* and infypcogy’ = g¥*. We constrain the
kernels and the conditional densities to be Lipschitz in the parameters with a Lipschitz coefficient
depending on the variables.

H3 There exists M such that for all §,6’ € © and z,z’ € X,
Ime(z,2") —me/(z,2")| < M(z,2")|0 — 0|2 .

For all 1 <t < T, yo.r € YT, there exists Kfﬂ’ﬁt such that for all ¢, o’ € ® and z, 2" € X,

) Gy 0] < K )l = ol

In addition, there exists K¥”" such that for all ¢,¢" € ® and z € X,

QW (@) — @5 (@)| < KPP @l — ¢

For all y € Y, there exists GY such that for all 6,6’ € © and x € X,

195 (x) — gy (x)| < G¥(2)]|0 = 0|2 -



Define, for 1 <¢ <T —1,

hio(@i—1,2¢) =log ¢J'" || (we, we—1) — log bzf’gi’f|t(:vt, Tio1) (1)
and, by convention, hT@cp('rT 1, TT) = logqg?¥71|T(:1:T,xT,1) 1ogb9T 1|T(IT,IET 1)+1ogqy°T(:1:T)—

log ¢’ (w7).-
H4 For all yo.r € YT and all 0 < ¢t < T,

sup / A (da) |, o, ’H — 0T <

0€0,pcd

and for all 0,0’ € ©, o, ' € &, 1 <t < T,
[ s @ ode!) log gl o) ~ og gy )] < 7 o= s
/)\+ @ A (deda) log by (o, 0') — g by e, 0')| < 45 10— 01
[ o) log a2 ) ~ o a3 @)] < i o~ ¢l

//\+ da) ‘logqﬁu‘”( ) — log 64 ()| < e o - o',

where Ay is defined in HI

Our upper bounds require to prove that m is a Lipschitz function of the parameters, and we need
an upper bound on the L2-norm of the Lipschitz coefficient. For this, we consider the following
moment assumptions.

H5 There exists A such that the following inequalities are satisfied.
2 2
E |:(,(9IOTC§OTT) ] <A,E |:(,l9{o TCZOTT) :| <A,

forall0<t<T,

(A <l

foralll1 <¢t<T,

2 M =Yi_
E |:((19{0:T)20Y0:t1) :| <A,E [77+ ®,u( &g :| <A,

1th)2
ot - (Yim1)?c-(V2)* |~

T 2
E <19{0:T Z )\+ ® )\J,_ (Ki}‘sil) (YO:T)St> S A )

s=t—1
where for all yo.r, p(yo.r) =1 — 977, for all 0 < s5,¢t < T,

. (V)2 p(GY)?
B [cm)?c(m] =4,



and forall 0 <t <T,all1<s<T,

<A.

<0+(Yt)77+ ® (M ® gYsngﬂ)z
c—(Yoo1)e—(Y)e—(Yy)

The following assumption is used to have concentration properties, as usual in the statistical liter-
ature to get theoretical guarantees with finite samples.

H6 There exists a, and B > 0 such that for all T > 1,

< BT
Yo

)

T
Hlong(}/O:T)Hwa* < BT and (191037‘)2 “SUPp 5 Z)\JF ® AJr (’hi/)oe)q:p
t=1

)

and for all 0 <t < T,
[[log cq (Ye)[ V [log e— (Y2)|[| .., < B

3.3 Oracle inequalities and consequences

Our main result is an oracle inequality for the risk. The so-called variance term has the usual rate
1/n up to logn terms in the sample size n. It is proved to grow as much as 7% in the length T
of the sample sequences. We assume that ©® and ® are compact spaces, and that the sum of their
diameters is bounded by dp.

Theorem 3.1. Assume that HIFH@ hold. Then, there exist constants co, 1, ¢2, D which depend
onoy,o_, a., A, B and dy only, such that with probability at least 1 — coexp(—ci{d, logn} o),

~ . .. Dd.T?
M(On, 7, n, 7, Yo:7)PD (Yo:1)dp(yo.r) < infyso (1 +7)Er+co(1+777)

log(d.n)(log n)"/ } ’

where Ep = mingeo pea [ m(0, ¢, yo.r)pp (yor)dp(yo.r) and dy = dp + d,,.

Proof. To prove Theorem[3I] we use Theorem[A Tl which is an alternative formulation of [Tang and Yang, 2021]
Theorem 3|, proved in Appendix [Al First, Assumption A of Theorem B holds with D = DT for
some positive constant D depending on B. This is a consequence of the first point in HGl Proposi-
tion [B.4] and Proposition [B.5
We now prove that Condition A of Theorem B.1] holds with a; < CT? for some C > 0. Write,

for all 8, w1, @2, yo.1,

Yo:1
q O:T(XO:T)
EVT (0, o1, 92) = Evor  |log 22217 272
( ¥1 902) qﬁ,ﬁwl & g?O:TTIT(XO:T)

Note that
A6,6", 0,0 yor) < |67 (0) — LT ()] + [EY7 (0, ¢, ) — EYOT (0, ¢, )] .

Write
|5y0:T (97 <P) —gvor (9/7 <P/)| < Al(ev 2 90/7 yO:T) =+ AQ (95 9/5 2 </7/a yO:T) )



where

Al(ea 2 </7I7 yO:T) = |5y0:T (97 2 90) —gvor (97 <Pla 90)| )
D2(0,0', 0,4, yor) = [EYT (0,9, 0) = EPT(O, ¢, ¢)| -

Therefore,
A(ov 9/7 ©, 90/7 yO:T) S |€%0T(9) - K%O:T (91)| + Al (95 2 </7Ia yO:T) + AQ (97 9/7 ®, 90/7 yO:T) .

By Proposition [B.Il Proposition and Proposition [B.3] we get that for all 8, &', ¢, ¢, and all
Yo:T1,

AB,0 0,0 yor) < (k1(yor) + Ka(yor)) |0 — 0']l2 + (k2 (yo.r) + k3(yo.r)) [l — ¢ |2,

where

T _
o GYo o @ w(M - g¥+-1RqVt
(yO ) +77+( )_|_§ : + {CJr(yt)Ltl(yO:tl)"'nJr /L( g g )+77+(Gyt)} ,

c—(yo) —1 o_c—(yt) —c—(yt-1)
(2)
with M - g¥=1 ® g¥ (z,2') = M (x,2")g¥%(x)g¥* (z'), and for all ¢,
L(y~):ﬁift_s : N+ @ p (M- gt ®g*) + p(G*) (3)
o) =2 2 S Voo () ™ ’
withe=1-0_/04,
T T
Ko (yor) = (097) Z Z +® A ( S|511)P(ZI0:T)S% ; (4)
t=1 s=t—1

K3 (yO:T> 1990 T <19y0 T Z Cyo T Yo T> 7 (5)
and

wiwn=op (s Eeti ) o

in which v, ¢{%", e5%' ™", % and ¢}%" are defined in HA Using HEL it is easy to prove that

E[x1(yo:r)?], Elk2(yo:r)?], Elks(yo:r)?], and E[xk4(yo.1)?] are upper bounded by ¢TI for a constant
¢ that depends only on o, o_ and A, and Theorem B3] follows. O

Note that

/m(é\n,Ta &n, 7, Yo1)Pp (Yor)dp(yo.r) = KL (PD‘

Y YOT Yor
Pgw) +Ep, KL ( Yor TH@QH " T|T)

If the upper bound in Theorem 3.1l is small, then the distribution Pp of the observations is well
approximated by the decoding observational distribution PQX , and the decoding distribution of the
n,T



latent state distribution given data <I>A

is also in average well approximated by the coding
0y, 7,0:T|T

distribution Q 0T Similarly,

Er = mingeco, e {KL (PDHPHY) + Epp, KL ( ZOOTT

vy
‘(I)eod:TﬂT)} :

In case the data follows a state space distribution given by some decoding distribution, that is if
there exists §* € © such that Pp = PJ, the oracle inequality in Theorem [3.] becomes, by taking
6 = 6* to upper bound Er,

KL (Pgi

Y Yy Yy, . y
Pén,T) +Epy KL( o0 TH(I)()AZ;,O:HT) < (1+7)mingeeEpy KL ( £0:T

T
’(I)e* 0: T|T)

Dd, T3
+ea(1+ fl)T log(dyn)(logn)Y/*  (7)

for any v > 0. In the following corollary, we assume that the coding backward kernels are chosen
such that they are good approximations of the backward decoding kernels in Kullback-Leibler
divergence.

H7 There exists € > 0, such that for all € © there exists ¢ € ® such that for all yo.r € Y7+,

KL (Quf

@Z(i P ) <e
and forall 1 <t <T,
( ZOtT 1\tHBgUtr 11|t) =
Corollary 3.2. Assume there exists 0* € © such that Pp = P).. Assume moreover HJ Then

under the same assumptions as in Theorem [31l, for the constants ¢y, c¢1, co, D in Theorem [31],
with probability at least 1 — coexp(—c1{ds logn}"), for any v > 0,

KL (P;i

Y Your Yo.r
P5n,T) + Epy KL ( B, 1,0 TH(I)en I OT\T)

_1, Dd.T? 1/a
<A4+)T+1e+ca(1+7~ )Tlog(d*n)(logn) .

When the data distribution is given by a state space model, Corollary 3.2 provides an upper bound
for the Kullback-Leibler divergence between the data distribution and its estimator and between
the variational posterior and the estimated state space posterior distributions. This result sheds
additional light on the quality of variational reconstruction in state space models with respect
to [Chagneux et al., 2022, Proposition 3]. In [Chagneux et al., 2022, Proposition 3|, the authors
provided upper bounds on the error between conditional expectations of state functionals under
the true posterior distribution and under its variational approximation. In both settings, designing
coding backward kernels that are good approximations of the true backward decoding kernels is
enough to obtain quantitative controls on the reconstruction error.

Proof. The result follows from equation [l H7 and the fact that for any 8 € © and ¢ € ®, for any
Yo:T1,

T
KL QUi |[ @ h.0r) = YKL (@ || Brs,) + KL (Qu |ogen)
t=1



3.4 Applications

In this section, we consider generative models where the transition kernels and emission distributions
are Gaussian in various classical settings. We show that under weak assumptions on these models,
some assumptions of our main results hold. Establishing that all assumptions are satisfied in general
settings, i.e. without very specific assumptions on the architectures, is a more challenging problem.

We prove in Appendix [D] that HI] holds in particular for compact state spaces. We also prove
that the functions h%:a are upper-bounded explicitly, and that ¢3%" and b‘Z‘;t_’f‘ , are lower and
upper-bounded explicitly. This allows to obtain explicit constants in H4l Providing additional
comments on the assumptions requires assumptions on the observation space or on the dependency
of the variational distributions on the observations. When the observation space is compact we
can also obtain a uniform control with respect to the observations of these upper bounds which is
crucial to check HEl and HGL

Gaussian backward kernels with dense networks. = We consider a generative model where
the transition kernels and emission distributions are Gaussian and parameterized by dense networks.

e For all z € X, &’ — my(x, ') is the Gaussian probability density function with mean pg(x),
and variance Yg(z) where (ug(z), Lg(z)) = MLP?(z) with MLP? a dense Multi-layer network
with input x and weights given by 6. In this case, if the output layer of MLP? is such that Lo
is bounded and ¥ < ¥,'(z) < ¥ (i.e. ¥, (z) — ¥ and & — X, () are positive semi-definite
matrices) for all z € X, then there exist constants ¢, ¢ such that for all 2,2’ € X|

cexp (—xz"z) <mp(2',z) < Cexp (—Aa(2)) ,
where ) is the smallest eigenvalue of ¥ and ) is the largest eigenvalue of ¥ and where

a(@) = 5 (=l = M)*Lygysn + (12l = m)*Ljay<m + (M —m)* Lo jo)<nr)

N =

with m = infiex oceo [|[po(7)|] and M = sup,cx pee llo()]|. This implies that HII holds.

In order to check HB| if we assume also that for all z € X, § ~ pp(x) and 0 — X, (2)
are continuously differentiable and that © is compact then there exists M such that for all
0,0’ € © and z,2’ € X,

Ima(x,2") — mer (2, 2)| < M(2,2")|0 - '] .

We can check HA for log bg“t’t:f' ;> as other items can be verified following the same steps. As-
bg?t’t:f' .(z,-) is a Gaussian probability density with mean ug?gfll‘ .

(x). Under similar regularity assumptions on the networks providing ug?gfll‘ ,(z) and

suming that () and variance

Yo:t—1
E«9,1571\15

Eg?;fll‘t(a:), when © is compact, H4l holds.

e Foralll<t<T,zeX, 2/ — qi‘jﬁ”t(az, ') is the Gaussian probability density function with

mean 207, (), and variance B2 () where (27, (¢), 27 (1) = MLPIT (0
with MLPff’lTl’f a dense Multi-layer network with input z and weights depending on ¢. In
this case, is the output layer of MLPtyi‘lT"t“’ is such that ui‘jﬁl‘ , is bounded and ZtyflT‘ , <
. — yo:T . . — . yo:T . _ oy
(S ) < T o (S ()~ and ST = (307 () v positive

10



semi-definite matrices) for all 2 € X, then there exist constants gfﬂ{‘ . Efﬂ{‘ , such that for all
z, 2 € X,

Yo: yyor T Yo: / =Yo: Yo:
th’{'t exXp (_)\t—1|t‘r ./I:) S qw?til‘t(‘r 7:'[:) S Ctgrflt exXp (_Atgfltﬁ(fﬂ)) 9

Yo:1T
A0 |t
and where

where is the smallest eigenvalue of XY°7, and Xfff‘t is the largest eigenvalue of fiﬁat

1|t

: 2 : 2
(el = D252 Loy, + 2l =m0 )L oy <o

N~

Blx) =

+(My0:T _my0:T )2]1

t—1Jt t—1|t) Fm?oT <Hm|\§My°‘T) )

t—1]t= t—1|t

with m?7 = infyex |27, (2)]| and M) = supgex [|#2°7,, (). Similar assumptions can

t—1|t t—1|t t—1|t t—1|t
be used for qi’,‘)g using dense neural networks with bounded output. Under similar regularity

assumptions on ui‘jf_l‘ ;> and EZ‘;T_H , than for s9, and variance ¥y, we may prove that HJ|

holds when ® is compact.

Gaussian backward kernels with recurrent networks. A natural parameterization is also
to use a recurrent neural network which updates an internal state (s;);>0 from which the backward
variational kernels and filtering density are built. For all ¢ > 0, define s; = RNN?(s;_1,y;) where

RNN¥ is a recurrent neural network, and let z’ — qg?;il‘ ,(z,2") be the Gaussian probability density

tyi‘lT‘t, and variance Efﬁ‘ﬂt where (p¢,2:) = MLP?(s;). If the network MLP¥

is bounded similarly as in the dense neural network case, then the backward variational kernels
satisfy HIl

function with mean

Functional autoregressive models. The discussion on neural networks also indicates that
the assumptions can be verified for some classical statistical models. Assume for instance that
X =R and that for all § € O, z € X, 2/ — my(x,2’) is the Gaussian probability density function
with mean fy(z), and variance o7(z). Then, HIl holds for my when —oco < infgex peo fo(z) <
SUp,ex geo fo(r) < oo and —oo < infrex peo 09(2) < SUP,ex peo 0o (T) < 00

(Gaussian emission densities. Assume that at each time t > 0, Y; = hg(X;) + ¢, where
{e1}+>0 are independent Gaussian random variables. Assume also that hg(X;) = MLP?(X;) where
MLP? is a dense neural network with bounded output layer, then H2l holds. Assume that for all
x € X, 0 — hg(x) is continuously differentiable and that © is compact, for all y € Y, there exists
GY such that for all 6,60’ € © and x € X,

196 () — g5, (x)| < GY ()]0 — 6|2,

which means that HBl holds for the emission distributions.

4 Discussion

In this paper, we used a backward decomposition of variational posterior distributions to propose
the first theoretical results for variational autoencoders (VAE) applied to general state space models.
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Under strong mixing assumptions on the state space model and on the variational distribution, we
provide in particular an oracle inequality and an upper bound for the Kullback-Leibler divergence
between the data distribution and its estimator.

Although these results are the first theoretical guarantees for VAE in the context of state space
models, we believe that this is the first step to solve challenging open problems. First, in order to
cover a wider variety of applications, weakening the strong mixing assumptions, for instance using
local Doeblin assumptions, would be very interesting although it is a challenge when analyzing the
stability of smoothing distributions. Another research direction is to understand how our results
can be extended in settings where the observations are processed online, i.e. in cases where the
parameters are updated when new observations are received but never stored. To the best of our
knowledge, online variational estimation has recently been explored with new methodologies but
without any theoretical guarantees.
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A An oracle inequality adapted from [Tang and Yang, 2021]

We propose an alternative formulation of Theorem 3 in [Tang and Yang, 2021] in which we provide
the precise behavior of the constant in the variance term. To avoid introducing too many new
notations, we formulate the results of [Tang and Yang, 2021] choosing the observation to be Yo.r,
the latent variables to be Xg.r in our setting.

Condition A. There exist a; > 0 and a function b such that for all 6 € ©, § € ©, p € P,
QD/ € o, Yo:T € YT+1,

|m(97 2 yO:T) - m(elv 90/7 yO:T)l < b(y02T)||(97 90) - (917 90/)H2 )

with E[b2(Y0:T)] S ai.
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Assumption A. There exist a, > 0 and D > 0 such that

] )

Theorem A.1l. Assume that © and ® are compact spaces and that the sum of their diameter is
upper bounded by dy. Assume moreover that Condition A and Assumption A hold. Then, there
exist constants co, c¢1, which depend on dy, a1 and o, and a universal constant co, such that with
probability at least 1 — coexp(—c1{d.logn}t o),

0

Y %] (YO:T)

<D. 8)
w()é*

log + KL (QUtr

~ ) _1 a1 Dd, o
/m(Gn,T,<pn,T7yo;T)pD(yo:T)du(yo:T) < mf7>o{(1+7)ET+62(1+7 D) ln log(d.n)(logn)"/ } :

where ET = min@e@,we@ fm(97 ®, yO:T)pD(yO:T)dN(yO:T) and d* = d0 + d<p~

Proof. We follow the proof of [Tang and Yang, 2021 Theorem 3], in which we track the depen-
dencies of the constants with respect to a;. In [Tang and Yang, 2021 Lemma 14], a multiplicative
term ,/a; is required on the r.h.s. of the inequality. Then on page 24 third line the inequality needs
again ,/aj on the r.h.s., and the end of the proof follows by multiplying d,, by \/a;. We obtain that
in [Tang and Yang, 2021, Theorem 3], their constant ¢y is proportional to a;. O

B Additional proofs

Proposition B.1. Assume that HIH3 hold. For all 6, 6’ € ©, and all yo.p € YT 1,
G (0) = 677 (0)] < ka(yo.r) (|0 — 0|2

where

T L
_ o4+ (GY) o+ Ny @ p(M - g¥—1®@g¥") e
k1 (YoT) = o e (30) +; o e ) 4+ (ye) Le—1(yo:e—1) + e ) + 14 (GY) ¢,

with M - g¥*—1 @ g¥t(x,x') = M (z,2')g¥*— (z)g¥t (z'), where Li_1 is defined in Lemma[C2
Proof. For all §, 0’ € ©, and all yo.r € YT, with the convention pg(yo|ly—1) = pe(yo),

W

T (0) — 607 (0") = (log pe(yelyos—1) — log per (ye|yo:e—1)) -

~
Il
=)

For all t > 0,
Po(yelyon—1) = / L (1) Mo (01, dy)gl (1)
Note first that

Po(Yt|yo:e—1) = o—c—(yz) ,
so that

|£yo:T(9) _ éUO:T(e/” < |p9(yo) — pe/(yo)| + i |pe(yt|yo:t71) — Po’ (yt|y0:t71)| .
g g ) poard a_c_(yr)
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For t = 0, using that pg(yo) = [ x(dzo)gy°(z0), Assumptions HI and HBl yield

[pe(y0) — per (yo)| < an4(G*)[|0 — 0|2 -
In addition,
po(Ye|yot—1) — por (Ye|yo:e—1) = / (‘I)g?iff (dzy—1) — ‘1’3952111@%71)) Mo(xi—1,dze)gy" ()
+/ Pyt (dwe—r) (M (21, day) — Mo/ (241, day)) g5 ($t)+/ Oy 1Y (A1) Mo (ze—1, dae) (g5 (24) — g5t (1)) -

Using Lemma [C 1, Assumptions HIl and H3|, we get

Yo:t—1 Yo:t—1
’(I)G,t—l - (1)0/,15—1

[po(yelyoi-1) = por (lyoe—1)| < {orcs () A+

rra [ 1 @ nldade! )01 (0,27 @) ) + o+n+<Gyf>} 10 =]l -

The proof is completed by using Lemma, O

Proposition B.2. Assume that HIHJ hold. Then,

AL (0, 0,¢", yor) < Ka(yor)lle — &'z,

where

QZOOTT (Xo:r)

Z?O:TT|T(X05T)

A1 (97 @, 30/7 yO:T) -
g?o:TT\T(X(J:T)

oty llog

1 QZOOTT(XO:T)
T
with p(yo.r) = 1 — Y7 and

T T
ka(yor) = (W97)3 ) 0T N0 A @ A (B )p(yor) ™
t=1 s=t—1

Proof. For all p,¢’ € ®,0 <t <T — 1, define
t4+1

Yo7 Yo:T Yo:T
Q%WMT(:EOT —qu xr) quu 1u (Topy Tay—1 qu T (Topy Tu—1)

t+42

Yo:T Yo:T
-7 () H Q1) (T Tu—1) H Ut o1 (T Tu1)
u=t+1

with the convention [T, 17 qi’fuT 1u(Tus Tu—1) = 1 and M 0 Qg w 1u(@us Tu—1) =1, and for t = T,

~Yo:T UOT Yo:T
qyJ @, T‘T(:EOT —(J(/,T :ET H qszJ u—1|u :E’Luxu 1 qsa/T wT H qszJ u—1|u $U7$u—l) .
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Therefore,

Al(ev P 90/5 yO:T) =

)

ity [0 X0] =By (A7, (X, o)

3

Egor [hgﬂeg(xt,l, X,)]

where hi";Tw, 1 <t < T, aredefined in equation[Il Note first that if ¢ > s+1, then Evo.r [h”o T (Xe-1, Xt)} =
10, 1 s|T

t,0,p
©.p
0 so that
T T

> X By BT, X0

=1 s=t—1 %

A1 (97 @, 30/7 yO:T) -

For all t < s+ 1, write for all measurable set A,

s+1
pd (A) = /]IA(st)q@T or)p(dzr) H a (T Tu—1)p(d@u—1)

s5+2

[LZD: J(4) = /]lA(xs) u(dzr) H qZOuT . :zzu,xu,l)u(dxu,l)qg}‘)zls_’_l(J:SJrl,J:S),u(dxs) .

Therefore,

t+1
Yo:T — Yo:T ~Y0:T Yo:T Yo:T Yo:T
qu[)ﬂ; |:ht [ ga(thl’ Xt):| - (‘uV’,S lu’cp @’ s) { H w’,u—lu} w',t—l\tht,e,ga .

@’ s|T
u=s

Using HI] the backward variational kernels satisfy a Doeblin condition, see [Douc et al., 2014]
Section 6.1.3], so that

1 ~ 0. _ . .
By [T 000,X0)] < Sllier — i oolyor)*ose (QUT, h5%)

el s|T

where for all measurable functions f, osc(f) = sup, ,ex |f(z) — f(2')|. By HIland Hé}

)

OSC( Zi:(:? 1|thi7£!00T¢> <2 H/qz(ff1|t('=$t—1)h,‘z(52($t—17 Jp(dae—q)

’ o0

< 20507 /’hf{ofw Ti— 1;')’>\+(d$tl)‘ )
o0
S 2,'93_0:T,Uty0:T .
Noting that by H3]
t+1
i = A o < Qo [T QT K0T o = @llla < (07)20 @ A (KTl = ¢
concludes the proof. O
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Proposition B.3. Assume that HIHJ hold. Then,
22(0,0, 0,9 yo.r) < Ka(yor) [l — ¢lly + Ka(yor) 16— €',

where

AQ (95 9/5 2 <P/7 yO:T) =

Yo:T
44,0: T(XO:T)
Egor, 108 g — x5 | ~ B,
e 6,0:7|T\<*0:T e

log 4y 0.7 (Xo:T)
39j§T\T(X0:T) 7
with
T

K3 (yO:T) — 19%/"_0:'1‘ <,(93_0:T Z clll + cyo T) and 54(90:T) 191/0 T <19U0 T Z CUU t—1 oo T) ,

t=1
Yyo:r  Yo:t—1 Yo:T Uo T :
and where ¢i%", ¢y ", 37 and iy are defined in Hi)

Proof. By definition,

A2(97 917 2 Solv inT) =

Yyo:1T

q, OT(XO:T) q, /OT(XOT)
a |log 2222 " | —E vpr |log 2t ||,
S l v (Xoor) 4,00 o o (Xoer)

|
.

where hi’"g:a, 1 <t <T, are defined in equation[Il For ¢t < T and all z;_1, z; € X,

log 4p0r(Xor) os a5 0. (Xo:r)
% 0: T\T(XO?T) z9J(§T|T(X0¢T)

I A

,0:T

T
Z 0.1 th%Tgp(thlaXt)—hz%;iw,(Xt,l,Xt)

hip(@—1, @) = il (@, )

< }log a0’ 1 (Te, Te-1) — log qu,?jf,l‘t(xt,xtfl)}
+ ‘logbzot' flt(xt,xt_l) — logbz?; 11|t(xtvxt—1)‘ )

Using HIl and HAL
e | A By e |

< (91r)? / A @\ (deda’) [log g7, (2, 2') — log 7y (z.2")| |

< @PT? A e = ¢, -

Similarly,
By [|log bt (o i) = g By (v, )|
S (ﬁT:T)2/>\+ ® AJr(d{EdI/)
(19.7;0 T)2 yot 1 ”9 9 ”2 )

gott 11|t( a') —log bg?:iiht(%x') ;

For t = T, it remains to bound E 9T [| log ¢’ (X7)—log ¢y (X7) |+ log ¢’ (X7)—log ¢pr 7 (X7) ],
which is straightforward by usmg H]II and HA O

17



Proposition B.4. Assume that HIH and HE hold. Then, there exists ¢ > 0 such that ,

<cA.

sup ‘log LY0 T ‘ ‘
6co

Yo
Proof. For all § € ©, and all yo.r € YZ 1, with the convention pg(yo|y—1) = pa(yo),

T

log L7 (0) = £ (0) = Zlogpe(yt|yo;t—1) :
=0

As po(yo) = [ x(dwo)gy’ (x0), by HIH o—_c_(y0) < po(yo) < o4y (yo). Forall t >0,

Po(yelyont—1) = / L (e 1) Mo (01, A gl (1)

so that by HIN2 o_c_(y:) < po(yt|yot—1) < orci(y:). Using the second point in HBl and the
triangular inequality concludes the proof. O

Proposition B.5. Assume that HIl and HG hold. Then, there exists B > 0 such that

o5 )|

YoT

HSUpee(—),gaecb,x ’KL ( ©,0:T < BT

L2

3

Proof. Forall € ©, p € ®, yo.p € Y1,

_ a2 (Xo:r
1) =B | e | =3, k)]
t=1

KL (QUity
where hf{(’(fw 1 <t < T, are defined in equation Il By HIJ, for all 1 <¢ < T,

),

which concludes the proof by HEl O

hyo T

B, [t 0 0] 0 o (s

C Technical results

Lemma C.1. Assume that HI and HZ hold. For all € ©, all t > 0, all yo.;, € YT+, positive
measurable function h,
U—n—(ggth) S (I)Zott(h) S 0+77+(99yth) )
044+ (Yt) o—c—(yt)

Proof. At time 0, we have &% (dzo) o x(dzo)gy® (o) so that by HIN2

0—77—(ggoh) < (I)yo (h) < 0_+77+(g‘1;/0h) )
orci(yo) — O° —c—(yo)

Similarly,
@g?ét(dxt)ocggt(xt)/ Oot T (dae—1) My (ze—1,day),
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so that by HIl and H2]
o_n-(gg'h)

0’+77+(93th)
o1t ()

< ey < TS

Lemma C.2. Assume that HI, HZ and H3 hold. Then, for all 6,0’ € ©,t > 1,

Yo:t Yo:t
H(I)e,t - (I)ef,t

. < Li(yo) |10 — €2 ,

where

L1 1 _ . \
Li(yos) = U—;ZEt c {Uc(ysl>n+ ®p(ghr @ g% - M) +n+(Gy°)} ,

withe=1—0_Jo4.

Proof. The proof follows the same lines as the proof of [De Castro et al., 2017, Proposition 2.1],

which was in the setting of a discrete state space. For ¢ > 0, note that ®§°* (dz;) = g§* (x1) [ 4% (dwe—1) Mp (-1, dws) /
where cg¢(y0:1) = [ 95" (:vt)fbg?t:‘:f (dzi—1)Mp(at—1,dz:). Consider the forward kernel at time ¢ de-

fined, for all § € ©, all y; € Y, 2 € R%, and probability measure v by

_ [ mo(a’, x)g) (z)y(da’)
Jmo(a!,2") gyt (a)y(da’ ) p(da”) -

Therefore, ®3%" = F;{;@Z‘;ff and for all 6,0’ € ©,

Fyyv(@)

Yo:t Yot __ Yt HYo:t—1 _ 1yt Yo:t—1
(I)e,t - (I)ef,t - Fe,tq)e,tfl FG’,t(I)H’,tfl ’
t—1
— Yt ;FY0:t—1 Yt Yo:t—1
= E A s(Ys:t) + FO,t(I)G/,t—l - FG/,t(I)G/,t—l )
s=0

where

_ Yt Ys+1 Ys FHY0:s—1 Yt Ys+1 Yo:s
Ats(Ysit) = Fe,t T F0,5+1F0,s‘1)9/,s—1 - Fe,t e 'Fe,s+1q)9/,s

with the convention Fey%fl)gf 171 = @ZOO. Consider also the backward function 8Y=*** and the forward

st
smoothing kernel Fsuﬁft@ defined by

Boai " (@) = /Me(xs,dxsﬂ)gé’”l(aﬁsﬂ)~~~Me(xt71,dxt)gé“(xt) ;

v Sy|st+l:t($5)m9(xsflaIS)ggS (335)

st Ts_1,Ts) = s - .
975“( 1 ) f glt“"(ac)Mg(;vs_l,dx)gg‘*(x)

Following for instance [Cappé et al., 2005, Chapter 4], we can write for all probability measure =,

Ve o p¥stl o Ystit e
ByhFy iy = 7975\15F0,s+1\t Fe,t\t 3
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Ys+1:t

0.t - Therefore,

where 7y ¢ X 3;

t—1

Yo:t Yo:t __ Ys+ Ys+1 Yt FY0:t—1 Yt Yo:t—1
gy —Pyy = Z (70 0 st L 0 s+1\t ~Foi t\t —To.00 st 9 s+1|t By Jt[t ) +Fy Py 1 —For Poriy
s=0

where g g/ 5|1 X ﬁeyj; "F @g?; | and g g 50 X Bg?‘tl "®yY;. Note that by HIL for all measurable

sets A,
et o_ f777 (des)ﬂA(fE) fﬁ“”(x)ggs (33)
F9,§|t(I5*17A) > — d Yst+1:t Us
O+ J n+(dw) s|t (2)g5° ()

so that

Ys+ Ys+1 t—s ~
HW o st F 5 s+1|t Fe,t|t = Yo,07,s[t F, 0 s+1\t - Fy ||y <e€ ||7979/75\t - 79,9’7S\t||tv )

with e =1 — o_/o4. This yields

H(I)UO t (1)19/5);
ltv

t—1
t—s e Yt FY0:t—1 Yt Yo:t—1
SZE HW,O’,SIt_70,0’,8|th\;+HF 1 Por1 — Fol oy

s=0

For all bounded measurable functions h,

J By (s @ (wa)hlws)u(das) [ B2y (o) @507 () (s u(dry)

/s h — /s h == -
‘70,0, |t( ) Yo,67, |t( )‘ fﬂgs;ﬁr Fy (I)Z?sill( ) (dZES) fﬂg;‘;t (1)29 ( ),u(dxs)

< 331 () + 8 5 ()
where
) |F35 @ (ws) — By (@i () | (s p(das)

JBgde () Fé’ifbé’?: 1(@s)p(das) ’

ys+1t
IBG ,s|t .IS

39301 (h) =

S By @)@ (o) bl u(das) S By () |F @) 73 () — g (b 74 () | i)
S Ba g (xs) @ ( )u(dxs) T By (o) By (@) p(das)

Note that for all x5 € X, by HI],

G0 2(h) =

o_ /777 (dzss1)gy" " (wsg1) - - - mo(@i—1, 3)gg (x1) p(dwgae) < ﬂgy;ﬁtu(%)

<oy / (s )90 (ost) - - o (oot 20) gl () p(dssns)

so that
18453 oo
ze ﬂg?‘;:t (Is)

< 2—||h||oo||F$'2‘1>Z/°§ 1 F 2 Tl

B2 () + 545 o (1) < 2Pl | P B0 — i B4 o
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For all bounded measurable function h,

Py @y = By @] < Byt Ry |

where
_ | S me(@’, )i (2) — mer (a7, 2)gyr () @57 ) (daYh(w)u(der)
S ma(a, x)gge (x") @y~ (da’ ) pu(da”) ’
R [ mer (2, 2")ggr (2") @57 Y (da ) h(z" ) p(da”) f mg(a', ") gy («") — me (', 2")ggr () g5 75 (da’)p(da”)
2T Tme (g (") @y~ (A’ ) p(da”) Jme(@’,a)gge () @y s~ (da’ ) pu(da”)
By HIH3 and Lemma [C.1]
s @ u(g @ g - M)+ 1 (G¥) L0 — 0 lallhl
o—c—(ys) —c—(Ys—1)

The same upper bound can be obtained for Ry as

[ me (2, 2" )ghs (:C")@Z?:;fl (dz")h(z" ) p(dz")
[ me (2, 2" )gh; (x”)fbg?:;:ll (dz’)p(dz")

<Pl -

This yields

20
s y s s Yo:s— +
||F9y75 9?5 ll_Fy (1)09,5—11HW < o_c_(ys) {

which concludes the proof. O

ne ® (3% ® g% - M) +77+(Gy5)} T
—-C— (ys—l)

D Checking assumptions

In this section, we provide additional assumptions on the state space model and on the variational
family to support that our assumptions can be verified.

A1 There exist constants 0 < o_ < o4 < oo such that for all z € X,
o- <((z) <oy

and for all § € ©, z,2" € X,
o_ <mg(z,2') <oy .

For all yo.r € YT, there exist 9”7 > 0 and 94”7 > 0 such that for all p € @, ¢t > 0, all
z, 7 € X,
19U0T < qz()t’.lrt-‘rl( 7:,[;/) S 193]"»0:’1‘ .

In addition, for all ¢ € ®, all yg.r € YT*! and all z € X,

19.7!07" <qyoT( )Sﬁ_yi_o:T .
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Assumption Al is known as a strong-mixing assumption and allows to verify HIl It is classical
to obtain quantitative bounds on approximation of joint smoothing distributions, see for instance
[Olsson et al., 2008, [Gloaguen et al., 2022]. Tt typically requires the state space X to be compact.
In settings where the bacwkard variartional kernels are Gaussian and obtained with neural networks
which are uniformly bounded with respect to the time index and the observations, ¥%*" and 9¥*"
do not depend on the observations.

A2 For all y €Y, infgece [ gf(z)p(dz) = c_(y) > 0 and supyeg [ g4 (z)p(dz) = cy(y) < oo.

Lemma [D.I] Lemma [D.2] and Proposition [D.3] allow to obtain explicit constants in HAl We

prove that the functions hf%’Tw are upper-bounded explicitly, and that ¢} and bgf’;fll‘ , are lower

and upper-bounded explicitly, in particular with respect to the observation sequence.
When the observation space is compact we can also obtain a uniform control with respect to
the observations of these quantities which is crucial to check HBl and HEl

Lemma D.1. Assume that Al and AQ hold. For all 8 € ©, allt > 0, all yo.¢, x4,
U—Qgt(xt) < yo;t( ) U+ggt(xt).
arer(y) — 0 ~o_c—(y)

Proof. At time 0, we have ¢ (w0) o ((0)gy° (z0) so that by A2

U+9‘g°($o)
o_c—(yo)

Yo
0-Yy (‘TO) Yo
———= < gy (o) <
o+ct(Yo) 9’0( )
Similarly,

oot (xt) ocgé”(wt)/‘bg?;i’f (dzy—1)me(zi—1, z)p(dy)

so that by Al and AR] Y ,
79" (@) _ yuoe ) < THM90 (1)
ore(y) — 0 ~ooc(y)

Lemma D.2. Assume that Al and AQ hold. For all 0, all 1 <t < T, all yo.T, Tt_1, Ty,

02 gy (21)
o e )

otgy H(wi)

<YL (g, x4—1) <
=~ ( t t 1) =~ O'%Cf(ytfl)

0,t—1|t
and for 1 <t<T -1,

17575 loe < [log¥—(yo.7)| V [log ¥+ (yo:1)|

2 Yt—1 2 gyt—1
o2 c_(y;— T o2y (ys— Te_
+ sup |log (y2t 1)g¥* (24-1) \/}log it +(y2t 1)g¥ (w4-1)
zy1€X 0+C+(yt—1) o2c (yi-1)
and

g-g*" (1) 019" (x1)
hyor < |log 29¥T| V |log 204" | + sup |log —=———=| V |log ————=
[ T,H,Lp”oo | V] + | zreX orct(yr) o_c_(yr)

v o o3 e (yr—1)g¥" " (xr—1)
T e (yr)

o%c (yr—1)g¥" " (xr-1)
otcr(yr-1)

where hig,,, 1 <t <T, are defined in equation[d

+ sup
rr_1EX

log
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Proof. By Lemma [C.1]

Yt—1 Yi—1
o T o T
—99 (1) 2o (@we—1)me (-1, 1) < M
orct(Ye-1) ' c—(yt—1)
Since
Yo:t—1
pyoit—1 (fEtnyt 1) 0,t—1 (It 1)m9($t71azt)
Sl [0 (e—1)me(wi—1, we)u(dz—1)
we get

¢ (ye-1)gy " (x1-1) < pyost- ofcy (Y1) (v1-1)

otcr(yi1) = ot o2 c_(ye—1)
Now by equation[I], for 1 <t < T —1, hf{e S0(3:t,1, x) = log qZ“;il‘t(xt, Tp_1) — 1ogbz°t 1‘t(:zst, T 1)
so that

(@, z0-1) <

hi% o (@i—1,21)| < [logd—(yo.r)| V [log V4 (yo.7)|

otcr(ye-1)gg " (2e-1)
2e_(ye—1)

2co (yt_l)gé"’l (4—1)

o
+ |log
oz (1)

\Y ‘log

which concludes the proof. In addition, using that

hyg o (@r—1,27) =log ¢’y p (27, xr—1) —logby’y )\ p(wr, 27-1) +log ¢2'7 (v1) — log ¢ (w1)
yields
yr yr
: o_gy" (v1) o+9y" (v1)
h¥oT _ < |log2¥_(yo.7)| V |log2v : log —————=| V |log —————=
1 o0 < [1og20- ()| ¥ 108204 )] + log T~ ) rog T80
Yyr-1 Yr—1
+ [log 070—(3/:;—1)99 (éET—l) v [log U+C+(y:2f 1)99 ($T—1)
oter(yr-1) o2c_(yr-1)

O

Proposition D.3. Assume that A, A2 and H3 hold. Then HJ holds. More precisely, for all
yo.r €Y and all 0 <t < T,
/ p(dz)

where v{*" = supgee pea 11157, l|oo is given in LemmalD.2 For all 0,0 € ©, p,¢' € @, 1 <t < T,

sup

t,0 Lp =V ’
0€O,pc®

hUOT ‘H Yyo:T

/u ® p(dzda’) ’10g a2 (@ 2") —log ¢y (@, 2)| < %" le = ¢lly
/ e pu(deda) [log b (o, a') — log by (o) < e 10— ],

/ (dz) ‘10gq””( ) —log g (x)| < % o = ¢l

[t log i @) ~ log )| < et o - o',
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where ¢fi" = (07)7tp @ p(KP,), ey = 204 Leo1(you-1)/ (0 infaex g% (2)), 3" =
(L) u(KPT), and ¢y’ = 20y (yr) L (yo:r)/ (0~ infaex g7 (2)).

Proof. For all p,' € ®, 1 <t < T,

‘qi?%illt(w’x/) - qg‘)f_”t(m,x’)‘

G e (T @) N gy (@)

[logq2;" (v, ') — log g!2%, ,(,2")

<

)

so that by Al and HB3]|

< @) TR (@ 2)lle = ol

[logq20;" (v, a') —log g%, (@,2")

an we can choose cf';" = (927)"tp @ p(K{%),). Similarly, for all ¢,¢" € @,

a7 (@) — a5 ()|

07 (@) A g (x)

Yo:T

‘log 427 (x) — log qg,)?p(:t)‘ <

)

so that by Al and HB3|
log 420 (2) — log a0 3()] < (@°7) KB @)lp - &I
and we can choose ¢§%" = (9¥7) " u(KYPT). For all 0,0’ € ©, 1 <t < T,

b a!) = b )|

<

[log b33 (,0/) = Tog by (o 2)

by():t—l ($,$I) /\byO:t—l (J:,LL'/)’ '

6.t—1t 6/, t—1]t
By Lemma [D.2]
2
}log bg?t:‘:f't(x, 2') —log bg?:;:ll‘t(x, )| < _Ugﬂéi"’fgé’;—tl)l) bg‘;‘:f“(x, 2') — bg?:;:ll‘t(x, x’)} .
Then, noting that bZ?t‘fll‘t(:E, ) = g?f:ll (2")mg(z', ) /co(x) where co(z) = [ g?f:ll (x"Yme (', z)p(dz’),
write
Yoie—1( Yoie—1 (s /
’bg?f:ﬂt(az, II) - bg?:;:ht(z, x') < ( 0,t—1 (z") — 699’&;)1 (z'))mg (2, x)
o1 (@) (me (2’ 2) — me (', 2)) | o1 (@ )me (2, 2) | | cpr () — co()
co(x) cor () co(x)
By Alll
[ e ptanaary | LB D)y o |
g¥e=1(x')co(x) o_infyex g¥i-1(x) ' ’ tv

24



and by Lemma [D.2] we can choose ¢5;' " = 20 L;_1(yo.+—1)/(0_ infrex g¥t—1(z)). Forall 8,6’ € O,
2.t g

O (2) = O (a)

o8 (@) A ol F @)

3

[log ¢4 () — log 647 ()| <

By Lemma [D.1]

: : orct(yr) : :
log o (o) —log (o) < TEL |6 @) = o)

Therefore,

)

_ . orcq(yr) _ _
d ‘1 Yo: T —1 Yo7 ‘ <9 +5+ Hq)yo,T — YT
/M( x) |log ¢9,T (x) Og% ,T(l’) Sa infmexg” (x) 0,7 0, T

tv

and by Lemma [D.2] we can choose c{%" = 20 ¢y (yr)Lr(yo.r)/(0- infrex g¥7 (x)). O

If the observation space is compact, under standard regularity assumptions, all upper bounds
can be obtained uniformly with respect to the observations.
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