N

N

ASYMPTOTICALLY HOMOGENEOUS SOLUTIONS
OF THE SUPERCRITICAL LANE-EMDEN SYSTEM

Louis Dupaigne, Hatem Hajlaoui, Marius Ghergu

» To cite this version:

Louis Dupaigne, Hatem Hajlaoui, Marius Ghergu. ASYMPTOTICALLY HOMOGENEOUS SOLU-
TIONS OF THE SUPERCRITICAL LANE-EMDEN SYSTEM. 2023. hal-04335633v2

HAL Id: hal-04335633
https://hal.science/hal-04335633v2

Preprint submitted on 19 Dec 2023 (v2), last revised 25 Jan 2024 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04335633v2
https://hal.archives-ouvertes.fr

ASYMPTOTICALLY HOMOGENEOUS SOLUTIONS OF THE SUPERCRITICAL
LANE-EMDEN SYSTEM

LOUIS DUPAIGNE, MARIUS GHERGU, AND HATEM HAJLAOUI

ABSTRACT. We consider the Lane-Emden system
—Au =P y, —Av=|u|9"lu in RY.

When p > ¢ > 1, it is known that there exists a positive radial stable solution (u,v) € C2(R%) if
and only if d > 11 and (p,q) lies on or above the so-called Joseph-Lundgren curve introduced in
[4]. In this paper, we prove that for d < 10, there is no positive stable solution (or merely stable
outside a compact set and (p, ¢) does not lie on the critical Sobolev hyperbola), while for d > 11, the
Joseph-Lundgren curve is indeed the dividing line for the existence of such solutions, if one assumes
in addition that they are asymptotically homogeneous (see Definition 1 below). Most of our results
are optimal improvements of previous works in the litterature.

1. INTRODUCTION
The Lane-Emden system

—Au = vl

. —Av=|u/T 1y in RY, (1.1)

where d > 2, p > q > 0, pg > 1 and u,v € C?(R%), has been studied for the past three decades. Yet,
not so much is known about its solutions. Thanks to the works of Mitidieri [27] and Serrin and Zou
[33], there exists a radial positive solution to the system if and only if the exponents are supercritical
ie.
bt 2 (1.2)
p+1 qg+17— d
The Lane-Emden conjecture states that, whether radial or not, no positive solution exists in the
subcritical case i.e. when (1.2) does not hold. The current best known result is due to Souplet [34],
who proved the conjecture for d < 4, while only partial results are available for d > 5.
We address here the supercritical case and focus on solutions which are stable outside a compact
set, i.e. such that there exists a compact set K C R? and two positive functions ¢,1 € C?(R?\ K)
such that

—A¢ > poPTly, AP >quffTle in R\ K.
We will explain in a short moment why such an assumption is natural. Thanks to the scaling invariance
of the equation, there exists a singular solution of the form

(s, v5) () = (alz|~, bl %), @€ R\ {0} (1.3)
where the scaling exponents are given by
2 1 2 1
o= 20t o 20+
pg—1 pg—1

and a,b are suitable (explicit) positive constants. In the supercritical regime, thanks to a suitable
version of Hardy’s inequality, such a solution is stable if and only if (p, ¢) lies on or above the Joseph-
Lundgren curve i.e. when d > 11 and H? > pgAu, where
d—2)? — 4?2
vy=a-— 0, H:%, A=a(d—2—-—a) and p=pd-2-27). (1.4)
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When p > ¢ > 1, Chen and the first two named authors proved in [4] that there exists a positive
radial stable solution (u,v) € C?(R?) of (1.1) if and only if d > 11 and (p,q) lies on or above the
Joseph-Lundgren curve. In the case d < 10, we obtain the following optimal improvement.

Theorem 1. Let d < 10 and p > q > 1 be such that pqg > 1. If (u,v) € C*(R?) is a nonnegative
solution which is stable, or merely stable outside a compact set but with
1 1 2
—_—t ——F 1=, 1.5
p+1 qg+1 7 d (1.5)
then u = v = 0.
In dimension d > 11, our results are sharp for a restricted class of solutions as we describe next.

Definition 1. If it exists, a blow-down limit of a solution (u,v) € C*(R?) is a cluster point'") (Uo, Voo )
of the family (ur,vr)r>1 of rescalings defined by
(ugr,vgr)(z) = (R*u(Rx), R°v(Rx))  for xz € RY. (1.6)

A solution (u,v) is said to be asymptotically homogeneous if all its blow-down limits are homogeneous
i.e. if there exists (f,g) € C%(S9™1) such that (o, Veo)(r0) = (r=f(8),7Pg(0)) for r > 0 and
0 e St

With this definition in mind, we obtain the following theorem.
Theorem 2. Let p > q > 1 be such that pg > 1 and
H? < pgAp, (1.7)

where H,\, ;i are given by (1.4). If (u,v) € C*(R?) is a nonnegative solution which is stable (resp.
stable outside a compact set and (1.5) holds) and asymptotically homogeneous, then u = v = 0.

Blow-down limits of nonnegative solutions of the Lane-Emden system which are stable outside a
compact set are always well-defined:

Theorem 3. Let (u,v) € C2(R?) be a nonnegative solution of (1.1) which is stable outside a compact
set. Then, the family (ug,vg)r>1 given by (1.6) is compact in LETH(RE\ {0}) x LPTHRE\ {0}).

loc loc
In addition, in the cases p = g and p > ¢ = 1, all blow-down limits are homogeneous, thanks to
the availability of a monotonicity formula (see [9]). Unfortunately, we do not know if this fact is also
true for the Lane-Emden system for other choices of exponents. Still, we can prove that our results
continue to hold for a possibly wider class of solutions.

Theorem 4. Let p > q > 1 be such that pq > 1 and (1.7) holds. Let K C R? be a compact set.
If (u,v) € C*(RY) is a nonnegative solution of (1.1) such that for all ¢ € CL(R?) (resp. for all
¢ € CHR?\ K) and (1.5) holds),

WP de < —— ([ ot dr-2 [ £ i (1.8)
R 4 ~ VP9 \Jre 4 4 Jra |z|? .

Assumption (1.8) is motivated by the following observation.

then u =v = 0.

Theorem 5. Let (u,v) € C2(R?) be a nonnegative solution of (1.1) which is stable outside a compact

set and asymptotically homogeneous. Let (uxo,Voo) denote a blow-down limit. Then, (ueo, Vo) Satisfies
(1.8) for any p € CL(RY).

Finally, we obtain the following partial result for solutions which need not be asymptotically homo-
geneous.

Wfor the topology of pointwise convergence



ASYMPTOTICALLY HOMOGENEOUS SOLUTIONS OF THE SUPERCRITICAL LANE-EMDEN SYSTEM 3

Theorem 6. Let p > g > 1 be such that pg > 1 and
d < 2+ 2z, (1.9)
where xq is the largest root of the polynomial
H(z) = z* — pgaf(4z® — 2(a + B)z + afp). (1.10)
If (u,v) € C?(RY) is a nonnegative solution of (1.1) which is stable (resp. stable outside a compact

set and (1.5) holds), then u = v = 0.

Remark 1. The sharp condition (1.7) can be reformulated as (1.9) where this time xo must be inter-
preted as the largest root of the polynomial

Hyp(z) = (2 = 42/4)? — pgaf(4a? — 2(a + B)z + aB).

The above theorems build upon a wealth of previously known results, as we describe next. Thanks
to the comparison inequality
Pt ettt
p+1 =" qg+1
established for p > ¢ and for bounded positive solutions by Souplet in [34], such solutions of (1.1)
must satisfy © = v in the case p = ¢, so that the system becomes a single equation and the condition
(1.7) reduces to p < p.(d), where p.(d) is the Joseph-Lundgren stability exponent discovered in [23].
Crandall and Rabinowitz proved in [8] that, given a smoothly bounded domain  C R? and the
nonlinearity f(u) = (1 4 u)?, the equation

—Au = Af(u) in Q,
u=20 on 09},

(1.11)

admits a curve of solutions A € [0,\*) — uy € C%(Q), which are stable. They applied Moser’s
method [29] with a twist: substituting Sobolev’s inequality by the variational formulation of the
stability property in the iteration process, they proved uniform boundedness of the family (ux)xe[o,x+)
in L>°(Q) for p < p.(d). This implies the existence of a smooth stable solution u* also for the extremal
parameter A = \*. Conversely, for p > p.(d) and Q = By, the extremal solution u* still exists but is
singular (and u* — 1 is given by (1.3) for p = q).

For p < ps(d) where pg(d) is the Sobolev critical exponent and f(u) = |u|P~ u, Bahri and Lions [1]
proved that the L>° bound extends and is in fact equivalent to a bound on the Morse index of (possibly
sign-changing) solutions. They argued by a blow-up argument and proved Theorem 4 for finite Morse
index solutions of the subcritical equation. Farina extended their result to all p < p.(d), p # ps(d)
and to solutions stable outside a compact set, observing that finite Morse index solutions belong to
this class. In fact the two notions coincide, as proved by Devyver [11]. In other words, Theorem 2
generalizes Farina’s result to the case of positive asymptotically homogeneous solutions of the system
(1.1). We note that the restriction p # pg(d) is necessary in Farina’s result, and so is the restriction
(1.5) for the Lane-Emden system (1.1). Indeed, in the critical case, Lions proved in [25] that (1.1) has
a ground state solution, which is unique up to scaling and translation. He observed that if (u,v) is a
positive solution of (1.1), then

—A((~Av)7) =1? in R?
and so a ground state solution can be sought by minimizing £(v) = [|Av||mray, m = %1, over the
set of functions v € D*>™(R?) such that [|v]|pr+1ray = 1. Such a solution is positive, radial and stable
outside a compact set by construction (or as follows from the asymptotics computed by Hulshof and
Van der Vorst in [22]). As observed by Mtiri and Ye in [30], the second variation of the energy £ can

be computed at positive stable solutions in the case p > 1 > ¢, leading to the following reformulation
of stability:

1
/ vPh? dr < —/ ur " Ap|? dz  for all p € C3(RY). (1.12)
Rd Pq JRrd
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Let us turn now to the well understood biharmonic case ¢ = 1. In that case and for positive
radial stable solutions, Theorem 4 follows from the works of Gazzola, Grunau [16], Guo, Wei [17] and
Karageorgis [24]. Since the Moser iteration method is based on the chain rule, its adaptation to fourth
order equations is nontrivial. Still, Wei and Ye [35] classified positive stable solutions when d < 8
thanks to the inequality (1.11) (a strategy inspired by earlier work of Cowan, Esposito and Ghoussoub
[6]). Following the same Moser iteration strategy, Harrabi, Ye and the third named author classified
positive stable solutions for d < 12 in [20]. They exploited the following interpolated version of the

stability inequality:
g—1 p=1l 9 1 / 2
ul 2 |v| 2 de < — \V4 dx 1.13
[ s — [ vyl (113)

of which several proofs are available (based on Picone’s identity in Cowan [5], Cowan and Ghoussoub
[7] and Farina, Sirakov and the first author [12], interpolation theory in Goubet, Warnault and the
first two named authors [13]). Finally, Theorem 4 was proved for the full range of exponents in the
biharmonic case by Dévila, Wang, Wei and the first named author [9]. Their result crucially relies on
a monotonicity formula which is unavailable for the system.

The complete system was studied by Cowan [5], who classified positive stable solutions for d < 10
and p > ¢ > 2 thanks to (1.13). His result was improved by Harrabi, Mtiri and the third named author
[19], who classified positive stable solutions for d < 10 and p > ¢ > 4/3 and bounded positive stable
solutions for d < 6 and p > ¢ > 1. Also, Mtiri and Ye [30] completely classified positive solutions
stable outside a compact set for (p, ¢) subcritical.

In order to prove Theorem 4, we propose a new strategy, where (near optimizers of) Hardy’s
inequality turn out to have a central role. Due to the lack of a monotonicity formula, any blow-down
(resp. blow-up) limit of a given solution need not be homogeneous a priori. To bypass this difficulty,
we assume that (1.8) holds. Now, rather than Moser iteration, we feed (1.8) in an iteration scheme
which is closer to De Giorgi’s original idea [10]. More precisely, we prove a reduction of the oscillation
lemma for solutions satisfying (1.8). We capture the oscillations through the rescaled and renormalized

2

Dirichlet energy
u\” v\’ ’
7“2][ V() dx+r2][ V()
B, Usg B Vg

where (a,b) = (%,p—;l) and (us,vs) is given by (1.3). Thanks to Campanato’s characterization
of Holder spaces [3], this is enough to obtain the following universal Holder estimate on local stable
solutions of the system:

dz (1.14)

r

lw/usllgo s,y + [0/vsllco(,) < C (1.15)

which holds for some ¢ = o(d,p,q) € (0,1) and C = C(d,p,q) > 0 under the assumption (1.8). Note
that thanks to the translation invariance of the Lane-Emden system, the above estimate can be applied
to any translation of a given solution and so Holder regularity for the solution itself follows. Also,
by a natural scaling argument, the classification follows for all solutions such that (1.8) holds in R,
In particular, blow-down limits are trivial under the assumptions of Theorem 4. This gives enough
asymptotic information to conclude that solutions such that (1.8) holds only outside a compact set are
also trivial. Estimate (1.15) bears resemblance with the work of Cabré, Figalli, Ros-Oton and Serra [2].
In their case, a version of Pohozaev’s identity is central to the analysis. In our framework, we derive
(1.15) through a much different road, where Hardy’s inequality is used instead. It is also interesting
to note that the scale invariance of the equation (resp. the nonlinear nature of the problem) appears
explicitly in the definition of the Dirichlet energy (1.14) through the normalization by (us,vs) (resp.
through the exponents a, b reminiscent of Moser’s iteration).

2. STABILITY REVISITED

In this section, we derive all the functional inequalities presented in the introduction. They are
reformulations (or sometimes merely consequences of ) stability and they are at the heart of the iteration
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methods used in this paper. Recall that a solution (u,v) € C?(Q) is said to be stable in an open set
Q C RY if there exist two positive functions ¢, € C2?(Q2) such that

S MG plY, AP quile i Q. (2.1)
In the next two lemmas, we give a variational reformulation of (2.1).

Lemma 1. Let ¢ € C%(Q) be a positive superharmonic function and n € C?(Q). Then,
2
A (’7) Ap < (An)?.
2

Proof. Expand A (’7—;):

> (%)

3

1 1
A(n?) +2Vn? - V= +n°A ()
¥ ¥

6 |

1 2
(nAn + V) — 4LV - Vi + 1 (2A<p+ 3|Vs02>
© @ 0
2 2 2
- [QWAn - ”A@] + [|vn|2 — 4Ly Ve + 2”3|w|2]
© @ 0 0 ©
2 2 2
S ["Ago - 2’7An] + = [vnF 20y Ve + 772Vg0|2] .
© © © 0 ©

Observe that the second bracket above is a perfect square. Multiply by Ag and complete the square
in the first bracket to get

()0 -t e

since Ay < 0. O

< (An)?, (2.2)

A
+2=F ‘Vn - QV(,D
@ ®

Lemma 2. Assume that (u,v) € C%(Q) is positive and stable in Q. Let Q' € Q. Then, for every

ne Hy ()N H* (),
pq/vp*lﬁ2 < /UH‘(AW)2

pq/uq‘1n2 < /vl_p(An)z- (2.3)

Proof. By symmetry, it suffices to prove the first inequality. We may also assume that n € C?(V).
Multiply the first inequality in (2.1) by ¢gn?/¢ and integrate over €’ to get

2 2 2
pq/”p%"z = q/(*A‘NE - q/*A (Z) ¢ q/[A(ﬁ)m] -4 @) ¢

By the second inequality in (2.1), it follows that

2
pq/vp_1772 S/ ) u'TIA (77> A,
(~a(%)>0 (0

and the conclusion follows by Lemma 1. O

and

In the next lemma, we characterize stability for homogeneous blow-down limits.

Lemma 3. Let (u,v) € C?(R?) be a solution of (1.1). Assume that (u,v) € C%(R?) is positive, stable
outside a compact set and asymptotically homogeneous. Let (oo, Voo )(10) = (r=*f(0),7Pg(0)) denote
a blow-down limit of u. Then, for every ¢ € C%(S971),

pq/ \glp_leS/ 179 Mg — Hol?,
Sd*l Sd*l
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where H is given by (1.4).

Proof. Fix an open set 2 € R?\ {0}. Since (u,v) is stable outside a compact set K, its rescaling
(ugr,vgr)(x) = (R*u(Rx), R°v(Rx)) is stable outside K /R and so it is stable in an open neighborhood
of Q for R large enough. Let

A\ inf{/v}%p(An)z qu/u‘glf :n € HY ()N H*(Q) s.t. |nllr2@) = 1}.

By Lemma 2, we have A; > 0. Since (ug,vg) is bounded and bounded away from zero in the compact
set €2, A1 is achieved by some function ¢ weakly solving the linearized equation

~A¢r =pvly "Wr, —Avr = (quh " +p ) ér in €,

where v is defined through the first equation above. By standard elliptic regularity, (¢r,v¥r) € C?(Q)
and the equation is satisfied in the classical sense. Note that the solution ¢p € HL(Q) N H(Q) to
—AjRr = |A¢g| also solves the minimization problem, so that we can assume (¢g,r) > 0. In fact,
A1 > 0. If not, inequality (2.3) (applied to the solution (ug,vg)) would be an equality for the choice
7 = ¢r. This would imply in turn that (2.2) is an equality for the choice (1, ¢) = (¢r, ¢), leading to
or = c¢ in Q, for some ¢ € R*. The latter equality cannot hold on 9. Hence, A\; > 0 and repeating
the proof of (2.3), we obtain the slightly finer inequality

IS VA N
pq/%lvf /(U%Wp;) (An)?,  neCi(Q)

Thanks to Fatou’s lemma and the dominated convergence theorem (applied to the family (ug,vg) in
the limit R — +00), we arrive at

1
pq/vé’o‘ln2 < / (ugl +;;) (An)* < /u}x?q(An)Q-

Since (Uso, Voo ) is homogeneous, we deduce that for n = h(r)p(6), h € C2(0,+00), ¢ € C?(S971),
pq / h2p A=A g </ gIP‘lapz) < / rela= ) f170(Ap)?, (2.4)
Ry Sd-1 T SRy x5

h
An = (Ah)p + ﬁAew

We have

and so

hAh h?
(@2 = @2 +2 (150) g + (2002

Thus, (2.4) becomes

Pq (/ h2rﬁ<P1>+d1dr> </ lg[P e 2 ( p2pd—5tala= 1>dr> </ flq(AwV) +
Ry Sd—1 Sd—1
< 2h AR r¢=3tala=1) g, > (/ fl%Ae<p> +
gd—1
< / (Ah)Qrd—“a(q—l)dr) ( / fl“’so2).
R+ Sd*l

Recalling the definitions of the scaling exponents (a, ), the first integral on the left-hand side is equal
to the first integral on the right-hand side in the above inequality. So,

p—1 2 1—q 2 1—q 1—q, 2
pq(/sdllgl w)é(/sdlf (A9<P)>+A</Sdlf ¢A9¢>+B(/Sd1f <p>,
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where . 1) J 1)
2hAR rd—3tale=1) gy AR)2Zpd—1t+ale=1 gy
A= fR+ and B= fR+< )

I]R_,_ h2rd—>5+a(g—1)dp fR+ h2rd—5+a(g—1)dr

Choosing h(r) =r~ = kn(r) € C%3(R,), where k, is a standard cut-off function (vanishing near the
origin and near infinity) such that k,,(r) — 1 for every r € R*, we find that A — —2H and B — H?
as n — 400, where H is given by (1.4). Hence,

g (/d Igl”_ls02> < /d 79 ((App)? — 2HpNgp + H??) :/ 17 (Agp — He)?.
gd—1 gd—1

gd—1
O

In the last two lemmas of this section, we prove that stability implies the weaker but more handy
inequality (1.8).

Lemma 4. Assume that (u,v) € C%(R?) is positive and stable outside a compact set. Assume also that
(u,v) is asymptotically homogeneous and let (Uso, Voo )(10) = (r~®f(0),7 Pg()) denote a blow-down
limit. Then, for every n € C*(S%1),

g—1 p—1
\/p»q/sdflng 7 7? S/ (IVon*> + Hn?),

Sd—l

where H is given by (1.4).
Proof. Let

Ay = inf {/Sdl S Agy — Hyl? = pq /SH g[P 1%+ e HA(SYY) st [[@]| p2gary = 1}.

Then, Ay > 0 by Lemma 3. Since f is bounded away from zero and g is bounded, A; is attained by
some function v € H?(S%~1) such that 19]| 2(sa-1y = 1. Replacing ¢ by 1 the weak solution to

~Apth + Hp = |Agtp — Hyp| in S471

we may assume that ¢ > 0 and ¢ := ¢~ 1 f179(—=Apy + H1p) > 0. By the strong maximum principle,
(p,1) > 0 a.e. Also, (p,1) is a weak solution to

—Dgp+Hp = (plglP "+ MY, —Dg+Hyp=q|f|" "¢  in 577!

and by elliptic regularity, (¢,v) € C?(S91). Take n € C1(S9~1), multiply the first equation above by
n? /¢ and integrate by parts. Since A\; > 0,

2
p/lgl”_lgn2 S/Vew-ve (1) +H/n2 S/(\Ven\2+Hn2)-

0 [11 20 < [ (ol + )
Multiplying the above two inequalities and applying the Cauchy-Schwarz inequality, the result follows.
O

Similarly,

Now, we are ready to provide the proof of Theorem 5.

Proof of Theorem 5. Fix p € CL(R?) and r > 0. By the previous lemma,

g—1

\/LTJ/SM (IVop(r0)* + Hep(r6)*) do(6) Z/ FUT g™ p(r0)?do(0),

gd—1

Multiply by 7%~% and integrate the above inequality in the r-variable. We get

g—1 p—1

1 .
—/ (IVop(rd)|* + Hep(r6)?) r4=3drdo(0) Z/ Usd Vod @7 da.
VP4 Jsi-1 xR, R4
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In addition, by Hardy’s inequality, for every h € C1(R, ),

2 _ 2 2
/ <8h> ré=ldr > (d 2) / h—zrd_ldr.
Ry 87" 2 R, T

2
Applying Hardy’s inequality to h(r) = @(rf) for fixed § € S9!, recalling that |Vy|? = (%) +

5|Voyp|? and summing the above two inequalities, (1.8) follows. O

3. THE CASEa+ 3 >d—4

In this section, we derive integral estimates on solutions thanks to their stability properties. These
estimates are the central tool to prove Theorems 1 and 6. They also imply Theorem 3. To begin with,
recall the following classical lemma, which holds for all positive solutions of (1.1), see [28,33] and e.g.
Lemma 2 in [19] for a proof.

Lemma 5. Let p > q > 1 and let (u,v) € C*(RY) be a positive solution of (1.1). Then, there exists a
constant C' > 0 depending on p,q,d only such that for any R > 1, there holds

/ vPdx < C’Rdiﬂp, / wldr < ORI 9,
Br Br

We will also use the following comparison inequality, due to Souplet [34]. See e.g. Q. H. Phan [31]
for a proof.

Lemma 6. Let p > q > 1 be such that pg > 1. Then, any positive solution (u,v) € C?(R?) of (1.1)
verifies

Pt < ‘Tilu‘ﬁl in RY, (3.1)
qg+1
The next lemma pertains to stable solutions and uses ideas from [19,20].

Lemma 7. Assume that (u,v) € C?(Q) is a positive stable solution of (1.1) in an open set Q C R<.
Let a > %1 and b = %‘}a. Assume that AB > 1, where A = ‘/pq(m;%l) and B = ,/pq(m;%l). Then,
there exists C' > 0 depending on p,q,d,a only such that

/ vPu T ntde < C/ u?® {|V77|2 + A(n2)} dx, Vne€C*Q).
Q Q
Proof. Take n € C2(12). Let (u,v) be a stable solution of (1.1) in 2 and a > 1. Integrating by parts,

/|Vu“|2772d:v:a2/ u2“_2\Vu\2n2dx
Q Q

a2

_ 2y, 2a—1
= 5a 1 /Qn V(u**" ") Vudx (3.2)

a2

_ 2a—1,p,27 a 2a A (n2)d
2a—1/9u ””z+2(2a—1)/ﬂu (n°)dz,

and

1

Qa/ w1 VuVnds = 1/ V(u?*)V(n?)dx = 77/ u?*A(n?)dz. (3.3)
Q 2 Ja 2 Ja

Take ¢ = u®n in inequality (1.13). Using (3.2)-(3.3), we obtain

\/]Tq/ unlleuQ%fdmg /|V<p|2dx§ 5 a l/uga_lvandac—I—C/u2“[|Vn|2+A(n2)}dm.
Q Q a—L1Ja Q
So,

/un_lva_lu%nzd:chfl/ u2“*1vpn2dx+0/ u?® [|Vn\2+A(n2)]dx. (34)
Q Q Q
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Similarly, applying inequality (1.13) with ¢ = v’n, b > 1, we obtain

/ U%U%UQbWde < B! [ ut®nlde + C’/ v [|V77\2 + A(n?) | d. (3.5)
Q Q Q
Let I; denote the left-hand side of (3.4) (resp. I that of (3.5)). Then,
A%]lJr[Q: A%/u%lvp%uzanzdngr/u Tty 2nldy
Q Q

< Aq4a,1—1/ 2(1711)1) 2d$+37 /uq,UQbfand:r (36)
Q

+c/ w2 4 o) ||Vl + AGr?)] da.

Fix now 1
_pt (3.7)
q+ 1

Assume that a > q+1 so that m = % = pT'Zl € (0,1). By Young’s inequality, there holds

B*l/qubel,r]de:Bfl/u T v == u2am 2b(1—m) 2dx
Q Q

<mB wI + (1—m)l,
and similarly we have
A%d/ u?*Ppidr < (1 — m)Aill +mls.
Q
Combining the above two estimates with (3.6), we derive that
AFL < (mBH (L= m)A% ) 1 +.C [ (@ o) [|Vaf? + A7) dz,
Q
hence
m ((AB)F < 1) h <0 [ (@4 ™)[[Val? + Al o
Q
Thus, if AB > 1, there holds

/ u%lv%uMnQdm <C [ (u? +0%) [|V77\2 + A(WQ)}dx-
Q Q

Using (3.7) and (3.1), there holds u?* > Cv?* and uw'T v T w2 > Cu?*~ P, So if AB > 1 and
0> 25,

/ Py % dr < C/ u?® [|V17\2 + A(nz)}da:,

Q Q

the proof is completed. O
Using the above lemma, we obtain the following estimate.

Lemma 8. Assume that (u,v) € C%(Bsg) is a positive solution of (1.1) which is stable in By. Let
NS [1, d%‘g).Then for any a > % satisfying AB > 1, there exists C > 0 depending on p,q,d,0,a
only such that

/ u?dz < C. (3.8)
By

Proof of Lemma 8. Let (u,v) be a solution of (1.1) which is stable in By and take 6 € [ g 2) Take
n € CX(Bsy). By L! elliptic regularity theory, there exists C' > 0 such that

(/ 2a9n29> < C ‘A(u2an2)|
B2 B2
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Expanding A(u??n?) in the right-hand side of the above inequality, we find
[A(u**n?)| < (2a)u”* ™ol + 2a(2a — D)u 2 [Vul*? + u® | A ()| + daw* V| Vip?|.
Then using Young’s inequality, there holds

%
</ u2a0n20> S C |:/ u2aflvp,,72 +/ u2a72‘vu‘2n2 +‘/ u2a (|A(772)| + |V7}|2) ) (39)
Bs Bo Bo B

Multiplying —Awu = v? by u??~1n?, integrating by parts and applying Young’s inequality, we get

1
/ u2“_2|Vu|2n2dx <
B 2

/ w?*wPpide + C | w?|A(n?)|d. (3.10)
B> Ba

Combining the last two estimates, we obtain

1
(/ u2a0n20> < C |:/ u2aflvpn2 _|_/ u2a (‘A(n2)| + |V77|2):| )
Bo B B>

By Lemma 7 with 2 = By, we conclude that

%
( /B u2“07729) <c /B u?e (|A@?)] + [Vnl?).

Take ¢ a cut-off function in C$°(Bz) verifying 0 < ¢ <1, ¢ =1 in B;. Letting n = ¢™, m > 1, we

arrive at )
2
(/ u2a09029md$> < C/ u2a¢2m72d1,' (311)
BZ BZ

Ji ::/ u2a9g020mdx, Jo ::/ u?Q*m 2.
B2 B2

Asa > %1, we have ¢ < 2a < 2af. A direct calculation yields
2a(0 — 1)

Let

2a = g\ +2a6(1 — A ith A = 0,1).
a = g\ + 2af( ) wi Qaque(’)
Take m large such that m(1—-60(1—\)) = mw > 1. By Holder’s inequality and (3.11), we get
2a0—q
A
Jy < J11_>‘ (/ ulp B dax)
B2
<

A
(CJQ)Q(P)‘) (/ uqu>
B>

< R,
where in the last inequality we have applied Lemma 5. This implies, using again (3.11),
J <O 1) <.
Since ¢ = 1 in By, (3.8) follows. O

Thanks to the energy estimate (3.8), Theorem 3 easily follows.

Proof of Theorem 3. Indeed, applying (3.8) with a = %1 and some 0 € (1, %2), we deduce that
L<7+1

loc

(R?) for some G > q. By the comparison

inequality (3.1), we deduce that so must be (vg)gs1 in LI (R?) for some p > p. Thanks to the
equation (1.1), it also follows that (ug,vg)r>1 is bounded in W' (R%). This fact and the LT (R) x

LPHY(RY) bound imply compactness of (ug,vg)pr>1 in LEEHRY) x LPFH(R?) as claimed. O

the family of rescaled functions (ug)r>1 is bounded in



ASYMPTOTICALLY HOMOGENEOUS SOLUTIONS OF THE SUPERCRITICAL LANE-EMDEN SYSTEM 11

The energy estimate (3.8) also implies the following Liouville type result for positive stable solutions
of (1.1).

Theorem 7. Suppose p > q > 1. Then, (1.1) has no stable classical solution if d < 2 + 2z, where
is the largest oot of the polynomial H given by (6).

Proof. First, for a > qH , noting & = a«, we can easily check that AB > 1 < H(z) < 0. Furthermore,

by [18, Lemma 3.1] (corresponds top =0, q=pand H(z) = ($)*L(2z) according to the notations in

this paper), we have H(aa) = H(%*a) < 0 and g is the unique root of H in (%}*a, +00). Suppose

that d < 2 + 2zg. Then, there exists ﬁl < a < % such that d < 2 + 2aa. Let R > 1. The function
defined for z € R? by

(ur(x),vr()) = (R*u(Rz), R”v(R))
is a positive stable solution of (1.1). Replacing u in (3.8) by ug, we deduce that

/ u?¥dy < CRI2000, (3.12)
Br

for any 1 < 0 < d 5- Now, as d < 2 + 2aa, we can take 6 close to 2 such that d < 2aaf and then,
letting R — oo in (3.12), we deduce that u = 0. O

Turning to solutions merely stable outside a compact set, we first make the following observation.
Remark 2. Let (u,v) be a positive classical solution of (1.1) which is stable outside a compact set

K of R, Let Ry > 0 so that K C Bg,. Suppose that d < 2 4 2xg, where xq is the largest root of the

2110

polynomial H given by (6). Let v < ——2.
(1) Using (3.12), we have

/ uwdx < CR™*,  for any R > 0 and Br C R\ Bg,. (3.13)
Br

(2) In addition, all the computations in the proof of Lemma 8 hold true by considering a cut-off
function with support in Q = Bag \ Br,, for R < Ry + 3 (see for example [14]), to find

/ wdx < Cy + CoRY™®, for any R > Ro + 3. (3.14)
Ro+2<|z|<R

Following a strategy used in [14], we deduce the following decay estimate.

Lemma 9. Let p > q > 1 be such that pg > 1 and d < 2 + 2xg, where xg is the largest root of the
polynomial H given by (6). Suppose that (u,v) € C%(RY) is a nonnegative solution of (1.1) which is
stable outside a compact set and (1.5) holds. Then,

u(x) =o(|lz|7*), wv(=) zo(\x|_B) as |x| — oo.

Proof. Fixe > 0. Asd < 242z and (1.5) holds, we have 2 < 4 < 220 _4_ S0 Applying 2) of Remark
2 with v = E’ there exists Ry > Ry such that

(/ ui> ’ <e. (3.15)
|z|>R1

Consider y € R? such that |y| > 2R, and set p = l With this choice, we have
By, (y {xERd lz| > Ri} C {xERd |z| > Ro} .
Remark that u is a solution of the linear equation

Au+{(z)u =0 in By,(y),
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where 0z ) ”p . By the comparison inequality (3.1), we have < CuSF = Cu?. In addition, since

= < 2‘"”0 there exists § sufficiently small such that o= 5) < 2§0 . So, by Remark 2, we derive

that le L?*fS (B2, (y)). Therefore, according to [33, Theorem 1], we obtaln

_d
[ullLee (B, () < Csp™ 2 ullL2(Bs, () (3.16)

where Cyg is a constant depending only on p,d, Ry p HEHLﬁ(B W) Now, we have

<Cp’ / u<23§>ad:ﬁ
Pl s 0y <P (Bw)

Applying Remark 2 with v = %, it follows that

2—95

d

P, 52z g, oy S CP°PTVT f=cC (3.17)

Hence, the constant Cs depends only on p,d and Ry. Using (3.16) and applying Hélder’s inequality,
we obtain

_d
lullLo (B, y)) < Csp™ 2 ||lullL2(B,, )
< CsCp 2 p?G =) || 4
= Crp” “|Jul|

L& (Bap(y)

L& (Bay()’
Now, using (3.15), we get
[u@)| < llullLe=(B,@)
< Cip %
= Caly|™“e.
In summary, we have proven that for any € > 0 there exists M = 2R; such that

y Ryl > M = [y|*|u(y)| < Coe.
Therefore, u(xz) = o(|z|~%) as |x|] — oo and by the comparison inequality (3.1), we deduce that
v(z) = o (|z|~#), which completes the proof. O
4. FAST DECAY SOLUTIONS

In order to go further, we proceed by proving that the solution has in fact faster decay rate. As we
shall see, this will be enough to conclude (in the range of parameters studied in the previous section),
thanks to Pohozaev’s identity.

Theorem 8. Letd > 3, p > q > 1 supercritical i.e. m + m < 1— 2. Then, the system (1.1) has

no classical positive solution (u,v) satisfying
u(z) = o(|z[~*), v(z) = o(|lz|77), as|z| = . (4.1)
To prove Theorem 8, we first establish the following decay estimates.
Lemma 10. Letd >3, p > ¢ > 1 and (u,v) a classical positive solution to the system (1.1) such that
u(z) =o(|z|~*), as|z| - . (4.2)
Then, for any small € > 0, there exists two positive constants ¢ and C' such that
cz>~? <wu(z) < Clzl* ¢ and |Vu(z)| < Clz|*=9F¢  for|z| > 1. (4.3)

In addition,
|Vo(z)| = o(|z| %71 as|z| — oc. (4.4)
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Proof. Since u is a non-trivial, positive and superharmonic function, the first inequality in (4.3) is a
standard comparison result. For the proof see e.g. [33, Lemma 2.1].

Now, by Lemma 6, we have
1
T
“Au =P < <p+1> -

T \g+1
_1
Let 0 < e < % By the decay estimate (4.2), there exists R. > 1 such that (%) LR < %, for any
|z] > Re. Therefore,
2
“Au— < 0, for any |z| > R..
|z[?
Now, we can easily check that the functions f, := |2|~%, f; := |2|~° are solutions of
62 . d
x
where a = 952 +,/(452)2 — €2 and b = 42 — | /(%52)2 — €2 Let R > R. and consider w(z) =
R ||u|oo fa(x) + RO~ fy(z). Then, we have
2 . -
(—A—ﬁ) (u—w) <0, inAf := Bg\Bg,, (4.6)
u—w <0, on(’“)Aﬁe.

By the maximum principle, we deduce that v < w in Agﬁ for any R > AII%E. Choosing € > 0 so small
that b — o < 0 and letting R — oo, we conclude that for |z| > R,

u(z) < Clz|~@ < C|z|?~ 4t

To obtain the gradient estimates, we scale and apply standard elliptic regularity. Precisely, given
z € R\ {0} and p = |2|/2, let (@(z),3(z)) = (p®u(z + pz), pPv(2 + pz)) for z € RY. Then, (i, d) still
solves the Lane-Emden system and by standard elliptic regularity

[Va(0)| < C (|07 )| Lo (B + il oo (my)) < CNlaill L (By),

where the last inequality follows from the comparison inequality Lemma 6 and the fact that pg > 1.
Hence, for |z| > 1,
[Vu(z)| < Clz|'~4*,

as claimed. The gradient estimate on v follows similarly. 0

The last crucial ingredient in the proof of Theorem 8 is the following identity of Pohozaev-type (see
[26,32,34]).

Lemma 11. Let p, ¢ > 0 and (u,v) a positive classical solution of (1.1). Then, for any R > 0, there

holds
d d
(e e =) o
p+1 Br q+1 Br

R? W N (Reydo(6) + RO b d,u) (RO)do (0 47
[ (g T ) o0+ [ (et anen) (R0)do(6) (47

+ R / (aruarv - W) (RO)do (6),
Sd—l

R2
where as,as € R satisfy a1 +as =d — 2.
Proof of Theorem 8. We argue by contradiction and suppose that there exists a classical positive so-

lution (u,v) to the system (1.1) which decays faster than the homogeneous solution. Thanks to (4.3),

since ¢ +1 > 4, u € LY (RY). By the comparison inequality (3.1), v € LP*!(R?). We deduce that
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the left-hand side of (4.7) converges as R — +o0o. Thanks to (4.3) and (4.4), we also deduce that all
integrals on the right-hand side of (4.7) converge to 0 as R — +o00. Hence,

L—al /vp+1dx+ L_(ZQ /uq“d:v:(),
p"'l R4 q+1 Rd

for any ai, as satisfying a; + as = d — 2. Take a1 = #, it follows that

d
— —ay wItldz = 0.
g+1 R4
Since —— + 1. < %, we have

p+1 q+1
d d d
)= Y w-2)<o.
( a2> i Bl o)

Therefore, v = 0 in R?, a contradiction. O

From the above tow sections, we conclude the proof of Theorem 6. Moreover, as shown in page 277
of [19], we have xo > 4, Vp > g > 1. Hence, Theorem 1 is a consequence of Theorem 6 and Theorem 7.

5. STABLE HOMOGENEOUS SOLUTIONS

This section is not needed for the proofs of the theorems stated in the introduction. It is written in
order to classify homogeneous solutions and to prepare the reader for the more delicate iteration method
of the next section. Let us restrict to the class of stable homogeneous solutions to the Lane-Emden
system (1.1), in the supercritical case (1.2). Let u(rf) = r=*f(6), v(r) = r=?g(6),,r > 0,0 € §I-1
be a stable homogeneous solution of (1.1). Then (f, g) satisfies

—Dof =N +19P" g, —Dog=—pg+|f|""f in ST (5.1)

Moreover, from Lemma 4, the stability of the homogeneous solution (u,v), it follows that

[ Vel ot [ oz [ AT e voeox(st). (62)
gd—1 gd—1 gd—1
We prove the following theorem.

Theorem 9. Let p > q > 1 such that pg > 1. There exists a stable homogeneous solution to (1.1) if
and only if (1.7) holds.

Proof of Theorem 9. By the discussion in the introduction, it suffices to prove the ”only if” part
of Theorem 9. For this, we proceed by contradiction. Suppose that H? < pglp and (u, v) =
(r=®f(8), r=Pg(#)) is a stable homogeneous solution of (1.1). As in Section 3, we denote 4 = ,/pg2%z

and B = ,/pq%, with b = Z—ﬁa. Multiplying the equations of the system (5.1) by /pq|f|**~2f and
/Pa|g|?*~2g respectively and integrating over S?!, there holds

AL S ooy [ AP do = i [ el d 63)
S’d—l Sd,—l Sd,—l

and
_ 2 _ _
B[ ol dovra [ oo =vpa [ 150 A gde 5)
Sd—1 Sd—1 gd—1
Take a > %1, b= %a > % and let m := % = p4—+bl € (0, 1). By Holder’s inequality, we get
— a— g1 p_1 a(l—m ptl —mTrm
VB[l el o < B [ LIl g < vE oy (59)

gd— gd—

and

—_ — g-1, p-1 _ g+l —m
\/pq/d AT gl g do < \/pq/d = gl el A RERE/777 £ Fa (5.6)
Sd— Sd—
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where I := / If|“T +29g|"F do and I := / If1"= |g|"= T20 do. Combining (5.3)~(5.6), we
Sd— gd—

obtain

_ . o,
(A/Sd_l |v6(|f|a 1f){2 dU"‘\/]Tq)\/Sd_l Kk da) (B/Sd_1 |V9(|g|b 1g)| dU+\/ITqM/Sd_1 P da)
< pqhils.

On the other hand, testing | f|¢~!f and |g|®~'g in the stability inequality (5.2), there holds

a1 12 . 142
van < [ S N deert [ e vt < [ (Solat o)l doit [ lo don

From the last two inequalities, it follows that

(A/sm VoI DI dor W@/gd,l P da) (B /5 [ ollg )| do + o /S N da)

a—1¢y|2 2a bo1 (2 o
<(f v aosn [ eea) ([ 9ot o aosn [ oao).

or equivalently,

_ a—1 p\|2 b—1 |2
aB=1) [ 1905 D do [ Vol ) do
vmaan =) [ Vol o [l do
+vmBA=H) [ Vol o)l do [\
toaa— 1) [ (5P [ oo <o,

(5.7)

Choose a = %1 and so b = %. Since p > ¢ > 1, we have

AB-1= m (16p*¢*> — (¢ +1)*(p+1)%) > 0.

Hence, applying Theorem 7, it follows that f = ¢ = 0if d — 4 < a + B. So, we can assume that

3
d—4 > «a+ . In addition, since p > ¢ > 1, we have gAQ = % = 1% (%) > 1. Recall that

a > B, so that & = §4=2=0 < & < A% Since H? < pghu, we find H < \/pgvVA/fi < \/pgAp. Using
d—4>a+p, We can easily check that Ay < BX and so H < /pqgAup < /pgBA. We have just proved
that all the constants appearing in (5.7) are positive, whence f = g = 0. So, we are done. O

6. THE CASE d —4 > a+ [: AN ITERATION METHOD IN THE SPIRIT OF DE GIORGI

Lemma 12. Let (u,v) be a positive solution of (1.1) satisfying (1.8) in Bs. Assume that d—4 > a+f
and (1.7) holds. Then, there exist constants C > 0 and o € (0,1) depending on d,p,q only such that
letting U = u/us, V. =v/vs, a=(q+1)/2 and b = (p+ 1)/2, there holds

U1 Ulle sy + VIV llo ) < C. (6.1)

Proof. We divide our proof into three steps.
Step 1: Basic identities. Let a > 1, ¢ € C}(By), multiply the first equation of the system by
|u|?*~2uep? and integrate. The left-hand side is equal to

/Vu . V(\u|2a_2uga2)

(2a—1)/|u|2“_2|Vu|2g02+/|u\2“_2uVuV<p2

1
— u)\2@2+%/V|U|2aV<p2
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1
_ + o0 [ Vv
- AP+ /| |2“( wﬁw—Aw)
Next, choose ¢ = @o), where @o(z) = |2[**~“Z" and ¢ € CL(R?\ {0}). Then,
= (Apo)Y +2Vy - VY + oAt
and
AP = (Ap)P? + 2V 5 - Vi + g A
Let R (for rest) be defined by
2a -1 20 -1 1
pAp — A¢%=< 5 %AWr—A%>w”—R
2a a 2a
where
1 1 a—1
R= 35V} Vi + (Ve — v Av) ¢, (6.2)
By direct computation, we have
2a—1 (20— 1 d—2\2 1 o2
A 7A2: 2_(=—= — — (2aa(2aa — (d —2))) | =%
PoRPYo — 2. %o a2 ((aa’) ( 92 ) > 2 ( aa’( aa (d )))] |SC‘2
[ 2a—1(d—2\> 02
2 2 0
_ |y 21 d—2\*| ¢
a? 2 x)?

So, we just proved that for ¢ = o),

/Vu V(Jul**%u

The right hand-side is equal to

a3 251 (152)) [ SR L

/vp71v|u|2“72u<p2.
Introducing the quadratic forms

Qﬂf)/(lVfIz(dQQ)Qli;), - [ L

and the numbers Q1 = Q1 (|u|"tup), Q2 = Q2(|u|*tuy), S = [vP~Ww|u|?*2up?, T = [ R|u|*?, we
conclude that

2

a4 =S+T. (6.3)

: <+1 M d—2 L. .
The choice a = £2= makes the expression of @g(z) = |z| -T ~ 72 gymmetric in the variables (p, q).
Hence, choosing b = p"QH, we may assert that for the same functions ¢ = gy and R, there holds

2

Ql +pQy =5 +1T', (6.4)

where Q] = Q([v|*~tvyp), Q4 = Q2(|v|bflvg0), = [|u|"" u|v|*"2vp? and T" = [ R|v|*. For this

choice of @ and b we have S = S’.

Step 2: Q1+ Q) <|T|+[T'| and Q2 + Q5 < [T[+|T"].
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Multiplying (6.3) and (6.4) we find

4q 4p , , ) ) ) /
<(q+1)2 >((p+1)2Q1+#Q2>_(S+T)(S+T) S2+S(T+T)+TT
If € > 0 is small enough, the above inequality yields
<(A+e)S2+CE)T* +T7). 6.5
<@+1)Qr+(b><(+_)Q1+uQJ(+e) +CEe)(T*+T7) (6.5)
+1 L

Now, recalling the choice a = 5=,b =

_ 5
[t < [l < ([ e) ([

Applying (1.8) with test functions |v|’~!

[l ujop-2og?

Similarly,

/vpflv|u‘2a72

Multiplying both mequahtles, we find

Wsé@HJmM@+H%> (6.6)

, the Cauchy-Schwarz inequality yields

3
21g02>

‘afl

vy and |u vy, we deduce that

We plug this last estimate into (6.5) to find

(AB — (1 +¢)) QuQ} + (pap — (1 +€)H?) Q205 + (vpaAp — (1 +)H) 1@}
+(VPgBA = (1+)H) Q2 < C(T? + T7),
where, as above, we denote A := \/17q2“ = \ﬁ +1 > and B := /pq %;1 = \/]Tq(pﬂ) By the
computations made at the end of the previous sectlon we have AB > 1, \/pgAp > H and /pgBX > H.

Then, using (1.7) and choosing € > 0 small enough we find that all coefﬁcients of the above inequality
are positive. This yields

max{Q1Q}, Q2Q%, Q1Q5, Q1Q2} < C(T* +T7).
Combing back to (6.6) we find S? < C(T? +T"?), so |S| < C(|T| + |T")).
Step 3: Conclusion.

Let us start with the inequality Q2 + Q5 < C(|T| + |T’|) which we established in Step 2 above.
Setting

U=2 andV=2"2,

Us Us

[l (et vty <c [ (o ).

Take first ¢ (z) = ¥1(x) a standard cut-off function which is identical to 1 in B; and vanishes outside
of By. Then, the expression of R in (6.2) and the above estimate yield

[ et sprty <o [ (ot ),
By

we find

Bz\Bl
that is,

[ et s vpt) < [ jad(ie i),
B,

B>

<</| (1ol v “4/Uﬂ§ ym(/whml 2 — /ﬂhg)
</|”“ /%%:></WW“1|/%$>

)@

2)1/2
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for some ¢ € (0,1) which depends only on p, g and d. By rescaling and iterating, we deduce that there
exist C,C" > 0 and o € (0,1) depend only on p, ¢ and d such that

/ e~ (Uje VP SC’rQ"/ (U V) <O forall € (0,1), (67)
Br BQ\Bl

where we used the energy estimate (3.8) with (a,8) = (%*, 1) and the comparison between components

(3.1) in the last inequality.
We now turn to the inequality @1 + Q) < C(|T| + |T”|) in which we take (x) = 1 (x/r). Using
(6.7) we deduce

a—1 _d=2 12 b—1 S NE A, .20
V(U Ul )|+ [V VP VI < G (6.5)
B,

where, as before C' depends only on p, ¢ and d. The identity

[ 9= = (452 [ Lo+ [areonf

2 22
applied to (6.8) leads us to

TQ][ (Vw2 o + v v P-tv ) < o (6.9)
B

By the invariance to translation, the above estimate holds for any ball B,.(z) C By, r € (0,1). If we
set ¢ = |U|*7'U and (, , the spherical average of ¢ over B, (z), from Poincaré-Wirtinger and (6.9) we

find
1/2 1/2
][ ¢ = Carl < (7[ |<—<w|2> < (72][ |v<|2> < Cor.
Br(x) B,(.’/C) Br(x)

The characterization of Holder functions due to Campanato yields

I¢(z) — C(y)| < Cslz —y|7  forall z,y € Byjs. (6.10)

A similar inequality holds for & = |V|*~!V and this concludes our proof. O

7. THE CASE d —4 > o+ 3: ASYMPTOTICS OF SOLUTIONS STABLE OUTSIDE A COMPACT SET
Lemma 13. Let (u,v) be a positive solution of (1.1) satisfying (1.8). Assume that (1.7) holds. Then,
lz|“u(z) = 0 and |z|°v(z) =0 as|z| = oco. (7.1)

Proof. Without loosing any generality, we may assume that (u,v) satisfies (1.8) with K = B;. Let
z € R4\ By and p = |z|/4. Then the pair (@, 7) defined as

i) = p*ulz+ pa), ox) = pPu(z + pr) (7.2)

is a solution of (1.1) satisfying (1.8) in By. Letting U = @i/us and V = @/v,, we have by Lemma 12
that U® and V? are Holder continuous in B, s2- In particular (6.10) yields

|U(z) — Uy)| < Clz—y|” for all z,y € Bys.
Letting X = z + px and Y = 2z + py, the above estimate implies
|U“(X) = U*(Y)| < Cp ™ 7IX =Y|° forall X,Y € B,(z),

where, as in Lemma 12, we denote U = u/us and V = v/v,. Averaging the above inequality in the Y
variable over a ball of small radius 1/p leads to

’U“(X) - ][ U“(Y)dY‘ < Cp*aa*"][ X = Y[7dY = Cp~2°  forall X € B,4(2).
Bl/p(X) Bl/p(X)
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We next let p = |z|/4 — oo. Since X € B,/4(z), this also implies |X| > |z| — p/4 — co. Hence, for
p = |z|/2 large enough the above estimate yields

U“(X)—][ U*—=0 asp— oo.
B/, (X)

By (6.7) (applied to a translation of U), one has

][ U*—0 asp— oo
B/, (X)

Thus, U%(X) — 0 as X — oo. A similar conclusion holds for V* and we conclude. O

We can now apply Section 4 to conclude that Theorems 4 and 2 hold.

ACKNOWLEDGEMENT

H. Hajlaoui received funding from Claude Bernard University Lyon 1 (UCBL). Part of this work
was done while he was visiting Lyon. He thanks the Department of Mathematics and the Faculty of
Sciences for the kind hospitality and for the financial support.

REFERENCES

[1] A. Bahri and P.-L. Lions, Solutions of superlinear elliptic equations and their Morse indices, Comm. Pure Appl.
Math. 45 (1992), no. 9, 1205-1215, DOI 10.1002/cpa.3160450908. MR1177482

[2] Xavier Cabré, Alessio Figalli, Xavier Ros-Oton, and Joaquim Serra, Stable solutions to semilinear elliptic equa-
tions are smooth up to dimension 9, Acta Math. 224 (2020), no. 2, 187-252, DOI 10.4310/acta.2020.v224.n2.al.
MRA4117051

[3] S. Campanato, Proprieta di holderianita di alcune classi di funzioni, Ann. Scuola Norm. Sup. Pisa ClL. Sci. (3) 17
(1963), 175-188 (Italian). MR156188

[4] W. Chen, L. Dupaigne and M. Ghergu, A new critical curve for the Lane-Emden system, Discrete Contin. Dyn.
Syst., 34 (2014), 2469—2479.

[5] C. Cowan, Liouville theorems for stable Lane-Emden systems and biharmonic problems, Nonlinearity, 26 (2013),
2357-2371.

[6] Craig Cowan, Pierpaolo Esposito, and Nassif Ghoussoub, Regularity of extremal solutions in fourth order mon-
linear eigenvalue problems on gemeral domains, Discrete Contin. Dyn. Syst. 28 (2010), no. 3, 1033-1050, DOI
10.3934/dcds.2010.28.1033. MR2644777

[7] C. Cowan and N. Ghoussoub, Regularity of semi-stable solutions to fourth order nonlinear eigenvalue problems on
general domains, Calc. Var. PDE., 49 (2014), 291-305.

[8] Michael G. Crandall and Paul H. Rabinowitz, Some continuation and variational methods for positive solu-
tions of nonlinear elliptic eigenvalue problems, Arch. Rational Mech. Anal. 58 (1975), no. 3, 207-218, DOI
10.1007/BF00280741. MR382848

[9] J. Dévila, L. Dupaigne, K. Wang and J. Wei, A monotonicity formula and a Liouville-type theorem for a fourth
order supercritical problem, Adv. Math., 258 (2014), 240-285.

[10] Ennio De Giorgi, Sulla differenziabilita e analiticita delle estremali degli integrali multipli regolari, Mem. Accad.
Sci. Torino. CL Sci. Fis. Mat. Nat. (3) 3 (1957), 25-43 (Italian). MR0093649

[11] Baptiste Devyver, On the finiteness of the Morse index for Schrédinger operators, Manuscripta Math. 139 (2012),
no. 1-2, 249-271, DOI 10.1007/s00229-011-0522-1. MR2959680

[12] L. Dupaigne, A. Farina and B. Sirakov, Regularity of the extremal solutions for the Liouville system, in: Geometric
Partial Differential Equations, in: Publications of the Scuola Normale Superiore/CRM Series, 15 (2013), 139-144.

[13] Louis Dupaigne, Marius Ghergu, Olivier Goubet, and Guillaume Warnault, The Gel’fand problem for the biharmonic
operator, Arch. Ration. Mech. Anal. 208 (2013), no. 3, 725-752, DOI 10.1007/s00205-013-0613-0. MR3048594

[14] A. Farina, On the classification of solutions of the Lane-Emden equation on unbounded domains of RY, J. Math.
Pures Appl., 87 (2007), 537-561.

[15] M. Fazly, Liouville type theorems for stable solutions of certain elliptic systems, Adv. Nonlinear Stud., 12 (2012),
1-17.

[16] Filippo Gazzola and Hans-Christoph Grunau, Radial entire solutions for supercritical biharmonic equations, Math.
Ann. 334 (2006), no. 4, 905-936, DOI 10.1007/s00208-005-0748-x. MR2209261

[17] Zongming Guo and Juncheng Wei, Qualitative properties of entire radial solutions for a biharmonic equation with
supercritical nonlinearity, Proc. Amer. Math. Soc. 138 (2010), no. 11, 3957-3964, DOI 10.1090/S0002-9939-10-
10374-8. MR2679617

[18] H. Hajlaoui, On the regularity and partial regularity of extremal solutions of a Lane-Emden system, Proceedings of
the AMS 147(5) (2019), 1987-1998.



20

LOUIS DUPAIGNE, MARIUS GHERGU, AND HATEM HAJLAOUI

[19] H. Hajlaoui, A. Harrabi and F. Mtiri, Liouville theorems for stable solutions of the weighted Lane-Emden system.

Discrete Contin. Dyn. Syst. 87, 1 (2017), 265-279.

[20] H. Hajlaoui, A. Harrabi and D. Ye, On stable solutions of the biharmonic problem with polynomial growth, Pacific

J. Math., 270 (2014), 79-93.

[21] L. Hu, Liouville type results for semi-stable solutions of the weighted Lane-Emden system, J. Math. Anal. Appl.,

432 (2015), 429-440.

[22] Josephus Hulshof and Robertus C. A. M. van der Vorst, Asymptotic behaviour of ground states, Proc. Amer. Math.

Soc. 124 (1996), no. 8, 2423-2431, DOI 10.1090/50002-9939-96-03669-6. MR1363170

[23] D. D. Joseph and T. S. Lundgren, Quasilinear Dirichlet problems driven by positive sources, Arch. Rational Mech.

Anal., 49 (1973), 241-269.

[24] Paschalis Karageorgis, Stability and intersection properties of solutions to the nonlinear biharmonic equation, Non-

linearity 22 (2009), no. 7, 1653-1661, DOI 10.1088/0951-7715/22/7/009. MR2519683

[25] P.-L. Lions, The concentration-compactness principle in the calculus of variations. The limit case. I, Rev. Mat.

Iberoamericana 1 (1985), no. 1, 145-201, DOI 10.4171/RMI/6. MR834360

[26] E. Mitidieri, A Rellich type identity and applications, Comm. Partial Diff. Equations, 18 (1993), 125-151.
[27] Enzo Mitidieri, Nonezistence of positive solutions of semilinear elliptic systems in RY, Differential Integral Equa-

tions 9 (1996), no. 3, 465-479. MR1371702

[28] E. Mitidieri and S. Pohozaev, A priori estimates and the absence of solutions of nonlinear partial differential

equations and inequalities, Tr. Mat. Inst. Steklova, 234 (2001), 1-384.

[29] Jiirgen Moser, A new proof of De Giorgi’s theorem concerning the regularity problem for elliptic differential equa-

tions, Comm. Pure Appl. Math. 13 (1960), 457-468, DOI 10.1002/cpa.3160130308. MR170091

[30] F. Mtiri and D. Ye, Liouville theorems for stable at infinity solutions of Lane-Emden system, Nonlinearity 32, 3

(2019), 910-926.

[31] Q. H. Phan, Liouville-type theorems and bounds of solutions for Hardy—H “enon elliptic systems, Adv. Diff. Eqns,

17 (2012), 605-634.

[32] P. Pucci and J. Serrin, A general variational identity, Indiana Univ. Math. J., 35 (1986), 681-703.
[33] J. Serrin and H. Zou, Non-existence of positive solutions of Lane-Emden systems, Diff. Integr. Equations, 9 (1996),

635-653.

[34] P. Souplet, The proof of the Lane-Emden conjecture in four space dimensions, Adv. Math., 221 (2009), 1409-1427.
[35] J. Wei and D. Ye, Liouville theorems for stable solutions of biharmonic problem, Math. Ann., 356 (2013), 1599—

1612.

INsTITUT CAMILLE JORDAN, UMR CNRS 5208, UNIVERSITE CLAUDE BERNARD LYON 1, VILLEURBANNE, FRANCE
Email address: louis.dupaigne@math.cnrs.fr

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY COLLEGE DUBLIN, BELFIELD CAMPUS, DUBLIN 4, IRELAND

INSTITUTE OF MATHEMATICS OF THE ROMANIAN ACADEMY, 21 CALEA GRIVITEI ST., 010702 BUCHAREST, ROMANIA
Email address: marius.ghergu@ucd.ie

HIGHER INSTITUTE OF APPLIED MATHEMATICS AND COMPUTER SCIENCES OF KATROUAN, TUNISIA
Email address: hajlaouihatem@gmail.com



	1. Introduction
	2. Stability revisited
	3. The case +d-4
	4. Fast decay solutions
	5. Stable homogeneous solutions
	6. The case d-4>+: an iteration method in the spirit of De Giorgi
	7. The case d-4>+: asymptotics of solutions stable outside a compact set
	Acknowledgement
	References

