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NAVIER-STOKES EQUATIONS [1]

Find (u(t), p(t)) € H§(Q) x L () such that: | | Stokes problem:
e u: velocity of the fluid
Oru —vAu+ (u-V)u _S.Vp - g(t) e f: volumic external sources Find (u,p) € HL(Q) x L2() such that:
11\(701; B o e p: kinematic viscosity
- o p: pressure / fluid density { —vAu+ .Vp = f
diva = 0

Difficulties: unsteady, 3D, non linear, constrained.

TIME STEPPING SCHEME (SEMI-IMPLICIT CASE) [2]

Find (U™ 1, P™T1) such that: Non-conforming discretization P ./ PY.

* Velocity dof (d per facet)

1 Prediction step: Find U™ such that and pressure dof.
mi
(M + K+ LU™)U" =FE" T +6t7"MU™ + B" P™ GMRES . g e Non conforming FEM:
2
2 Pressure solver step: Find o0 P such that s / [vi] = 0.
F
BM~'BTsP = —§t7'BU*, Choleskyor PCG
pmtl = PM 4GP Letf = Vo, p € L2(Q) N HY(Q).
3 Correction step: Find U™ ! such that Solution to Stokes pb: (u, p) = (0, ¢).
st M U™ =5t 'MU* + BT6P direct computation / f.v, = Z / o div vy, + Z / V]
The mass matrix M is diagonal. TETs FeFy,

Relaxed Courant-Friedrichs-Levy condition vs explicit case. Second term — numerical source.

MULTIPLE POINTS FLUX APPROX. [7]

IMPROVEMENTS [3, 4, 5, 6]
e Increase the ndof of the pressure (ITrioCFD):

e Scheme for gradient: approached by G, e Substitute the pr in the system, with pr and previous
e Add auxiliary unknowns (pr)re ko (2 per edges). systems.
e Evaluate G (pr), pT = 17. Modity B. e Boundary Condition: To eliminate the (pF) p b ON
S
g G (pr) oS = Z (pp — pT)H the boundary, we use Neumann/Dirichlet condition.
2 Q‘T'| FlScF e Properties: Applied to the laplacian problem :
Triangle Tetral;edra e Continuity conditions to compute (pr) FeQs: - exact gradient for affine function
Iff =V (u,p)=(0,¢)¢ec P Q° = UrQ? (in gray, right picture): - converge with similar assumptions of P1 EE.M.
2d—1 2
|aplln S h /v, |lp—pnllo S h”. Gy, (pr)] -np = 0. e Stokes: Applied MPFA on the pressure gradient with

Q P%C — PP P o0 many dof. Crouzeix-Raviart element for the velocity :

H(div )-conforming projection < /v Vg~ Z Z /vh G, (aqn)

e Modify F', M and L(U™). TeT), QEQR(T)

MPFA DISCRETIZATION FOR THE GRADIENT OF PRESSURE ON THE NAVIER-STOKES PROBLEM

@ * o in .
System : (A prr = Y | Vor Vo, (D*)pri= Y i "div (prea),
U K
cET KT,
(A Gint de) P B (RHS> with: h "
int — Z
D O O Pbd O (G?nt)TF F= E / ¢FGh(¢ ‘) - €a; (de)fF P / ¢FGh (w "€
KeTy, KeTy,
2 2
-JF:{I,...,NF},F,F/EJF -JT:{l,...NT},TEJT CStOkeS,Vzl,’UJ:O,p:(CB +y) 1
-Jpy ={1,...,2Ng, }, f € Jgp - (€ea) 1™ ¥} Orthonormal basis. 21 03 |
- Velocity basis: (¢ g ea);zgx,y} - Pressure basis (wmt)r_pe 7 and (’(pljzd)fel]b 1/h Pre ~ }15 MPFA_8 TrlOCF[_)lo
T . . o . 40 3.3 x 10 7.5 x 10 4.3 x 10
- To determine P 4: we reinforce the zero divergence condition by : eo(up) 20 s 4%x10-% | 11x10-% | 51 x 10-12
1. Using velocity boundary conditions: Add velocity unknowns on the boundary and use ' — : — : —
them to reformulate the mass conservation on each border triangle. eo(pn) ;18 ;2 X 18_ 3 112 X 18_ 5 ;(5) x }8_ 5
T X 2 X D X

2. Constraining the velocity space on the boundary : Let T on the boundary, e Stokes: 1/h = 20, u sine function, p affine function

FcCQ° q e PY(T), / [drea]qgr =0 p: _p° MPFA TrioCFD
E

eo(up) | 2.8 x 10 2.6 x 10°° | 2.5 x 10 °
eo(pn) | 1.3 x 10 26x10"" | 1.4 x 10 *
eo(up) | 8.7x10 ° | 26x 10 ° | 2.5 x 10”7
colpn) | 7.7x107° | 26 x 1072 | 1.4x 10" °

*wedenote: e (uy ) = [|lu —

Re
10

3. Using approximate Neumann conditions for pressure : / Gn(pr) -npo = / f -nso

f f
Rq: Solutions 1 and 2 impose a mesh restriction. Two different triangles having a face on the

Re
100

boundary cannot share a face.

uhHLQ(Q)7 €O(ph) - ||p — ph“LQ(Q)
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