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Abstract

In this paper, we propose a finite volume scheme for the linear transport equation in two space
dimensions. This scheme is based on an upwind scheme where the velocity is modified so as to recover
the correct diffusion limit. The resulting scheme is asymptotic preserving, positive under a classical
CFL condition and conservative. We propose a reconstruction procedure so as to make it second order
consistent on unstructured polygonal meshes.
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1 Introduction

In this work, we propose a finite volume scheme that discretises the radiative transfer equation (see [MMS84]):

1&J +div (Iw) + o'I = 05i Idw' + q. (1)

c AT J g2
It is a linear Boltzmann type equation. The unknown I = I(¢,x,w) is the radiative intensity and gives
the distribution of photons. It depends on the time variable ¢ > 0, on the space variable x € Q C R? (£
being the computational domain) and direction w € S, where S is the unit sphere in R3. The source term
q = q(t,x,w) > 0 is nonnegative. The scattering cross section is o > 0 and the total cross section is o > o*.
The difference o —0°® = 0 is the absorption cross section. We assume here that the speed of light ¢ is equal
to 1.

Equation is of great importance in the numerical simulation of inertial confinement fusion (ICF). In
these experiments, a small ball of hydrogen (the target) is submitted to intense radiation by laser beams.
These laser beams are either pointed directly to the target (direct drive approach), or pointed to gold walls
of a hohlraum in which the target is located (indirect drive approach, see Figure . These gold walls heat
up, emitting X-rays toward the target. The outer layers of the target are heated up, hence ablated. By mo-
mentum conservation, the inner part of the target implodes (this is usually called the rocket effect). Hence,
the pressure and temperature of the hydrogen inside the target increase, hopefully reaching the thermody-
namical conditions for nuclear fusion. This process is summarized in Figure 2l Other possible applications
of are radiation hydrodynamics in stellar atmospheres. Of course, the model is over-simplified for
these applications as it should, among other things, include a dependence on the frequency. But should
be seen as an elementary building block for more realistic models.

Laser
Entrance Hole

Gold cavity acting as an oven
Mizro-balloon containing the solid DT mixture (300ug)

Figure 1: Schematic view of the Hohlraum and the target
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1) Atmesphere formation: 2) Compression: Fuel is 3) Ignition: Dunng the final  4) Bum: Thermonuclear bum
Laser beams rapidly heat the compressed by the rocket-like part of the laser pulse, the  spreads rapidly through the
surface of the fusion target blowoff of the hot surface  fuel core reaches 20 times the compressed fuel, yielding

forming a surrounding plasma material density of lead and ignites at  many times the input energy.
envelope 100,000,000 degrees Cealsius,
=% Laser energy Blowoff =% Inward transported thermal energy |

Figure 2: The concept of ICF (inertial confinement fusion) taken from http://www.lanl.gov /projects/dense-
plasma-theory/background/dense-laboratory-plasmas.php



It has been shown in [CZ67] that if ¢ > 0 and o' > 0 and ¢ > 0 then the solution [ is positive. Moreover,
in [RJLMT88| the author proved that if ¢ = 0 and o' = o then the solution satisfies a maximum principle
property.

Eventually, Equation admits a diffusion limit. Let € > 0 be given. If we replace o® < 0°/¢, 0% + 0%,
q < qe and if we perform the following scaling t < ¢t , then reads as:

ot load

1 1
I+ —div (I —I=—— Idw' 2
at+sw(w)+52 62471'/32 w T (2)

with ot = 0° 4+ 20®. Moreover, when ¢ vanishes, the solution I of converges toward the solution of a

diffusion equation I — E° where:
E—>

4

See [BGPS8Y| [Cas04]. Therefore it is important for a numerical scheme that discretises to be consistent
with the limit model . In this case, we say that the scheme is asymptotic-preserving. More precisely,
the parameter ¢ € [0, 1] characterizes the proportion between the streaming and diffusion phenomena. The
configuration € = 1 corresponds to the free streaming regime and € = 0 to the pure diffusion regime. We
use the notations of Figure |3| and we denote by h the discretisation parameter. The general model is
denoted by P¢ and it is discretised with the scheme P;. The model P° tends towards the diffusion limit
model P° (Equation (3))) when e — 0. We want the limit scheme P (obtained by setting ¢ — 0 in Pf) to
be consistent with P9. If this property is fulfilled, then we say that the scheme Py is asymptotic preserving
or AP. We emphasize that ¢ is present in the equations through !, hence the corresponding terms are stiff
in the diffusion limit (¢ — 0). The diffusion limit is thus a singular limit. This explains both why the limit
equation is of different nature and why designing AP schemes is not trivial.

1 1
O EY — div <3USVE0) + 0B’ = — / qdw’. (3)
52

e—0
Py P

ps PO
e—0

Figure 3: Definition of an AP scheme.

The very first works in this direction were [IM89] and [JL96|]. These papers were dedicated to 1D calculations.
One dimensional finite difference methods that solved were proposed in [Kla98, [JPT00] for instance. The
work [KEJ16] proposes an extension of these methods to the two dimensional case. The space and angular
variable are both discretised on uniform grids and a time splitting discretisation method (IMEX method,
see for instance [BFR16, BR09, [EG23]) is performed.

The discontinuous finite elements method was also used to solve on two and three dimensional unstruc-
tured meshes. See [Ada01] [BCWA] [CS16] for instance. These methods are consistent but not positive. A
recent work [GPR20] proposes a positive, AP and first order scheme to solve the stationary version of .

Micro-macro decompositions were also used to solve on uniform grids. See for instance [LEH19, [LMOS|
LMT0, JS10, EHW21]. Recently, JACET22] proposed an AP finite volume scheme that is based on a micro-
macro decomposition. The scheme is first order consistent on 2D unstructured meshes but it is not positive.

In this paper we propose a method that:



e is asymptotic preserving: the scheme we obtain when € — 0 is consistent with ,
e is second order consistent on unstructured 2D meshes for any ¢,

e preserves the positivity of the numerical solution under a classical CF'L condition,
e has a compact stencil,

e is conservative,

e has the same computational cost as an explicit scheme: there is no linear system to invert nor fixed-
point iteration to compute.

We perform an angular discretisation of . We choose K directions (wg)i<k<x and we define I =
I(t,x,wy) for 1 <k < K. The integral over the unit sphere in is discretised as:

1 K
— Idw’ ~ E T,
47 S2 klzlpk k

The quadrature weights (px)1<k<x and the directions (wg)i1<k<xk are required to satisfy:

K K K 1 1 0 0
Pk = 07 Z Prr = 1, Z prrwy =0, Z Prr Wi @ W = g 0 1 0 (4)
=1 k=1 k'=1 0 0 1
The equation we solve therefore reads as:
1 .. ot _ load K
8tIk + gle (Ika) + §Ik = ? klz_lpk/[k/ + qk - (5)

Moreover, owing to (4]), when e vanishes, Equation admits a diffusion limit: Iy —0> E° where EV is
e—

solution to (3).
In this work, we focus on the two dimensional case. We briefly explain in the conclusion that our method-
ology can be easily extended to the three dimensional case.

The main idea of our method is to use an upwind scheme to discretise Equation and to modify the
streaming velocity in order to obtain a scheme that is consistent with when € — 0. The scheme is said
to be composite as the fluxes are computed at the nodes and at the edges of the cells (this idea was first
introduced in [BCHS20| Hoc22]).

The article is organized as follows. In Section 2] we define the notations that we use in the rest of the paper
and we explain the geometrical assumptions we need to develop our method. In Section [3] we present our
method to compute a second order consistent flux using an upwind scheme. Section [ is dedicated to the
numerical scheme. Numerical examples are shown in Section

2 Notations assumptions on the mesh

We present here some notations that will be used in the rest of the paper. Let €2; be a cell of the mesh T
paving the domain 2, we define:

o Vj is the volume of the cell €,
e (X;)req, the coordinates of the vertices of the cell j;
. Zreﬂj the sum over all the vertices of the cell j;

e 7+ 1/2 is the index of the edge between the nodes x, and X, 1, its middle is denoted by X, 1/, =
(XT + Xr+1)/27



. Zr+1/2eszj the sum over all edges of the cell j;

o a degree of freedom (denoted as dof) is either a node or a mid-edge point;
o N; = Zdofegj 1 the number of degrees of freedom in the cell €;

« > i|dofeq; the sum, for a given degree of freedom, over all the cells that contains this degree of freedom,;
e N,.= Zi\reﬂi 1 the number of cells that contains the given node r;

* > jer the sum over all the cells of the mesh;

o J =) ,cr1is the number of cells of the mesh;

e h the maximum length of edges of the mesh;

o I}, is the value of the unknown in direction k, in cell j, at iteration n;

o I, = (Iy,i)ieT is the vector of the values of the unknown in direction k;

o E; = 25:1 prr i 5 is the average, in cell j, over the directions;

o FE = (E;)ieT is the vector of the averages;

e (-,+) the inner product in R2.

C'r:+1/2

Cr71/2

X1“+1
Figure 4: Normal vectors at the nodes and the edges of the cell

Let x,_1, X, and X,41 be 3 consecutive nodes of €; (see Figure {4| for instance). The normal vector to the

edge [x,,%,+1] is denoted by C;H/Q = (X,41 — X,)*, where for any vector & € R:

(& 1 (&
5‘(@)’ ¢ ‘(fl)'

Similarly, we define the normal vector to the node r as:



-, 1 1 +1/2 r—1/2
Cj = §(Xr+1 - Xr—l)J_ =3 (C;+ 24 C; / ) . (6)

Definition (6)) was first introduced in [CDDL09]. We also define the matrix:

Br = Z Cg ® (XT - Xi)v (7)

i|lreQ;

We assume that there exists a constant C; > 1 such that, for any dof and any cell j:
1
ahQ <V; <C1h?, Naot < C1, N; <y, (8)

Note that by definition we have HC?OfH < h. Moreover, we assume that for any node r € T the matrix S,
defined in (7)) is positive definite:

1
VEERY, (5:6.6) > ol (9)
Thus it is non-singular and we have:
1 1

Assumption (9) is studied in [Eral2]. We have the following result:
Proposition 2.1. Let r be an inner node, we have:
> ci=o.
i|reQ;
We also have the following quadrature formula.

Theorem 2.2. Let g € C?(R?%;R). We assume Assumptions are fulfilled. Then, for all 0 € [0,1]:

1 1 r r+1/2

vlom= g [0 D g8 Y gx2)C |+ O(). (11)
7409, J reQ; r+1/2€Q;

Moreover, the remainder in vanishes if g is an affine function.

Remark 1. We propose here some explanations on the choice of the parameter 0:

e 0 =0 : node based scheme, consistent but may suffer from cross stencil phenomena (see [BHL2I,

BDH21)]),
o 0 =1 : edge-based scheme, useful to implement Dirichlet boundary conditions (see Section ,

o 0 =2/3 : better precision. Formula is exact for quadratic functions and the remainder is O(h?).
This choice may allow to have third order convergence (see [BHL2J|] for instance).

3 Upwind scheme

In this Section, we present a second order consistent approximation of the flux f 2. 9(a,n), where n is the
J

outward unit vector to 025, ¢ is a given function and a is a given velocity field. First we use Theorem
and we approximate:

| oslam 03 0O+ (1-0) X (ananC)) g (12)

TGQ]‘ T+1/2€Qj



where agor = a(Xqof) and g¢°f

¢ is an approximation to (Xdof) in cell j. It is given by an upwind scheme:

it if (agor, C°) > 0,
dof _ 1
9i = agof, Cof) gdlof else, (13)
ZieA:of<ad0f’ C?of) Z < o 7 > i

i€AY

where: Ajof = {4, (agot, CLf) > 0}. The quantity Q?Of is a second order approximation of g at point Xgof in
cell j that is given by:

_dof __ )95 — (Pdof, X5 — Xdof) if |(Pdof, Xj — Xdof)| < g5, (14)
J 9; else.
The vector pgof is an approximation of —Vg at point x40 computed as:
- Pr + Pri1
pr =05, ! Z 9:Ci, Pry1/2 = % (15)

i|req;

Under the assumptions of Section [2, the quantity pgor defined in (15 is first order consistent
with (—Vg)dor- Indeed, using a Taylor expansion, we have:
9(x:) = g(x,) + (x; — %, Vg(x,)) + O(h?). (16)

Multiplying by C7, summing the result over the cells around any inner node r and using Lemma
leads to:

Z g(xz)C: = g(X’l‘) Z C; _Brv.g(xr) + O(h’g)v (17)
ilreQ; ilreQ;
=0

where (3, is defined by . Using , we have:

B DD 9xi)CP | = =(Vg)(x) + O(h).

i|reQ;
Moreover, x; being the barycenter of the cell ¢, we have:
1 2
96xi) = 5 [ 9+ 00) (18)
i Jo,

Using ([15) , we deduce that p, is first order consistent with —(Vg),. We easily deduce that p,. 1/ is
first order consistent with —(Vg),41/2.

i

Eventually, we define the second order flux by:

0 : 1—-46 r
]:j(gaa) = A Z <ar’ C;‘>gj,r + % Z <ar+1/27 Cj+1/2> 9j,r+1/25 (19)

T reqy Tort1/2eq,

and where g; 4ot is given by .

3.1 Properties

We present here the main properties of the flux -. The proofs are given in Appendix It is
conservative:



Proposition 3.1. We assume that periodic boundary conditions are imposed on g, then the flux —
s conservative:

> ViFj(g.a) =0.
JET
Beside, we have the following stability result:
Lemma 3.2. Under Assumption , if g >0, and if
1 h

At< —m i, (20)
2C7 |||l L~ (o)
then g; — AtF;(g,a) > 0.
3.2 Dirichlet boundary conditions
We denote by v € CY(99Q) the Dirichlet boundary condition:
g(t,x) =1, if x € 992, and (a(x),n) < 0. (21)
On the boundary of the domain, the vectors (C;H/ 2) iy are aligned with the normal vector to the
Jir+
boundary of the domain n. This is not the case for the vectors (C;)jr. Thus we need to set § = 1 to

correctly discretise .
Besides, in the cells on the boundary and for the edges on the boundary, we set:

r+1/2 _ {Q;H/Qa if (a,41/2, C; %) > 0,

/ Y(Xrt1/2) else,
where Q;H/Q is given by

Note that the gradients u, given by is not well-defined in the corner nodes. Indeed there is only
one support cell and thus the matrix 3, has rank 1 and is singular. To overcome this difficulty we
compute the gradient u, at the corner as the average of the gradients at the other nodes of the support cell.

Remark 2. In the diffusion regime, the Dirichlet boundary condition is imposed on the whole boundary,
thus it is mo longer necessary to set 6 = 1.

3.3 Periodic boundary conditions

In the case of periodic boundary conditions, we add some ghost cells on the outside of the mesh so as to
make it periodic. We then define I on these new cells and we use these values and this new geometric data
to compute the C?Of on the boundary of the domain.

4 Numerical scheme

In this Section we present our numerical scheme. The space discretisation is given in Section The time
discretisation is described in The properties and the diffusion limit of the scheme are given in Section

and Section [L4



4.1 Upwind scheme and modified streaming velocity

Equation (f]) is integrated over the cell ;. We use the second order upwind flux to approximate the
flux:

d ot ot K
%Ik,j + Fji Iy, wi) + ?;Ik,j = 57; Z Pl j + kg
k=1

The streaming velocity Wy, qof iS & consistent approximation of wy, /e, meaning that:

1
Wi, dof = gwk + O(hg) (23)

We want Wy, dof to be second order consistent with wy, /e because we aim at designing a scheme that is second
order consistent with . Moreover, in order to be consistent with in the diffusion regime, we also impose
the following condition:

VE
lim Wy qof  is consistent with — — , (24)
e—=0 305E ) 4ot

where F is the average over the directions (see Section: E=Y1r_, I1+/K. The condition is justified
in Section [4:4] Therefore we propose:

2
e2wk + (Ufiof) h/SUdof

—— 25
The quantity ugof is an approximation of —VE/(3E) at point Xqot. It is given by:
R S . 1 9 Uyt Uy
ur—3ET6T > EC;, Ey =+ > Ei+1?, Upprjz = 5 (26)

ilreQ; r ilreQ;

where we recall that (5, is defined in @ The quantity F, is an approximation of E at point x,.. We add a
h? term in order to make u, well defined in the case where all the (E;); vanish.

Lemma 4.1. Under Assumptions @D , and assuming that the (I j)k<k jeT are nonnegative, we
have, for any dof:

2
gl < <1
— 3h

Therefore Definition does satisfy and (24)). Thus the resulting scheme is nonlinear and second order
consistent with . Moreover, in the streaming regime, that is to say when o! = 0® = 0, we have exactly
Wk dot = wi /€. We also emphasize that wy, qof in may be written as a convex combination between the
advection velocity wy /e and the "diffusion" velocity u/o*:

3
Udof €

Do =1+ (1)

Wk,dof = 11— -1 ) n=—-—>> .3
CoE Tior &% + (hoeh)”

Remark 3 (Discontinuity of the cross sections). In the case when ot is discontinuous, then we choose the

mesh such that the discontinuity is located at an interface dof . At this interface, o'

To overcome this difficulty, we set, at this interface:

is no longer defined.

_ Wi
WEk, dofs = ?

10



4.2 Partially implicit time discretisation

We use a partially implicit time discretisation. The streaming term is chosen completely explicit whilst the
source and absorption terms are still implicit:

J - J n+1 J +1 _
e + B - Y e = a (27)
k=1
Owing to Sherman Morrison Lemma we can erte an explicit formula for I "jl This result is given in
PrOpOblthD Besides, it shows that system (27)) can be written as a system without any stiff term. Thus,
this system admits a finite and nonzero limit when e — 0. This limit is described in Section [£.4]

Lemma 4.2. Let A € REXE be nonsingular, and let uw € RX, v € RX. The matriz A+u®v is nonsingular
if and only if 1 + (v, A= u) # 0. Besides, in such a case, its inverse is given by:

1
A R N ft AL 28
(A+u®v) T+ ATy "o (28)

Proof. The proof can be found in [Ser(2]. O

Proposition 4.3. Equation is equivalent to:

It = D (1 — AtF I wF) + Atgr ) + il Z prr (I — ALF;(IF, @) + Atg j), (29

k=1
where:
2 Atos 1
1 € 2
,ug) T ,ug) o X —. (30)
2 + Ato; g2+ Ato; 1+ Atof
Proof. Using , Equation reads as:
n+1 Atoj n+1 (1) n —n
I} ﬁZm,- = w5 (If — AUF; (I, &F) + Atg ). (31)
’ e? + Atoy ~
Equation can be set under the following form:
I P1 1
(ix —Ajo@p) [ = by, It = : € R, p=|: | eRE, v=|:| eR¥,
Infl P 1
(32)
where ix is the identity matrix of size K and:
N = 2 by = P (Ip — AtF (I At
= Adol k.j (Ix (I, wp) + Atq,j) -
Moreover, owing to , we have:
1A TP/
-\ =1-———2—->0.
J<’Uap> 52 —‘rAtO';-

Therefore, according to Lemma the matrix of System is nonsingular and its inverse is given by:

(ix f>\4v®p)_l :iK+#v®p:iK+%v®p.
! _ _Ateg €2 + Ate2o?
82+At0';.’ J

Thus Equation becomes:

11



1) Ato"'

I = 9 (1 — AtF I wF) + Atar ) + Z pr (I 5 — ALF;(IF, @) + Atgy ) -

J g2 2 50
+At€ of =
—u®
The result is proved.
O
Therefore I ”jl writes explicitly as a function of the quantities at iteration n. Besides, if ¢ = ¢ = 0
then y(l) + /L =1and I "j‘l simply reads as a convex Combmatlon between the anisotropic and isotropic

dynamlcs We observe in Section [5 I that the scheme is indeed second order convergent. Moreover, the
positivity of the solution is preserved under a classmal CF L condition (see Proposition E below).

Remark 4. The scheme has the same computational cost as an explicit scheme. There is no stiff term.
No fixed point iteration is required, no linear system needs to be solved. Thus each time iteration is very fast
to compute and there is no need for an acceleration procedure in the diffusion limit.

4.3 Properties

In this section, we present the properties of the scheme . We first detail the conservation property
(Proposition |4.4)), then we give an intermediary result (Lemma [4.5)) that is used in the proof of the CFL
condition (Proposition [4.6)).

Proposition 4.4. We assume periodic boundary conditions are imposed. If o = 0, then the scheme
s conservative:

K
SOVER = S VB ALYV Y praw

jeT jeT jeET k=1

Proof. This result is a direct consequence of Lemma We multiply Equation by pr and we sum over
the directions, this gives:

[ K K
S g = S pelp, — Y peas| + 3 e 000 0 (3)

Lk'=1 k=1 k=1 k=1
We multiply by V; and we sum over the cells, which leads to:

- p .
Ait SVl oI = T peIi - A peaw | + Z oo S ViF (I @) =

jeT  Lk'=1 k'=1 k'=1 1 w=1  jeT

Lemma [B.I] states that:
JET

The result is proved.

Lemma 4.5. Under the assumptions of Lemma[{.1, we have, for any dof and any direction k:

2

C 1
|k, dogl| < 4max (1, 31)

Ugofh +e€ .

12



Proof. We use Lemma and [wg| < 1in . This gives:

2

2 2 t h 2 1
@k ofl] < max (1, Cl) M < 4max < ,Cl> — (34)
3 ) 34 (olh) 3 ) oguth +¢

The result is proved.

O
Proposition 4.6. Under Assumptions @ , if <I,?j) and q are nonnegative, and if:
) g
At < Ugg <€h + h? drg}ier%_ Ufiof> , (35)

-1
with Cgg = [8012 max (1, %fﬂ , then Ingrl is monnegative for all k, j.

Proof. Recalling that ¢, u(V) and p(?) are nonnegative and using Lemma and Lemma gives the desired
result. O

4.4 AP property and limit scheme

In this Section, we explain why the scheme is AP. More precisely, we study the limit of the scheme
(29) as € goes to 0. First, one can easily see that:

py ——0. (36)
Besides, using 0! = 0* + 20 leads to:

@ 1
I es0 1+ Atod’
Therefore, combining and gives the following limit as e vanishes:

(37)

n+1 __ 1

K
ki = m Z pk’ (Il?’,] — Atfj(]]:}/7a-’]’?/) + Atqk’,;) .

k'=1

Thus [ is isotropic:

K
n+1 __ n+1 __ n+1
Iy = Zpk’lk',j =B
k'=1

In addition, when e vanishes, the velocity field does not depend on wy anymore ans so is the flux:

_ Udof n —n n u”
Whdof = —5— Filly,wp) =F; | E",— ).
T dof g
Therefore, as € goes to 0, Equation becomes:
u” K
(1 + Ato'a)E;L+1 = E;L — Atf] (En, 0’5> + At Z pk/qk/7j7
k=1
which may be written as:
Entt — En u" K
J A7 J —I—./_'.] (En’ O.s) +J?E;L+1 = Z Di/ Qi - (38)
k=1

As u is consistent with —VE/(3FE), the flux is consistent with —div [E x VE/(3¢0°E)] = —div [VE/(30%)].
Therefore is consistent with . It is the second order scheme from [BHL24].

13



5 Numerical results

In this Section we present some numerical examples to illustrate the good properties of our method. We
use a quadrature of Equal Weights from [Car]. The weights (px)1<k<k are equal to 1/K and the number of
directions has to be of the following form K = 4N? with N € N.

In the first three test cases, we compute analytical solutions of and we perform a convergence analysis
(Sections on cartesian meshes (uniform grids) and random meshes (see Figure [5)). Denoting by
I the exact solution and ¢; the final time, the error is computed the following way:

Z]’eT‘/j |Ik,j - j(tfvxjvwk)|
ZjeT le(tf’xj’wk)

We also compute the solution of a Lattice problem defined in [BHO5] in Section Eventually we present
our results for a test case from [KEJ16].

error = max
1<k<K

Figure 5: Random mesh.

5.1 Free streaming regime

In this test case, we choose ¢° = 0% =0, ¢ =0 and € = 1. The exact solution is given by:

I(t, %, w) = exp (—IOOHx—tw—XOHQ), xo = (1,1).

Dirichlet boundary conditions are imposed (see Section. We choose K = 4 directions. The computational
domain is Q = [0,2]2. We set § = 1. Figure [6] shows the error curve at final time t; = 0.03 and At = h2.
Indeed, as the scheme is first order consistent in time, we need to set At = O(h?) in order to make the
consistency error decrease as h?. We see that our method gives the expected rate of convergence.

01 1 014 1
12 12
10° L 100 L
rate 2 rate 2
5 5
b} b
. -1 . _
;10 4 107!
-2
10 10-2
1072 1071 1072 10-1
h h

Figure 6: Error on cartesian (left) and random (right) meshes.
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5.2 Diffusion regime

In this test case, we choose 0° =1, 0 = ¢ = 0 and ¢ = 0. The exact solution is the fundamental solution
of the diffusion equation:

1 3 I x — xol|?
EF—-—-AEFE=0 E(t == _qi® O
Ob =3 7 (£ ) 47r(t+t0)eXp< Sat T 1) )

with to = 0.01 and xo = (1,1). The computational domain is 2 = [0,2]2. Dirichlet boundary conditions are
imposed. We choose K = 4 directions and 6 = 1/2. The timestep is given by At = h? and the final time is
ty = 0.03. Figure |Z| shows the error curves. The right convergence rate is recovered.

104 1 10 1
— L2 — L2
100y — L~ 100] — L~
rate 2 rate 2
5107 510!
5 3
4 1072 -4 1072
107 10-2
107*
1072 107t 1072 107t
h h

Figure 7: Error on cartesian (left) and random (right) meshes.

5.3 Manufactured test case

We choose € = 1. The analytical solution of this test case is given by:
I(t,z,y,w) = €' (10 + sin(27x) + sin(27y) + (w, f)), f=(1,-1),
and the absorption coefficients are given by:

o' (z,y) = 2+ (sin(27x) + sin(27y))?, 0®=0.1.

We compute the source term ¢(t, z,y,w) so as to satisfy Equation . Periodic boundary conditions are
imposed. We set K = 4. Figure |§| displays the error curves with the second order scheme at time ¢y = 0.01
and At = h? and 6 = 1/2.

107y — ! 107 — !
12 g2

rate 2

1072 0 102 0
h h

= =
L1 {
X 2
error at final time
=

Figure 8: Error on cartesian meshes (left) and random meshes (right).
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5.4 Lattice problem
This test case is borrowed from [BHO05]. The computational domain is = [0, 7]2. The initial condition is 0
and € = 1. The source term is ¢ = 13 4x[3,4)- Homogeneous Dirichlet boundary conditions are imposed. We
set § = 1. The final time is ¢ty = 3.2 and the time step is At = 0.01. The absorption coeflicients are:

ot =10 x 1g,,, ocf=1-1q,.

The domain 24 is pictured in red color in Figure [0

Figure 9: The domain 24 in red color.

Some numerical solutions are plotted in the following Figures. The log scale map is limited to seven orders of
magnitude: we display with the same blue color all the regions where the solution is smaller or equal to 1077

Figures [10] 1] and [[2] display the numerical solution with K = 4, K = 144 and K = 484 respectively.
We see that we recover the results of [BHO5].

Figure 10: Numerical solution (in log scale) at time ¢y = 3.2 on a cartesian mesh of size 140 x 140 and with
K =4
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Figure 11: Numerical solution (in log scale) at time ¢; = 3.2 on a cartesian mesh of size 140 x 140 and with
K =144.

=

— 1.0e-07

Figure 12: Numerical solution (in log scale) at time ¢; = 3.2 on a cartesian mesh of size 140 x 140 and with
K =484

5.5 Variable scattering test case

Here we compute the solution of the variable scattering test case from [KFJ16]. The domain is [—1,1]?, the
final time is ¢ty = 0.005 and we set € = 0.01 and 0® = ¢ = 0. The initial condition and the cross section are
given by:

0.04

1 2 2 402 _ 9)2 fo— 5 71
I(t =0,2,y,we,wy) = ———exp <—w Ly ) o (z,y) = 4 (=2 ife=+a2+y? <1,
0.04m 1 else.

The solution is almost 0 near the boundary, so we impose periodic boundary conditions. We set 6 = 1/2.
Figure [13| shows the solution F on a uniform grid of size N, = N, = 200 with At = 1073. We do recover

the solution from [KE.JT6].
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Figure 13: Numerical solution E at time ¢ty = 0.005 on a cartesian mesh of size 200 x 200 and with K = 64.

6 Conclusion and future work

In this paper we have presented a scheme that is asymptotic preserving, positive under a classical CFL
condition that depend on the regime, conservative and second order consistent in space. Besides its compu-
tational cost is quite low as there is no linear system to solve nor fixed point iteration to compute.

Several extensions to this work are possible. First, the method can be easily adapted to 3D unstructured
meshes. Indeed, the 3D formulas for the node vectors (C;)LT are given in [CDDL09]. The 3D equivalent
of the vectors (C;H/Q)j "
Proposition [£.3] that the ihtensity at iteration n + 1 can be explicitely computed as a function of the quanti-
ties at iteration n. This property will allow us to design a scheme to solve efficiently the transport equation
coupled with matter. This is an ongoing work.

are nothing but normal vectors to the faces. In addition, we have seen in

7 Appendix
7.1 Proof of Lemma [3.7]

First, we have:
r r+1/2 r+1/2
SuAwa =103 Y (©alg 00X X (€ a6
JeT JET req; JET r+1/2€9Q;
Now we prove:
2.2 (Chang) = (40)
JET 1€y
Indeed, exchanging the sums over the cells and over the nodes leads to:
> Y (Chang =) > (Cila)g. (41)
JET reQ; reT i|lreQ;

Besides, using (13)), the last sum in can be written as:
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T T =T T 1 T\ 7T s
2 or(Chan = 3 gi(Chan + 3 | = D (an Gl gi | (Chan).

i|lreQ; iert i€l tert

independent from 3

The quantity:

: DI

2sery (ar, G ter

being independent from ¢, we can remove it from the sum jer- in and reads as:

T T _ =T T T\ =T 1 T
Z g9i (Ci,a,) = Z g; (Ci,a,) + Z (a,, Ci) gi —Zielﬁr (@, C7) Z (a,, C7).

i|reQ; ielf iel,f icl,

Besides, owing to Lemma [2.1] we have:
So--yo
iels iel”
Computing the inner product of with a, gives:
T T 1 T
XI: <aT7Ci> = — ZI: <a7«,Ci>, and thus: m Z <aT7C7;> = —1.
icl; i€l v

Inserting in leads to:
Z g; (Cl a,) =0.

i|reQ;

Collecting and proves .

Using similar arguments, we can easily show:

S (G o

JET r+1/2€Q;

Inserting and in gives the desired result.

7.2 Proof of Lemma [3.2]

First, we define:

Rf ={r(Cha) >0 R ={n(Cj.a) <0}

and:

RE ={r+1/2,(C;"% a, 1)) > 0}, Ry ={r+1/2,(C;"% a1 ) <0}

Using these definitions, we easily have:

At

g9; — AtFi(g,a) > gj — — [(1—=0) > (a.,CjHgi+6 > <ar+1/2702+1/2>§;+1/2

Vi _
J reR’ r+1/2€R}

According to , we have g;iof < 2g;. This leads to:
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9j

2A¢t

~AtF(ga)>g |1- |1-0) Y (a, CH+0 Y <ar+1/2,(3;“/2> . (48)

V; _
J reRf r+1/2€R}

Besides, using Assumption , we have:

At (1-19) Z (a,, C}) + 0 Z <ar+1/2,cg+1/2> ngAtHauLim(Q)' (49)

V. B h
J reR’ r+1/2€RF

Collecting and gives the result.

7.3 Proof of Lemma [4.1]

As the (I ;)k<k,jeT are nonnegative, the (E;);c7 are also nonnegative and we have:

ZilTEQi E’

<N, <C.
E, ==

Therefore, using Assumption we have:

Using gives the result.
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