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MODELLING ACOUSTIC SPACE-COILED METACRYSTALS∗1

JOAR ZHOU HAGSTRÖM † , KIM PHAM † , AND AGNÈS MAUREL ‡2

Abstract. We present an effective model of ”space-coiled metacrystals” composed of a periodic3
array of sound rigid blocks into which long slots have been coiled up. The periodic cell of the block4
contains a coiled slot whose straight parts are at wavelength scale, which enables the appearance of5
Bragg resonances. These resonances, which prevent high transmission, compete with the Fabry-Pérot6
resonances of the entire slot, which foster perfect transmission. This results in complex scattering7
properties driven by the characteristics of the turning regions that act as atoms in a one-dimensional8
coiled crystal. Using appropriate scaling and combining two-scale homogenization with matched9
asymptotic techniques, the modelling of such metacrystals is proposed. The resulting model is10
validated through a comparison with full-wave numerics in both harmonic and transient regimes.11

Key words. Space-coiling, resonant metasurface, crystal, two-scale homogenization, asymptotic12
analysis13

AMS subject classifications. 34E13, 35B27, 35L05, 76B1514

1. Introduction. Many devices used to control the propagation of acoustic15

waves are based on arrangements of guiding slots. The simplest example is that16

of a sound-rigid wall pierced by a regular array of straight slots whose periodicity is17

less than the wavelength. When the wall has a thickness comparable to the wave-18

length, Fabry-Pérot type resonances appear, which have been exploited for practical19

applications [12, 2]. About ten years ago, the idea emerged that it would be possi-20

ble to use devices with sub-wavelength thicknesses, called ”metasurfaces”, capable of21

interacting strongly with waves [20]. With this in mind, Liang and Li [11] proposed22

to promote the straight slot array into the family of metasurfaces by rolling up the23

slots in the unit cell with the intuitive idea that the straight slots and their rolled-24

up version behave in the same way. Based on this concept of spaced-coil structures,25

applications have been proposed for the acoustic lensing [8, 16, 17], unidirectional26

transmission [7, 16, 9] and negative refraction [19, 10]. From a theoretical point of27

view, a heuristic model was initially proposed in [9, 1], which is essentially based (but28

not explicitly stated) on the homogenisation of a straight slit grating whose length is29

that of the uncoiled path. Such approaches are justified for these structures since the30

dimensions of the unit cell are subwavelength, but this implies that the straight parts31

of the labyrinth between the turning regions are also subwavelength [21]. As a result,32

the scattering turning regions have only a weak effect on wave propagation and the33

labyrinthine structure behaves as a homogeneous anisotropic block producing perfect34

transmissions at the Fabry-Pérot resonances at low frequencies.35

In the present study, we consider labyrinths whose longest straight parts (of length36

ℓ, see figure 1(a)) are of wavelength size. This way, the turning regions have strong37

scattering effects that make possible the appearance of Bragg band-gaps, as they38

behave like the atoms of a one-dimensional coiled crystal. Besides, we keep the peri-39
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ŝ(!)
<latexit sha1_base64="TccuJpAq4omQZrt+tF38G5tkQO0="></latexit>

c⌧/h = 3
<latexit sha1_base64="Akjj523RbXbd70JjczhPvRFd880="></latexit>

c⌧/h = 1
<latexit sha1_base64="btX1uNPVRe3I4L7vokWDqf1TSzQ="></latexit>

c⌧/h = 2
<latexit sha1_base64="6ieS5YsNfGvo7DRhzsRatKtXQ4A="></latexit>

numerics
<latexit sha1_base64="D91V0wHTEe9j8SVqQCBtKSkz2tY="></latexit>

order 0
<latexit sha1_base64="CcnMckKWcKfNx6N3z2lrxhilTms="></latexit>

order 1
<latexit sha1_base64="UJpWFLGttpL0Hq4sR7LkwmBajd0="></latexit>

0
<latexit sha1_base64="4pbCBD7lp2r1eJA0P5+9jdGz1RY="></latexit>

4.5
<latexit sha1_base64="/dqEq3LXde/tIwcNnfezGdZyydU="></latexit>!h/c

<latexit sha1_base64="6L59k1UqdnIbhqedOvYEFF0LkDY="></latexit>

0
<latexit sha1_base64="4pbCBD7lp2r1eJA0P5+9jdGz1RY="></latexit>

4.5
<latexit sha1_base64="/dqEq3LXde/tIwcNnfezGdZyydU="></latexit>!h/c

<latexit sha1_base64="6L59k1UqdnIbhqedOvYEFF0LkDY="></latexit>

0
<latexit sha1_base64="4pbCBD7lp2r1eJA0P5+9jdGz1RY="></latexit>

4.5
<latexit sha1_base64="/dqEq3LXde/tIwcNnfezGdZyydU="></latexit>!h/c

<latexit sha1_base64="6L59k1UqdnIbhqedOvYEFF0LkDY="></latexit>

0
<latexit sha1_base64="4pbCBD7lp2r1eJA0P5+9jdGz1RY="></latexit>

1<latexit sha1_base64="Lu7onlJMRbPqJO7dOmc6AIbsJqo="></latexit>

|ŝ(
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Fig. 1. (a) Geometry of the space-coiled metacrystal; the unit cell (in orange) contains a coiled
slot whose straight parts, of length ℓ, are of wavelength size while the periodicity h is subwavelength.
(b) Scattering of an incident wave with wavevector k; the reported fields have been calculated nu-
merically for an incident plane wave at incidence 45◦ (kℓ = 0.41, ℓ = 2h with zero wall thicknesses).

odicity h of the structure on a subwavelength scale so that both the Bragg resonances40

and the Fabry-Pérot resonances of the entire (uncoiled) slot occur in a low frequency41

regime, i.e., in a regime where the grating supports a single diffraction order. It results42

in a complex scattering due to the competition between the two types of resonances,43

the Fabry-Pérot resonances fostering high transmission and the Bragg resonances pre-44

venting it. In what follows, we build an effective model that captures these scattering45

properties. To do so, we combine model reduction in straight regions to capture prop-46

agation, two-scale homogenization to deal with periodicity, and suitable asymptotic47

techniques to deal with the evanescent field triggered in the turning regions and at48

the labyrinth extremities. The paper is organized as follows. In §2, we present the49

effective model whose derivation is detailed in §3. The derivation is performed in the50

time domain, which allows us to discuss the energy properties of the effective model;51

this is done in §4. The validation of the model is presented in §5 by comparisons with52

direct numerical calculations in the harmonic and transient domains.53

2. Main results.54

2.1. The actual problem. We consider the scattering of acoustic waves by55

a metacrystal as shown in figure 1. It is made of a periodic arrangement of unit56

cells along the vertical, x2, direction with subwavelength periodicity h and horizontal57

thickness ℓ (along x1). Each cell contains a coiled slot resulting in N horizontal58

slots connected between them through turning regions. Note that for a transmissive59

structure, N is odd (N = 1 corresponds to a straight, uncoiled, slot and we show the60

case N = 3 in figure 1). In the air, the acoustic pressure p and velocity u satisfy the61

linearized Euler equations62

(2.1)
∂u

∂t
= − 1

ρa

∇p, χa

∂p

∂t
+ divu = 0, u · n|Γ = 0,63

where (ρa, χa) are the mass density and the compressibility of the air (and t is the64

time). The problem is complemented by Neumann boundary conditions on the pres-65

sure (vanishing normal velocity) applying on the boundaries Γ of the sound-rigid66

walls.67

This manuscript is for review purposes only.
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2.2. The effective problem. In the effective model, whose derivation is de-68

tailed in the forthcoming §3, we distinguish two regions, as sketched in figure 2. In69

the regions surrounding the metacrystal, for x1 /∈ (0, ℓ), the linearized Euler equations70

apply, namely71

(2.2)
∂u

∂t
= − 1

ρa

∇p, χa

∂p

∂t
+ divu = 0, for x1 /∈ (0, ℓ),72

with p and u depending of x and t as in the actual problem.73

In the metacrystalline region x1 ∈ (0, ℓ), we denote (P,U) the acoustic pressure74

and velocity, respectively. This region is described in terms of a strongly anisotropic75

effective medium, the spatial variable x1 being replaced by the curvilinear abscissa s,76

s ∈ (0, Lt) with Lt = Nℓ the total length of the coiled slot. In each straight part of77

the slot, for s ∈ (s+n , s
−
n+1), n ∈ {0, . . . , N−1}, (blue segments associated with specific78

s-orientation in figure 2), (P,U) satisfy the one-dimensional propagation equations79

(2.3)
∂U

∂t
= − δ

ρa

∂P

∂s
, χaδ

∂P

∂t
+

∂U

∂s
= 0, for s ∈ (s+n , s

−
n+1),80

where81

(2.4) s+0 = 0, s−N = Nℓ, and s±n = nℓ± e, n ∈ {0, . . . , N − 1},82

with e = (η + γ)h the width of the turning region (δ, η and γ are non-dimensional83

geometrical parameters defined in figure 3). Note that the fields (P,U) depend on s84

which allows us to describe the propagation within a single cell but they also depend85

on x2 which allows us to describe the field variations from one cell to the others86

(and they depend on time t). Next, the effect of a turning region connecting two87

consecutive slots (sketched in red in figure 2) is encapsulated in jump conditions of88

the form89

(2.5)


JP Kn = −ρahD

∂⟨U⟩n
∂t

− h(δ + ξ)
∂⟨P ⟩n
∂x2

,

JUKn = −χah(2δ + ξ)η
∂⟨P ⟩n
∂t

− h(δ + ξ)
∂⟨U⟩n
∂x2

,

90
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Fig. 2. The effective problem where the unit cell of the metacrystal has been replaced by a
homogenized anisotropic region with one-dimensional propagation. It is set on a curvilinear coordi-
nate s that follows the coiled path (blue lines). Jump conditions account for boundary layer effects
in the turning regions (red dotted lines) and at the extremities of the coiled slot connected to the
surrounding air (green dotted lines). The actual rigid, pierced, block is shown in light grey to assist
in the understanding.
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for n ∈ {1, . . . , N −1} (ξ is a non-dimensional geometrical parameter defined in figure91

3), and where the jump and the average of the field F = (P,U) are defined by92

JF Kn = F (s+n , x2, t)− F (s−n , x2, t), ⟨F ⟩n =
1

2

(
F (s+n , x2, t) + F (s−n , x2, t)

)
.93

Eventually at the extremities s = s+0 and s = s−N of the coiled slot, which communicate94

with the surrounding air at x1 = 0 and x1 = ℓ (these regions are sketched in green in95

figure 2), jump conditions of a different type apply, of the form96

(2.6) n ∈ {0, N},


JP Kn = −ρahB

∂⟨U⟩n
∂t

,

JUKn = −hC ∂Wn

∂x2
, where

∂Wn

∂t
= − 1

ρa

∂⟨P ⟩n
∂x2

,

97

where we have defined, for f = (p, u1) and F = (P,U), the jumps98 
JF K0 = F (s+0 , x2, t)− f(0−, x2, t), ⟨F ⟩0 =

1

2

(
F (s+0 , x2, t) + f(0−, x2, t)

)
,

JF KN = f(ℓ+, x2, t)− F (s−N , x2, t), ⟨F ⟩N =
1

2

(
f(ℓ+, x2, t) + F (s−N , x2, t)

)
.

99

The effective model involves, in addition to geometrical parameters, three effective100

parameters (B, C,D) which are boundary layer coefficients given by elementary static101

problems that will appear in the asymptotic analysis.102
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Fig. 3. Decomposition of the unit cell into sub-regions requiring appropriate asymptotic analy-
sis. In the straight parts of the coiled slot (blue area) the propagation is accounted for; in the turning
regions connecting two of these straight slots (red area) and in the regions connecting the extremi-
ties of the coiled slot to the surrounding air (green area), matched asymptotic methods are used to
capture the effect of the boundary layers.

We notice that the model results from an analysis conducted at order 1 with103

respect to the small parameter kh ≪ 1 which is a measure of the subwavelength104

regime. We will see in the forthcoming section that the model at order 0 (limit105

problem) is trivial because it corresponds to an uncoiled slot. This means that, in the106

x1 ∈ (0, ℓ) crystalline region, (2.3) applies to the whole uncoiled slot, i.e., s ∈ (0, Nℓ),107

since the jump conditions in (2.5) reduce to continuity conditions JP Kn = JUKn = 0.108

The same is true at the ends s = 0 and s = Nℓ in (2.6) (without effect of evanescent109

fields triggered at the junction of a slot with the surrounding regions). By neglecting110

the evanescent fields at the extremities of the slot, the model at order 0 gives a rough111

This manuscript is for review purposes only.
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estimate of the Fabry-Pérot resonances. This is true for straight slots and the (mild)112

gain obtained with the model at order 1 has been discussed in [14]. In contrast, by113

neglecting the effects of evanescent fields in the turning regions, the model at order114

0 completely misses the Bragg resonances. We will see in §5 that this results in a115

serious lack of accuracy.116

3. Derivation of the effective model. We derive in this section the effective117

model based on asymptotic analysis valid in the subwavelength regime which means118

that the typical wavelength is much smaller than the unit cell length h. As we are119

working in the time domain, the subwavelength regime implicitly assumes that the120

spectral content of the sources, once they will be defined, is limited by a maximum121

angular frequency ω satisfying122

ε = kh ≪ 1, k = ω/c,123

with c = 1/
√
ρaχa the speed of sound. We also consider124

kℓ = O(1), η, ξ, δ, γ = O(1),125

hence N = O(1) (see figure 3). In the following, we shall use non-dimensional forms126

of the linearized Euler equations (2.1), with127

(3.1) p → χap, u → u/c, t → ωt, x → ωx/c,128

resulting in129

(3.2)
∂u

∂t
= −∇p,

∂p

∂t
+ divu = 0, u · n|Γ = 0.130

In the asymptotic procedure, we shall consider sub-regions where appropriate131

analysis will be achieved. Specifically, as sketched in figure 3 (the figure uses the132

same color code as in figure 2), we shall distinguish the straight parts of the coiled133

slot (blue area) where one-dimensional wave propagation takes place resulting in (2.3),134

the turning regions connecting two straight slots (red area) and eventually the regions135

connecting the coiled slot to the surrounding air (green area). These two families of136

intermediate regions involve evanescent fields whose signatures in the effective model137

are the jump conditions announced in (2.5) and (2.6).138

3.1. Effective propagation in the straight parts of the coiled slot.139

3.1.1. Setting of the asymptotic procedure. In the straight slots far from140

the turning regions, the medium is structured along x2 only. Hence, we assume the141

following expansions142

(3.3) pε =
∑
i⩾0

εipi(x, y2, t) , uε =
∑
i⩾0

εiui(x, y2, t) with ui = uie1 + vie2,143

where (e1, e2) are the unit vectors along x1 and x2. The variable y2 = x2/ε ∈ (0, 1)144

is a fast variable describing the vertical position towards the N slots. We denote Y(n)145

the region of the n-th slot within the unit cell y2 ∈ (0, 1), specifically146

(3.4) Y(n) = (y(n) − δ/2, y(n) + δ/2), y(n) = (n− 1)(δ + ξ) + δ/2,147

This manuscript is for review purposes only.



6 J. ZHOU HAGSTRÖM, K. PHAM, AND A. MAUREL

see figure 4. For the n-th slot and at any order i, we define the average pressure field148

pi(n) and the flow rate ui
(n) as149

(3.5) pi(n)(x, t) =
1

δ

∫
Y(n)

pi(x, y2, t) dy2, ui
(n)(x, t) =

∫
Y(n)

ui(x, y2, t) dy2,150

which are the effective, macroscopic, fields we are interested in. The Neumann condi-
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Fig. 4. The one-dimensional representative cell defined by y2 ∈ (0, 1) inside the coiled region
far from the extremities. It is made of N segments of thickness δ (blue region) separated by walls
of thickness ξ (grey region).

151

tion on the horizontal rigid walls, separating each slot from the other, holds at each152

order of the expansion and reads153

(3.6) vi(x, y(n) ± δ/2, t) = 0.154

Due to the two-scale expansions in (3.3), the divergence operator and the gradient155

operator now read156

(3.7) divf = divxf +
1

ε

∂f

∂y2
· e2, ∇f = ∇xf +

1

ε

∂f

∂y2
e2,157

for any vectorial function f(x, y2, t) and for any scalar function f(x, y2, t). Accord-158

ingly, applying the differential operators (3.7) to (3.2) along with (3.3) and identifying159

the terms with same powers in ε, we obtain160


∂v0

∂y2
= 0,

∂pi

∂t
+ divxu

i +
∂vi+1

∂y2
= 0 for i ≥ 0,

∂p0

∂y2
= 0,

∂ui

∂t
= −∇xp

i − ∂pi+1

∂y2
e2 for i ≥ 0.

(3.8)161

3.1.2. The order 0 in the slots. We deduce from the leading order in (3.8)162

that p0 and v0 take constant values in each slot (yet possible different values due to163

the rigid walls between the slots). Using the definition (3.5) of the average, we get164

(3.9) p0(x, y2 ∈ Y(n), t) = p0(n)(x, t).165
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and from the Neumann boundary conditions (3.6), we have166

(3.10) v0(x, y2 ∈ Y(n), t) = 0.167

At the next order in (3.8), we obtain that ∂u0

∂t = − ∂p0

∂x1
with p0 piecewise constant.168

We deduce using (3.5) that169

u0(x, y2 ∈ Y(n), t) =
1

δ
u0
(n)(x, t)e1.170

Next, integrating the mass balance in (3.8) at order i = 0 over Y(n) and using (3.5) as171

well as Neumann boundary conditions (3.6) to get rid of the contribution of v1 at the172

walls, we also obtain173

(3.11)
∂u0

(n)

∂t
+ δ

∂p0(n)
∂x1

= 0,
∂u0

(n)

∂x1
+ δ

∂p0(n)
∂t

= 0,174

which describes the expected one-dimensional propagation in the n-th slot.175

3.1.3. The order 1 in the slots. From the balance of mass given by (3.8)176

(with i = 0) and equations (3.9) and (3.11) derived at the dominant order, we get177

that ∂p0

∂t + divxu
0 = 0, hence we have ∂y2v

1 = 0 and v1 is piecewise constant. By178

taking into account the Neumann boundary conditions (3.6) at order 1, we deduce179

that v1 = 0 in all the slots. From the balance of momentum in (3.8) along e2 at order180

0 and (3.10), we have 0 = −∂p1

∂y2
− ∂p0

∂x2
, which after integration gives181

(3.12) p1 = (y(n) − y2)
∂p0(n)
∂x2

+ p1(n),182

with
∫
Y(n)

(y(n) − y2) dy2 = 0. Integrating the mass balance (3.8) for i = 1 and using183

the Neumann boundary conditions (3.6), we get the one-dimensional wave equation184

at the first order in the n-th slot185

(3.13)
∂u1

(n)

∂t
+ δ

∂p1(n)
∂x1

= 0,
∂u1

(n)

∂x1
+ δ

∂p1(n)
∂t

= 0,186

which is the same as the one obtained at order 0.187

3.2. Solutions in the air far from the material. Since the surrounding air188

for x1 /∈ (0, ℓ) is a homogeneous medium, the asymptotic expansion is straightforward189

and does not involve two scales expansion. Specifically, we have190

(3.14) pε =
∑
i⩾0

εipi(x, t) , uε =
∑
i⩾0

εiui(x, t),191

which after injection in (3.2) results at each order in192

(3.15) ∀i ≥ 0,
∂pi

∂t
+ divxu

i = 0 ,
∂ui

∂t
= −∇xp

i.193

3.3. Analysis at the junctions at the entry/exit of the slot. We shall now194

derive the effective jump conditions applying between the extremities of the coiled slot195

and the surrounding air. The analysis is presented at the extremity x1 = 0 as the196

jump conditions at x1 = ℓ can be deduced by mirroring the analysis.197
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3.3.1. Setting of the asymptotic procedure. It consists in matching the198

outer expansions (3.3) and (3.14) through an intermediate inner region governed199

by boundary layer effect. To do that, we introduce the representative unit cell Y,200

obtained by rescaling spatially the extremity of the slot near x1 = 0 owing to the201

variable y = x/ε, see figure 5. This cell is the union Y = Y+∪Y− of the semi-infinite

<latexit sha1_base64="Ey54ul3yUBhT8x7lPS14iNdyZJg="></latexit>y2

<latexit sha1_base64="Oms5gfnlq71H15AfWi2IlLtcSqc="></latexit>y1

<latexit sha1_base64="C2K1UQDzcFGPesqcgrPI/BcuGig="></latexit>

1

<latexit sha1_base64="eTLN38E9ibSJ9dUJJ/oNS4vZUHs="></latexit>

�
<latexit sha1_base64="9vU+5HH/dHTp+5/4Dru81xiMkrc="></latexit>

Y(1)

<latexit sha1_base64="WPH0Pk7pH8Yy++29aNtLaUBCLbo="></latexit>Y�

<latexit sha1_base64="6dsX5zKP1zUdxTrHA8S6r5LnA1M="></latexit>

Y+

Fig. 5. The representative unit cell Y = Y+ ∪ Y− near one extremity of the slot at x1 = 0
connects the surrounding air (green region) to the interior of the slot (blue region).

202
region Y− in the surrounding fluid and of the semi-infinite region Y+ in the first203

straight slot, specifically204

Y− = (−∞, 0)× (0, 1), Y+ = (0,∞)× Y(1).205

In this inner region, we use the following expansion of the fields206

(3.16) pε =
∑
i⩾0

εipi(x2,y, t) , uε =
∑
i⩾0

εiui(x2,y, t), u = (u, v),207

where (pi,ui) are assumed to be periodic with respect to y2 in Y− and ui · n = 0208

on the boundaries Γ of the rigid walls. As in the previous section, the divergence209

operator and the gradient operator are affected by the two-scale expansion, which in210

this case read211

divf =
∂f

∂x2
· e2 +

1

ε
divyf , ∇f =

∂f

∂x2
· e2 +

1

ε
∇yf,212

for any vectorial function f(x2,y) and for any scalar function f(x2,y). Injecting the213

expansions (3.16) in (3.2), we get at the leading orders214 
divyu

0 = 0, divyu
1 + ∂x2

v0 +
∂p0

∂t
= 0,

0 = ∇yp
0,

∂u0

∂t
= −∂p0

∂x2
e2 −∇yp

1,

u0 · n|Γ = u1 · n|Γ = 0.

(3.17)215

The matching conditions are obtained by pairing the outer expansions (3.3) and (3.14)216

valid far from the entry at y1 = 0 with the inner expansions (3.16) valid in the vicinity217
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of the entry. For the pressure expansions in (3.14) and (3.16), the matching reads218

p0(x2,y, t) + εp1(x2,y, t) + · · · ∼ p0(x, t) + εp1(x, t) + · · · ,219

as y1 → −∞ and x1 → 0−. By recalling that x1 = εy1 and by using a Taylor220

expansion of the outer expansion with respect to ε, we get at the dominant order and221

at the first order in the fluid222

p0(0−, x2, t) = lim
y1→−∞

p0(x2,y, t),(3.18)223

p1(0−, x2, t) = lim
y1→−∞

(
p1(x2,y, t)− y1

∂p0

∂x1
(0−, x2, t)

)
.(3.19)224

Doing the same for the expansions in (3.3) and (3.16) results in225

p0(x2,y, t) + εp1(x2,y, t) + · · · ∼ p0(x, y2, t) + εp1(x, y2, t) + · · · ,226

as y1 → +∞ (with y2 ∈ Y(1)) and x1 → 0+, hence for y2 ∈ Y(1), we get227

p0(0+, x2, y2, t) = lim
y1→+∞

p0(x2,y, t),(3.20)228

p1(0+, x2, y2, t) = lim
y1→+∞

(
p1(x2,y, t)− y1

∂p0

∂x1
(0+, x2, y2, t)

)
.(3.21)229

The exact same matching conditions as (3.18) and (3.20) are obtained for the velocity230

field by replacing formally p by u and p by u.231

3.3.2. The continuity conditions at order 0. From (3.17), we deduce that232

p0 is independent of y and we obtain from the matching conditions (3.18) and (3.20)233

that234

(3.22) p0(1)(0
+, x2, t) = p0(x2,y, t) = p0(0−, x2, t),235

since p0 = p0(1) for y2 ∈ Y(1) from (3.9). Next, by integrating the free divergence236

equation in (3.17) set on u0 over the subset domain Y∗ ⊂ Y, truncated at y1 = ±y∗1237

with y∗1 ≫ 1, and using the Neumann boundary conditions on the rigid walls and the238

periodic boundary condition in Y∗ ∩ Y−, we obtain239 ∫
Y(1)

u0(x2, y
∗
1 , y2, t) dy2 −

∫
Y

u0(x2,−y∗1 , y2, t) dy2 = 0.240

Passing to the limit as y∗1 → +∞ and using the matching conditions (3.18) and (3.20)241

written on the velocity, we obtain242

(3.23) u0
(1)(0

+, x2, t) = u0(0−, x2, t).243

Therefore, there is no boundary layer correction at the, dominant, order 0 meaning244

that the usual continuity conditions on pressure and flow rate apply. Conducting245

the same analysis at the extremity x1 = ℓ of the slot, we get the same continuity246

conditions, namely247

p0(N)(ℓ
−, x2, t) = p0(ℓ+, x2, t), u0

(N)(ℓ
−, x2, t) = u0(ℓ+, x2, t).248
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3.3.3. The jump conditions at order 1.249

Jump condition on the pressure. From (3.17), the problem set on Y for the couple250

(p1,u0) is given by251

(3.24)



∂u0

∂t
= −∂p0

∂x2

∣∣∣
0−

e2 −∇yp
1 , divyu

0 = 0 , u0 · n|Γ = 0 ,

lim
y1→−∞

∂u0

∂t
=

∂u0

∂t

∣∣∣
0−

e1 −
∂p0

∂x2

∣∣∣
0−

e2,

lim
y1→+∞

∂u0

∂t
=

1

δ

∂u0

∂t

∣∣∣
0−

e1,

252

with ∂p0

∂x2
|0− = ∂p0

∂x2
(0−, x2, t) and

∂u0

∂t |0− = ∂u0

∂t (0
−, x2, t). In (3.24), we have used the253

continuities of the pressure and of the flow rate given by (3.22) and (3.23), along with254

(3.9) (for n = 1). By linearity, the solution of (3.24) can be decomposed as a linear255

combination of the macroscopic fields ∂p0

∂x2
|0− and ∂u0

∂t |0− which do not depend on y.256

Specifically, we have257

(3.25) p1(x2,y, t) =
∂p0

∂x2

∣∣∣
0−

Q2(y)−
∂u0

∂t

∣∣∣
0−

Q1(y) +Q∗(x2, t),258

where the functions (Q1, Q2) satisfy the so-called elementary problems given by (i =259

1, 2)260

(3.26) i ∈ {1, 2},


divy(∇yQi + δi2e2) = 0 in Y, (∇yQi + δi2e2) · n|Γ = 0,

(Qi,∇Qi) y2 − periodic for y1 < 0,

lim
y1→−∞

∇yQi = δi1e1, lim
y1→+∞

∇yQi = δi1e1/δ − δi2e2,

261

with δij = 0 if i ̸= j and δij = 1 otherwise. The behavior of (Q1, Q2) at infinity reads262

263

(3.27)

lim
y1→−∞

lim
y1→+∞

Q1 y1
y1
δ

+ B

Q2 0 y(1) − y2

264

with y(1) = δ/2 from (3.4). Note that the problem on Q1 corresponds to a classical265

potential flow problem and in this context, B is called blockage coefficient [15]. For266

Q1 which corresponds to the problem of a perfect fluid flowing in a rigid duct whose267

height changes from 1 for y1 < 0 to δ for y1 > 0, B has been determined by [18] (Eq.268

(2.12)), namely269

(3.28) B =
1

2π

[
1 + δ2

δ
log

1 + δ

1− δ
− 2 log

4δ

1− δ2

]
.270

We have used that Q2 is odd with respect to y2 = δ/2 in the slot, hence its behavior271

at infinity when y1 → +∞. From the matching condition (3.18) with the exterior272

together with (3.15), we get273

(3.29) p1(0−, x2, t) = lim
y1→−∞

(
p1(y, x2, t) + y1

∂u0

∂t

∣∣∣
0−

)
= Q∗(x2, t).274
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From the matching condition (3.20) with the first slot together with (3.11) and (3.23)275

which gives ∂u0

∂t |0− =
∂u0

(1)

∂t |0+ = −δ ∂p0

∂x1
|0+ , we get276

p1(0+, x2, y2 ∈ Y(1), t) = lim
y1→+∞

(
p1(y, x2, t) +

y1
δ

∂u0

∂t

∣∣∣
0−

)
=− B∂u0

∂t

∣∣∣
0−

+
∂p0

∂x2

∣∣∣
0−

(y(1) − y2) +Q∗(x2, t).

277

Using (3.12) (since p0|0− = p0(1)|0+), we deduce278

(3.30) p1(1)(0
+, x2, t) = −B∂u0

∂t

∣∣∣
0−

+Q∗(x2, t).279

Finally, subtracting (3.29) to (3.30) we get the jump conditions on the pressure field280

(3.31) p1(1)(0
+, x2, t)− p1(0−, x2, t) = −B∂u0

∂t

∣∣∣
0−

.281

By conducting the same analysis at the other extremity x1 = ℓ of the slot, we obtain282

(3.32) p1(ℓ+, x2, t)− p1(N)(ℓ
−, x2, t) = −B∂u0

∂t

∣∣∣
ℓ+
.283

Jump condition on the flow rate. We start from the divergence relation on u1 in284

(3.17) that we integrate over the truncated domain Y∗ after taking the time derivative,285

specifically we get286

(3.33)

∫
Y∗

(
divy

∂u1

∂t
+

∂2v0

∂t∂x2
+

∂2p0

∂t2

)
dy = 0.287

We evaluate separately the three contributions in the integral in (3.33). First, since288

p0 is constant in Y, see (3.22), we have289

(3.34)

∫
Y∗

∂2p0

∂t2
dy = (1 + δ)y∗1

∂2p0

∂t2

∣∣∣
0−

.290

Next, using the divergence theorem and the matching conditions (3.18)-(3.20) written291

for the velocity as well as the definitions (3.5) of the flow rate, we have the asymptotic292

estimate293

(3.35)

∫
Y∗

divy
∂u1

∂t
dy =

∂u1
(1)

∂t

∣∣∣
0+

− ∂u1

∂t

∣∣∣
0−

+ y∗1
∂2u0

(1)

∂t∂x1

∣∣∣
0+

+ y∗1
∂2u0

∂t∂x1

∣∣∣
0−

+ o(1)294

where o(1) are vanishing terms as y∗1 → +∞. Adding the two contributions (3.34)295

and (3.35) and using mass balance equations (3.11) and (3.15), we get296

(3.36)

∫
Y∗

(
divy

∂u1

∂t
+

∂2p0

∂t2

)
dy =

∂u1
(1)

∂t

∣∣∣
0+

− ∂u1

∂t

∣∣∣
0−

− y∗1
∂2v0

∂t∂x2

∣∣∣
0−

+ o(1).297

The remaining term of the integral (3.33) can be expressed using (3.24) as298

(3.37)

∫
Y∗

∂2v0

∂t∂x2
dy = −(1 + δ)y∗1

∂2p0

∂x2
2

∣∣∣
0−

−
∫
Y∗

∂2p1

∂x2∂y2
dy.299
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The last integral can be made explicit using (3.25) to get300 ∫
Y∗

∂2p1

∂x2∂y2
dy =

∂2p0

∂x2
2

∣∣∣
0−

(∫
Y∗∩Y−

∂Q2

∂y2
dy +

∫
Y∗∩Y+

(
∂Q2

∂y2
+ 1

)
dy − δy∗1

)
301

− ∂2u0

∂t∂x2

∣∣∣
0−

∫
Y∗

∂Q1

∂y2
dy + o(1).(3.38)302

Note that due to periodicity conditions in Y−, we have
∫
Y∗∩Y−

∂Qi

∂y2
dy = 0 for i = 1, 2.303

One can also remark that the loading being in the direction e1 for Q1, the solution is304

symmetric with respect to y2 = δ/2 in the slot and hence we have
∫
Y∗∩Y+

∂Q1

∂y2
dy = 0.305

Finally, introducing the boundary layer corrector306

(3.39) C =

∫
Y+

(
∂Q2

∂y2
+ 1

)
dy,307

and adding (3.36) to (3.37) with the use of (3.38), we get308

∂

∂t

(
u1
(1)(0

+, x2, t)− u1(0−, x2, t)
)
= C ∂

2p0

∂x2
2

(0−, x2, t).309

To get rid of the time derivative, we introduce the auxiliary velocity field W0(x2, t)310

which allows us to express the jump condition on the normal velocity at first order as311

312

(3.40) u1
(1)(0

+, x2, t)− u1(0−, x2, t) = −C ∂W0

∂x2
,

∂W0

∂t
(x2, t) = −∂p0

∂x2
(0−, x2, t),313

By conducting the same analysis at the exit of the crystaline region, we get314

(3.41) u(ℓ+, x2, t)− u1
(N)(ℓ

−, x2, t) = −C ∂WN

∂x2
,

∂WN

∂t
(x2, t) = −∂p0

∂x2
(ℓ+, x2, t).315

3.4. Analysis at the junctions. We shall now derive the effective jump con-316

ditions applying between two consecutive slots at a turning region. We notice that317

a similar analysis has been conducted in [6, 3]. For the sake of conciseness, we shall318

consider a turning region close to x1 = 0, that is to say between the n-th and the319

(n+1)-th slot with n even. The conditions for the turning region on the opposite side320

near x1 = ℓ can be deduced by mirroring the analysis. We also notice that the analysis321

is very similar but not identical to that developed in the preceding section; to avoid322

multiple references to this previous analysis, we simply repeat below the exercice.323

3.4.1. Setting of the asymptotic procedure. With y(n) and Y(n) defined by324

(3.4), we define the representative cell Yc of the turning region (see figure 6), using325

the rescaled space variable y = x/ε, as the semi-infinite region326

Yc = (γ, γ + η)× (y(n) − δ/2, y(n+1) + δ/2) ∪ (γ + η,+∞)× (Y(n) ∪ Y(n+1)).327

In this region, we use the following asymptotic expansions328

(3.42) pε =
∑
i⩾0

εipic(x2,y, t), uε =
∑
i⩾0

εiuic(x2,y, t).329

330
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Fig. 6. The representative cell Yc at a turn connecting two consecutive slots (red region).

Injecting (3.42) in the governing equations (3.2), we get at the leading orders331 
divyu

0
c = 0, divyu

1
c + ∂x2

v0c +
∂p0c
∂t

= 0,

0 = ∇yp
0
c ,

∂u0c
∂t

= −∂p0c
∂x2

e2 −∇yp
1
c .

u0c · n|Γc
= u1c · n|Γc

= 0,

(3.43)332

where Γc denotes the part of the boundary Yc associated to the rigid walls. The333

matching conditions between the inner expansions and the outer expansions (3.3) far334

in the slots can be derived using the same procedure as in the preceding §3.3.1. For335

the pressure, they read336

(3.44)

p0(0+,αi) = lim
y1→+∞

p0c (y1,αi),

p1(0+,αi) = lim
y1→+∞

(
p1c (y1,αi)− y1

∂p0

∂x1
(0+,αi)

)
,

337

with the notation αi = (y2 ∈ Y(i), x2, t) for i = {n, n + 1}. The same matching338

conditions on the velocity are obtained by replacing formally p by u and pc by uc in339

(3.44).340

3.4.2. The continuity conditions at order 0. At the dominant order, we get341

from (3.43) that p0c is independent of y, hence we obtain from the matching condition342

(3.44) together with the result (3.9) set in the bulk that343

(3.45) p0(n+1)(0
+, x2, t) = p0c (x2,y, t) = p0(n)(0

+, x2, t),344

which translates in the continuity of the pressure between two consecutive slots. Next,345

by integrating the divergence free equation in (3.43) over the subset domain Y∗
c ⊂ Y,346

truncated at y1 = ±y∗1 with y∗1 ≫ 1, and eliminating the boundary terms associated347

to the Neumann boundary conditions on the rigid walls, we obtain348 ∫
Y(n)

u0c (x2, y
∗
1 , y2, t) y2 +

∫
Y(n+1)

u0c (x2, y
∗
1 , y2, t) dy2 = 0.349

Passing to the limit when y∗1 → +∞ and using the matching condition (3.44) (written350

for the velocity) together with the definitions of the flow rate (3.5) in the bulk, we351

obtain a jump condition on the flow rate352

(3.46) u0
(n+1)(0

+, x2, t) + u0
(n)(0

+, x2, t) = 0.353
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At the dominant order, we recover the continuity conditions on the pressure and on354

the flowrate.355

3.4.3. The jump conditions at order 1.356

Jump condition on the pressure. From (3.43), the problem set for the couple357

(p1c ,u
0
c ) is given by358

(3.47)



∂u0c
∂t

= −∂p0(n)
∂x2

∣∣∣
0+

e2 −∇yp
1
c , divyu

0
c = 0 , u0c · n|Γc

= 0 ,

lim
y1→+∞

∂u0c
∂t

(y1, y2 ∈ Y(n), x2, t) =
1

δ

∂u0
(n)

∂t

∣∣∣
0+

e1,

lim
y1→+∞

∂u0c
∂t

(y1, y2 ∈ Y(n+1), x2, t) = −1

δ

∂u0
(n)

∂t

∣∣∣
0+

e1.

359

The above formulation has been obtained using i) (3.46) used to express the limit360

when y1 → +∞ in terms of
∂u0

(n)

∂t |0+ only, ii) that the vertical velocity v0 is zero in361

the slots from (3.10), iii) the continuity of the pressure in (3.45) which shows that362

∂p0c
∂x2

=
∂p0

(n)

∂x2
|0+ . The solution of (3.47) can now be expressed as a linear combination of363

the two macroscopic fields
∂p0

(n)

∂x2
|0+ and

∂u0
(n)

∂t |0+ (which are independent of y), namely364

we use365

(3.48) p1c (x2,y, t) =
∂p0(n)
∂x2

∣∣∣
0+

(y(n) − y2)−
∂u0

(n)

∂t

∣∣∣
0+

Q(n)(y) +Q
(n)
∗ (x2, t),366

with Q(n)(y) being solutions to the elementary problems367

(3.49)
∆yQ

(n) = 0 in Yc, ∇yQ
(n) · n|Γc

= 0,

lim
y1→+∞

∇yQ
(n)(y1, y2 ∈ Y(n)) =

e1
δ
, lim

y1→+∞
∇yQ

(n)(y1, y2 ∈ Y(n+1)) = −e1
δ
.

368

The asymptotic behavior of Q(n) at infinity is given by369

(3.50)

lim
y2∈Y(n),y1→+∞

lim
y2∈Y(n+1),y1→+∞

Q(n) y1
δ

−y1
δ

−D∗
370

The elementary problem (3.49), as those in (3.26), corresponds to a potential flow371

problem, for a perfect fluid flowing in a curved portion of a rigid duct; however, as far372

as we know, explicit expression of the blockage coefficient D∗ is not available in the373

literature. We can now express jump conditions at the first order. For that, we pass374

to the limit in (3.48) with the help of the asymptotic behavior (3.50), and then make375

use of the matching conditions (3.44) together with the form (3.12) of the pressure p1376

in the slots. This leads to377

p1(n+1)(0
+, x2, t) = (y(n) − y(n+1))

∂p0(n)
∂x2

∣∣∣
0+

−D∗ ∂u
0
(n+1)

∂t

∣∣∣
0+

+Q
(n)
∗ (x2, t),

p1(n)(0
+, x2, t) = Q

(n)
∗ (x2, t).

378
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Noticing that y(n+1) − y(n) = δ + ξ, we deduce the jump condition on the pressure at379

the junction between each slot380

(3.51) p1(n+1)(0
+, x2, t)− p1(n)(0

+, x2, t) = −D∗ ∂u
0
(n+1)

∂t

∣∣∣
0+

− (δ + ξ)
∂p0(n)
∂x2

∣∣∣
0+

.381

Jump condition on the velocity. We start from the divergence relation on u1 in382

(3.43) that we integrate over the truncated domain Y∗
c after taking the time derivative.383

This reads384

(3.52)

∫
Y∗

c

(
divy

∂u1c
∂t

+
∂2v0c
∂t∂x2

+
∂2p0c
∂t2

)
dy = 0.385

We evaluate below the three contributions in the integral in (3.52). First, since p0c is386

constant in Yc, see (3.45), we have387

(3.53)

∫
Y∗

c

∂2p0c
∂t2

dy = (2δ(y∗1 − γ) + ξη)
∂2p0(n)
∂t2

∣∣∣
0+

.388

Next, using the divergence theorem and the matching conditions (3.44) written389

for the velocity, we have the asymptotic estimate390

(3.54)

∫
Y∗

c

divy
∂u1c
∂t

dy =
∂u1

(n+1)

∂t

∣∣∣
0+

+
∂u1

(n)

∂t

∣∣∣
0+

+ y∗1
∂2u0

(n+1)

∂t∂x1

∣∣∣
0+

+ y∗1
∂2u0

(n)

∂t∂x1

∣∣∣
0+

+ o(1),391

where o(1) are vanishing terms as y∗1 → +∞. Adding the two contributions (3.53)392

and (3.54) and using mass balance equations (3.11), we get393

(3.55)∫
Y∗

c

(
divy

∂u1c
∂t

+
∂2p0c
∂t2

)
dy =

∂u1
(n+1)

∂t

∣∣∣
0+

+
∂u1

(n)

∂t

∣∣∣
0+

+ (ξη − 2δγ)
∂2p0(n)
∂t2

∣∣∣
0+

+ o(1).394

The remaining term of the integral (3.52) can be further simplified using (3.47),395

namely396

(3.56)

∫
Y∗

c

∂2v0c
∂t∂x2

dy =
∂2u0

(n)

∂t∂x2

∣∣∣
0+

∫
Y∗

c

∂Q(n)

∂y2
dy397

with the integral on the right-hand side being explicit. Indeed, integrating by part of398

(3.49) after a multiplication by y2 gives399

0 =

∫
Yc

y2∆yQ
(n) dy =

∫
∂Yc

y2∇yQ
(n) · n dy −

∫
Yc

∂Q(n)

∂y2
dy.400

Eliminating the zero contribution in the boundary integral, on the rigid walls due to401

the Neumann boundary condition, it leaves only the contribution when y1 → +∞402 ∫
∂Yc

y2∇yQ
(n) · n dy =

1

δ

∫
Y(n)

y2 dy2 −
1

δ

∫
Y(n+1)

y2 dy2 = −(δ + ξ)403

from which we deduce that
∫
Yc

∂Q(n)

∂y2
dy = −(δ+ξ). Finally, adding (3.55) and (3.56),404

we find the jump condition at order 1 on the normal velocity405

(3.57) u1
(n+1)(0

+, x2, t) + u1
(n)(0

+, x2, t) = −(ξη − 2δγ)
∂p0(n)
∂t

∣∣∣
0+

+ (δ + ξ)
∂u0

(n)

∂x2

∣∣∣
0+

.406

This manuscript is for review purposes only.
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3.5. Unique formation of the effective problem with curvilinear coor-407

dinate.408

3.5.1. The curvilinear description. The effective problem derived from the409

asymptotic analysis in the slots can be rewritten a posteriori in a more intuitive410

form. It consists in using the curvillinear coordinate s that runs along the coiled slot.411

Specifically, s is defined over (0, Nℓ) with the mapping from the global frame, made412

of the N slots, to the curvilinear frame, made of a single path, given by413

(3.58)

{
(n, x1) 7→ s =

(
n− 1

2

)
ℓ+ (−1)n

(
ℓ
2 − x1

)
,

{1, . . . , N} × (0, ℓ) 7→ (0, Nℓ).
414

Expressing the one-dimensional wave equation (3.11) and (3.13) in terms of s gives415

(3.59) i ∈ {0, 1}, s ∈ (0, Nℓ),
∂U i

∂t
+ δ

∂P i

∂s
= 0,

∂U i

∂s
+ δ

∂P i

∂t
= 0,416

where (P i, U i) are the pressure and flow rate variables set in the new frame and417

defined as418

(3.60) (P i(s, x2), U
i(s, x2)) = (pi(n)(x1, x2), (−1)nui

(n)(x1, x2)).419

At the entrance and the exit of the crystalline region, at s = 0 and s = Nℓ, the420

continuity conditions at order 0, (3.22) and (3.23), now read421

(3.61)

P 0|s=0+ − p0|x1=0− = p0|x1=ℓ+ − P 0|s=(Nℓ)− = 0,

U0|s=0+ − u0|x1=0− = U0|x1=ℓ+ − u0|s=(Nℓ)− = 0,
422

while the jump conditions at order 1, (3.31)-(3.32) and (3.40)-(3.41), are given by423

(3.62)
P 1|s=0+ − p1|x1=0− = −B∂u0

∂t

∣∣∣
x1=0−

, U1|s=0+ − u1|x1=0− = −C ∂W0

∂x2
,

p1|x1=ℓ+ − P 1|s=(Nℓ)− = −B∂u0

∂t

∣∣∣
x1=ℓ+

, u1|x1=ℓ+ − U1|s=(Nℓ)− = −C ∂WN

∂x2
,

424

with (W0,WN ) still given by (3.40) and (3.41).425

Eventually, at the turning regions, the jump conditions (3.45) and (3.46) at order 0,426

(3.51) and (3.57) at order 1, now apply at s = nℓ with n ∈ {1, . . . , N − 1} and read427

(3.63)



JP 0K = JU0K = 0,

JP 1K = −D∗ ∂U
0

∂t

∣∣∣
nℓ

− (δ + ξ)
∂P 0

∂x2

∣∣∣
nℓ
,

JU1K = −(ξη − 2δγ)
∂P 0

∂t

∣∣∣
nℓ

− (δ + ξ)
∂U0

∂x2

∣∣∣
nℓ
.

428

3.5.2. The unique formulation. The last step in the construction of the effec-429

tive model is to gather the contributions (p0, P 0,u0, U0) at order 0 and (p1, P 1,u1, U1)430

at order 1 into a unique problem. In the surrounding air we introduce431

(3.64) p = p0 + εp1 and u = u0 + εu1,432
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and inside the equivalent metacrystalline region, we introduce the pressure and flow433

rate fields (in the curvilinear frame)434

(3.65) P = P 0 + εP 1 and U = U0 + εU1.435

Using (3.15) and (3.59), it is straightforward to deduce the final effective wave equa-436

tions (2.2)-(2.3) after using the dimensionalization procedure (3.1). The derivation437

of the unique formulation of the jump conditions is more involved as it requires the438

introduction of mean quantities. At the entry of the metacrystalline region, in virtue439

of the continuity of the flow rate (3.61) at order 0 combined with (3.64)-(3.65), we440

have441

(3.66)
∂u0

∂t

∣∣∣
x1=0−

=
1

2

(
∂u

∂t

∣∣∣
x1=0−

+
∂U

∂t

∣∣∣
s=0+

)
+O(ε).442

Now, summing the contributions (3.61) at order 0 and (3.62) at order 1 on the pressure443

together with (3.66), we finally get the jump condition on the pressure (2.6) at the444

entry (up to the second order in ε). Next the continuity equation on the pressure445

(3.61) implies that (3.40) gives446

(3.67)
∂W0

∂t
= −1

2

(
∂p

∂x2

∣∣∣
x1=0−

+
∂P

∂x2

∣∣∣
s=0+

)
+O(ε),447

which allows to deduce from (3.61) and (3.62) the jump condition on the flow rate448

(2.6) at the entry (up to the second order in ε). The same exact procedure can be449

applied to get the final jump conditions at the exit of the metacrystalline region.450

451

Getting the final jump conditions at each junction needs to introduce the enlargement452

of the interface due to the finite size of the turning region (at order 1). This is done453

in order to ensure stability of the model which requires that a positive definite energy454

can be defined; examples can be found in [4, 13] and the positivity will be proven in455

the forthcoming §4. To do this, we aim to express the jump conditions, when going456

from the slot n to the slot (n+1), in terms of s values s = nℓ−e and s = nℓ+e (with457

e = (η + γ)ε). By doing a Taylor expansion as ε ≪ 1 of the continuity conditions458

(3.63) on the pressure field and using (3.59), it can be shown that459

(3.68) P 0|s=nℓ+e − P 0|s=nℓ−e = −ε
2

δ
(η + γ)

∂⟨U⟩
∂t

+O(ε2),460

with the mean operation defined as461

(3.69) ⟨f⟩ = 1

2
(f |s=nℓ+e + f |s=nℓ−e) .462

Similarly at the next order, by doing a Taylor expansion on the first order jump463

condition (3.63) on the pressure, we have464

(3.70) P 1|s=nℓ+e − P 1|s=nℓ−e = −D∗ ∂⟨U⟩
∂t

− (δ + ξ)
∂⟨P ⟩
∂x2

+O(ε).465

Now multiplying (3.70) by ε and adding the contribution (3.68), we obtain the desired466

jump conditions (2.5) at the junction on the pressure field (valid up to the second467

order in ε) with468

(3.71) D = D∗ +
2(η + γ)

δ
.469
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18 J. ZHOU HAGSTRÖM, K. PHAM, AND A. MAUREL

The unique formulation of the jump condition on the flow rate at the junction is470

obtained similarly. We first enlarged the continuity condition (3.63) with a Taylor471

expansion to get472

(3.72) U0|s=nℓ+e − U0|s=nℓ−e = −2δ(η + γ)ε
∂⟨P ⟩
∂t

+O(ε2),473

with ⟨P ⟩ defined by (3.69). We proceed similarly with the jump condition at the first474

order to get475

(3.73) U1|s=nℓ+e − U1|s=nℓ−e = −(ξη − 2δγ)
∂⟨P ⟩
∂t

− (δ + ξ)
∂⟨U⟩
∂x2

+O(ε).476

Now multiplying (3.73) by ε and adding the contribution (3.72), we obtain the desired477

jump conditions (2.5) (valid up to the second order in ε).478

4. Energetic properties.479

4.1. Energy balance of the effective model. We consider a rectangular do-480

main Ω = (−L1, L1)×(−L2, L2) with L1 > ℓ so that Ω contains the crystalline region.481

In the direct problem given by (2.1), the classical energy balance equation is given by482

483

dEb

dt
+

∫
∂Ω

π · n dx = 0, with Eb =
1

2

∫
Ω

(
χap

2 + ρa|u|2
)
dx,484

where Eb is the acoustic bulk energy and π = pu the Poynting vector that accounts485

for the flux energy throughout the boundary ∂Ω. A similar energy balance can be486

obtained for the effective model (2.2)-(2.6). Specifically, it involves four contributions487

to the energy and reads488

d

dt
[Eair

b + E slot

b + E in/out

s + E turn

s ] +

∫
∂Ω

π · n dx = 0.(4.1)489

The bulk energy Eair
b is the standard energy stored in Ω/Ω∗, the region of the sur-490

rounding air, with Ω∗ = (0, ℓ)× (−L2, L2) ⊂ Ω, namely491

Eair

b =
1

2

∫
Ω/Ω∗

(
χap

2 + ρa|u|2
)
dx.(4.2)492

The bulk energy E slot
b is the effective energy stored in the straight slots. Expressed by493

means of the curvilinear coordinate, it reads:494

E slot

b =
1

2

N−1∑
n=0

∫ L2

−L2

∫ s−n+1

s+n

(
χaδP

2 +
ρa

δ
U2

)
dsdx2.(4.3)495

The surface energy E in/out
s is the sum of the effective energies stored in the boundary496

layers at the entry/exit of the coiled slot and it reads497

E in/out

s =
1

2

∑
n∈{0,N}

∫ L2

−L2

ρa

(
hCW 2

n + hB⟨U⟩2n
)

dx2.(4.4)498
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Finally the surface energy E turn
s is the sum of the effective energies stored in the499

boundary layers at each turning region between two consecutive slots; it reads500

E turn

s =
1

2

N−1∑
n=1

∫ L2

−L2

(
χah(2δ + ξ)η⟨P ⟩2n + ρahD⟨U⟩2n

)
dx2.(4.5)501

502

A proof of the positivity of the effective coefficients (B, C,D) is given in the sup-503

plementary material (SM1). This ensures the positivity of the surface energies, hence504

avoiding numerical instabilities in the time domain, see [5] for a detailed analysis of505

such issue.506

4.2. Derivation of the energy balance. Multiplying in (2.3) the momentum507

balance and the mass balance by ρa

δ U and P , respectively (for each segment s ∈508

(s+n , s
−
n+1) with n ∈ {0, . . . , N − 1}), and adding the two contributions, we get509

(4.6) s ∈ (s+n , s
−
n+1), χaδP

∂P

∂t
+

ρa

δ
U
∂U

∂t
+

∂(PU)

∂s
= 0.510

Similarly in the air we have511

(4.7) χap
∂p

∂t
+ ρau · ∂u

∂t
+ div(pu) = 0.512

To obtain a balance of energy, we start with the energy stored in the surrounding513

air by integrating (4.7) over Ω/Ω∗, which makes (4.2) appear. Next we integrate514

(4.6) over x2 ∈ (−L2, L2) and each segment (s+n , s
−
n+1), which makes (4.3) appear.515

Summing the two contributions, and using the divergence theorem, we get516

d

dt
[Eair

b + E slot

b ]−
N∑

n=0

∫ L2

−L2

JPUKn dx2 +

∫
∂Ω

π · n dx = 0,517

with Eair
b and E slot

b given by (4.2)-(4.3). The terms associated to the surface energies518

appear as we have the identity JPUKn = JP Kn⟨U⟩n+ ⟨P ⟩nJUKn. Specifically, by using519

the jump conditions, we get for n = 0 or N ,520

(4.8) JPUKn = −1

2

d

dt
ρa

(
hCW 2

n + hB⟨U⟩2n
)
− hC ∂(⟨P ⟩nWn)

∂x2
,521

and, for 1 ≤ n ≤ (N − 1),522

JPUKn =− 1

2

d

dt

(
χah(2δ + ξ)η⟨P ⟩2n + ρahD⟨U⟩2n

)
− h(δ + ξ)

∂(⟨P ⟩n⟨U⟩n)
∂x2

.(4.9)523

We obtain the surface energies (4.4)-(4.5) after integration along x2 of (4.9)-(4.8) (up524

to some flux terms at the edges of the crystalline region at x2 = ±L2 and associated525

to the integration of the last term in (4.9) and (4.8). These contributions will be left526

out of the present analysis).527

5. Validation of the effective model. In this section, we inspect the validity528

of our effective model at order 1 by comparing it to a numerical reference solution529

(details on the numerics -a multimodal method- are provided in the SM2.1). We also530

take the opportunity to compare this model with the one obtained at order 0, which,531
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20 J. ZHOU HAGSTRÖM, K. PHAM, AND A. MAUREL

as mentioned earlier, neglects the effects of boundary layers at the turning regions and532

at the extremities of the labyrinth. We consider the following geometry: zero wall533

thickness ξ = γ = 0 with ℓ = 2h, h/N the length and width of the slot (δ = 1/N with534

N = 7) and ηh = 0.01h the width of the turning regions. The elementary problems535

(3.26) and (3.49) have been solved numerically in this configuration (using multimodal536

methods, see SM2.1) and the non-dimensional effective parameters (B, C,D) entering537

the jump conditions (2.5) and (2.6) have been deduced (they are defined in (3.27),538

(3.39) and (3.50) along with (3.71)). We obtain B = 0.4982 (in agreement with (3.28)),539

C = 0.0033 and D = 0.4196/δ.540

To begin with, we consider an incident plane wave in the harmonic regime with541

time dependence e−iωt at normal incidence (the case of oblique incidence is considered542

in SM2.2). Outside the metacrystal slab, the solution of the effective model reads543

(5.1) p(x1, ω) =

eikx1 + r(ω)e−ikx1 , x1 ∈ (−∞, 0),

t(ω)eik(x1−ℓ), x1 ∈ (ℓ,∞).
544

We notice that the above solution holds for the actual problem far enough the slab545

where the evanescent fields can be neglected. Next, by solving (2.2)-(2.4) along with546

the jump conditions (2.5) and (2.6), we obtain the solution inside the slab and ex-547

plicit values of (r, t) in (5.1) (see SM2.2). We report in figure 7(a) the transmission548

coefficient t(ω) obtained numerically for ε = ωh/c ∈ (0, 4.5) (below the threshold for549

the appearance of higher orders of diffraction at ωh/c = 2π).550

0
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Fig. 7. (a) Transmission coefficient |t| against dimensionless frequency ωh/c. (b) Relative
errors of the models, in log-log representation, at orders 0 (grey, slope 1) and 1 (black, slope 2).

The prediction of our model at order 1 is shown by black dashed lines and, for551

comparison, that of the model at order 0 by grey dashed lines (obtained by set-552

ting B = C = D = 0). The relative errors |t − tnum|/|tnum| against ε are reported in553

figure 7(b); they show that the model at order n, n = 0, 1, is accurate up to terms554

O(εn+1) as expected. More importantly in practice, we note that the order 1 model555

remains accurate over a wide range of frequencies that covers several perfect transmis-556

sions (at Fabry-Pérot resonances) and large transmission dips (at Bragg band-gaps).557

The lack of accuracy of the model at order 0 is visible as it slightly overestimates the558

Fabry-Pérot resonances and more critically, it ignores the Bragg band-gaps.559

We now move on to the time-domain and consider an incident Gaussian pulse at560
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normal incidence, namely561

(5.2) pinc(x1, t) = s (t− x1/c) , where s(t) = e−(t/τ)2 ,562

with τ the width of the Gaussian. The pressure field is obtained by solving the563

problem in the harmonic regime and applying Fourier transforms,564

(5.3)

p(x1, t) =


pinc(x1, t) + 2ℜ

[∫ ∞

0

ŝ(ω)r(ω) e−iω(t+x1/c) dω

]
, x1 ∈ (−∞, 0),

2ℜ
[∫ ∞

0

ŝ(ω)t(ω) e−iω(t−(x1−ℓ)/c) dω

]
, x1 ∈ (ℓ,∞),

565

with ŝ(ω) the Fourier transform of s(t) (and ℜ[X] means real part of X). We consider566

incident pulses with increasing spectral contents cτ/h = 3, 2, 1 (corresponding ŝ(ω)567

are shown in figure 8).
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Fig. 8. Spectral contents ŝ(ω) of the incident pulse and corresponding variations of ŝ(ω)t(ω)
contributing to the transmitted pulse, see (5.3).

568
The resulting pressure profiles p(x1, t) along x1/h ∈ (−200, 0) ∪ (2, 200) at dimen-569

sionless time ct/h = 175 are shown in figure 9. In the reported cases, we observe570

that the two ballistic pulses at x1 = ±ct/h, directly reflected and transmitted by the571

slab, are followed by pulses having undergone multiple reflections within the slab.572

For cτ/h = 3, the most visible pulses correspond to internal reflections between573

the two extremities of the labyrinth, thus separated in space by ∆x1 ∼ 2Nℓ = 28,574

i.e., twice the length of the entire slots. However, zooming in on a region between575

two of them reveals the presence of additional lower amplitude pulses due to mul-576

tiple reflections/transmissions at the turning regions (hence separated in space by577

∆x1 ∼ 2ℓ = 4). By increasing τ , the amplitudes of these pulses increase because the578

incident waves with shorter wavelengths are more efficiently scattered due to Bragg579

resonances. In terms of the accuracy of the effective models, this complexification580

in the scattering properties is accompanied by a neat degradation in the accuracy581

of the model at order 0 which ignores the Bragg scattering. As a consequence, the582

amplitudes of the main pulses, in addition to their positions, are not correctly pre-583

dicted because the energy redistributions in reflection and transmission at the turning584

regions are not taken into account. In contrast the model at the order 1, by correctly585

taking into account the two scatterings, remains very accurate (the table 1 gives the586

quantitative errors |p(x1, t)− pmodel(x1, t)|/|p(x1, t)| in reflection and transmission for587

the two models).588

6. Conclusions. We have provided a model capable of accurately reproducing589

the scattering properties of a coiled metacrystal producing high transmission due590

to Fabry-Pérot resonances and low transmission due to Bragg resonances in a low591
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Fig. 9. Pressure profiles along x1 for ct/h = 175 for increasing spectral content of the incident
pulse (for readability, the vertical range has been shortened to (-0.1,0.1), with the main pressure
peaks on the order of unity).

errors in reflection / transmission

cτ/h model at order 0 model at order 1

3 44.6% / 77.8% 0.9% / 1.5%

2 54.4% / 95.2% 1.6% / 2.8%

1 64.3% / 123.2% 4.6% / 8.0%

Table 1
Errors in reflection |p(x1 < 0, t)− pmodel(x1 < 0, t)|/|p(x1 < 0, t)| and in transmission |p(x1 >

ℓ, t)− pmodel(x1 > ℓ, t)|/|p(x1 > ℓ, t)| for the models at the orders 0 and 1.

frequency regime (with a unique diffraction order). The effect of the Bragg resonances592

has been efficiently captured by taking into account the evanescent fields responsible593

for the scattering strength of the turning regions, these regions playing the role of594

atoms in a one-dimensional coiled crystal. Such metacrystalline structures offer new595

degree of freedom to control the acoustic flow since they allow an efficient filtering of596

the frequencies (perfect or negligible transmission and reflection) by simply playing597

on the geometry of the turning regions. We notice that additional degrees of freedom598

can be easily taken into account with the same formalism, such as a coiled crystal599

with different turning regions (different atoms) or different inter-distances between600

them. Another extension, although less straightforward, is to consider a more complex601

crystalline structure in which the turning regions become regions connecting several602
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