
HAL Id: hal-04337673
https://hal.science/hal-04337673

Submitted on 4 Apr 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

Effect of heterogeneity on the diffusion of Pb in apatite
for petrochronological applications: A multiscale

approach to characterizing the influence of apatite
chemistry and anisotropy on Pb diffusion

Matee Ullah, Urs Klötzli, Cecile Gautheron, Laurent Tassan-Got, Fakhrul
Islam, Muhammad Younas, Kamran Shehzad, Muhammad Khubab,

Muhammad Ibrar, Bilal Wadood

To cite this version:
Matee Ullah, Urs Klötzli, Cecile Gautheron, Laurent Tassan-Got, Fakhrul Islam, et al.. Effect of het-
erogeneity on the diffusion of Pb in apatite for petrochronological applications: A multiscale approach
to characterizing the influence of apatite chemistry and anisotropy on Pb diffusion. Lithos, 2023,
460-461, pp.107396. �10.1016/j.lithos.2023.107396�. �hal-04337673�

https://hal.science/hal-04337673
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


LITHOS 460-461 (2023) 107396

Available online 17 October 2023
0024-4937/© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Effect of heterogeneity on the diffusion of Pb in apatite for 
petrochronological applications: A multiscale approach to characterizing 
the influence of apatite chemistry and anisotropy on Pb diffusion 
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A B S T R A C T   

The investigation of various factors effecting the Lead (Pb) diffusion in phosphate minerals such as apatite is still 
challenging in the interpretation of (U–Th)/Pb geochronology. For (U–Th)/Pb system, apatite minerals have 
closure temperatures in the range of 375 to 600 ◦C and therefore can be used for the investigation of mid- 
temperature thermochronological and/or petrochronological questions i.e., the reconstruction of thermal 
events in Earth’s crust. There is still uncertainty whether Pb diffusion in apatite is characterized by thermally 
activated volume and/or anisotropic diffusion profiles or is instead impacted by novel growth processes and 
recrystallization (chemical substitutions). As the apatite structure support extensive compositional variability, 
including partial or total substitution of both the cationic and anionic sites and forms solid solutions therefore, it 
necessitates a thorough examination of these effects and anisotropy on Pb diffusivity and (U–Th)/Pb geo-
chronometric system. For this, a multi-scale study is carried out to examine the effects of chemical composition, 
anisotropy, and growth structure on the diffusion of Pb in order to better understand the behaviour of Pb 
diffusion in apatite. This study employed computational techniques like Density Functional Theory (DFT) and 
Transition State Theory (TST) at the atomic level and integrates it with the Kinetic Monte Carlo (KMC) simu-
lations at the macroscopic level. Models of this study shows that Pb diffusion is completely anisotropic along the 
preferred z-axis or [001] direction and Pb readily escapes faster from Na-substituted apatite when compared to 
pure F-apatite and Cl-substituted apatite. Because of this anisotropy and chemical substitutions, Pb diffusivity in 
apatite either increases by opening of diffusion channels or decreases by blocking the diffusion channels 
depending on the site and type of chemical substitution. Further, in case of blocking effect the Pb diffusion occurs 
through workaround pathways and approaches towards the isotropic diffusion. For Na-substituted apatite, the 
impact of Na occupation on anisotropic Pb diffusion is significantly greater while in case of Cl-substituted apatite 
the Cl occupation mostly leads towards isotropic diffusion by opening the diffusion paths along other directions 
(mostly along the in-plane direction). Furthermore, the high closure temperatures (Tc) (e.g., ~1370 ◦C) of the 
modelled apatites (except the perfect Na-substituted apatite e.g., ~500 ◦C) of this study when compared to the Tc 
of Durango apatite obtained experimentally for the effective grain size of 100 μm and cooling rates of 10 ◦C/Ma 
indicate that the effective closure temperature dominantly depends on the degree and types of chemical sub-
stitutions and play a crucial role for the closure or opening of Pb diffusion/loss in apatites.  
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1. Introduction 

The thermal histories of many common and accessory minerals 
found on Earth, on other planets, and in meteorites can reveal important 
details about the timing of planetary accretion, plate tectonics, moun-
tain creation, impact events, and sedimentary basins evolutionary his-
tories (Kirkland et al., 2017, 2018; Spikings et al., 2010; Webster and 
Piccoli, 2015). Thermochronological techniques such as (U-Th-Sm)/He, 
40Ar/39Ar (alkali feldspars), fission track, and 238,235 U-206,207Pb 
(accessory phases, such as apatite, titanite, and rutile), can be used to 
compel the thermal histories of common and/or accessory minerals (e. 
g., Cherniak et al., 2004; Watson and Baxter, 2007; Kirkland et al., 2017; 
Zhang et al., 2021). These techniques are based on the fundamental 
concept that radiogenic isotopes (such as 206,207Pb, 40Ar, and 4He) 
produced are redistributed within minerals before being finally lost to 
some infinite reservoirs through thermally triggered volume diffusion 
and other diffusion mechanisms (Blackburn et al., 2011; Cherniak, 2010; 
Cherniak et al., 2004; Schoene and Bowring, 2007). 

A variety of minerals, including zircon, monazite, apatite, and iron 
oxides, have been employed for (U–Th)/Pb, He thermochronology in 
numerous geological applications (e.g., Barnes et al., 2021; Farley and 
Stockli, 2002; Schoene, 2014; Watson et al., 1985; Zeitler et al., 1987). 
Because of its high temperature sensitivity, the U–Pb method is well 
suited for studying tectonic stability, exhumation, the geologic history of 
tectonically active margins that may have been subjected to multiple 
terrane collisions, extra-terrestrial phenomena such as asteroid impact 
and ejection events, and rates of planetary accretion (Blackburn et al., 
2011; Blackburn et al., 2012; McGregor et al., 2020). Strong quantitative 
understanding of the diffusion behaviour in geochronometric minerals is 
a prerequisite for a robust U-Th-Pb age interpretation as the closure 
temperature Tc (which denotes the temperature below which Pb are 
largely preserved during the process of cooling) of these minerals is a 
function of the diffusion behaviour (Dodson, 1973). Moreover, the 
diffusion behaviour of apatite and zircon has been demonstrated to be 
quite variable. However, theoretically, both the isotropic and aniso-
tropic diffusion of Pb in both these minerals obey Arrhenius law (Watson 
et al., 1985; Cherniak et al., 1991; Cherniak and Watson, 2001; Kirkland 
et al., 2018). 

The calcium phosphate mineral apatite, which has the general for-
mula Ca5(PO4)3(F,Cl,OH), is common in magmatic as well as sedimen-
tary rocks and can also grow and be altered during metamorphic 
processes. Apatite mineral crystalizes in hexagonal structure as being 
composed of hexagonally arranged Ca(1) and Ca(2) coordination poly-
hedra around a central [001] hexad (Hughes et al., 1989). The F ions are 
arranged in columns on the hexads along the z-axis at (0, 0, z) positions. 
There are three longer Ca(1)-O(1) bonds and six shorter Ca(1)-O(1) 
bonds that form the nine-coordinate Ca(1) polyhedron, which approxi-
mately defines a trigonal prism geometry. The Ca(1)O9 polyhedra 
formed chains parallel to z-axis by sharing their (001) pinacoid faces. On 
the other hand, the Ca(2) polyhydron has an octahedron (CaO5X) type 
geometry having a seventh weak O-bond of about 0.15 valence units in 
fluorapatite, which redefines the polyhedron as a CaO5X(O) (Hughes 
et al., 1989). The triangles formed by the Ca(2) atoms in mirror planes 
centres around [001] zone axes consists of the X anions (e.g. in fluo-
rapatite the F anions; Hughes et al., 1989). Due to its crustal abundance 
and capacity to host U, apatite has found use in wide range of petro-
chronological and thermochronological problems (Cherniak et al., 1991; 
Chamberlain and Bowring, 2001; Schoene and Bowring, 2007; Yang 
et al., 2014; Chew and Spikings, 2015; Mark et al., 2016; Kirkland et al., 
2017; Wohlgemuth-Ueberwasser et al., 2017). Unlike zircon, apatite is 
often found in silica-undersaturated mafic lithologies. It typically con-
tains moderate to substantial levels of non-radiogenic/common Pb, and 
its U contents are frequently lower than that of zircon. Apatite U-Th/Pb 
geochronology faces challenges due to their large ratio of common to 
radiogenic Pb, and computed dates rarely match the accuracy of zircon 
dates (Chew et al., 2011; Chew and Spikings, 2015; Glorie et al., 2017; 

Kirkland et al., 2017; Krogstad and Walker, 1994; LaFlamme et al., 
2017; Lu et al., 2021). However, its typical closure temperature (which 
is between 375 ◦C and 600 ◦C) gives an additional time-temperature 
constraint on intermediate temperature prograde or retrograde pro-
cesses and therefore, apatite is still considered as a powerful U-Th/Pb 
chronometer (Cochrane et al., 2014; Henrichs et al., 2018; Kirkland 
et al., 2017; Kirkland et al., 2018; Schoene and Bowring, 2007). 

Radiation damage is thought to be a major contribution to the 
variation in diffusion, although the effects of damage type (recoil, alpha, 
and fission damage), topology (large damage, Frenkel-pair, and amor-
phous zone), and even variation in crystal’s chemistry on Pb diffusion in 
apatite are not fully understood (Bengtson et al., 2012; Djimbi et al., 
2015; Farley, 2000; Flowers et al., 2007). Other complexities including 
inclusions, voids, and defects could also cause comparable issues (Bassal 
et al., 2022; Danǐsík et al., 2017; Tang et al., 2017; Zeitler et al., 2017). 
The amount of progress made on poorly understood natural apatites and 
even other natural minerals by using only empirical observations and 
experiments is constrained due to these complexities (e.g., Cherniak 
et al., 1991; Reiners et al., 2004; Cherniak et al., 2004; Cherniak, 2010; 
Chew el al., 2011; Chew and Spikings, 2015). So, a thorough under-
standing of the physics behind diffusion process and how defects and 
change in chemistry of the minerals affect diffusion behaviour is crucial 
addition to the various and comprehensive data collection currently 
being available. However, no study has been conducted about the effect 
of the variable chemistry on the diffusion of Pb in apatite. The actual 
chemistry of these chronometric minerals is highly variable from sample 
to sample, although a general insight to such chemical changes and its 
effect on the transport/diffusion behaviour of Pb in apatite can be 
investigated via theoretical and computational approaches. There have 
been several studies that have used the DFT to estimate the quantitative 
diffusion of atoms in minerals (Balout et al., 2017a, 2017b; Bassal et al., 
2022; Bengtson et al., 2012; Djimbi et al., 2015; Gautheron et al., 2020; 
Reich et al., 2007; Saadoune et al., 2009; Ullah et al., 2023). 

This study also contributes to these sorts of studies to investigate the 
Pb diffusion in apatite at the atomistic level using a package of methods 
adopted in recent studies of Djimbi et al. (2015), Balout et al. (2017a, 
2017b), Gerin et al. (2017), Gautheron et al. (2020), Bassal et al. (2022), 
and Ullah et al. (2023) to explore some of the vital factors that can affect 
the diffusion rates. Because Pb diffuses much faster than U and Th, the 
closure temperature of Pb, which is largely dependent on Pb diffusivity, 
is of greater interest in a U-Th/Pb geochronometric system than U and 
Th (Cherniak, 2005; Cherniak, 2010). To investigate the effect of apatite 
chemistry on Pb diffusion, the Durango apatite was chosen for com-
parison due to the availability of experimental data, and the chemical 
substitutions of Na (almost negligible with 0.08 atomic proportion per 
formula unit (apfu) of Ca) and Cl were made accordingly in the perfect 
apatite supercell used in this study. At first, the DFT is implemented at 
the atomic level to optimize the ideal apatite super cell and exhibiting 
for quantum characteristics with inventory insertion and interstitial 
sites. Following the identification of insertion and interstitial sites, 
migratory energies between the two adjacent symmetrically equivalent 
sites are calculated using a combined approach of Nudged Elastic Band 
(NEB) and DFT method. The jump rates between the two sites are then 
estimated using Transition State Theory (TST). To account for hetero-
geneities at higher scale, the results of both DFT and TST are employed 
in a Kinetic Monte Carlo (KMC) simulation to investigate the 3D diffu-
sion behaviour and estimate the 3D effective diffusion coefficients. The 
KMC simulations model the 3D obstruction and/or opening of the 
diffusion pathways caused by change in chemistry of the supercell at 
mineral scales and estimate their effect on the closure temperature. At 
the end all the results were compared with the published experiments so 
that to get the idea about the heterogeneity that can modify Pb diffusion 
behaviour in apatite which is a prime criterion for a robust (U–Th)/Pb 
age interpretation, thermal histories, and the closure temperature Tc of 
apatite as Tc is a function of the diffusion behaviour (Smye et al., 2018). 
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2. Methods and approaches 

The stack workflow of our study is given in Fig. 1. A computational 
modelling technique called density functional theory (DFT) determines 
the energy of interacting atoms by determining their exterior electronic 
configuration (Kohn and Sham, 1965). In contrast to molecular dy-
namics, the DFT only addresses static problems involving atoms in 
certain places and does not address atoms dynamics. However, the 
quantum effects for the electrons are included in DFT and this allows for 
the most precise estimation of energy profiles/distribution for an 
ensemble of interacting atoms. In comparison to a real crystal, a 
supercell with a small number of atoms (usually <150 atoms) is used, 
and an infinite repeat of this supercell is believed to be representative of 

an infinite lattice. The reasons for not selecting a supercell with large 
number of atoms is that it is computationally very expensive because of 
its high computation time and required cluster computing. An insertion 
site for Pb is identified by introducing it into a fully relaxed perfect 
lattice and the sites with the lowest energy are investigated after running 
another full geometry optimization. The stable/minimum energy posi-
tions of the inserted atom(s) can be determined by adjusting or nudging 
its position till the total energy is minimized for that inserted atom(s). At 
finite temperature, Pb atom start vibration and statistically moves across 
insertion sites. However, this is a dynamic process that falls outside the 
purview of DFT, which solely deals with static configurations. Therefore, 
another approach called the Transition State Theory (TST) is used which 
can statistically estimate the jumps between two adjacent energy 

Fig. 1. workflow showing the stepwise procedure of the computational methods used in this work. The black arrow indicates the output of the method to be used as 
an input in the next step. 
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minima. This method is based on a comprehensive mapping of the en-
ergy field (provided by DFT) that an atom would face as it travels to its 
neighbouring site. The perfect crystal depicted by DFT and TST is not a 
natural crystal, which will always have defects, dislocations, distortions, 
substitutions, and usually fluid or mineral inclusions. So, at last of this 
study, we will determine how the perfect crystal modifies Pb diffusion 
and its closure temperature when additions to the pristine lattice are 
made i.e., the periodicity of the lattice is broken, and heterogeneity is 
introduced on length scales far greater than the unit cell dimension, 
alteration of the unit cell by interstitial atoms and chemical re-
placements/substitutions. 

2.1. Density functional theory and nudged elastic band approach 

In this study, the detailed stepwise procedure discussed in Bengtson 
et al. (2012), Djimbi et al. (2015), Gautheron et al. (2020), Bassal et al. 
(2022) and Ullah et al. (2023) is used for structural optimization, and 
insertion site analyses of Pb dopped apatite lattices. It is based on the 
periodic DFT formulation of Hohenberg and Kohn (1964) and Kohn and 
Sham (1965) as implemented in the Quantum Espresso (QE) software 
package (Giannozzi et al., 2009). The apatite unit cell is projected in 
each spatial direction, creating a supercell with 84 atoms. This is done to 
reduce the volume relaxation effect caused by the inserted Pb atom and 
to prevent Pb from interacting with nearby cells. The insertion energies 
of Pb in each interstitial site are determined after relaxing the apatite 
structure using a gradient approach at constant volume. The energy 
needed to introduce a Pb atom from outside or inside (radioactive 
decay) the crystal into the interstitial site located inside that crystal as 
defined by the insertion energy which can be calculated as: 

Ei = Eapatite+Pb −
(
Eapatite +EPb

)
(1)  

where EPb, Eapatite,and Eapatite+Pb denotes the energy of the isolated Pb 
atom, the absolute energy of the perfect apatite supercell, and absolute 
energy of the Pb-dopped apatite host supercell respectively. 

To calculate the migration energy between insertion sites, this study 
follows the Nudged Elastic Band (NEB) approach of Mills et al. (1995), 
and Jo’nsson et al. (1998). NEB is a useful method for calculating the 
migratory energy or barrier energy profile (defined as: the energy dif-
ference between the energy of an atom at the saddle point and that when 
the same atom is at local minimum or insertion position) and minimal 
energy path between two interstitial sites. The NEB is a chain-of-states 
method executed by building a sequence of system images between 
states (Mills et al., 1995; Pratt, 1986). To maintain or ensure the path’s 
continuity, adjacent images are connected by a spring force, imitating an 
elastic band. The spring constant of -5 eV/A◦ is used in this work for all 
the NEB calculation. 

2.2. Transition state theory 

An atom moves randomly from one site in the crystal lattice to a 
nearby symmetrically equivalent free site causing an interstitial diffu-
sion. Diffusion, which is a thermally activated process because the 
diffusing atom requires enough energy to move and attempt to over-
come an existing energy barrier. As was previously stated, DFT, which 
deals with static configurations, cannot directly calculate this dynamical 
(diffusion) process. However, the canonical ensemble is presumable in 
phase space since the motion takes place in thermodynamic equilibrium. 
This gives rise to the transition state hypothesis (Voter, 1986; Wert and 
Zener, 1949), in which the atomic motion is governed by jump proba-
bilities, Γ, that depends exponentially on temperature. 

Γ =

∏3

i=1
υi

∏2

i=1
υ*

i

exp
(
− Emig

kT

)

, (2)  

where, υi and υ*
i indicates the normal mode frequencies at the initial 

local minimum and transition state positions respectively. Emig is the 
migration energy (kj/mol) of the diffusing Pb atom. For a non-linear 
molecule there are 3 N-6 normal modes. As the energy is minimized at 
the insertion location via DFT structural optimization process therefore 
an upward curvature of energy is obtained for every displacement of the 
inserted atom (which in this case is Pb). Three eigenvalues, which can 
directly be translated to the three common frequencies, can be used to 
express this 3D-curvature in same manner as for any harmonic oscillator 
(e.g., pendulum). At the saddle point, the same characteristics apply, but 
there are only two frequencies because only transverse motion in rela-
tion to the transition route is involved. As per Vineyard (1957) 
approximation, the energetics of other atoms remain unaffected by the 
position of the migratory atom being taken into account for one element 
(i.e., Pb). The TST thus offers a clear theoretical method for determining 
the frequency factor. 

2.3. Kinetic Monte Carlo (KMC) simulation method 

KMC simulates a random walk over the interstitial sites at a specific 
temperature by using microscopic jump probabilities determined from 
TST using DFT results (Bortz et al., 1975; Hoffmann et al., 2014; 
Andersen et al., 2019; Fig. 1). Further, it also makes the computation 
easier for all the subjected heterogeneities like chemical changes, ob-
structions, traps, and anisotropy in the lattice. To start the simulation, a 
Pb atom is randomly inserted into one available interstitial site for a 
chosen temperature. Then, using the estimated jumping frequencies 
provided by the TST, a random value is chosen to mimic the jumping 
duration for each of the potential diffusion directions. The simulation 
extracts the jump direction with the lowest possible time, updates the 
time and coordinates, and adds the time to the total travel time at each 
step. This is done m times for each atom, and n atoms or paths (atoms 
trajectories) are simulated (Djimbi et al., 2015). The total time is 
calculated for each trajectory as the sum of the residency times at each 
site between jumps. Let’s Dx, Dy, Dz, denotes the diffusion-coefficients 
along the x, y, and z axes, then in accordance with the Einstein rela-
tion as: 

Dx =

〈
x2

MSD

〉

2〈t〉
, (3)  

Dy =

〈
y2

MSD

〉

2〈t〉
, (4)  

Dz =

〈
z2

MSD

〉

2〈t〉
. (5) 

Here, 
〈
x2

MSD
〉
, 
〈
y2

MSD
〉
, and 

〈
z2

MSD
〉

are the averages of the mean square 
displacements (MSD) over their respective trajectories along the x, y, 
and z directions and 〈t〉 represents the average time taken by the 
diffusing atom along the trajectories. From the time dependence of the 
mean square displacement of the Pb atom, 〈r2(t) 〉 at temperature T, the 
effective (isotropic) diffusion coefficient at that temperature, Dt, was 
calculated (Finger and Hazen, 1980; Pozun and Henkelman, 2011). 
〈
r2(t)

〉
= 2d〈t〉Dt (6)  

where d indicates the dimension, which is equal to 3 in case of 3D 
random walk diffusion of Pb in apatite crystal. The diffusion coefficient 
at various temperatures was calculated using Eqs. (4)–(7), and diffusion 
coefficient (D) equations are modelled using Arrhenius law: 

D = Doexp
(

− Ea/kbT

)

(7)  
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3. Results 

3.1. Pb interstitial sites delineation in apatite 

A full geometric optimization on apatite supercell is applied using 
periodic DFT and its structure are fully relaxed. The model is then uti-
lized to pinpoint all potential interstitial insertion locations for Pb atoms 
along with diffusion pathways. In order to replicate and investigate the 
Pb insertion in the pure apatite crystal lattice free of boundary effects, a 
1 × 1 × 2 supercells are used as the host lattices (Fig. 2-3). In the fully 
optimized supercell of apatite, the two adjacent Ca(2) and Ca(1) ploy-
hedra connect through O atoms shared with PO4 tetrahedra. Such con-
nections of both polyhedral and PO4 tetrahedra generates two 
preferential channels for the diffusion of Pb in apatite minerals identical 
to those discussed in Bengtson et al. (2012) and Djimbi et al. (2015) for 
the diffusion of helium (He) in apatite. The first one is situated along the 
F atoms that run parallel to the z-axis. This channel is made up of six 
structurally and symmetrically equivalent sub-channels according to the 
apatite’s hexagonal structure (Fig. 3b-c). The second channel, which is 
more difficult to identify, runs along a direction inside the plane 
approximately orthogonal to z-axis and contains the spatial coordinates 
x and y. For this in-plane diffusion, there are three preferential di-
rections, each at a 60-degree angle. Two distinct Pb interstitial sites; 
interstitial site along z-axis (ISZ) and in-plane interstitial site (ISIP), are 
examined during DFT calculations (Fig. 3a). Two symmetrically equiv-
alent ISZ sites are separated by an energy barrier along the z-axis of the 
apatite supercell model, and this pattern is periodically repeated 
throughout its crystal structure. The Pb atom is situated at ISZ sites at a 
mean distance of 2.89 Å from six Ca1 atoms, 2.95 Å from six O atoms, 
and 1.75 Å from the two nearby fluorine atoms. For the in-plane diffu-
sion the insertion site (ISIP) is demarcated inside the channel that is 
nearly orthogonal to the fluorine axis. As per the hexagonal geometry of 
apatite lattice, this channel exists along the in-between gaps of Ca1 and 
Ca2 polyhedra in [110] directions (i.e. Pb is placed in-between oppo-
sitely equivalent Ca(1) and Ca(2) coordination polyhedra) as shown in 
Fig. 3b. In this second type (ISIP) of Pb insertion sites, the Pb atom is 

placed in relation to the surrounding two Ca1, two Ca2, two P, and six O 
atoms at mean distances of 2.97, 2.74, 2.06 Å, and 2.15 Å respectively. 
The local relaxation before and after geometry optimization at both 
interstitial sites are shown in Fig. 4 and Table 1. 

Similarly, for apatite with 10% Na concentration i.e., Na0.1-apatite 
and for apatite with 10% Na and 25% Cl concentration i.e., Cl0.25- Na0.1- 
apatite, the interstitial sites were also calculated to further investigate 
the effect of chemical substitution on the insertion as well as activation 
energies. This Na and Cl concentrations are used to bring the chemistry 
of the apatite closer to that of natural Durango apatite (with chemical 
composition Ca9.83 Na0.08 Sr0.01 REE0.09 (PO4)5.87 (SO4)0.05 (SiO4)0.06 
(AsO)0.01 (CO3)0.01 F1.90 Cl0.12 (OH)0.01) for comparison (which is 
approximately close ideal F3.75-Cl0.25-apatite as other substituents is 
almost negligible). The overall heterogeneity cannot be incorporated in 
single computation as doing so would entail expanding the supercell and 
therefore will increase the number of atoms which is specifically limited 
to or even can’t be handle by DFT. The Pb atom’s insertion energies in F- 
apatite, Na0.1-apatite, and Cl0.25- Na0.1-apatite are − 2.03 eV, − 2.21 eV, 
and − 1.94 eV respectively. Here, the negative energies imply that those 
places are energetically favoured. We can infer two diffusion paths in 
pure F-apatite from the aforementioned findings: (1) Diffusion from an 
ISZ site to the next equivalent ISZ site along the fluorine or z-axis passing 
through a barrier via three potential sub-channels (Figs. 2 and 4) and (2) 
Diffusion from one ISZ (or ISZ barrier) site to the next symmetrically 
equivalent ISZ (or ISZ barrier) site along the in-plane dirtection while 
passing through ISIP interstitial site (Fig. 3c). 

3.2. Estimation of the activation energies 

In order to simulate the migration of a Pb atoms along the z-axis in 
pure F-apatite, Na0.1-apatite, and Cl0.25-Na0.1-apatite, a climbing image 
NEB calculation was carried out in one of the six equivalent sub- 
channels as shown in Figs. 5-7. This climbing technique is more pre-
cise than the standard NEB one in that it yields a strict convergence to a 
saddle position. The results obtained through this method shows that the 
migration of Pb from one energy minima to the next equivalent one 

Fig. 2. (a): crystal structure of pure F-apatite with z-axis onto the plane and x- and y-axes on the plane of paper. A network of hexagonally arranged Ca(1) and Ca(2) 
coordination polyhedral (brown colour) are labelled on the lattice. The Ca(1)O9 is characterized by a trigonal prism while the Ca(2) polyhedron show an octahedron 
(CaO5X) type geometry (b): A (1 × 1 × 2) supercell of perfect F-apatite structure comprises of 84 atoms showing a 3D projected image. The periodic distribution of 
the phosphorus tetrahedra showing a zigzag pattern along the z-axis can be seen in orange colour. (All the colour visuals can be seen in the web version of this 
manuscript). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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encounter a barrier of about 5.18 eV (499.7 kJ/mol), 2.8 eV (270.3 kJ/ 
mol), and 5.73 eV (552.8 kJ/mol), for pure F-apatite, Na0.1-apatite, and 
Cl0.25- Na0.1-apatite respectively along the z-axis (Figs. 5a,6a,7a). For a 
Pb atom to diffuse along this z-direction in all these mentioned apatites, 
there are six equal channels (i.e., three in the positive z-direction and 
three in negative z-direction) and therefore the barriers in all these 
channels are the same for Pb atom. In the orthogonal plane one NEB 
calculation has been performed, with a pathway that connect one ISZ 
point in xy-direction to the opposite equivalent ISZ point travelling 
through ISIP as shown in Fig. 3c and Figs. 5b-7b. The migration barrier 
along this orthogonal plane pathway is 8.05 eV (776.5 kJ/mol), 4.58 eV 
(441.5 kJ/mol), and 7.79 eV (751.6 kJ/mol), for pure F-apatite, Na0.1- 
apatite, and Cl0.25- Na0.1-apatite respectively. Additionally, the activa-
tion energies for the F-apatite and Cl0.25- Na0.1-apatite is significantly 
higher than the activation energies deduced from the experiments of 
natural apatite, while that for Na0.1-apatite is almost within the range of 
these published experimental results of natural apatite of Watson et al. 
(1985) and Cherniak et al. (1991) with activation energies 292.8 kJ/mol 
and 228.4 kJ/mol respectively as shown in Table 2. 

The energy profile is altered by the substitution of sodium (in place 
Ca(2)) and chlorine. In fact, the Pb atom must overcome three obstacles 
to go to the next equivalent lattice site ISZ from initial ISZ along the z- 
axis. The first barrier along z-axis in Na0.1-apatite is the lowest one and is 
equal to 207.4 kJ/mol, which represents the jump of an atom up the 
sodium atom from one ISZ to the next adjacent ISZ. The second and third 
jumps of Pb is the same as that in F-apatite and is correspond to a barrier 
value of 499.7 kJ/mol. As two of the Ca(2) atoms are replace with Na in 
Na0.1-apatite so for in-plane diffusion the Pb encounter a barrier of 
441.5 kJ/mol to reach the next equivalent site till it reach the ISZ site. 
So, in case of 10%Na the Pb diffusion in apatite will be mostly along the 
in-plane direction as compared to z-direction. This substitution of so-
dium in place of Ca(2) in F-apatite makes the diffusion of Pb much easier 
along the z-direction as compared to F-apatite. For much greater con-
centration of Na both the in-plane as well as the z-axis diffusion of Pb 
become faster than the z-axis diffusion in pure F-apatite and this is 
discussed latter in much detail. 

Similarly, if one of the F atoms (the one that is attached to the sodium 
atom) in Na0.1-apatite is replaced by Cl such that in Cl0.25- Na0.1-apatite, 
then one of the three barrier has a value of 5.73 eV (552.8 kJ/mol) while 
the remaining two have same values as that in F-apatite (i.e. 5.18 eV 
(499.7 kJ/mol)). A chlorine atom is placed every two meshes in this 
structure, although with other chlorine concentrations, the greater 

Fig. 3. A supercell of F-apatite comprises of 85 atoms used in the DFT com-
putations. (a) showing the two possible sites for the incorporation of Pb 
(labelled as ISZ (interstitial site along z-axis), and in-plane interstitial site (ISIP) 
along the plane orthogonal to z-axis) (b) Pathway 1 is located along the z-axis is 
along in the [001] direction. The migration of Pb along this path encounter 
barriers when moving from one energy minima site to the next symmetrically 
equivalent energy minima site. (c) Pathway 2 exist along the plane orthogonal 
to the z-axis called here the in-plane diffusion path. The migration of Pb along 
this path also encounter barriers before reaching the z-axis sites. In (b) and (c), 
black spheres represent Pb atoms located at equidistance points (images) 
running along their respective pathways. At each of these points the energy is 
computed via NEB method. Note that, the computations were performed with 
just one Pb atom per supercell, the cells are depicted with numerous Pb atoms 
just for the purpose to highlight probable Pb interstitial locations along each 
diffusion pathway (All the colour visuals can be seen in the web version of 
this manuscript). 

Fig. 4. indicating the local environment of lead (Pb) guest atom in the in-plane interstitial site. Red balls represents the nearest neighbouring O atoms, the brown 
colour balls are nearest neighbouring Ca atoms, green are the F atoms, and the orange one are the nearest neighbouring phosphorus atoms (a) shows the pre- 
optimized F-apatite structure with Pb occupying the ISIP interstitial site, (b) is the DFT-optimized configuration of F-apatite characterized by a strong local struc-
tural relaxation around the guest Pb atom. (All the colour visuals can be seen in the web version of this manuscript). (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.) 
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barrier of 5.73 eV (552.8 kJ/mol) would still apply. Given those barriers, 
one would anticipate quite slower 3D diffusion in the chlorine- 
substituted apatite crystal. Such high barrier offered by Cl along the 
[001] direction prevents diffusion of Pb atom. However, there are still 
calcium and fluorine-type barriers present along the z-axis in both Na0.1- 
apatite, and Cl0.25- Na0.1-apatite, indicating that the Pb atoms must work 
their way around and essentially jumps towards the lowest barriers in 
other directions if present. As a result, diffusion along the z-axis may 
take place in segments liked by workaround of Na, F, and Cl sub-
stitutions. Therefore, dealing with such complex problems requires the 
development of a suitable method i.e., 3D Random Walk KMC code for 
determining the effective diffusion coefficient (which is discussed in 
detail in later sections and in Djimbi et al., 2015). 

3.3. Estimating the hopping rates 

By adjusting the Pb atom’s location at the stable site and at the saddle 

point, which allows the relaxation of the surrounding atoms, the fre-
quencies involved in eq. 2 have been calculated from the DFT based 
derived energy landscape. The increase in energy depicted by the dis-
placements’ quadratic form, yields the eigen-frequencies after diago-
nalization. In accordance with the TST, the jump probability Γ, with 
respect to temperature can be expressed as in Eqs. (8)–(13) after 

determining the attempt frequency υ (in accordance with υ =

∏3

i=1
υi

∏2

i=1
υ*

i

). 

For F − apatite along z − axis : Γ = 1.98× 1012exp
(
− 5.18

kT

)
(
s− 1), (8)  

For F − apatite along in − plane : Γ = 1.08× 1012exp
(
− 8.05

kT

)
(
s− 1), (9) 

Table 1 
The local environment of the guest Pb atom at ISZ site and ISIP interstitial sites before and after complete geometry optimization by using DFT method.   

Pb-Ca1 (Å) % Change Pb-Ca2 (Å) % Change Pb-F (Å) % Change Pb-O (Å) % Change 

Along F-atom site (ISZ)         
Before 2.55  – – 1.69  2.42  
Optimized 3.17 24.3 – – 2.25 33.1 2.69 11.2 

Along in-plane (ISIP)     Pb-P (Å)    
Before 2.97  2.74  2.06  2.15  
Optimized 3.13 5.4 3.27 19.3 3.04 47.6 2.75 27.9  

Fig. 5. The activation-energy profiles of the Pb energetics in perfect F-apatite lattice. Each profile indicates the migration energy required for a Pb atom to move 
between neighbouring symmetrically equivalent minima. Three activation energy profiles are plotted here i.e. (a): is along z-axis or (001) direction, where Pb needs 
to overcome the energy barrier encountered at sites along z-axis, (b) is along (110) or in-plane directions, where Pb needs to cross the energy barrier encountered at 
sites along the orthogonal plane direction, and (c) shows the activation energy profile for the whole path that connect (110) direction with (001) indicating that if the 
Pb start diffusion first in the in-plane direction and when it encounter a site along the z-axis during the travel, the diffusion will shift again along the z-axis as can be 
seen in the energy profile trend. 
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For Na0.1 − apatite along z − axis : Γ = 4.36× 1012exp
(
− 2.8
kT

)
(
s− 1), (10)  

For Na0.1 − apatite along in − plane : Γ = 3.51× 1012exp
(
− 4.58

kT

)
(
s− 1),

(11)  

For Cl0.25 − Na0.1 − apatite along z − axis : Γ

= 3.51× 1012exp
(
− 5.73

kT

)
(
s− 1), (12)  

For Cl0.25 − Na0.1 − apatite along in − plane : Γ

= 0.62× 1012exp
(
− 7.79

kT

)
(
s− 1). (13) 

Several factors should be considered while estimating the hopping 
rates e.g., the transition rate will be the sum of the rates along the 
pathways that connect numerous paths (sub-channels) with adjacent 
nearby equivalent sites. For instance, the hopping rate between the ISZ 
sites can be determined via Eqs. ((8), (10), and (12)) with a multiplying 
factor of 6 in the case of diffusion along the z-axis, because six equivalent 
sub-channels connect the ISZ sites (Figs. 3). 

There are three diffusion directions at 60 degrees along the in-plane 
diffusion pathway therefore, representing an isotropic nature in this 
plane. Eqs. ((9), (11), and (13)) will require a multiplying factor of 1.5 
when estimating the diffusion coefficient along any in-plane coordinate 
(such as x or y). By keeping the above points in mind, one can directly 

investigate the diffusion co-efficient for F-apatite, Na0.1-apatite, and 
Cl0.25-Na0.1-apatite via random walk KMC simulations. 

3.4. Pb diffusivity (Kinetic Monte Carlo simulations) 

The KMC technique is adopted in this study to simulate the three 
dimensional (3D) random-walk of Pb in F-apatite, Na0.1-apatite, and 
Cl0.25-Na0.1-apatite in order to calculate its effective activation energies 
and diffusion coefficients. Input data for such simulations includes co-
ordinates of the insertion sites, the migration energies, and the attempt 
frequencies (Djimbi et al., 2015). KMC computes the averaged total 
travel time and mean square displacements (MSDs) of the Pb after one 
million simulation steps and at temperatures ranging from 600 K to 
1500 K. The reliability of the obtained results is reflected by the linear 
relationship of time versus MSDs (Fig. 8) and show that Pb diffuses faster 
in apatite at high temperatures as compared to low temperatures. The 
averaged total travel time and the corresponding MSDs values are then 
used in Eqs. (3)–(6) and the diffusion co-efficients Dx, Dy, Dz, and Dt 

were obtained at temperatures 600-1500 K. After simulating the diffu-
sion coefficients (Dx, Dy, Dz, and Dt), the data are modelled by using 
Arrhenius’ law, resulting in a linear relationship between ln(Dt) and 1/T 
with an intercept ln(D0) and a slope Ea (Figs. 9a-c). These linear trends 
between ln(Dt) and 1/T gives effective activation energies (Ea) and pre- 
exponential factors (D0) for F-apatite, Na0.1-apatite, and Cl0.25-Na0.1- 
apatite which can be represented either in the following way by using 
eq. 7 or in the form of plots as shown in Figs. 10-12: 

Fig. 6. The activation-energy profiles of the Pb energetics in perfect Na0.1-apatite lattice. Each profile indicates the migration energy required for a Pb atom to move 
between neighbouring symmetrically equivalent minima. Three activation energy profiles are plotted here i.e. (a): is along z-axis or (001) direction, where Pb needs 
to overcome the energy barrier encountered at sites along z-axis, (b) is along (110) or in-plane directions, where Pb needs to cross the energy barrier encountered at 
sites along the orthogonal plane direction, and (c) shows the activation energy profile for the whole path that connect (110) direction with (001) indicating that if the 
Pb start diffusion first in the in-plane direction and when it encounter a site along the z-axis during the travel, the diffusion will shift again along the z-axis as can be 
seen in the energy profile trend. 
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For F − apatite along z − axis : D = 1.9× 10− 1exp
(
− 5.18

kT

)
(
cm2s− 1), (14)  

For F − apatite along in − plane : D = 2.8× 10− 3exp
(
− 8.04

kT

)
(
cm2s− 1),

(15)  
For Na0.1 − apatite along z − axis : D = 3.9× 10− 1exp

(
− 2.8
kT

)
(
cm2s− 1),

(16)  

Fig. 7. The activation-energy profiles of the Pb energetics in perfect Cl0.25-Na0.1-apatite lattice. Each profile indicates the migration energy required for a Pb atom to 
move between neighbouring symmetrically equivalent minima. Three activation energy profiles are plotted here i.e. (a): is along z-axis or (001) direction, where Pb 
needs to overcome the energy barrier encountered at sites along z-axis, (b) is along (110) or in-plane directions, where Pb needs to cross the energy barrier 
encountered at sites along the orthogonal plane direction, and (c) shows the activation energy profile for the whole path that connect (110) direction with (001) 
indicating that if the Pb start diffusion first in the in-plane direction and when it encounter a site along the z-axis during the travel, the diffusion will shift again along 
the z-axis as can be seen in the energy profile trend. 

Table 2 
computed parameters for F-apatite, Na0.1-apatite, and Cl0.25-Na0.1-apatite. %Δ 
Ch_1991 and %Δ W_1985 represents the percentage difference between the 
computed Ea of this study and that of Cherniak et al. (1991) and Watson et al. 
(1985) respectively.   

Pb-Ca1 
(Å) 

Emig 
(eV) 

Ea (kj/ 
mol) 

%Δ 
Ch_1991 

%Δ 
W_1985 

υ 
(THz) 

F-apatite z-axis 5.18 499.8 118 71 1.98 
inplane 8.05 776.7 240 165 1.08 

Na0.1-apatite z-axis 2.80 270.2 18 8 4.36 
inplane 4.58 441.9 93 51 3.51 

Na0.1Cl0.25- 
apatite 

z-axis 5.73 552.9 142 89 3.51 
inplane 7.79 751.6 229 157 0.62 

Cherniak 
et al. 
(1991)  

2.37 228.4 – – – 

Watson et al., 
1985  

3.03 292.9 – – –  

Fig. 8. shows the mean square displacement (MSDs) of the diffusing Pb atom in 
Na-substituted apatite at 600 K and 1500 K obtained at 106 steps by using KMC 
simulation method. 
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Fig. 9. Estimation of the Pb diffusion coefficients in (a) Na0.1-apatite, (b) F-apatite, and (c) Cl0.25-Na0.1-apatite with respect to temperatures. The plot shows the 
relationship between ln(D) and 1/kBT according to the Arrhenius law. 
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For Na0.1 − apatite along in − plane : D = 3.0× 10− 3exp
(
− 4.57

kT

)
(
cm2s− 1),

(17)  

For Cl0.25 − Na0.1 − apatite along z − axis : D

= 1.77× 10− 1exp
(
− 5.72

kT

)
(
cm2s− 1), (18)  

For Cl0.25 − Na0.1 − apatite along in − plane : D

= 3.0× 10− 3exp
(
− 7.78

kT

)
(
cm2s− 1), (19) 

Fig. 10. represents graphs showing the Arrhenius trends of diffusivity (cm2/s) 
against temperature (K) for a pure F-apatite supercell. The gray colour solid line 
indicates the diffusion profile along the z-axis direction while the red colour 
solid line represents the diffusion profile along (110) or in-plane direction 
computed in this work. The black and blue colours represent the diffusion 
profiles for the experiments of Watson et al. (1985) and Cherniak et al. (1991) 
respectively. (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.) 

Fig. 11. represents graphs showing the Arrhenius trends of diffusivity (cm2/s) 
against temperature (K) for a pure Na0.1-apatite supercell. The gray colour solid 
line indicates the diffusion profile along the z-axis direction while the red 
colour solid line represents the diffusion profile along (110) or in-plane direc-
tion computed in this work. The black and blue colours represent the diffusion 
profiles for the experiments of Watson et al. (1985) and Cherniak et al. (1991) 
respectively. (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.) 

Fig. 12. represents graphs showing the Arrhenius trends of diffusivity (cm2/s) 
against temperature (K) for a pure Na0.1Cl0.25-apatite supercell. The gray colour 
solid line indicates the diffusion profile along the z-axis direction while the red 
colour solid line represents the diffusion profile along (110) or in-plane direc-
tion computed in this work. The black and blue colours represent the diffusion 
profiles for the experiments of Watson et al. (1985) and Cherniak et al. (1991) 
respectively. (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.) 

Fig. 13. shows the relative comparisons of the calculated closure temperatures 
(Tc) as a function of the effective grain size or effective-diffusion radius with the 
experimentally obtained Tc results of Watson et al. (1985) and Cherniak et al. 
(1991). Tc in these graphs is computed by using a spherical geometric factor 
(with A = 55) for all the perfect apatites considered in this work. 
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Next step to this is the estimation of the closure temperature, Tc, at a 
cooling rate of 10 ◦C/Ma for F-apatite, Na0.1-apatite, and Cl0.25-Na0.1- 
apatite by using the parameters obtained from the KMC simulation that 
are modelled in Eqs. ((14)–(19)) and Figs. 10-12 and a spherical ge-
ometry with A = 55 (Dodson, 1973; Ganguly and Tirone, 1999). The 
estimated values of the closure temperature for F-apatite, Na0.1-apatite, 
and Cl0.25-Na0.1-apatite for different effective grain size is shown in 
Fig. 13. These results demonstrate that Pb retention in F-apatite, and 
Cl0.25-Na0.1-apatite is significantly higher than the Pb retention in Na0.1- 
apatite. 

4. Discussions 

4.1. Pb diffusion in defect-free F-apatite, Na0.1-apatite, and Cl0.25-Na0.1- 
apatite 

As per results of Pb diffusion computed quantum mechanically for 
the super lattices of F-apatite, Na0.1-apatite, and Cl0.25-Na0.1-apatite, Pb 
diffuses primarily along the main z-axis in each of these lattices char-
acterizing an anisotropic migration pathway. Due to the extremely large 
migration energy required to move Pb along the in-plane, the diffusion is 
very slow or minor along this direction at low temperatures, and 
therefore we are only left with the diffusion of Pb along the z-axes (also 
called the Florine-axis: Fig. 3). Along the in-plane (plane orthogonal to 
the z-axis) direction the Pb diffuses again to the z-axis path on its way 
when it moves towards the next cell. This is because, the direct jump 
from ISZ to ISIP has a high migration energy of 8.05 eV, making it 
energetically unfavourable as compared to the jump along z-axis (hav-
ing migration energy of 5.18 eV). In this regard, rather than overcoming 
the high energy barrier of the direct in-plane direction (8.05 eV), the Pb 
atom favours to jump along the z-axis with an energetic effort of 5.18 eV 
for each jump. This study’s KMC simulations produce an effective acti-
vation energy of 5.18 eV, which is the same as the migration energy 
along z-axis showing that the Pb diffusion along other directions is 
unfavourable. As a result, migrations between insertion sites along these 
directions could not be anticipated at temperatures below the closure 
temperatures. Therefore, the only direction in which the Pb diffusion 
may occur in each of the F-apatite, Na0.1-apatite, and Cl0.25-Na0.1-apatite 
is the z-axis. Also, several minerals, including zircon (Cherniak and 
Watson, 2001; Gautheron et al., 2020), exhibit such anisotropic diffu-
sion too. Pb is retained in the perfect apatite structure of pure F-apatite, 
and Cl0.25-Na0.1-apatite even at higher temperatures in accordance with 
the computational results of this study except Na0.1-apatite for which the 
activation energy is 2.8 eV. Such Pb retention in both F-apatite, and 
Cl0.25-Na0.1-apatite demonstrate that a (U–Th)/Pb dating in such pure 
geochronometric systems can be used for any type of thermal history in 
the range of below ~1200 ◦C except Na0.1-apatite for which the closure 
temperature falls in the range of ~450-500 ◦C for an effective grain size 
of 100 μm. By increasing Na concentration results an increase in the Pb 
diffusion, but it still has enough closure temperature for a grain size of 
100 μm (about 450-500 ◦C; Fig. 13) and is therefore can be used for 
intermediate range thermochronological applications. On the other 
hand, increasing Cl concentration (substitution in place of fluorine 
atom) decrease diffusion of Pb and enhance the closure temperature, 
make it more suitable for high temperature petrochronological prob-
lems. However, these findings show that the Na substitution has strong 
effect on the Pb diffusivity because even under low Na substitution 
constraints, the activation energy of Pb diffusion and closure tempera-
ture is considerably reduced (Fig. 14). For all the under-investigation 
apatite (F-apatite, Na0.1-apatite, and Cl0.25-Na0.1-apatite) in this study 
the Pb diffusion is strongly anisotropic and is characterized by low 
effective activation energy along the z-axis as compared to other 
directions. 

These results are not in good agreement with the Pb diffusion results 
extracted experimentally in natural apatite (Watson et al., 1985; Cher-
niak et al., 1991; Figs. 9 and 11). However, the results obtained in Na 

substitution rich apatite (i.e., along z-axis of Na0.1-apatite for instance) is 
quite close to the experimental results (Fig. 11) of the Durango apatite, 
the composition of which is Ca9.83 Na0.08 Sr0.01 REE0.09 (PO4)5.87 
(SO4)0.05 (SiO4)0.06 (AsO)0.01 (CO3)0.01 F1.90 Cl0.12 (OH)0.01 (Cherniak 
et al., 1991). This is understandable given that the Pb diffusion data in 
natural apatite display complex behaviour, where differences in chem-
ical compositions are evident. To model such highly variable crystal 
computationally is out of the scope of currently available computers 
therefore, only two elements (Na and Cl) with comparatively high 
concentration have been considered in this study. However, this study 
suggest that these Na-substituted regions of the apatite provides work-
around pathways which probably enhance the diffusion in natural ap-
atites. Additionally, it has already been noted that there is a significant 
discrepancy between results obtained using theoretical and experi-
mental approaches (Djimbi et al., 2015; Gautheron et al., 2020; Reich 
et al., 2007; Saadoune et al., 2009). 

4.2. Modelling the effect of chemical substitution on Pb diffusion at 
macroscopic scales 

Pb diffusion data from naturally occurring apatite have been inves-
tigated experimentally by Watson et al. (1985) and Cherniak et al. 
(1991) but the effect of varying composition has not yet been studied in 
detail. Apatite’s structure permits significant variations in composition, 
such as the partial or complete replacement of both the cationic and 
anionic sites, producing solid solutions and nonstoichiometric forms 
(Ptáček, 2016). As a result, the apatite structure can significantly 
accommodate almost half or more than half of the naturally occurring 
elements (Ptáček, 2016; Tamm and Peld, 2006). Due to their significant 
chemical variety and ion-exchange capability, apatite may be regarded 
as a geochronometer with variable diffusion behaviour. The theoretical 
method in this study provides a thorough understanding of the phe-
nomenon of diffusion as a function of chemical substitutions or varia-
tion. According to previous discussions, diffusion along the z-axis and 

Fig. 14. represents graphs showing the Arrhenius trends of diffusivity (cm2/s) 
against temperature (K) for all the pure apatites supercells considered in this 
study. The gray colour solid line indicates the diffusion profile along the z-axis 
direction of apatite with 5%Na and no Cl, the red colour solid line represents 
the isotropic diffusion profile for 10%Na and 25%Cl substituted apatite, the 
black colour solid line denotes the anisotropic diffusion of Pb in 20% aligned Na 
substituted apatite, while green colour line is for 5%Na and 25%Cl substituted 
apatite, and at last the blue one is the isotropic diffusion line for the 20%Na and 
25%Cl randomly substituted apatite. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of 
this article.) 
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along the orthogonal plane is characterized by high energy barriers and 
cannot occur at low to intermediate temperatures, suggesting the strong 
Pb retentivity in pure F-apatite. However, variety of chemical substitu-
tion or impurity may affect the Pb diffusion in apatite. Chlorine substi-
tution along the fluorine axis (z-axis) slow down diffusion by blocking 
Pb. On the other hand the substitution of Na in place of Ca(2) enhance 
the diffusion both along the z-axis and along the orthogonal plane. 
Therefore, in all the three cases the Cl-substitution can be a valid 
candidate that increase the closure temperature (Fig. 13) and so can be 
used to study high temperature petrochronological problems. 

Following is a summary of the key findings of the theoretical anal-
ysis, validated by the available data: (1) Pb diffusion is anisotropic and is 
dominantly occurring along the z-axis. The diffusion is slow in a perfect 
crystal that has no defects and chemical impurities, and so Pb is hardly 
released. (2) Variety of chemical substitutions (I.e., Na and Cl in this 
particular case) in the crystal effect the diffusion. The diffusion along 
both the in-plane and z-axis become faster in case of Na substitution 
while Cl blocks the diffusion since it would be too energy-intensive to 
hop along both these directions. So, the widening and opening of 
pathways by some chemical means (which in this case is Na) at high 
temperatures play a critical role in enhancement of Pb diffusion along 
the z-axis direction. However, this process is not true for every substit-
uent as replacement of Cl for F in apatite causes a Pb atom to hops aside 
in the orthogonal plane after being colliding with a Cl atom during its 
way along the z-axis. (3) Any chemical replacement discussed in Tamm 
and Peld (2006) and Ptáček (2016) can either help in releasing or in the 
blocking of Pb atom but at any case studied here Pb will at least remain 
there at low to intermediate temperatures ~400 ◦C and above. However, 
the model’s intent is to measure this diffusion impact as shown in 
Fig. 13. The activation energy and Pb loss rates of this study correspond 
with some of the chemical changes of natural samples (Cherniak et al., 
1991; Ptáček, 2016), in accordance to the experimental data shown in 
Figs. 10-12. Any of the six channels present along the z-axis in pure F- 
apatite releases the Pb it receives from the decays at very high tem-
perature (Fig. 13), according to (1). This is changed due to the intro-
duction of impurities in the crystal lattice creation, which contribute to 
some diffusion by mechanisms 2) and 3). (4) In case, if the paths for the 
workaround are open, the specifics of the Cl distribution are not 
important, unless Cl atoms are specifically aligned along the z-axis. The 
results for both aligned or periodic (green) and randomly (blue) 
distributed Cl together with Na are shown in Fig. 14. Here, the shifts 
between the lines serve as an illustration of this. (5) The presence of Cl- 
atoms practically makes diffusion isotropic. This phenomenon can be 
explained by the fact that in normal cases of pure F- and Na-apatite the 
diffusion along the z-axis is preferred over the in-plane diffusion and 
happens along the F-atoms. But, when a Cl-atom is encountered in the 
path of diffusion along z-axis, the diffusion of Pb prefer the plane 
orthogonal to z-axis i.e., the in-plane diffusion. Once the blocking point 
is covered via the in-plane diffusion, it again restricts the Pb diffusion 
through the F-atoms along the z-axis and therefore imposes a diffusion 
coefficient for this direction that is nearly equal to that of in-plane 
diffusion (combination of in-plane and F-atoms direction) as shown in 
Fig. 14. 

The scenario of the Cl blocking effect is comparable to the study of 
He diffusion in apatite by Djimbi et al. (2015), however is different when 
it comes to Na substitution where it significantly overcome the energy 
barriers and make it much easier for Pb to diffuse as compared to pure F- 
apatite, and Cl0.25-Na0.1-apatite. The aforementioned discussion show 
that Na-atoms have a significant impact on diffusion both along the z- 
axis and along the in-plane direction, depending on the site of substi-
tution whether it have replaced the Ca(1) or the Ca(2) sites. In case of Ca 
(1) it may only effect the in-plane diffusion due to its location in the 
apatite’s crystal lattice however, it is not the subject of this work. 
Strength of the Pb diffusion in both Na and Cl substituted apatite ex-
pected to be depends on their respective concentrations. In this study we 
were tried to build the crystal that nearly resemble the natural one that 

is studied in Cherniak et al. (1991). Nonetheless, the chlorine atom’s 
influence is only anticipated to have an impact on the energy landscape 
in its close vicinities inside an apatite crystal. Once the energy profiles or 
barriers and normal-mode frequencies are computed at the initial sites 
and saddle-points of F-apatite, 10% and/or 25% Na- and/or Cl- 
substituted apatites respectively. The KMC simulations are then used 
to calculate the diffusivity for lower/higher Na and/or Cl-concentrations 
with barriers and frequencies based on the local presence of respective 
Na-, Cl- or F-atoms concentrations. As has already been noted, the 
concentration of sodium and chlorine considerably effect both the in- 
plane as well z-axis diffusion and also our aim in this work is to proj-
ect this effect close to the chemistry/heterogeneity of the natural apatite 
sample of Cherniak et al. (1991). Therefore, the effective Pb diffusions 
has been determined for Na- and Cl-concentration values range from 5 to 
20% and 25–50% respectively as well as for aligned and random dis-
tribution of both Na- and Cl-atoms as shown in Fig. 14. F-apatite with 
5% (gray colour line in Fig. 14) and 20% Na-concentration (aligned; 
black colour line in Fig. 14) and Cl0.25-Na0.05-apatite (25% Cl and 5% 
Na; green colour line in Fig. 14) exhibit an anisotropic diffusion along 
the z-axis while apatite with 10–20% Na and 25–50% Cl (red and blue 
colour lines in Fig. 14) randomly distributed experience a Pb diffusion of 
isotropic nature. As with both F-apatite and Cl0.25-apatite, the diffusivity 
asymptotically approaches the in-plane diffusivity with increasing the 
Na-concentrations and so the Pb diffusion turns more and more isotropic 
when the level of Na-concentration is increased. This implies that the Pb- 
diffusion is strongly heterogenous depending on the apatite’s chemistry. 

4.3. Investigating the effect on the closure temperatures 

For geological applications, the closure temperature (Tc) is a syn-
thetic quantity that quantifies the temperature dependence of diffusion 
in a more understandable manner than D0 and Ea (e.g., Djimbi et al., 
2015; Reiners et al., 2004; Reiners and Brandon, 2006). For a specific 
temperature evolution for instance, a cooling rate of 10 ◦C/Ma, it is 
defined as the temperature related to the known thermochronologic age 
of a system (Dodson, 1973; Ganguly and Tirone, 1999). The closure 
temperatures for different composition apatites are estimated using the 
methodology of Dodson (1973) and Cherniak (2010) and considering 
the geometric parameter equal to 55 (for sphere; Dodson, 1973; Ganguly 
and Tirone, 1999). To solve the diffusion equation requires the diffu-
sivities that are estimated in the KMC simulations of this study. After 
acquiring the results of Tc, the outputs are plotted with respect to the 
effective grain size of the apatite and the obtained results were 
compared to the available experimental results of Cherniak et al. (1991) 
and Watson et al. (1985) for Durango apatite (Fig. 13). All the diffu-
sivities have been calculated for crystals with only defects introduced 
due to the incorporation of Pb. Apart from that, no additional defects are 
taken into account, and the results are obtained for perfect Na- and Cl- 
substituted crystals. In comparison to pure F-apatite the closure tem-
perature of Na0.1-substituted apatite is minimal while that of Na0.1- 
Cl0.25-substituted apatite is higher than that of pure F-apatite for 
different effective grain sizes (Fig. 13). The decrease in diffusivity along 
the z-axis is caused by the blocking action of Cl-atoms in Na-substituted 
apatite. This blocking effect force the Pb atom to diffuse through 
workaround paths along the in-plane direction and as a result Tc are 
increased as compared to Na0.1-apatite and F-apatite. Our results differ 
from the Tc predicted with the empirically derived diffusion coefficient 
from Cherniak et al. (1991) and Watson et al. (1985). However, when 
heterogeneity is introduced (specially Na), then they fall within the close 
range of the natural Durango apatite of both Cherniak et al. (1991) and 
Watson et al. (1985). Fig. 10-14 shows how the Na- and Cl-content has a 
considerable impact on the diffusion and closure temperature of apatite. 
However, no study is available that figure out the impact of the chemical 
composition of apatite on the Pb-diffusion co-efficient, but some of the 
work like Miro et al. (2006), Djimbi et al. (2015), and Bassal et al. (2022) 
have explained the effect of chemical composition on the diffusion co- 
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efficient of He in various minerals. The study of Miro et al. (2006) and 
Djimbi et al. (2015) reports the same concept about increasing the Cl- 
concentration in apatite leads to block the diffusion and as a result 
give high closure temperature. Even though this study does not measure 
the He-diffusion coefficient but instead gives Pb-diffusion coefficients 
for varying apatite chemistry, however, still the concept of high closure 
temperature explained in their work appears to be consistent with our 
observations. In addition to the effect of composition, this work also 
examined the impact of anisotropy on the closure temperature as shown 
in Figs. 10-14. 

Diffusion is important as it has the most vital role in the closure 
temperature of Pb in apatite and other minerals. Also, to date a partic-
ular mineral specially using U-Th/Pb geochronometric system, it is 
typically precise enough to know that the mineral had not experienced 
temperatures above its Tc as it defines the temperature range/zone 
within which the diffusing atoms are retained inside the crystal of that 
mineral (Cherniak et al., 1991; Cherniak and Watson, 2001). The closure 
temperatures computed using a geometric factor of 55 (for sphere) and 
based on the anisotropy is ~1300 ◦C for Cl0.25- Na0.1-apatite, ~1100 ◦C 
for F-apatite and 450-500 ◦C for Na0.1-apatite at an effective grain size of 
60 μm. Fig. 13 demonstrates how the effective radius affects the closure 

temperature in different compositional apatites. The closure tempera-
ture (Fig. 13) reflects very high to intermediate (1300-500 ◦C) values 
depending on the chemical composition of apatite and therefore shows 
that the (U–Th)/Pb dating system of apatite can be used as a geo-
chronometer to investigate intermediate to high temperature geological 
processes. In addition to the above, even a small crystal sizes (10 μm; 
Fig. 13) of Na0.1-apatite, F-apatite, and Cl0.25- Na0.1-apatite remained at 
temperatures below 500 ◦C, 1100 ◦C, and 1300 ◦C (i.e., conditions in 
lower crust and mantle), indicates Pb retention, which is an important 
entity in the accuracy of (U–Th)/Pb geochronology. 

4.4. Petrochronological implications to the natural apatite samples 

To better understand the significance of U–Th–Pb isotopic dating for 
apatite and other minerals in deciphering crustal events, it is essential to 
examine the kinetic processes governing these elements within mineral 
structures and the factors influencing them. Such examination provides 
valuable insights into thermal histories (Cherniak and Watson, 2001; 
Zhang et al., 2021). Apatite is widely distributed in igneous, meta-
morphic, and sedimentary rocks, playing a notable role in the field of 
geochronology. Understanding the atomic structure and varying 

Fig. 15. Na concentrations in natural apatites (a) from the Ilimaussaq intrusion in South Greenland (RØnsbo, 1989) and Clinohydroxylapatite from altered leu-
cogabbro in northwestern Ontario, Canada (Chakhmouradian and Medici, 2006: inside blue rectangle), (b) from carbonatite melt inclusions in apatites given in 
GEOROC dataset, https://georoc.eu; DIGIS Team (2022), and (c) from Apatite-group minerals in Pilansberg alkaline complex nepheline syenite, South Africa 
(Liferovich and Mitchell, 2006 and references therein). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.) 
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chemical composition of apatite is essential to grasp the necessity of 
knowing the impact of its structure, composition, and crystal chemistry 
on petrochronology. To assess the relevance of this work to the 
geochronology of natural apatites, it begins by modelling (using com-
bined DFT + TST + KMC computations) the composition close to 
Durango apatite, which is used as a standard in some LA-ICP-MS analysis 
of apatites (Chew et al., 2016). The composition is further simulated to 
the Na (0%–20% apfu of Ca) and Cl (0–25% apfu of F) concentrations 
observed in some of the natural apatite samples discussed in RØnsbo 
(1989); Fig. 15a), Chakhmouradian and Medici (2006); including the 
references therein; Fig. 15a), Liferovich and Mitchell (2006); including 
the references therein; Fig. 15), and those with carbonatite melt in-
clusions as listed in the datasets of Geochemistry of Rocks of the Oceans 
and Continents datasets (GEOROC, https://georoc.eu; DIGIS Team, 
2022; Fig. 15b), which are predominantly rich in Na2O as compared to 
other melts inclusions. This study’s wide range of Tc variability in these 
modelled apatites suggest that chemical composition is an important 
consideration when using the (U–Th)/Pb geochronometric system. 
These results illustrate that (U–Th)/Pb geochronology of apatite may 
be an effective petrochronological technique to predict the age and 
thermal history of intermediate to high temperature rocks on Earth and 
other terrestrial planets as also explained by the experimental studies of 
Schoene and Bowring (2007) and Blackburn et al. (2011, 2012). RØnsbo 
(1989) reported Na-rich apatites from quartz-bearing peralkaline 
pegmatitic rocks and based on these Na-substituted apatites and asso-
ciated mineral assemblages it was concluded that such apatites crys-
tallize in highly peralkaline geologic environments. Chakhmouradian 
and Medici (2006) also reported Na-rich apatites with excessive sulfer in 
their crystal structure formed by metasomatic reaction of sulfate- 
bearing fluid and plagioclase, and that Na solubility occurs even at 
low crystallization temperatures (further details are in Chakhmouradian 
and Medici, 2006). Similarly, the natural Sr-Na-REE-rich apatites 
described by Liferovich and Mitchell (2006; and references therein) 
originate in the post-metasomatic (natrolite-rich hydrothermal) alter-
ation of the host nepheline syenite of the Pilansberg alkaline complex, 
South Africa, and are associated with natrolite and formed at the 
reduced alkalinity stage. Furthermore, carbonatitic melt may inject Na- 
oxides into apatites (calciocarbonatite co-precipitated) crystallized from 
melellite-nephelenite-derived carbonatitic melt (Guzmics et al., 2011, 
2015). As a result, the chemistry of the spots used for U-Th/Pb analysis 
must be thoroughly investigated because it affects Pb diffusion and thus 
petrochronology. 

Based on the Na concentrations reported by RØnsbo (1989), 
Chakhmouradian and Medici (2006), and Liferovich and Mitchell (2006; 
and references therein) and that modelled in Fig. 14, the dotted black 
and cyan colour lines in Fig. 15a&c marks the threshold of Na-concen-
tration > 10% apfu of Ca and > 5% apfu of Ca respectively that has a 
significant impact on the apatite’s U-Th/Pb geochronology of high 
temperature crustal events. As the closure temperature varies with 
chemical composition (i.e., Na and Cl) therefore, the classification of 
these apatites based on chemical composition is significant before using 
it for U-Th/Pb petrochronology. It should be noted that this study only 
models the effect of Na and Cl, and because natural apatites vary greatly 
in composition, the effect of other elements on U-Th/Pb geochronology 
hosted by these natural apatites needs to be investigated further using 
the same methodology. Because Pb diffusion occurs in apatites over 
micron length scales at temperatures relevant to the formation of the 
middle and lower crusts, thermal history information of the middle to 
lower crust and even at the crust-mantle boundary can be derived from 
U–Pb date profiles preserved within these apatites at Tc (500–1300 ◦C) 
depending on the chemical composition of the apatite. Also, apatites 
with high Tc provide more reliable ages than those with low Tc. 
(Krogstad and Walker, 1994). Further, based on the chemistry of the 
apatite, it can be determined whether it is useful for obtaining inter-
mediate or high temperature petrochronology information. 

5. Conclusions 

A multi-scale approach was adopted in this study to demonstrate the 
effect of the chemical composition on the diffusion of Pb in apatite. The 
computed Pb insertion energies shows that it can be inserted with an 
energy of − 2.03 eV, − 2.21 eV, and − 1.94 eV in pure F-apatite, Na0.1- 
apatite, and Cl0.25- Na0.1-apatite respectively. The diffusion of Pb in all 
these investigated apatites take places along the two preferential path-
ways i.e., one along the z-axis and the other along the plane orthogonal 
to z-axis which is termed as the in-plane direction. By using the KMC 
approach and the obtained quantum mechanically computed data, a 3D 
random walk simulation is performed to see the effect of variable 
chemical composition on the diffusion of Pb in apatite at the macro-
scale/mineral scale level. The diffusion coefficients for the Pb atom at 
various temperatures are determined along each path and pre- 
exponential factor and Ea were extracted from MSDs using Arrhenius 
plot. Based on the Pb diffusion profiles estimated in different apatite 
lattices with different composition, one can conclude that Pb diffusion 
changes with chemical substitutions. These substitutions contribute to-
wards the isotropic nature of Pb diffusion in apatite and conclude that 
the Pb-diffusion is strongly heterogenous depending on the apatite’s 
chemistry. This work studies the Pb diffusion in terms of geochrono-
logical application and so the integration of all the findings leads us to a 
conclusion that the (U–Th)/Pb geochronology of apatite may be useful 
for predicting the age and geological processes of intermediate to high 
temperature thermal events in upper and lower crust of Earth and other 
terrestrial planets depending on the chemical composition of these ap-
atites. Moreover, in order to improve the accuracy of apatite U-Th/Pb 
geochronology, a thorough understanding of apatite chemistry is 
required, i.e., the effect of other elements in the various natural groups 
of apatites must be investigated in the context of the Pb closure tem-
perature. It is necessary because different elements in apatites have 
different effects on the apatite closure temperature, limiting its use in 
the investigation of crustal events below their respective Pb retentivity 
(or closure) temperature. This study also emphasizes that the findings 
regarding the diffusivity of partly Na- and/or Cl-substituted apatites 
infers about the importance of the adopted methodology in the char-
acterization and computational modelling of special geological systems 
with spatial atomic arrangements, incorporating heterogeneities in 
crystals, and mobility of inserted atoms and their respective energetics 
profiles via integrated approach of KMC, DFT, NEB, and TST 
simulations. 
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