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'Cermics, Ecole des Ponts, INRIA, Marne-la-Vallée, France.

Abstract

The stratified resampling mechanism is one of the resampling schemes commonly used in the resam-
pling steps of particle filters. In the present paper, we prove a central limit theorem for this mechanism
under the assumption that the initial positions are independent and identically distributed and the
weights proportional to a positive function of the positions such that the image of their common distri-
bution by this function has a non zero component absolutely continuous with respect to the Lebesgue
measure. This result relies on the convergence in distribution of the fractional part of partial sums of
the normalized weights to some random variable uniformly distributed on [0, 1], which is established in
the companion paper [25] by overcoming the difficulty raised by the coupling through the normaliza-
tion. Under the conjecture that a similar convergence in distribution remains valid at the next steps
of a particle filter which alternates selections according to the stratified resampling mechanism and
mutations according to Markov kernels, we provide an inductive formula for the asymptotic variance of
the resampled population after n steps. We perform numerical experiments which support the validity
of this formula.

1 Introduction

Particle filtering, also known as Sequential Monte Carlo methods (see Chapter 4 in [3] and [24] for a general
introduction), is a powerful method to estimate the evolving state of a system over time, even when the
state cannot be directly observed but can only be inferred through noisy measurements or observations.
It has become a very popular class of numerical methods for the solution of optimal estimation problems
in non-linear non-Gaussian scenarios. This kind of method is used in real-time applications appearing in
fields such as chemical engineering, computer vision, financial econometrics, target tracking, robotics and
statistics (see among others [11] and [10]). The use of Monte Carlo methods for nonlinear filtering problems
can be traced back to Handschin [5] and Mayne [4]. They introduced a sequential version of the importance
sampling method (see [1], [2] as references for the importance sampling) and the corresponding algorithm
is known as sequential importance sampling, often abbreviated SIS. A drawback of the latter was identified
by Gordon et al. in [9]: as the number of iterations increases, the importance weights tend to degenerate (a
phenomenon usually known as weight degeneracy). This means that after a certain number of iterations,
some weights tend to become very small so that the corresponding positions no longer contribute to the
estimation. Thus, Gordon et al. introduced the resampling step where, in view of stabilizing the Monte
Carlo error over time, the key idea is to eliminate the particles having low weights and to replicate the
particles having high weights. Therefore, by propagating M particles through weighting, resampling and
mutation steps (each particle evolves randomly according to a given transition probability kernel), particle
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filters can be used to numerically estimate the state of the system given the observations (see also [10], [24]).

Let us henceforth concentrate on the resampling step. Let M > 1. Given a sequence of R%valued

random vectors (X,,)1<m<n Wwith associated random weights (w))1<,<p such that w? > 0 and

M
3> wM =1, a resampling scheme defines the resampled sequence (Y;,,)1<m<a such that
m=1

;M M
_ M
where G := o ((Xm,w% )i<m< M). Resampling schemes [8] permit to replace the probability measure

M
2%21 wM§x, ~with non equal weights by some empirical measure ﬁ > by, with the same conditional

expectation given G. Depending on the definition used for the ranﬁom variables Y,,, several resam-
pling schemes can be considered. The most common resampling techniques are of the following types:
multinomial, residual , stratified [6] and systematic [7]. See [8] for a brief description of such meth-
ods. The simplest approach is the multinomial resampling. It consists in drawing, conditionally upon
G, the new positions (Y;,);,,<,, independently from the common distribution Z%:l wMsy, . While
the residual resampling consists in replicating | Mw)/ |-times X,,, for m € {1,---, M} and the remaining
M — Z%:l | Mw? | variables Y,,, are drawn, conditionally upon G, independently from the common distri-
M —Efvrf:ll [Mw)l ]
to understand its behaviour, notably due to the complicated structure in the definition of the Y,,, which,
however, continue to be conditionally independent given G. The systematic resampling is even more com-
plicated to understand since the Y;, are no longer conditionally independent given G.

bution Z?il {M w) } 0x,. Concerning the stratified resampling, it is not straightforward

Resampling schemes have been largely studied in the literature, we now present a selection of such
results. The asymptotic behaviour for the multinomial resampling scheme has been extensively studied in
[22] (see Corollary 7.4.2 and Section 9.4.2). Douc et al. in [8] showed that residual and stratified resam-
pling improve over multinomial resampling in the sense that they have a lower conditional variance (with
respect to the o-algebra generated by (X, )i<m<nr). They also proved, by means of a counter-example,
that the same property does not hold for systematic resampling. Furthermore, they established a central
limit theorem for the residual resampling approach suggesting that a similar result should be obtained for
the stratified resampling scheme. One of the last contributions concerning resampling schemes, is given by
Gerber et al. [19]. Using the notion of negative association [16], they first provided a general consistency
result for resampling. An application of this theorem gives the proof of almost sure weak convergence of

M
% > dy,, in the stratified resampling method. Moreover they provide a counter-example to almost sure
m=1

weak convergence for the systematic resampling method. More recently, Chopin et al. [17] studied the
resampling schemes for particle filters with weakly informative observations. Empirical evidence indicates
that when the weights used in resampling exhibit high variability, the selection of the resampling strategy
tends to have a weak impact. However, in cases where the weights are close to being uniform, the perfor-
mance differences between the different resampling methods can be substantial. By keeping M fixed, they
also considered the asymptotic behaviour of the resampling schemes as the weights become less and less
informative. See also [12], [13], [14], [15] for additional references.

M
In this paper, we focus on the stratified resampling scheme for the weights w} = g(Xm)/ > g(Xo)
=1

where g is a positive measurable function. Our purpose is to study the asymptotic behaviour of the method
as the number of particles M goes to co. Let f be a real-valued measurable function. To compute the



asympotic variance of -

— f (Yy,), it turns out to be essential to understand the behaviour as M — oo
of

1

R

M3 g(Xe)
{ S a(%0) (2)

where 0 < a < 1 and where {z} denotes the fractional part of z € R. Under the assumption that
the X; are ii.d. such that the law of g(X;) has an absolutely continuous component, we prove in
the companion paper [25] the convergence in distribution of (2) to a random variable uniformly dis-

M
tributed on [0, 1]. Under this assumption, we explicit the limit of Var (\/% mzzzl f (Ym)) and prove that

ﬁ 2%21 ( FYMy — %) converges in distribution to a centered Gaussian random variable with

variance equal to the limit. The proof of this Central Limit Theorem relies on the asymptotic behaviour

M
X)) f(Xm
as M — oo of a vector composed of M (Zm_l 9(Xom) f(Xom)

M

20=1 9(Xe)
parts (2) for @ € {a1,- -+ ,as} with 0 < ag < --- < as < 1. In the companion paper [25], we check that
this vector converges in distribution to a vector with centered Gaussian first component and independent
s last components uniformly distributed on [0,1]*. Under the conjecture that a similar convergence in
distribution remains valid at the next steps of a particle filter which alternates selections according to
the stratified resampling mechanism and mutations according to Markov kernels, we provide an inductive
formula for the asymptotic variance of the resampled population after n steps.

—E(f(X1)g(X1)) | and the fractional

The paper is organized as follows. In Section 2, we recall the definition of the stratified sampling
scheme and the statement of the main result (Theorem 2.2) is given. In Section 3, the asymptotic variance
is derived and in Section 4, the proof of the Central Limit Theorem is given. In Section 5, the proof of
some ausiliary results is provided. In Section 6, we consider a particle filter which alternates selections
according to the stratified resampling mechanism and mutations according to Markov kernels and we pro-
vide an inductive formula for the asymptotic variance of the resampled sequence. We perform numerical
experiments which support the validity of this formula.

Notation We denote by |z] the integer j such that j <z < j+1 and by {z} = x — |«] the fractional
part of z € R. We denote the set of real-valued bounded measurable functions on R? by By (Rd). Given
 a positive measure on R? endowed with the Borel sigma algebra and ¢ : R — R a measurable function
that is either positive or such that [p, |[¢(x)| u(dz) < oo, we denote () = [pa ¢ () p(dx).

2 Statement of the Main Result

Given M > 0, let (X,,)1<m<nm be a sequence of i.i.d. Ré-valued random vectors following the law 1 and
let g : R? — (0,00) be a measurable function such that 0 < inf,cgs g(r) < sup,cpa g(z) < co. In what
follows we denote g := sup,cga g(x) and g := inf,cga g(z).

We now generate the sequence (Y,M);<,,, <) according to the selection step of the stratified sampling. We
recall that starting from M random variables (Up,)1<m<n i.1.d. distributed according to the uniform law

on (0,1) and independent of (X,,)1<m<n, the sequence (Y,M)1<,,<ns is defined in the following way

m

M

M __ E

Ym - 1 £—1 £

-1 > w;”<m—UmS > 'w]M
j=1 =1

}Xg forme{l,--- M} (3)

w



where w?! = % form=1,---, M. Since the weights are preserved when multiplied by a positive
>° 9(Xy)
=1
constant, up to dividing g by E(g(X1)), without loss of generality we may suppose that
E(g(X1)) = 1.

Let us observe that the random vectors (Y,2);<,,< s are conditionally independent given JF, the o-algebra
generated by the sequence (X,,)1<m<nr. Moreover one has

1 U 1 z
E (M Z (5ymM|]:> = Z Q(Xm)éXm- (4)
m=1 mglg(Xm) m=1

1 M
Given f : R? — R a measurable function, our purpose is to provide a central limit theorem for — > f(Y;M).
m=1

1

% F(Y,M) using (4) one has

m=1

If we start looking at the variance of

V. 1 IZV[: (YM)) =Var [E
ar Mm:lf o = Var

B SN 9(Xm) f(Xim) Ry
= Var (m ST ) +E (Var <\/M > FAh ’]-')) . (6)

Thus, in particular, we will prove respectively the convergence of the first and second term in (6). The
first term is common to all the resampling schemes while the second one really depends on the considered
resampling scheme.
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Let us consider the following hypotheses:
I1 sup,cga |f(z)] < o0

I2 the law of g(X7) has an absolutely continuous component with respect to the Lebesgue measure on
R

Before providing the statement of the central limit theorem, to express the asymptotic variance we
introduce the real-valued functions By and (31 respectively given by

Bo(z,y1) ={z+y}t (1 —{z+y}) +z(l —2) = 22(1 =z —y1) 1y, <1-2} (7)
B, y1,Y2,y3) = 2<{$ + 1} (1 —{z+u}— yz) Lyo<1—{z4y1}} (8)
- {I + yl} <1 - {33 + yl} — Y2 — y3> 1{y2+y3<1—{:c+y1}}

- I(l —T =y - yz) Lyityoci—ay +2(L—2—y1 —y2 — ys3) 1{y1+y2+y3<l—m}>-

Remark 2.1. Let us observe that By is continuous. Indeed, the fractional part is continuous apart from
the integers where its left-hand limit is equal to 1 and its right-hand limit is equal to 0. The composition



with the function f(z) = z(1—z) which is such that f(0) = f(1) = 0, allows us to conclude that
(z,y1) = {z + 1} (1 = {z +uy1}) is continuous. Moreover (x,y1) — (1 —x — y1)1l{y, <12} 5 continuous
since the function f(x,y1) =1—x —yy is equal to 0 on the set {(z,y1) € R? : yy =1 — x} of discontinuity
points of the indicator function. Similarly it is possible to prove that also 51 is a continuous function on
RxRxRT xRT.

The following result holds.

Theorem 2.2. Under the notation introduced above and under I1-2 we have

M
i Vor (2 37 000) =) 4ok )
where
ot (f) =n (g (f =n(f9))*) (10)
and

o3(f) =Y E(Fy) (11)
k=0
with (F) ey given by
f2(X1)Bo (Ur, 9(X1)) k=0
P e (U060, X (X0, 9(X)) k>0 (12)

where Uy ~U(0,1) is independent of X1, -+ , Xpt1.
Moreover the following convergence in distribution holds

M
Vi @ > ) - n<fg>> =5 N (0,01 (f) +03()) 19)
m=1

We will split the proof of the theorem into two parts: in Section 3, we are going to prove the result
about the asymptotic variance and in Section 4, the proof of the Central Limit Theorem is provided.

3 Asymptotic Variance

The following proposition provides the asymptotic behaviour of the first term in (6). We provide its proof
for the sake of completeness.

Proposition 3.1. Under I1, the following convergence in distribution holds

M
ViT (Zm—iﬂ*’;"gé ()X’”) - n(fg)> N (0,03()) (14)
=1
where o%(f) has been defined in (10). Moreover
. Yot 9Em) [ (Xm) \ _
A}l{}noo Var (\/M Zé\il o(X0) ) =oi(f). (15)



Proof. We recall that we suppose that n(g) = 1. Let us define h := g (f —n(fg)). By observing that
n(h) = 0 and
M
X)) f(Xm M
20— 9(Xe)

1 M
X > h(Xm), (16)
Q(Xm) \/M m=1

M
2
by Slutsky’s theorem we have

M
Vil (Zm—zlzjgw(*’;"gé ()X“ - n(fg)> = N (0.0(1%).
=1

Let us now prove (15). Let us preliminary study the following quantity

| M 4 1 M 4
E (\/—M;h(xm)> =5 > E(il:[lh(Xmi)>.

mi,mz,m3,ma=1

Therefore

Among the M* expectations appearing in the sum on the right-hand side, the ones where one index is
different from the other three are equal to 0 by the independence of the X; and the fact that n(h) = 0.

M 4
1 1 3(M-1)
Efl—= ) h(Xn = —n(h*) + =——n(h?)* < D, 17
(\/Mmz_:l( )) A1) + == —n(h?) (17)
where D is a finite constant depending on g and f but not on M.

Since (16) holds, to prove (15) we can study the convergence as M goes to infinity of the variance of
1
vV M —hjs given by
gm

(b)) -ty

gm
where we denote by gns the empirical mean

—

M

il X,
i m; 9(Xm)
By the Cauchy—Schwarz inequality we have

S
<<giM‘1>4> < Db .E} <<i_1)4>7

_ 1 M
and by hjs the empirical mean — > h(X,,)

m=1

Nj=

_\4
<E? <(\/MhM) )E _
gm
where the right-hand side converges to 0 as M goes to infinity by the Strong Law of Large Numbers
and by Lebesgue’s theorem. With n(h) = 0, this in particular implies that

0= lim

T 2 T 2
h - \2 h
o <(\/M—_M> ) ~E? ((\/MhM) ) = lim |E* ((\/M—_M) ) —n(h*)?
and
h - h

0= lim ‘IE (\/M_—M) ) (\/MhM) = lim ‘IE (\/M_—MM

M—0c0 JuM M—o0 am
and so the proof is complete.



Let us now study the second term in the expression (6). Our purpose is to prove the following result:

Theorem 3.2. Under I1-2, the following convergence holds

. 1
Jim E (VC”” <\/—H mE—lf(YTy”]:)) = a3(f) (18)
where a3(f) has been defined in (11).

To prove Theorem 3.2 we need some preliminary results the proofs of which are given in Section 5.
By the conditional independence of the random vectors (Y,2);<,,<n with respect to the o-algebra F, we
have

Var <LM ]zw: F(YM) } ]-') - % ]zw: Var (f(YWAf) } ]-') (19)

m=1 m=1
LS e (pem|F) - Ly (o] A e
- M m=1 " M m=1 " '
We introduce the following notation that will be useful in what follows: for i = 1,--- , M, let us denote
ut = {wM + -+ wM} pM = w + o+ wM] + 1 where wM = MaXi) has been introduced in (3)

M
> 9(Xe)
£=1

and by convention ud! =0, ! = 1.

M
We now rewrite in a more explicit way the conditional variance Var (ﬁ > FYMF ) The proof
m=1

is given in Section 5.

Proposition 3.3. Under I1, we have
1 XM
Var(— FYMy } f) (21)
R

M k
= % > PXDBo(ul ) - — FXD)F(Xir) B (utty w Y " wif oy wlly) (22)
i=1 k=1 =1 (=2

where o and 1 are respectively defined in (7) and (8).

[

In what follows, without specifying it every time, we will suppose that M > 1+ E—‘ so that (M —1) A

[=3]

Let us observe that it is possible to rewrite (22) in the following way

M H®
Var<\/% n;f(y% ‘ ]—‘> - kz_o/o FM don (23)

@ [

where
Ny fz(XralM‘\)ﬁo(u]]—\ilM]fl’w?gle‘\) k=0
Fk,al =

k
_1{(a1M]§A4—k}f(X[a1M])f(X(oaM]-‘rk)ﬂl(u%lM]—l?w%ﬂtﬂ7@; Wi A =10 Wia k) K> 0.



Given 0 < a3 < 1 and k € N, Fé‘fxl is a function of the vector

k
T«% = (f (XralMW) vf(X(alMHk) 7u][\ilM]—bw][\ilM]vZw][\ilM]-i-é—lvw%lMH-k)
=2

which is well defined for M big enough. Therefore to study the limit behavior as M — oo of the expectation
of FM ‘o, s We are going to study the limit behavior of the vector TM . . To obtain a much more general
formulation useful in the next section, we introduce also the followmg famlly of vectors well defined for M
big enough. Let s > 1 and 0 < a1 < -+ < g < 1. For k := (k1,--- ,ks) € N®, let us define Vi =1, - -

ki
T%ki = <f (XfociMW) f (X’—O‘iM]+ki) v“%m}-pw%iwazw%iwﬂ—law%iz\/ﬂmi) . (24)
£=2

Moreover let

—n(fg) (25)

that thanks to (14) converges in distribution to a centered Gaussian random variable with variance
o?(f). The purpose of the next proposition is therefore to study the convergence in distribution of

M M M
(H 7T0¢1 kyo "0 7Ta51ks)'

Proposition 3.4. Assume I1-2. Let s € N* and k := (k1,--- ,ks) € N°. Weset K; := k14 --+ki—1+i—1
fori€{2,--- s} and Ky := 0. Let (Uj), ;< be a sequence of i.i.d random variables distributed according
to the uniform law on (0,1) and independent of H ~ N (0,0%(f)) with (U, -+ ,Us, H) independent from
(Xj)1<j<K e For0<a; < - <as <1, as M goes to infinity, the following convergence in distribution
holds

(HM,TM o TM ) N (H,Typ, - Tok) (26)
where
Kip1—1
Tik = | f(Xri1), [ (Xkiyr) Ui 9( Xk, 41), Z 9(Xe),9( XK, yy) | Vi=1,--- s (27)
I=K;+2

P l-as ,1<1<s 1 Y1

Proof of Proposition 3.4. Let M > max ( 2 _ks max ﬂ) so that 2 < [a;,M| < M — k; Vi =

1,---,sand k; < a1 M] — [a;M] Vi =1,---,s — 1. The last condition allows us to separate the
variables: (X[aiM] g aX(aiMHki) is independent of (X[aj MY s Xay Mij) for 4, j distinct elements
of {1,-

By deﬁnlng k = {JaiM71,-- [, M| + k;} for i =1,--- s, let JM :=J;_, JM
Moreover let ( m)m>1 be a sequence of i.i.d. R%valued random vectors following the law 7 independent
of (Xpn)1<m<mr. Given z := (7;)1<j<k.,, € RIS+ we define

Koy

> (Fo)le) + 22 (f9)(Xy)

j=1 jEIM
Hy':==vVM [ —¢ —1(fg)
s+1

Z glz;) + > g(X;)

J¢JZ\/I




and

Kspa M—Ksi1 -
> (fo)(z;) + Z (f9)(X;)
M. Jj=1 .
HY = VM | 75— . KS“ - n(f9)
> g@j)+ > 9(X;)
=1 j=1
Similarly for i = 1,--- , s we define the vector TM iz DY
rai%]ﬂ x4
=1 TR R e
- M g(zy
' jgaM Mg(zg, 1) =i 42 Mg(ore, )
F(xin) f (e ) M ey T S e
T et T oax)) T et ToeXp)  Eoee)t £ o9 Eoapt Toa(Xg)
j=1 jgIM j=1 jgJM j=1 jgIM j=1 M
and the vector TM by
ki
fa; M]—K;—1 K; Kzurzﬁl )
X% . M z
f(= )of(x ).{ Mx = o ) Mo(wr;4+1) =2 M@k, g
Kit1)s Kit1 ) Ko11 M—-Ki,i11 Ko M-K,{1 _ 'K,{1 M-K,{1 _ 'K,{1 M-Kgt1
> 9@+ X 9(X;) > 9=+ X 9(X;) X gl@jpH+ X 9(X;) X gl@jH+ X
j=1 Jj=1 Jj=1 j=1 j=1 =1 j=1
We notice that
M M M £ M FM =M
(H Tal,kl,w’ T ’TOZSJCS,I) - (H aypki,@z " ’Tamks;ﬂﬂ) : (28)

Let us observe that by hypothesis I2 the law of g (XZ) has a component absolutely continuous. More-

over since [, [1+ y|s'Irl e~V dy < 0o Vs > 1, we can apply Theorem 1 of [25] with ¢ = s and

o (Yi,7Z;) equal to (g (XO , (fg)(Xz)>

° (611\47' . B SH) equal to ([agaM] — K1 =1, -, JasM| — Ks—1,M — Ks41)
. o) =1

Kot Ksya Ky K
o zequal to > g(x)), z equal to > (fg)(x;), (yr,---,ys) equal to | 3 g(x;),---, 3 g(=;) | and
Jj=1 Jj=1 j= Jj=1
0 equal to n(fg)
o T:=H~N(0,0i(f)) by (14)
and deduce the following convergence in distribution as M — oo
(aiM'\fKifl
T M j=1 ; 9(@5) d
I{m 3 MX Ks+ 1 :>(H;U17"';US)' (29)
> Q(IJ)+ Z 9(X;)
= 1<i<s
Moreover by the Strong Law of Large Numbers
K'H»l_l
Mg( ) M( ; 2g($[) Kit1—1
. g IK +1 o . =K+ o
A}ILHOO o )+ E . =g(Tx,11), A}gﬂoo Ko [T ra—— e—; g(e)
= g Zl g9(z;) + Zl 9(X;) =itz
i= i=



and

lim My(zk,.,) — olex)
M—oco Ksi1 M—Kg1 I\T K1)

S oale)+ L oK)

Therefore by Slutsky’s theorem, for each x := (z;)i1<j<k.,, € R4Ks+1) we can conclude that the
following random vector

(Ha]cvaojz\iI,kl,zv e 7Tojf,k5,z>
converges in distribution as M goes to infinity to
(H7 Tl,k:,;m o 7Ts,k:,m) (30)

where the vector T i, is given by

k3

Kiy1—1
(f'(zki+1)7f'(zki+1),Uiyg(mkﬁl), 1;+2 g(mz)ﬁg(zkwl)) .
In particular, given ¢ : R**% — R a continuous bounded function one has

lim E (¢ (HY T2 4 0o T4 2)) = E(@(H Db+, Tas)) (31)

M —o0

We are now ready to prove (26). By conditioning with respect to o ((Xi>ieJM) and by applying the
Freezing Lemma, (28) and (31), one has

E(o(HY, T s T2 1)

«
Kot

B /]Rd(k1+.,.+k +8) E ((b (H;V[’Tol‘\{’kl’w’ o ’T‘i{kb‘@)) H n(dz;)
s i=1

Ksy1
= / E (o (A T2 ko T2 ) ) TT ndws) — E(6(H, Tug,o -, To)
RACke1+++hs+s) =1 M—ro0

where T; i, i =1,--- , s is defined in (27) and so the proof is complete. O
We are now ready to prove Theorem 3.2 .

Proof of Theorem 3.2. By (23), it is enough to study the convergence as M goes to infinity of

HE
Z/O E (FM,) do. (32)
k=0

Let us observe that we can replace fy and 8 (introduced in (7) and (8)) in the definition of FM
respectively by the bounded functions B (0Vz A 1,0V y1) and 81 (0V 2 A 1,0V y1,0V ys,0V ys) that to
simplify the notation we will keep calling 8y and 5.

For what has been said there exists a constant C' < co such that

sup  |Bo(x,y1)| V sup |B1(, 91, y2,y3)| < C. (33)
(z,y1)€ER? (z,y1,y2,y3) ER*

10



By Proposition 3.4 applied with s = 1 and by Remark 2.1, we have that for each ay € (0,1)

M4

0,0[1
with Fy defined in (12). Moreover by the hypothesis of boundedness of f and (33) we have
lim E (Fp'h,) =E(Fp).

M—o0

By Lebesgue’s theorem, fol E (FO%I) dop will converge to the same limit.
g

Let us now study the convergence of 2_: fol E (Fka) day. By Proposition 3.4 applied with s = 1 and by
k=1 ’

Remark 2.1, we have that for each oy € (0,1) and k > 1
M =L R,

k,al

with Fy defined in (12). Moreover by the hypothesis of boundedness of f and (33),

lim E(FM,) =E(Fk).

M — 00
By Lebesgue’s theorem, limp; oo fol E (Fé‘/{h) doy = E(F}) for each k = 1,-- -, E—‘ and so the proof is
complete. - O
We are now ready to provide a central limit theorem for 57 >~ f(V,37) knowing its asymptotic variance.
m=1
4 Central Limit Theorem
Theorem 4.1. Let assume I1-2. The following convergence in distribution holds
1 & d
v <M >R - n(fg)> =L N (0.03(f) + 53(£) (34)
m=1
where o%(f) and o3(f) are respectively defined in (10) and (11).
Proof of Theorem 4.1. Let u € R. By introducing the notation
aM = eﬁ(f(yf)fE(fmyﬂf)) form=1,--- M (35)
and by applying (4), we have
s 5 (S -n(fg) /M <E<ﬁ S5 (v f) —n(fg)> o
E [ eV™ m= =FE|e m=1 E Ham‘}'
m=1
(36)

M
=E (ei“HME (H a% } f))
m=1
where HM is defined in (25). The purpose of what follows is therefore to study the convergence as M goes
to infinity of (36).

11



First step
We are first going to study the conditional expectation E ( aM ‘ F >

ey — 1 — juy + "y) ‘< uyl® , one has

u? (F(YM) —E (f(Y21) | F))®

M 1 (M) —E(FVM) | F)) +

m VM 2M
3
PO —E GO A _ 41w
6M 3 - 3M:3
Therefore for m = 1,--- , M, a can be rewritten as

u? (F(YM) = E (F(V21) | F))®

ah =14+ —= (FVA1) —E(f(Y2") | F)) -

%

with || < A Jul®
3M3
By defining for m=1,--- | M

a1 - L UOR) TEGORD | F)

m 2M Y

M M
E(Ha%‘f)—E(Hb%‘f)‘. (38)

let us now study the difference

M M
By rewriting [[ a/ H WM = Z H ap’ (adf —b2) TI )", where by convention the empty prod-
m=1 L=m+1
uct is equal to one, by using that the random vectors (Y,M);<,,<pr are conditionally independent given JF
and that [r}| < 4”2'}‘;# l[a}] <1and [p)| <1+ M , (38) becomes
M M
E(Ha%‘f)—E(Hb%‘fﬂ
m=1 m=1
M m—1 i
=Y E Hay< (FYA) —E(f(YM) | F)) + ) H b%]f>|
m=1 /=1 M l=m+1

[
_nﬁE(mla%}f)E(\;“M(f(Yn% E(f(VM)| F)) + M}f) <£_1f[+1b§”}f>>
o)1) |

AU <1+ 2|f||iou2>M o
3M3 M M—oo
M
E(emHME<Ha%‘J:>>—E<“HM <H bM‘}'>>‘ (39)
m=1

12

This implies that

lim sup
M—o0




Second step

By the previous step, it is enough to study the limit behaviour as M — oo of E (ei“HM < H bM ’ }'>)
where b is defined in (37) .

M M s
By using the general fact that [] (1 —¢m) = > (—1)° > [I ¢m; for any real sequence
m=1 s=0 1<mi<---<ms<M j=1

(Cm)1§m§]W7 we have

(i) -5 5 e{fTbo-=(om )|

1<my < <me <M \j=1
M, o\s 5
B 5=0 (ﬁ) 1§m1<;mS§Mj1;[1E <(f ( (YM) | ]:))2 ‘ ]:> (40)

where for the last equality we use that the random vectors (Y,M);<,,<ys are conditionally independent

m

s 2
given F. Let us introduce By, ,....m, = [[ E ((f(Ymﬁf) -E (f(Y,%) | -7:)) ‘ f). Since By, ... m, is
j=1

S
symmetric in its indexes and satisfies | By, ... m.| < (4 ||f||io) , for each s > 1 we have

L (1§ WAL are
(S s Y B S%(__(»

my, ,ms=1 1<mi<---<mys<M

It is therefore possible to rewrite (40) as

(1) -

> IE((en-r (o1 £)|#)

1<my <---<my<M j=1

with # such that

<3 (2u2 ||f||io) <1_ M(M—l)---(M—s+1)> L

s! M3
s>1
With ei“HM‘ <1, (36) and (39), this implies that
e[ S (7002 (7)) & [ AT AN v 1 & vy | 7 ) 0
‘ —E( Y (-F) @ (Ve g 2 10 e



Third step

The purpose of what follows is therefore to study the convergence as M goes to infinity of

E <eiuHM i/f: <_u;>sé (Var <\/Lﬁ i VM) ‘ ]:>>S> . (41)
s=0 m=1

By (23), (41) can be rewritten as

W HM M uw?\° 1 (é] iwHM M M
SR () 5, 8 B R B e
Tk, ke=0"1Y

s=1
s>1
where for s > 1 and M >1
H

u? ° M
2(s, M) = (_7> Z /[0 e Lio<ar<-<a.<1}E (GZ”H Fﬁal . -Fé\ﬁ%) doy - - - dog

klv"'7ks:O
and where we recall that for i =1,--- ,s
M f2(X(mM])ﬂO(U%iM]_1,w%iM]) k;i=0
ko —

ki
_1{"aiM-|SM—ki}f(X"OliM-|)f(XlraiM—"f‘ki)ﬂl(u"z—\iiM"lfl?wiz\iiM“7@2_:2w|{\§iM“+[717w|{\iiM“+ki) ki > 0.

) u2o?(f)
Let us now study the convergence as M — oo of (42): lim E (e“HM) — 3" by (14) and to study

M—o0
the convergence of the sum we will apply Lebesgue’s theorem.

Given s > 1, we first compute the pointwise convergence as M — oo of z(s, M) and then we show the

existence of a function Z independent of M that dominates |z| and such that > Z(s) < oco.
s>1

Let us start by computing the pointwise convergence. Let s > 1 and 0 < ky, ks, -+ , ks < [%—‘.

By applying the reasoning based on Proposition 3.4 done in the proof of Theorem 3.2, V 0 < al < <
as < 1 we check that

iuHM M M d,. iuH
e Fkl,al"'st,aS:>e P Fop

where, recalling that k denotes the multiindex (k1,--- ,ks) and K; :=k1 +---+ ki1 +i—1Vi=1,--- s

with the convention K; :=0, F; for ¢ =1,--- s is given by
2 (Xk,41)60 (Ui, g(Xkei41)) ki=0
F; = Kiy1—1
’ _f(XKi+l)f(XKi+1)Bl Uiug(XKri-l)ae ; g(Xf)vg(XKHl) ki >0
=K;+2

and H ~ N (0,0%(f)) independent of (U;) and (Xj), g -
Moreover by the hypothesis of boundedness of f, (33) and the fact that

1<<s

eiuHM’ S 1

3

lim E (emHMFé\l{al .. Fé‘/{a) =F (ei“HFlyk ... Fs,k) .

M—o0

14



By Lebesgue’s theorem and by observing that Fy i, - -, F, ; are independent, respectively distributed
as Fy,, -+, Fy. and independent of H, z(s, M) converges to

4]

2\ S = .

<_%> 2 /[0 1 Locar <o <a<iyB (€ Prp- - Fyp) doy - da

k1, ,ks=0 ’

_ufein 1
p] _

=e
s!

(_U_Q)S > B E(R)

2] )
_u2ein 1 2\° [ & W22 1 2\*° s
L (Y Y w e | =L () oy

Let us now show that z is dominated by a summable function z. By using that f, Sy and (; are
bounded functions, for s > 1 one has

]

u?\® )
|Z(S’ M)l = <_?> Z /[ | 1{0<a1<~~~<as<l}E (GWHFl,k e 'Fs,k) doy -+ - do
ke k=07 [0:1]7

o (P 0Y

- s a u?
for a given finite constant C. It is now sufficient to observe that > % (([g—‘ + 1) X “72) = e([j] +1) T <
s>1 =
oo. In conclusion we have proved that (42) converges as M — oo to

w2 (o2 (N+o3(0)

u?o? u? * s
g ()

s>0
O
5 Proof of Proposition 3.3
We recall that for i = 1,---, M we denote u}’ := {w} +---+wM} and p = [w} + -+ wM] + 1,

where by convention u}! = 0, u}! = 1. The following technical result holds.
Lemma 5.1. If 1 <p < {< M then

1)t < " if and only if w)ty + -+ w) >1—w)

2. ué” = u)" if and only ifwﬁl—i—---—i—wéw < 1—u£4

3. H;I\;/[ = ud? if and only if u}! :uy—l—w%l + o+ wM

Proof of Lemma 5.1. Let us observe that 2. follows directly from 1. and 3. is a direct consequence of the
definition of the integer and fractional part. Therefore it is enough to prove 1.

15



If ug/f < up?, then

M

w w1 =) < -1 <w) 4wt

that implies
1—u§4§wé‘il+-~-+wé‘4.

Let us now prove the other implication. If 1 — uéw < wé\ﬁl + -+ +wM, then
ug/[:w{‘/[—k---—kwéw—l—l—ug/[gw{w—k A w) < pdt
O

The following lemma provides an explicit expression for the conditional expectation E ( fYMy | F ) for
m =1,---, M which appears in (20) and so it allows to prove Proposition 3.3.

Lemma 5.2. Given g € By (Rd), form=1,--- M we have

M
M)y _
E (oY) | F) =) o(X Dl 0 <mepn)
i=1
where fori=1,--- M

a 1{M <ud }(l{u% <m<uM}+1{m M }(l—u )+1{m )Y )+1{u1, I }w (43)

Proof of Lemma 5.2. For m = 1,--- | M, by (3), by observing that m — U, is uniformly distributed on
[m — 1,m] and by the Freezing Lemma, we have

E (o(V;M) | F) :;g /ml {,71

. ydu (44)
> wju<ug > w;”}
i=1 j=1

By observing that for i =1,--- , M

L= Lt} Lt} + 1o <y (Uit} Ummsir) + Lt <)) + et v

1et us study the value of the 1ntegral in (44) accordmg to this part1t1on Ifm < pM, thenm < pM, -1 <
w +- -+ wM, and if m > pM then m > pM +1 > wM +- .- +wM +1 and so in both cases the 1ntegral is
zero. Let us now suppose that pM; < pM. If pM, <m < ulM, thenm > pM, +1>wM +- +wM, +1
and m < w + ... + wM. Therefore

If m=puM,;:

If m = pM:



Finally if m = pM = pM;:

To sum up we have obtained that for i =1,--- | M

m
/ 1 i—1 i du
m—1 {j;l w§/1<u§’§1 wé‘/f}

{NI 1<HM}(1{H1»£ <m<HM}+1{m =uM }( )+1{m HM}U )+1{HAI =m=p] }w

Proof of Proposition 3.3. Let us rewrite (20). By Lemma 5.2 we have
1 My
& LR - ()

1

1 M M 1 M M
=27 2 2 PN e <y = 37 D D2 XN @) L <y
m=1
2
M

i=1 m:l =1

M
Z f(Xi)f(Xj)Q%,iQ%,j1{#£V£1§m§#§vf}1{#%1ngMM}

M M
Z Z fz(Xl) (qz\r{,z - (q%z)z) 1{#£‘{1§m§#£‘/1} Z Z f( )f( )Qm sz,jl{m #Mf‘u

m=1i=1 m=11<i<j<M
(45)

We are now going first to rewrite the first component of the right-hand side and then the second one.

First term:

Let us observe that by Lemma 5.1 applied to the couple (p,1) equal to (i — 1,%), we have l{uM>uM } =
i i—1

Lepmsium y and Leynrzym v = Legmoq ) for i =1---, M. Therefore by Lemma 5.2 and by using

that pM — uM, = uM, —uM + wM, we have

M
M
Z qmvil{ui‘{lémﬁui‘/’}
M
= (1{w£‘/1217u }(1{#M <m<,LLM}+1{m ,u }(1—’(}, )+1{m ;LM}U‘ )+1{wM<1 uM } {,ul L =m=p; }w )

m=

= Lz gy (7 = e =iy + ) + Ly Yot = o L sy y Tl g gy = w0

17



Let us observe that since, by (4), 1

&Ms

F2(X)wM, we got the expected result.

ngMi

(f2(YM)If) |
Similarly, by using that uM — M, = e ha

1 ui —l—wi s ave
M
(@)Lt <meputr}
m=1
= Loy (0 = iy = 1+ (0= wd)? + @d)?) + Lpn g ey ()’
= (W =} (1 =) —uil (1 —u 1))1{wM>1 uM }+( )2 1{wM<1 uM,}
= w —uM (1 —u}") =l (1=l y) = (M (1= w}) = (1= ud) —udly (1 -t ))1{wM<1 uM }

Substrating the two quantities and using Lemma 5.1 to rewrite u as wM +uM | if wM <1 —uM, | we
have

M M
M M
Z qm,il{#i‘{lgmguy} - Z (qm,i)zl{‘uﬁ‘{lgmguy}
m=1 m=1
S () b (1 ) 0 )~ = )~ a0 = sy
=uM (1 —u}") +u (1= uly) + (! (1 =) = (] + )1 —w} —uy) =y (1—u!

= U (1 U; )+uz 1(1 u%l)_(2u%1(1_uzj\£ )—2’LU u )1{wM<1 uM 1}

Therefore by observing that for i = 1--- , M uM = {u}, + wM}, the first term can be rewritten as
| MoM M
i DO LA (s — (@ )?) Lo <m<uiy = 37 > XD By w) (46)
m=11i=1 i=1

with Sy defined in (7).

Second term:

By Lemma 5.2 and by rewriting 1{#1\/1 <M} = 1- 1{wM<17uM }, We can rewrite the right-hand side of
i—1 % i i—1
(45) in the following way

P
i Z f(Xz')f(Xj)an\f,ianf,jl{m:#y:#%I}
m=11<i<j<M
2
- = FNFOG) (T, el + L Zanywl)
1<i<j<M
% (e <y (=00 + L syl ) e,
9 M—-1 M-k
=7 FX)F(Xign) (015 + %)
k=1 i=1

where for k=1,--- , M —1landi=1,--- , M — k

M _ M M M
Pik = U (1{#1,1\1,671@5# (1 —uitp—1) + 1{#gk71:#§g }wi-i-k) 1{m M,

~M M M
plh = (! =) (Lar, (0= i) + g, e yolle) ooy Yooty

18
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J2
Let us now rewrite p%g and [)% To simplify the notation, we will denote > w)? for 1 < j; < jo <M
£=j1
J
by sjf. We can apply Lemma 5.1 to the couples

1. (p,0) = (i,i+ k — 1) so that 1{ MM} = 1{ Rl g g MY

2. (p,é) (’L -1 Z) so that 1{ 7 =y } 1{wM<17uZ.V£1}

3. (p,é) (Z+k 1 Z+k) s0 that 1{ Hitr— 1_“1+k} {"" R<1l— uz+k 1} and 1{Hz+k 1<“¢I\ik} {""ykzl uw+k—1}

i+k—1

itk—1 M . M M
we can rewrite ugy, , asw;" + sy ,one has

so that, by observing that when s{777" <1 —u;

M M
(1= uitp1) + wi+k1{wﬁk<1—uﬁk71}) Lt camuny

M M
o=u; |1
Pik v ( {""ﬁkzl uw+k—1}

M _ M itk—1 M ) )
O R L ) A

k—
:ui\/j(l—ulM—szil 1)1{ kol uM<Sl+k}—|—’UJ ’LUthl{ 1+k<1 u? }

=uM (1 —uM - siTht

= s D ey~ (L — 5]

- Sz+1)1{sii]f<l—u,f”}

M

M kel M we can rewrite u]

and, by observing that when wM < 1 —u}; and Siv1 - <l—w;
i+k—1
and ul{, _; =ul, + 577" one has

— M M
=uwng +w;

~M M M
iy = (0" = )(1{w s1eant P =) Fwti Lo o 1}) Legmcq o NV gien-1oy )

i+k=— i+k— 1}
= — (ul) +w}") (1{S§+k21_u§{1}(1 — ity — s wi+k1{sj+"<1—uﬁl}) Legrrmtcqum

M M i+k—1 M
+ w; (1{Sz+k217u%1}(1 —U;_q — S; ) + wi+k1{sz+k<17ui]\{1}) 1{Sz+k71<17u%1}
i
= —upt (1 -ty — 57" 1)1{s?+’€*1<1—u%1§s§+k} - u%lw%kl{si+k<l—uf‘{l}
= —u%1(1 - U?{l - Hk 1)1{ S + u%l(l - U?{l - 5§+k)1{sj+"<1—u%1}'

Therefore we have obtained that
| M

M Z Z f(Xi)f(Xj)an\f,ian\i[,j1{m:MII_v1:M],1\{1}

m=11<i<j<M

1 M—-1M-k k
SS9 IR INICIVEEY CAES TN
k=1 i=1 =2

with 1 defined as in (8). Let us now observe that there exists a finite constant C; such that for k =
1, M-1,i=1,--- ,M—k

)
ﬂl( U;_1,W; aE lerE 1, W 1+k>

<Cilg, <011 . (47)
{EZ Wﬁe71<1} {k<1+—}
? 9
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Therefore

1 M—1 M-k
M f(X )f(Xz-Hc)Bl ( Uy, W sz—i-f 1, W )
k=1 i=1
X (M—l)Ag] Mk
= M f(X )f(Xerk)ﬂl <u£\/[17 i 7sz+l 1 z+k>
k=1 1=1

6 Asymptotic Variance for the Next Steps

What we have seen so far is the study of the stratified sampling selection step: it is actually part of a more
general algorithm where each step consists of a selection part and a mutation part that we are now going
to describe more in details (see for instance [22] for a more general version of the algorithm).

For each step n > 0, we are going to recursively define the selection sequence (YnM =m)1 <m<py and the

mutation sequence (X2™) Let g, : R? = (0,00),n > 0 be a family of measurable functions

1<m<M’
such that 0 < inf,cga gn(z) < SUpLepa gn(x) < 0o. In what follows we denote g, := sup,cpra gn(x) and

g, = inf,epa gn(z). Let for n > 0 and k >0

(k) = F—"

-n

1+ k)—‘ . (48)

Moreover let (Z), s, be a R%-valued time—inhomogeneous Markov chain that is for each bounded measur-

able function h : RY — R, E(h(Zk) o (Zo,+ y Zi—1) fRd x) Py (Zk—1,dx) for a transition kernel Py
possibly depending on k. We denote the law of Z by .

Initialization: we generate a sequence (Xév‘[ ") 1<m<nm of 1.i.d. R%valued random vectors following the law 7. By
convention YOM’m = Xé\/[’m for 1 <m < M.

From n to n+1: the transition from (VM- Xflwvm)lgmgM to (Ynl\ffn, X%r;n) . for n > 0 consists of two steps.
Selection: we generate the random vectors (Yn]\f_lm ) conditionally independent given
1<m<M

Fri=o ((XZM”", YZ—M”") by

1§m§M,0§i§n>
M

% o ( )

j=1 J

)}XW m=1,---, M (49)

where (U}");<,,<ps is & sequence of i.i.d. random variables independent of F™ and distributed
according to the uniform law on (0, 1).
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Mutation: given G"*! := ¢ ((XiM’m, YZ-M’m) ) (
1<m<M,0<i<n
vectors Xn 71,1 <m < M conditionally independent and respectively distributed according to

M
i ) we generate the random
1<m<M

the probability measure P, 41 (Yn 1 )

For each n > 0 we denote the weights by

Mg, (XMm
%m:M m=1,---,M.
A Mt
> gn(Xn)
=1
Moreover let us observe that the selection property for n = 0 (4) remains valid for each n: ¥Yn >0
M me
( Z Oy st | F" ) Zl Oyt (50)

The study of the asymptotic variance of the selection part of the first step that is Var ( T Em L f ( m))

for a given bounded measurable function f : R* — R was the obJect of Section 3. Our purpose now is to

Zf(n+1)forn>1

generalize this result by studying the asymptotic variance of ——
— 1 let

Before doing it let us begin with some notation: for n > 0, M >1 and k=0,-

1 M—k
ﬁk’M = — Z O /M, i M,i+k
n M P (Yn ! 7"'7Yn ! )

—k,M

M—
Ny : — E XM,'L Xhl,i+k).
M ) Kn

) If k =0 and n = 0, by the classical Strong Law of Large Numbers we have

Remark 6.1. Let f € B, (Rd
o (f) = lim g™ (f) = A (f) = n(f) = E(f (Z0)

lim =
M — o0 o M—o00

It is possible to prove that a Strong Law of Large Numbers holds (see [22, Corollary 7.4.2]) also in the

a.s.

case k=0 and n > 1:

lim 70M(f) = lim _Zf yMz — () E(fI;Z( )ng ogp;Zp))
p 0 :D
Z

a.s.

M—oo M

a.s..

i V() = i —Zf Y — () 'E(g(zninlgo(gzpi)w)
p=0 JP =P

M—o0 M—oo M

We are now going to prove that given h : R?* — R a bounded measurable function, the study of
the asymptotic variance of \/— Z h ( s Hm , Xﬁl ) depends on the study of the asymptotic variance of

) for f: RY — R a bounded measurable function.

- zlf(lci‘i?
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Proposition 6.2. Let h € B, (RQd). The following convergence holds

M M 70 Poi1h? — (Pyyqh)?
1 M.m M.m 1 M.m M (gn ( n+1 n+1

Var | — h(Yn’ XM ) —Var| — S P, 1h(Yn’ ) - _ — 0.
( /M mZ:1 +1 +1 /—M mZ:1 + +1 ng(gn) M—soo
Proof of Proposition 6.2. By using that the X fl\i;n are conditionally independent given G**! and that the
V"o are G"t! measurable, one has

1 - M,m M,m
Var <—M Z h (Yn+7l s X ))
" M
T o (i) | o)) +x (5

NE

Var (h (Ynf‘f{”,xﬁ;”) ’ g"“))

( M m=1 m=1
— Var (LM iE (n (vt xhr) [am) ) +® (% z]\i]E (2 (v, x| g"“))

1 nl\l/[: 2
-5 (5 L 0 i) [ o))

Since L (Xﬁ_;" | Q"H) ~ P (inf", -), for each bounded measurable function % : R*¢ — R one
has

E (E(Ynﬂi’ﬁ,XﬁT) | g"“) = Pyiih (Ynf‘fl’”) - /R ) WY 2) Py (Ynf‘ﬁ”, d:c) . (51)

Therefore we obtain that

M
Var (VLM mZ::l h (Ynf‘i{”, Xff;{”))

— Var (L i Puiih (YM””)> +E (i ]Zw: Poyih? (YM””)> _E <i i (Proa (YM,m)y)
= VAT 2 n+1 n+1 M 2 n+1 ol a2 i1 o
Mo M

1 M Iy M wMm
= Var (\/—M Z Poiih (Yn+’17n)> +E (Z HT 1 h? (nym)> -E <Z
m=1

,m

ey

m=1 m=1

where to obtain the last equality we use the selection property (50). By Remark 6.1,

. 1 . . )
fim M Z gn (X’I‘V[ )P"+1h2 (ijzw ) = W?z(gnpn+1h2) a.s.,

M—o0

1 M

lim i Z gn (XM (P, 1R (ijﬁm)f = 71%(gn (Pay1h)®)  a.s.,
m=1
1 M

Jim g 2 0 (527) =00) s
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Thus by Lebesgue theorem,

M M.m 0 9
i Wy’ 2 M,m _ nn(gnpn—i-lh )

m=1

whm 2\ 790 (Pay1h)?)
n Pn h X;lu,m _ In\Jn n+
ar (Pt ”) 7 (9n)

M
g 2(3
and this concludes the proof. [l

We are now ready to study for n > 1 and f € By (Rd) the convergence as M — oo of

M
1 M
Vi (f) = Var <—~ > f (m{”)) :
M m=1
With the aim of studying limp/— V,M; (f), we will assume the following conjectures:

Conjecture 1. For each f € By (Rd) one has

n. 791— n—1 | Pn 1%_ P fn 2
Vw<mn&f‘;<gnf>> VI Paf) 1({) 1(4{) G200)] N
'™ (gn) (1 (gn)) (19 (9n))" Tp—1 (gn—1) Moo

where

Jn = gn (77]91 (gn) - 77/91 (gnf)) :

_0,M
Remark 6.3. In Section 3 we proved that in the case n = 0, by observing that Var (\/M%OT((QO‘?) =
o™ (9o

— 0.

M—o0

i (25 1)
Var \/M 1(go0)
_0,M [ _go

"o (n(.qo))

For n > 1 the idea underlying the Conjecture 1 is the following: by considering

o ™ (gnf) _ 7 (gn.f) — Var ™ (fn)
i’ (m ( T (g () )) Y (mnw @) <gn>> |

, one has

Var < mm?o“; (gof)> n(52)

7™M (g0) "~ n(g0)?

we asymptotically replace in the denominator of the right-hand side 7% (g,,) by 70 (gn). Thus we have

— 0.
M— o0

Var | VM o™ (f) )— ! Var (VM72™M (£,
< 70 ()70 (90) ) (75 (90))" (Vo 52

We then rewrite Var (\/ MpoM (fn)) following the same reasoning used in the proof of Proposition 6.2.

Conjecture 2. Lett € N. Given ¢ € By (RH‘?) continuous and h € By (Rd(“‘l)), the following conver-
gence holds

M—t
‘% E (h (X,i‘”»m,... ,Xflwmert)d) (u%mfl,w%mj,_, 7w71y,m+t))
m=1
1 M—t .
_ M mZ:1E (h (X,I,V[vm, - 7X»,]y’m+t) /0 0 (u7gn(X7JI\4,m), .. ,gn(XéW,ert)) du) ’ Mjoo 0
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where udtm=t = { ZE T o (@) =

S5 gu (XA
i=1

Remark 6.4. In Section 8 we have provided a formal proof of Conjecture 2 in the case n = 0. In that

case we strongly used the fact that the random variables we are working with ((Xé\/[’m) > are 4.i.d.
m>1

and the fact that the law of go (Xéw’m) has an absolutely continuous component to prove that is possible

i—1 M,i

to asymptotically replace ug/[’ with a uniformly distributed random variable independent of F° and wy

qO(XM,l)
with 90)

Before providing the main result of this section, let us introduce some notation.
For k > 0 let PY"HY 2 B, (RIFHD) — By, (RUFHD) be defined by

PEEDR (g, ay) 1:/ h(yo,- -+ yx) Pn (xo,dyo) - - - P (1, dy)
Rd(k+1)

and let for s, =0, , dp_1(k), Trlfjls’“ : By (Rd<k+l)) — By (Rd(5k+l)) given by

1
Tk_)Skf(xovxla"' ,Isk) = Z f(IOaISU"' ,Isk)/ 1Z)Slisk (uagnfl(xo)agnfl(xl)a"' 7§nfl(x5k)) du
0

0<s1<s2<--<sg

and where given 0 < s < ¢,—1(k) and sp:=0 <53 <59 < -+ < s

1+gn/g
1/}51¢5k (uayoaylv"' aysk) - / sq—1 du/'
1—1 q=0"1ta—1 “Jr E y]<u/<u+Z YJJ}
Finally let 7, : B, (RYFHD) — B, (RU@n—1(W)+D) defined by
¢n l(k)
7;zkflh’ (w07 T, ( Z TvlijSk (Pf(z@(k-’_l)h) (o, Z1, Ty ) -
Sp= =0

Theorem 6.5. Let us assume Conjecture 1 and Conjecture 2. Then ¥n > 1 and Vf € B (Rd), VM (f)
converges as M goes to infinity and we denote its limit by V, (f). Moreover, by defining ¢m.n (0) :=
Om (Gmi1 (- (6 (0)))) for m < n, m,n € N, V,, (f) is defined by the following recursive formula:

Voo (Pofn) N 1 (gn—l (Pnfg - (Pnfn)2)>
(79, (gn))"* (719 (9n)) " 75— (9n—1)
/7—¢71 2 (0) 7—¢n 1in 0)T¢n n O)fn (CL‘) n®¢0:n(0) (dac)

Vn+1 (f) =

where f, € By (Rd(lJr“b"(O))) is given by

~ ¢n(0) 1 _
fo (0s -+ Ty, (0)) = Z f(xo)f(ﬂfk)/o B (s Gn (T0) 5+ 5 gn (1)) du

k=0

_ k—1
with B, (u,yo, -+ ,yx) = Bo(u,yo)lix=0y — B <u,y0, > yg,yk> L{kz0y where Bo and B1 are respectively
=1

defined in (7) and (8).
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Remark 6.6. Let us observe that by Theorem 2.2, A}im VM (h) = Vi (h) = 6%(h) + o3(h) Yh € By, (R?).
—00

The proof of Theorem 6.5 relies on the following proposition the proof of which is provided after the
proof of the theorem.

Proposition 6.7. Let us assume Conjecture 2. Given n > 1 and h € By (Rd(‘b"(o)“)) one has

‘E (ﬁfi"(o), ( )) /T¢1 n(0) T¢n 1in 0)T¢n n(O ( )n®¢0m(0) (d:l?) 0.

M—o0

Proof of Theorem 6.5. Similarly to what we have done in (5) and (6), we can rewrite the variance in the
following way

M _ 1 M,m
Vn+1 (f)—Var i E f(Yn-‘rl )
1 - Mm z Mm
=Var | E \/Mg (Y, ‘]—'n +E | Var \/—_E FYm) }]_‘n

m ,m M
= Var (ng_zl:gn(ng(X)]\é(f)y )> +E (Var <L Z Fy Sl ‘ f")) (52)
19n

where to obtain the last equality we use the selection property (50). Conjecture 1 gives the asymptotic
behavior of the first term of (52).

Let us then study the second term of (52). Using the definition of Yn]\f_lm and following the same reasoning
done to prove Proposition 3.3, we can rewrite the expression inside the expectation: for M > 1+ ¢,(0)

1 M
Var(\/— Z FY S }}'") (53)
1 on (0 )1\;71@
— M Z f(X7]LW7i)f(XMZ+k)Bk( M,i—1 wﬁi,i7.“ ,wy,i-l-k) (54)
k=0 i=1

with Bk (u,y0, -+, yx) = Bo(u,y0)1{k=0} — b1 (U Yo, Z ylvyk) L{x20y where we recall that Sy and S

are respectively defined in (7) and (8). Given k = 0, - - ,(bn( ), we can apply Conjecture 2 with ¢ = k,
h(zo, - ,xk) = f(w0) f (zx) and P (u, Y0, ,yx) = ﬁk (w90, -+, yx) and obtain that

E (Var( Z FMm ’]—"”)) %:(O)E(ﬁgM (7e))| =0 (55)
k=0

where fOI‘k:O,"' 7¢n(0)a fk (I07"' 7xk) :f(xo)f Ik fol Bk ’LL gn (1170),"- ;gn (Ik)) du.
_ ¢n(0)
We now observe that by defining f, (xo, S T (0 ) Z fx (zo, -+ ,xk), one has
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¢n (0)

Z” () e M (£

1 ¢n(0) [ M—k B . M—¢n(0 .
_ M ];O ; fk (Xy,l . XM Z+k Z fk XMZ . 7X7]7}4,’L+k)
¢n(0

for a finite constant C. Thus we can combine it with (55) and obtain that

n _ —pn(0),M (7
<Var<\/_2f 1 ‘]-' )) E(% (fn)) 0
We can now apply Proposition 6.7 with h = f,, and obtain that
#n(0), M $1:0(0) 7 Pn—1:n(0) 7bn:n(0) £ ®b0:n(0)
e (i ) = [T Ty O O g ) )| o
Thus we have obtained that Yn > 1, Vf € B, (Rd)
n+1 - T - _ _
-+ (19, (gn))" (79, (92))" 01 (1)
o /76¢1:n(0) . .7;l¢_7z2—1;n(0)7:1¢j:1n(0)]7n (:C) n®¢0:n(0) (d.’L‘) _> 0.

To conclude the proof, it is now sufficient to observe that by Theorem 2.2, Vh € By (Rd) VM (h) converges
as M goes to infinity and its limit is given by V; (h) = 0% (h) + o3 (h). O

The proof of Proposition 6.7 is a direct consequence of the following Lemma.

Lemma 6.8. Letn >0 and k > 0. Given h € By (Rd(’”l)) one has

[E (i ) = E (72O (TEm))| — 0.

M—o0

Proof of Lemma 6.8. Since the X V1" are conditionally independent given G"! and £ ( a1 | Q"H) ~

P (Yn s ~), for each bounded measurable function A : R¥**1) — R one has

= /Rd(w h(zo, - %) Pasi1 (Ynﬂi’f, d:vo) Py (Y,ﬁf*’“ d:vk) . (57)
Therefore for M >k +1
| M-k _ _
E (i) = o Y E(r (x5, X)) (59)
i=1
| M-k _ _
i=1
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Thus our purpose now becomes to study the asymptotic behaviour of E (ﬁﬁﬁ( f )) for a given f €

By (RYk+1)) . Recalling the definition (49) of Y, +1 , let us observe that if we denote by ¢,, the random

index in {1,---,M} such that 1., _, = 1 so that YnJrl = XMtn one has that
{ > M]<m U7”<an’v}
Jj=1 1
m +> £, is non decreasing.

Therefore given £ >0, M > k+1 and 1 <i < M — k one has:
M,i+k
(Yn-i-l’ o Yn+1+ )
k

M
= E E XM’EO .. XMek IIl lg—1 Y4 .
S qz WM CipqoUFI< TS
=1 Lp=Lr_1 q=0 n q=%n =

We can now apply the following change of variables m = £y, 81 = €1 — by, 82 = lo — Ly, -+ , s = L, — Ly
and set sg := 0 so that the above expression becomes

M*Sk k

Z Z Z ()(g/'[’m7)(711\477”4‘517 - ,XTQ/I,m-i-src) H 1{m+sq1

m+sq .
M,j_ . itq M, j
0<s,<M—10<s1<82<---<s, m=1 q=0 12:21 wp Y <t+q—Up "< j;l Wy }

Therefore one has

1 i i 1 i i n
Bt () =57 2 B (7 (W vii™)) = p ZE(E( (e 1) 1))
=1 1=1
1 M —sy
_ M,m M m+s M,m~+s
= > ZE<f<Xn Xt )
0<5,<M—10<s1<s52<--<sp, m=1
M-k k i+q
X 1 masg—1 msq du
i=1 ql:[o/l”rq—l { > wn<u< 3w ‘j}
=1 =1

where to obtain the last equality we apply the Freezing Lemma and the fact that the sequence (U})"), <m<M
is independent of F" and the sequence (X,Q/'[ m)l <me<py 18 F" - measurable.

Given k>0, M >k+1,0<s,<M—-1,0<s1<s3<---<spand 1 <m< M — s, let us now focus
on the sum over ¢ appearing in the above expression:

Mkk

/ m+sq 1 m+tsgq M du.

i= 1 q=0 i+q—1 j:1 ]<u< ng Wy ’J}

Let us first observe that if the quantity inside the sum is different from zero, then in particular

f; 1 , . }du # 0 and f+k L {m%’f N mta, }du # 0. This implies that

i wp <u< 33 wp'? wald<u< 3wl
i=1 i=1 i=1 i=1

m . m+sp—1 .
SwMis>i—Tland Y, wMJ <i+k. Thus
j=1 j=1
m+sk7 m—4si—1 m
-1 < > w = > =N <itk—itl=k+1
j=m+1 j=1 j=1
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2 (k+ 1)—‘ = ¢, (k) where we use the notation

and so we have obtained an upper bound for sg: s < {
9,

introduced in (48).
Moreover we observe that we can replace the finite sum over ¢ with an infinite sum: if 1 > M — k+ 1

i+
j=1 Jj=1

i+k
/ 1{m+skl AL mise }du =0
i+k—1 > Jcu< E whti

m—+sg
since > wy ’J<Zw J =M.

j=1 Jj=1
Therefore after all one has

/ / m+sq 1 m4sq du
zlqo +q1 ]<u<]§ wMJ}

j:1

= 1{Sk<¢n(k)} ZH/ m+sq 1 M,j<u<m§q vaj}du.

i>1 g=1 :1 =

m—1 .
We can now apply the change of variable u := v/ + { 3w J in each of the above integrals so to
j=1

obtain
k
H/ m+5q 1 m+sq du
i>1 q=0 it+q—1 M cu< Z u;M]}
j:1 et
k i+q— Z M]J
= !
—ZH/ L eyl
i>1 q=0"1+q— 1_ Z ’jJ {u”m + Z w7 <u/ <uph™ TN S wy J}
j=1 j=m j=m
!
/ metsg—1 mesg N du (60)
z>1q oV ita— 1 Mm i > M]<u/<uMm T4 > wM’]
Jj=m j=m
where to obtain the last equality we use the fact that ifi < 1 f . B du’ —
?Ji—1 Mom—1, "= A Mom_1 | I )
ul ym— + Z Wi ,J<u/§un ym— + Z wh
j=m Jj=m

0. We observe that if the quantity inside the sum is different from zero, then in particular

A
/
/ . 1{u£\l/1,m 1<u,<uMm 1 g{,m}du 75 0
i—

This implies that i — 1 < ulM™m=1 4 Mm < 1 4 In and so i < {1 + g—"—‘ In conclusion, (60) can be

=n

rewritten as

/g, |
(61)

[1+3

i+q
!
/ 1 msg—1 m4sq du'.
i+q— 1 Alm 1+ Z wl ]<u,<u1¥1m 1+Z wM]

j=m

I

j=m
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n

Therefore if M > max (1 + k,1 + ¢,(k)) we have obtained that
E (m’iﬁ (f ))

= nz Z % Z E(f (Xy;varllw,m-i-m’,_. ,XTQ/I,m—i-sk)

8 =0 0<s51<s2<--<sp m=1

We denote (61) by ts,:s, (udlm= 1 whtm wdhmtl oo pdhmtsr) where thg, .5, : RS2 — R.

Mm—1 M,m M m+1 M, m+sg
stlzsk (un y Wy, y Wy, yrr Wy ))

We can therefore apply Conjecture 2 with ¢t = sk, h(zo, 21, - ,Zs,) = [ (@0,Tsy,Tsy,- "

P (u7y07 T ,ysk) = wslisk (uvyou T 7y5k)'
én (k)
E (i) = Y E@M@v )| = 0

M—o0
SkZO

where TF7s% : B, (Rd(k"’l)) — By (Rd(s’“"’l)) is defined by

(64)

7x8k)7

(65)

1
ij‘mkf(xov'rlv"' aISk) = Z f(fEO,Isl,"' aISk)/ 1Z)Slisk (U,gn(xo),gn(xl),"' agn(ISk))du
0

0<s1<52<--<ss5p,
and where given 0 < s < ¢, (k) and 0 < 51 <859 < -+ < s

[1+3n/9,]

9 k
1/}sl:sk (uayanlv"' 5y5k): Z H
=1 q=0

it+q
/ 1 g—1 du/.
i+q—1 {“JF Z y]<u’<u+Z .7!1}

We now observe that by defining 7% : B, (RY*+D) — B, (R4¢=(W+D) by

bn (k)
TEf (20, g,) = Y TR f (w0, s,

Sk:O

one has

on (k)
> e M(TETek £y — e M (T £
Skp= =0

1 bn(k) [ M—sp M—¢n (k)

|2 (X ) (e ) Y (@) (e X

sp=0 =1 i=1
1 én (k)
37 2 1T @ulk) = s1) = 0.

M—o0

IN

Sk:O

Combining the above estimate with (65) we obtain that

’E( n+1(f)) —E(ﬁg"(k)’M(T:f))’ — 0.

M—o0
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In conclusion, combining (59) with (66) by taking f = Pfﬁﬂ)h, we obtain that

[E (i) — B (0O (TEm)| — 0

M—o0

where T,¥ = T,’fPf? Jflfﬂ) and this concludes the proof. O

7 Numerical Results

In what follows we fix d = 1 and given a sequence (W,), -, of independent real-valued random variables
distributed according to the uniform law on (0, 1), let Z,, 11 = Z,, + Wy, 11 for n > 0 with Z; distributed
according to the uniform law on (0,1) (n(dz) = 1j1j () dz). Thus in this case the transition kernel is
given by P(z,dy) = 11z »41)(y)dy. Moreover we will fix g, (z) = f () = e” ¥Vn >0, Vo € R.

In this section, we are first going to numerically verify the Conjecture 1 in the case n = 1 and the
Conjecture 2 in the case n =1 and n = 2.
In the second place, we will test the two conjectures together by directly studying the asymptotic variance.
As done in the theory, we study numerically the asymptotic behaviour of following expression:

M \/—ﬁO’M (gnf) 1 M

VM (F) = Var (VM9 L (var | — ST pyMm) ‘ . (67)
! ™ (gn) VM mzzl o

We will consider separately the case n = 0 and the case n = 1. We recall that the first case has been fully

studied in Section 3 without the need to introduce any conjecture.

7.1 Verification of the Conjectures
7.1.1 Conjecture 1

We recall the notation
fi=mn (ﬁ? (g1) f— 1) (Qlf)) .

Since we have fixed g, (#) = £ (x) = e ¥n > 0, Yo € R, one has i (g0) = ¢ = 1, i (91) = <51,

2
_ _ 62(m+1)762m _ . -
7 (91f) = (€% = 1)(e +1). Moreover Pfi(x) =7} (91) ———— — 7} (for) (e”"! —€”) and Pf(x) =
_ 2 e4(m+1)784z _ 2 82(1—+1)7821' _ _ 83(1—+1)763m
(7 (91))” ===+ (R (fg1))” —==— =27 (9) W} (fg1) =" and

i (o0 (P12 = 2)) =R @) (S52) (S52) + )’ (S2) (S5 - - 1)
-k o) () (G -1 - @ -y e-n).

We first observe that given a sequence (7;),-, of square integrable i.i.d. random variables, by using the
delta method it is possible to prove that as M goes to infinity the following convergence in distribution
holds:

var %ﬁﬁ . (ﬁﬁa — Var (1) | <% W (0, Var (T - E(T1))?) ). (68)

The general strategy will be the following: we fix M = 10000 and
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M .
™ (g1f) Z D)

1. we simulate ny = 107 independent samples T; of VM—7— = VME=———— and we com-

M .
m (g1) > (X))
pute, by using (68), the estimator

2
1 & 1 &
h=—Y TP =) T, 69
s (wae) “

_0,M
of Var <\/M M) with relative 95% confidence interval [aq, b1] given by

™ ()
4 2\ 2
1.96 | 1 « 1 1 1
ap =0 — — | — T —=>NT. | - | = T,——> T; 70
4 2\ 2
1.96 | 1 1 & 1 & 1 &
by =01+ — | — T.——> T | - | = T,— =N T, . 71
! v1+\/n1 nlz 7112 J 7112 nl.z J ( )
i=1 j=1 i=1 j=1

1 M
2. we simulate nq = 107 independent samples H; of T S Pf (YlM’m) and we compute the estimator
m=1

1 M
by of VM (Pf)) = Var <—M S P fl(YlM"m)) with relative 95% confidence interval [ag, by] with
m=1

D2, ag, and by respectively defined as in (69), (70) and (71).
Therefore

o N 0 (90 (Plf12 - (Pfl)z))
(7 (91))"* (i (91))" 73 (90)

vMPr) | (g (PLfi=(Pf)?))

is an estimator of

with relative 95% confidence interval

(77(1)(.(11))4 (77?(91))4778(90)
a o (90 (Pf12 - (Pf1)2)) by o (90 (P1f12 - (Pfl)Q))
@ (g1))"* @ (91) 79 (90) @ (1))" (@ (91))" 7 (90)
. P 19 (g0 (Pyfi—(Pf1)?
3. we check that 9; is close to (ﬁ?(;))4 0((;?((911)1)4773(9:) ) as expected
RESULTS
n=1 value CI (95%)
B 2.8021446 | [ 2.7775619 , 2.8267273 ]
—0 2 2
02 1 (o0 (PSP —(PRT)) | 9 7939862 | [2.7831461 . 2.8034263
(10(g1))" (79(91))" 78 (g0) ] [2. T )
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7.1.2

Conjecture 2

Let n € {1,2} and ¢t € {1,2}. Moreover let h(xg, -+ ,xt) = xo + -+ + x¢ and ¢ (ug, wo, -+ , Wry1) =
Up + Wo + -+ Wiy
The general strategy will be the following: we fix M = 10000 and

1.

2.

t

M—
we simulate n; = 10° independent samples T} of % S h (X,]Lw’m, e ,Xfl”’m‘”) P (uff’m_l, wMm ...

m=1
and we compute the standard estimator

. 1
v = n—l Z Tj (72)
j=1
M—t
of 1 z_:l E (R (XMm, oo, XMmAt) o (uMm=1 plm o pdhmFt)) with relative 95% confidence
interval [a1,b1] given by
1.96 1 & 9
ay = 1A)1 — — %k — (TJ — ’01) (73)
\/ 11 ni =
1.96 1 5
by =y + x| = (T — ) (74)
v\ s
we simulate n; = 10° independent samples H; of
| Mot
T O H T XM (U, g (X, ga(X2H)
m=1
where U is a random variable uniformly distributed on (0, 1) independent of F™ and g, = no“@n)

(77? (91) = 622_1 ;13 (g2) = 633_1). We then compute the standard estimator o of
M—t
DB (R (XN XY (U, g (X0, Ga(XE0H))

m=1

1
M

with relative 95% confidence interval [ag, bo] with 02, as, by respectively defined as in (72), (73) and

(74).
3. we check that 9 is close to vy as expected
RESULTS
n=1
t=1 value CI (95%) t=2 value CI (95%)
1 5.7510732 5.7509322 , 5.7512143 1 11.8853516 11.8850608 , 11.8856425
U9 | 5.7509738 5.7470892 , 5.7548583 Vg 11.8835799 11.8777417 , 11.8894182
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t=1 value CI (95%) t=2 value CI (95%)
01 9.2154319 | [9.2152408 , 9.215623 | 01 19.0901421 19.0897513 , 19.0905329
09 | 9.2150201 | [ 9.2087834 , 9.2212568 | U2 | 19.0895089 19.0801501 , 19.0988676

7.2 Focus on the Variance
7.2.1 casen=0
We recall the notation 7§ (h) := n(h) Vh € By (R) and fo := go (79 (g0) f — 719 (90.f)) -

o (90) " (1)
By (15) and by observing that Var < Mn?o_TgO> = Var M& , one has

i o 2 (o)

M—o0

| 4
0™ (go) 1 (g0)

Var ( v (gof)> _n(f)

. . _ ~ o2 ~ 2 4 ~ 2 2
where with the choices made 73 (go) = e—1, 70 (9o f) = 22 Loy (fg) = (778 (go)) —44 1y (778 (gof)) —22 1
210 (90) 710 (90 f) 5=
The application of Theorem 3.2 with g = o = % gives
o

$0(0)

1 M .
E <Var (\/—M mz:;f(YlM’ ) ‘}'0>> — kZ:O E (F}) 0

with (Fi),cy given by

F2X3 80 (U, 30(X3")) k=0
Fy = k (75)
—f(Xg" N (X" By (Uuéo(Xéw’l)an §0(X§4’€)=§0(Xéw’k+l)> k>0
=2
where Uy ~ U(0,1) is independent of Xéw’l, e ,Xé\/[’kﬂ and By and (3 are respectively defined in (7) and

(8). By using that when Uj is uniformly distributed on (0, 1), {Uy + r} is uniformly distributed on (0, 1)
for each 7 > 0, we can apply the Freezing Lemma to rewrite E (Fy) Vk =0,---, ¢o(0) :

$0(0) $0(0)
E(F) = Y B (g (X370 X0 (76)
0 k=0

k=

for measurable functions ¢y, g, : R*+1D 5 R given by

B00(@) = 3 (2@ (1= Ligymeny (1 50@)°)) (77)

and for each £ > 1
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Prk,go () = % (f(ml)f(mk+l)1{ & §0(z-)<1}l{kilgo(zv)<l}90(xl)go Tht1) <2—2290 z;) — (go(z1) +§o(rk+1))>)

i=

3
1 k ~
+E (f(ml)f(mkﬂ)'l{ifééo(ziKl}l{jill§o(cc¢)>1} <1—§go(%)> )
1 k 3 kil 3
—|f f@p, -1 kg 1- go (i 1 +|1- go(x; 1 .
o ([ S ) [ o) (1-gwe) { £ 0004) (- Ee) {8 s
(7

8)

Thus using numerical methods we are going to check what we already know theoretically that is

VM () - n(/3) _%(%)E(%m (Xéw,l7... 7Xg47’€+1)) 0.

4
fr] (go) =0 M— o0

The general strategy will be the following: we fix M = 10000 and
1. we simulate n; = 107 independent samples T} of — Z f(yy m) and we compute the estimator

o1 of VM (f) = Var ( Z FM )) with relative 95% confidence interval a1, b1] with 91, a1, by
respectively defined as in (69) (70) and (71).

2
Therefore 07 — Z(((]foo)z is an estimator of VM (f) — Z((qfoo)z with relative 95% confidence interval
n(f3) o, _ n(f3)
a1 — ( )47b1 77(90)4 .
%) M1 M k+1
2. We simulate ny = 10° independent samples Z; of Z k.50 ( 0 st Xg ) and we compute the

¢0(0) M,1 M, k+1 . . .
standard estimator v of Z E (kg (Xy 7, Xg with relative 95% confidence interval

[az, ba] with g, az, by respectlvely defined as in (72), (73) and (74).

-2
3. We check that 91 — ((j )21 is close to ¥y as expected.

RESULTS
n=0 value CI (95%)
2
01 — %foo)}; 0.07943 [ 0.079127 , 0.079733 |
Dg 0.0793412 | [ 0.0790773 , 0.0796051 |

7.2.2 casen=1

In this case the asymptotic behaviour of the first term of the right-hand side of (67) is given by Conjecture
1

0
W) @) W) | M

<f% mﬁ_www_%@@ﬁ*%ﬂ)

_0,M
™ (g1)
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and by (55) the asymptotic behaviour of the second term of the right-hand side of (67) is given by
¢1(0)

E <Var <%M§jlf<nM’m> | F)) =SB ()] 0 (79)

where for k=0, -, ¢1(0),

Fo (@o -+ yax) = f(xo)f(xk)/o B (w1 (20) -+ g (ax)) dl

_ k=1
with B (u, 0, , yk) == Bo(u, Yo)L{r=0y — b1 (Uuym > yéan) 1{xz0y. We recall that 3y and ; are
=1
respectively defined in (7) and (8) and ¢; = ﬁ(legl) .
1

We now observe that

$1(0) $1(0)
M (7N _F,
STE( (F)) = 3 B (Y (6r5)) (80)
where the ¢y, 5, : R*+1) — R are measurable functions defined in (77) and (78).

Thus using numerical methods we are going to check that

v pry (o (PR- @) w0
o)’ (7 (1)) 18 (90) ZE( " (@) 2,0

so that Conjecture 1 and Conjecture 2 are numerically verified at the same time.

Vi (f) -

The general strategy will be the following:

1. (a) we simulate n; = 107 independent samples T} of —— Z FM™) and we compute the es-
. ~ 1 M M.m . . . .
timator 07, of Var Wivi > f(Y57™) ) with relative 95% confidence interval [aq,1, by 1] with
m=1
011,011, and by 1 respectively defined as in (69), (70) and (71).

(b) we simulate n; = 107 independent samples H; of —— Z Pf(Y{M™) independent of (T i i<j<n

1 M
We compute the estimator 77 » of Var <—M S PaYM m)> with relative 95% confidence in-
m=1

terval [a1,2, b1,2] with 01 2, a1,2, and b1 2 respecTcively defined as in (69), (70) and (71).

(c¢) we compute the estimator 0; 1 — (77‘1)73(;12))4 _ ((‘i;)?((if);iggo))2)) of
VM () VM (pf14) - o (Qo (Pf124— (Pfl)2))
@ (g1)) (72 (1)) 15 (90)
with 90% confidence interval
b M (PR-PAY) a, B (P 0H)))
W @) w0 @)’ ) 8 (90)
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3. We check that 971 — 01,2

¢1(0)
2. We simulate ny = 10° independent samples Z; of > ﬁ]f’M (¢r,5,) and we compute the standard
k=0

¢1(0)
estimator ¥ of > E (ﬁf’M (qﬁk,gl)) with relative 95% confidence interval [as, by] with 02, as, bo
k=0

respectively defined as in (72), (73) and (74).

. 7o (90(Pf7—(PF1)?))

is close to 09 as expected.

(M (91))" (72 (91)) 78 (90)
RESULTS
n=1 value CI
. 012 7o (90 (Pf7—(Pf1)?))
— - — 0.4729737 | [ 0.4690806 , 0.4768669
1,1 (70(g1))" (79(g1))"78(g0) [ ’ )
Vg 0.4725217 | [ 0.4724719 , 0.4725714 |
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