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Introduction

Event of interest
Survival analysis

Covariates
High-dimension

Longitudinal data
Mixed-Effects Model

link function

Joint Model

Explain
as a covariate

Objectives :

inference,

variable selection.
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Survival data

Survival analysis

Focus on time to event of interest

In medicine : Time to remission / time to death

Definition : Survival time
The survival time T ą 0 is the time that elapses between an
initial moment (start of the study) and the observation of an
event of interest.

Hazard function
Let T be a positive random variable. For t ě 0, hptq denotes
the probability that the event occurs in a small time interval
after t, knowing that it did not occur until time t :

hptq “ lim
dtÑ0

Ppt ă T ď t ` dt |T ą tq

dt
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Survival data

Cox model

Reference : Cox 1972

For any individual 1 ď i ď N
Regression model that links the survival time to explanatory variables.
The Hazard function at Ti is given by :

Event of interest

hpT i |Ui q “ h0pTi q exppβTUi q

Covariates
Ti P R : time event of interest observed,
h0 baseline hazard unknown,
Ui P Rp : the i-th individual’s covariates known,
β P Rp : regression parameter vector unknown.

Model parameters : θ “ ph0, βq

Objective : model the longitudinal data and link it to this model !
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Longitudinal data

Non-linear mixed-effects model (NLME)

Reference : Davidian et Giltinan 1995

Longitudinal data modeling : For any 1 ď i ď N and 1 ď j ď J
behavior based on
individual variation

Yi ,j “ mptj ; Zi q ` ϵi ,j ; ϵi ,j „
i .i .d .

N p0, σ2q

Yi,j P R : j-th response of the i-th individual at time tj observed,
m : nonlinear function for Z,
Zi P Rd : random effects (parameters of m) not observed.
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Longitudinal data

Non-linear mixed-effects model (NLME)

Reference : Davidian et Giltinan 1995
Longitudinal data modeling : For any 1 ď i ď N and 1 ď j ď J

behavior based on
individual variation

Yi ,j “ mptj ; Zi q ` ϵi ,j ; ϵi ,j „
i .i .d .

N p0, σ2q

Yi,j P R : j-th response of the i-th individual at time tj observed,
m : nonlinear function for Z,
Zi P Rd : random effects (parameters of m) not observed.

Inter-individual variation :

Zi “ µ ` ξi ; ξi „
i .i .d .

N p0,Ωq

µ “ pµ1, . . . , µd q P Rd , Ω “ diagpω2
1 , . . . , ω

2
d q P Md pRq : unknown,

Model parameters : θ “ pσ2, µ,Ωq
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Joint modeling

Hierachical model

T

h0 β

Survival model

Y

Yi,j |Zi ∼ N (m(t,Zi);σ
2)

Z

Zi|µ,Ω2 ∼ N (µ,Ω2)

µ Ω

σ2

Non-linear mixed effect model

m

link function

Random variables : Y T

Random effects : Z

Parameters : σ2 µ Ω h0 β
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Joint modeling

Joint Model : NLME and Survival model

Reference : Rizopoulos 2012

Combining the two models using the link function m .
For any 1 ď i ď N and 1 ď j ď J

$

’

&

’

%

hpt |Ui q “ h0ptq exppβTUi ` αmpt ; Zi qq ; @t ě 0
Yi ,j “ mptj ; Zi q ` ϵi ,j
Zi „

i .i .d .
N pµ,Ωq ; ϵi ,j „

i .i .d .
N p0, σ2q

(1)

where α quantifies the association between survival and longitudinal data.

Model parameters : θ “ pσ2, µ,Ω,h0, β, αq
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General estimate in latent variable joint model

"

hpt |Ui q “ h0ptq exppβTUi ` αmpt ; Zi qq ; @t ě 0
Yi ,j “ mptj ; Zi q ` ϵi ,j

(2)

With : θ “ pσ2, µ,Ω, θh0 , β, αq

Marginal likelihood written with complete likelihood

Lmargpθ|T ,Yq “

ż

Lcomppθ|T ,Y ; ZqdZ

Recall : Z is not observed
Maximum likelihood Estimator (MLE)

θ̂ “ argmax
θPΘ

Lmargpθ|T ,Yq (3)
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Stochastic Gradient

Stochastic Gradient with FIM preconditionning

Reference : Baey, Delattre, Kuhn, Leger et Lemler 2023

Require : Starting point θ0, ∆0

At the iteration 0 ď k ă K :
1 Simulation step, Draw Z

pkq
„ pp.|T ,Y , θk q using a Gibbs sampler algorithm

2 Gradient computation, vk “
1
N

N
ÿ

i“1

∇ logLcomppθk ;Ti ,Yi , Z
pkq

i q

3 Stochastic Approximation, compute
∆pkq

i “ p1 ´ γk q∆pk´1q

i ` γk∇ logLcomppθk´1;Ti ,Yi , Z
pkq

i q

4 FIM computation, FIMk “
1
N

N
ÿ

i“1

∆pkq

i

´

∆pkq

i

¯T

FI
M

es
ti

m
at

io
n

5 Forward, gradient θk`1 “ θk ` γkFIM
´1
k vk

Return : θ̂ “ θK with K large enough
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Stochastic Gradient

Estimate in joint model with covariates in high dimension

We separate the small-dimensional from the high-dimensional parameters :

θ “ pσ2, µ,Ω, θh0 , α
looooooomooooooon

“νPRd

, βq “ pν, βq

Variable selection : penpθq “ Lassopβq “ λ }β}1 “ λ
p

ÿ

i“1

|βi |

Penalized Estimator : pν̂, β̂q “ argmax
βPRp ,νPRd

tLmargpν, β|T ,Yq ´ penpβqu

Problem : Lcomppν, β|T ,Yq ´ penpβq is not differentiable.
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Proximal Operator

Proximal Operator

The proximal operator (Moreau 1962 ; Rockafellar 1976) defined below extends
the gradient descents to non-differentiable functions.
Proximal operator :

proxpenpβq “ argmin
β1PRp

ˆ

penpβ1q `
1
2

›

›β ´ β1
›

›

2
2

˙

With Lasso penalization, penpβq “ }β}1, we have the explicit form :

pproxlassopβqqi “

$

&

%

0 if |βi | ă λ
βi ´ λ if βi ě λ
βi ` λ if βi ď ´λ

(4)
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Stochastic Proximal Gradient

Stochastic Proximal Gradient with FIM preconditionning

Require : Starting point θ0, ∆p0q

At the iteration 0 ď k ă K :
1 Simulation step, Draw Z

pkq
„ pp.|T ,Y , θk q using a Gibbs sampler algorithm

2 Gradient computation, vk “
1
N

N
ÿ

i“1

∇ logLcomppθk ;Ti ,Yi , Z
pkq

i q

3 Stochastic Approximation , Compute
∆pkq

i “ p1 ´ γk q∆pk´1q

i ` γk∇ logLcomppθk´1;Ti ,Yi , Z
pkq

i q

4 FIM computation, FIMk “
1
N

N
ÿ

i“1

∆pkq

i

´

∆pkq

i

¯T

5 Forward, gradientpνk`1, ωk`1q
T

“ pνk , βk q
T

` γkFIM
´1
k vk

6 Backward, penalization

βk`1 “ Proxγk penpωk`1q

θk`1 “ pνk`1, βk`1q

Return : θ̂ “ θK with K large enough
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Methodology

Methodology

‚ Simulate one data set with N “ 100 , J “ 20 and p “ 100
‚ Choose λ “ argmin

λPΛ
BICpλq

1 Run SPG resolution

θ̂Lasso “ argmax
θPΘ

tLmargpθ|T ,Yq ´ penLassopθqu

‚ Reduce the model with the variables selected by the Lasso, s ! 100
2 Run SG resolution

θ̂MLE “ argmax
θPΘ

Lmargpθ|T ,Yq
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Results

Non-linear function : Logistic

Let φ “ pφ1, φ2, φ3q P R3 m : t , φ ÞÑ
φ1

1 ` exp
´

φ2´t
φ3

¯

Where : ‚ φ1 is the curve’s asymptotic value,
‚ φ2 is the value of the sigmoid midpoint,
‚ φ3 ą 0 is the logistic growth rate.
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Results

Results

µ1 µ2 µ3 ω2
1 ω2

2 σ2 α

ν˚ 0.3 90 7.5 2.5 ˆ 10´3 20 10´3 11.11

β1 β2 β3 β4 β5 . . . βp

β˚ -2 -1 1 2 0 . . . 0

Table 1 – Simulation parameters
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Results

Results example

Figure 1 – θ̂Lasso during SPG-FIM
iterations Figure 2 – Gradient value during SPG-FIM

iterations
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Results

Results example

Figure 3 – Tile representation of the selected variables β̂Lasso during an SPG-FIM
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Results

Variable selection procedure

Figure 4 – β̂Lasso P R7 for 50 SPG (G “ 100 , J “ 20)
The colored stars indicate the value used during the data simulation
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Results

MLE of β after the variable selection

Figure 5 – θ̂MLE P R7 for 50 SPG (G “ 100 , J “ 20)
The colored stars indicate the value used during the data simulation
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Results

Estimate of the parameter with Lasso penalization

Figure 6 – θ̂Lasso for 50 SPG (G “ 100 , J “ 20)
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Results

MLE Estimate

Figure 7 – θ̂MLE for 50 SG (G “ 100 , J “ 20)
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Conclusion

‚ Joint modeling of survival and longitudinal data,
‚ Estimation and variable selection procedure with
N “ 100 and p “ 100
‚ Pre-conditionned stochastic gradient implementa-
tion with proximal step.

Perspectives :
‚ Apply this method to real data,
‚ Asymptotic properties of the penalized estimates,
‚ Do prediction of the survival time.
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Thank you for your attention!
This work has led to a pre-publication on Arxiv, by :

Caillebotte, Kuhn, Lemler,
which can be found here :

https://arxiv.org/abs/2306.16765
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Baseline hazard definition

A previous internship has highlighted the well-fitting of the data with a Weibull
law for the baseline hazard : h0 : t ÞÑ ba´b tb´1

Figure 8 – Weibull density example
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Regularization path

Figure 9 – Regularization path, BIC criterion displayed in dotted lines, while β component
values are shown in solid colored lines. The vertical blue line indicates the value of λ fo
which the BIC is minimal.
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