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STATISTICAL MECHANICS OF THE RADIAL FOCUSING NONLINEAR SCHRODINGER
EQUATION IN GENERAL TRAPS

VAN DUONG DINH, NICOLAS ROUGERIE, LEONARDO TOLOMEO, YUZHAO WANG

ABSTRACT. In this paper, we investigate the Gibbs measures associated with the focusing nonlinear
Schrodinger equation with an anharmonic potential. We establish a dichotomy for normalizability and
non-normalizability of the Gibbs measures in one dimension and higher dimensions with radial data. This
extends a recent result of the third and fourth authors with Robert and Seong (2022), where the focusing Gibbs
measures with a harmonic potential were addressed. Notably, in the case of a subharmonic potential, we
identify a novel critical nonlinearity (below the usual mass-critical exponent) for which the Gibbs measures
exhibit a phase transition. The primary challenge emerges from the limited understanding of eigenvalues and
eigenfunctions of the Schrodinger operator with an anharmonic potential. We overcome the difficulty by
employing techniques related to a recent work of the first two authors (2022).
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1. INTRODUCTION

This paper concerns the statistical mechanics of the focusing nonlinear Schrédinger equation with
anharmonic potential
i0,u+ (A — |x|*)u = —alulP~2u
on the Euclidean space R4, d > 1, restricted to radial functions for d > 2. We will assume that s > 1,
p > 2 and @« > 0. More precisely, we study the integrability and non-integrability of the associated,
formally time-invariant, Gibbs measures given by

dpx W) = Zi 1 p<xy € duw), (1.0
where p is the Gaussian measure associated with the anharmonic operator
L=-A+|x|° (1.2)
given formally by
du(u) = Z—le—%(ﬁu,u)du _ Z_le_%/R“ VuG) P+l luGoPdx (13)

with a normalization constant Z. The potential energy R,(u) is defined by

R,(u) := %/ |u(x)|Pdx. (1.4)
Rd

Since we consider the focusing case & > 0, we must impose a mass cut-off | M (u)| < K for some parameter
K > 0in (I.I)), where

M @) = / lu(x)|?dx
Rd

is the (conserved) L? mass if s > 2. If s < 2, this is infinite y-almost surely, and hence we consider the
Wick-ordered version

M (u) =/ u(x))?dx
R4

i.e. formally the L?-mass minus its’ expectation value in the Gaussian measure.

Our main purpose is to identify the range of values for the parameters (s, p, @) that delineates whether
the Gibbs measure (I.I]) is well-defined or not.

This paper is a continuation of a recent work of the third and fourth authors with Robert and Seong [54]]
where the normalizability/non-normalizability of the focusing Gibbs measure with harmonic potential
(s = 2) were investigated. More precisely, the following result was proved in [54]].

Theorem 1.1 (The harmonic oscillator case, [54]).
Letd > 1, s = 2 and restrict the measures to radial functions when d > 2. Then, the following statements
hold:
(i) (subcritical case) If2 < p <2+ %, then for any K > 0, the focusing Gibbs measure
> ull”
dp@) = Z (| ) cop-axi<kye” OO du(u)
is well-defined as a probability measure and it is absolutely continuous with respect to the base
Gaussian free field p.
(ii) (critical/supercritical cases) If p > 2 + % and p < % when d > 3, then for any K > 0, the
focusing Gibbs measure

1
~lull”

dpx(W) = ZR L [y ucopzaxiskye” P d ()

gibbs

anharmonic

gaussian
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is not well-defined as a probability measure.

In the present paper we focus on the case where the parameter s exceeds 1 but is not equal to 2 (although
our approach can lead to simplifications in the latter case). Our main findings can be divided into two
distinct cases: the superharmonic case where s > 2 and the subharmonic case where s < 2.

In the case of superharmonic potentials, we identify the critical nonlinearity as

The Gibbs measure (I.I)) is normalizable for any a, K > 0 provided that the power nonlinearity is
subcritical, i.e., p < p,,. On the other hand, it is non-normalizable for any a, K > 0 as long as the power
nonlinearity is supercritical and below the energy-critical exponent, i.e., p > p,., and p <5 < ifd > 3.
For the critical nonlinearity p = p,., we observe a phase transition: the Gibbs measure is Well defined

for az K < ||Q”L2(Rd) and it is not well-defined for az K > ||0]?

Gagliardo-Nirenberg-Sobolev inequality on R?.
In the case of subharmonic potentials, we identify a new critical nonlinearity

Deer =2+ __ 4
s<2 d—1)s+2
which is below the usual mass-critical one above. The Gibbs measure is again normalizable when the
power nonlinearity is subcritical and is non-normalizable for supercritical power nonlinearity regardless
of the values of @, K > 0. For the critical nonlinearity, the phase transition is characterized in terms of
the nonlinear strength a: for each K > 0, there exists ay = ay(K) > 0 such that the Gibbs measure is
well-defined for all @ < a;, and it is not well-defined for all & > «.

2@’ Here Q is an optimizer of the

1.1. Known results and motivation. The construction of Gibbs measures associated with focusing
nonlinear Schrédinger equations was initiated by Lebowitz, Rose and Speer [37]. They considered the
focusing NLS on the one-dimensional torus and proposed to study the Gibbs measure with a mass cutoff,
namely

1
dpx(u) = Z'1, [ luPdx|<K )€’ 4 D G,
where Z g is the normalization constant (often referred to as the partition function). The imposition of a
mass cutoff is reasonable since the mass is a conserved quantity under the NLS flow.
It was asserted in [37]] that the aforementioned measure is normalizable under two distinct conditions:
when 2 < p < 6 for any possitive mass cutoff K, and when p = 6 for K smaller than the mass of Q — the
unique (up to symmetries) optimizer of the Gagliardo-Nirenberg-Sobolev inequality

2
/ lul®dx < Cins </ |u’|2dx> </ |u|2dx>
R R R

such that Cgyg = 2/10]1? ®) They also proved that the Gibbs measure is not well-defined when p = 6
and K exceeds the mass of O, and when p > 6 regardless of the mass cutoff size K.

While the proof of normalizability presented in [37] uses an elegant probabilistic argument, it however
contains a gap as pointed out and rectified for p < 6 in [13]]. Later, Bourgain [[6] gave an analytic proof for
the normalizability for 2 < p < 6 with any positive mass cutoff size K, and for p = 6 with sufficiently small
K. He also proved the invariance of these measures under the NLS dynamics. Recently, the third author
together with Oh and Sosoe in [47] proved the normalizability when p = 6 and K is smaller than the mass
of O, which resolves the issue in [37]. Remarkably, they were also able to prove the normalizability with

the mass cutoff K exactly equal to the mass of Q. This result is rather surprising since the focusing quintic
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NLS on the 1D torus admits blow-up solutions with this minimal mass, as found by Ogawa and Tsutsumi
[44]. Essentially, this implies that the Gibbs measure lives on Sobolev spaces of low regularity on which
there are no blow-up solutions at the critical mass threshold. The result of [47] shows a phase transition
for the focusing Gibbs measure on the one-dimensional torus at the critical nonlinearity. Specifically, the
partition function Z g is not analytic with respect to K when p = 6.

Similar results hold for the Gibbs measure

|ulPdx

du(u).

associated with the focusing NLS on the two-dimensional unit disc with Dirichlet boundary condition,
restricted to radial functions.

1
dpx@) = Z 1) [ jupaxi<k)®” b

In [61]], Tzvetkov constructed and proved the invariance of the focusing Gibbs measure with the
subcritical nonlinearity p < 4 and any positive K. Later, Bourgain and Bulut [8]] extended Tzvetkov’s
result to the critical nonlinearity p = 4 and sufficiently small mass cutoff K. In a subsequent work [47], the
third author, in collaboration with Oh and Sosoe, demonstrated the normalizability of the Gibbs measure
when p = 4 and K is less than the mass of O — the (positive and radial) ground state solution of

—-AO+0-0°=0 inR%

They also established the non-normalizability of the Gibbs measure when p = 4 and K exceeds the mass
of O, and when p > 4 no matter the size of the mass cutoff K. Recently, Xian [63] proved the optimal
mass normalizability in the critical case, that is, the above Gibbs measure is normalizable when p = 4 and
K equals the mass of Q.

Concerning the Gibbs measures associated with focusing NLS with potential on the real line, the
pioneering work was undertaken by Burq, Thomann and Tzvetkov [10], where they studied the focusing
Gibbs measure for the cubic nonlinearity with harmonic potential ¥ (x) = |x|?. In this setting, the Gibbs
measure is slightly different to the cases discussed earlier on the 1D torus and 2D unit disc:

|pdxa’ uu).
Here a Wick-ordered renormalized mass is employed instead of the usual mass since the latter is infinite
on the support of the Gaussian measure.

In one dimension, Burq, Thomann and Tzvetkov [[10] demonstrated the normalizability for p = 4 and

1
- - |
dpg(u) = ZK11{|/Rd1|u|2:dx|§K}ep Jot I

any positive K. They also proved the invariance of this measure under the dynamics of the nonlinear
Schrodinger equation. In the two-dimensional case, the focusing Gibbs measure with harmonic potential
was investigated by Deng [22]] under a radial assumption. More precisely, he constructed the focusing
Gibbs measure for any 2 < p < 4 and any positive K and proved its invariance under the NLS flow. More
recently, the last two authors, in collaboration with Robert and Seong, revisited the construction of focusing
Gibbs measure with harmonic potential. By exploiting the so-called Boué-Dupuis variational formula
and refined stochastic analysis, they proved the focusing measure is normalizable when 2 < p < 2 + %,

but non-normalizable when p > 2 + % and p < % if d > 3 regardless of the mass cutoff size K (see
Theorem [I.T]). Their result completes the picture of focusing Gibbs measures with harmonic potential in
one dimension and higher dimensions for radial data. Notably, a distinguishing feature from the cases of
the 1D torus or 2D unit disc is the absence of a critical nonlinearity, thus precluding a phase transition.

One advantage of considering the harmonic potential is that eigenfunctions and eigenvalues of the linear
operator —A + |x|? are explicit, which allows one to obtain precise LP-estimates of the eigenfunctions
(see e.g., [36] and [33]]). However, this advantageous feature is no longer accessible when dealing with a
general anharmonic potential |x|* with s # 2.
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In [23]], the first two authors investigated the one-dimensional focusing Gibbs measure with a potential
exhibiting a growth of |x|* at infinity. They successfully overcame the aforementioned difficulty by
employing techniques from many-body quantum mechanics, specifically the application of a Lieb-Thirring
type inequality and operator-inequalities in Schatten ideals, which originated from [41]. Instead of
relying on LP-estimates for eigenfunctions, which are unavailable in this context, they observed that the
construction of the focusing Gibbs measure hinged on L?-estimates for the (diagonal part of the) Green
function of —A + V' (x):

G(x,x) = Y A 2eX(x),
n>0
where (e,,, /lﬁ)nzo represent the (normalized) eigenfunctions and eigenvalues of —A + V' (x). Acquiring this
information proved to be considerably more tractable, thanks to the application of standard inequalities
like Holder and Kato-Seiler-Simon within Schatten spaces. With these methods, they could define the
focusing Gibbs measure with a cubic nonlinearity p = 4 for any positive K, provided that s > %. Note

that the potential energy % fR |u|*dx is finite almost surely with respect to the Gaussian measure as long

as s > 1. Thus there is a gap between 1 and % for the measure construction. This gap is technical due to
the use of a fractional Gagliardo-Nirenberg inequality (see [23, Lemma 3.8]). In this paper, we will fill
this gap and prove the normalizability of focusing Gibbs measure for all s > 1. We also aim at extending
these result to higher dimensional radial NLS equations. Upon a suitable change of variables, the radial
Schrodinger operator with an anharmonic potential on R¢ transforms into a one-dimensional Schrodinger
operator with an inverse square potential plus the anharmonic potential on (0, +0). The appearance of the
inverse square potential necessitates new approaches, as standard inequalities in Schatten spaces, as used
in [41} 23], are no longer applicable. Hence, novel arguments are required to address this potential term.

In addition to the previously discussed works on nonlinear Gibbs measures, we would like to mention
related research on the probabilistic theory of Schrodinger operators with trapping potential ([1] and [S3]]).
Additionally, there are notable works on the deterministic theory for the nonlinear Schrddinger equation
with harmonic potential (see e.g., [50], [34], and a series of studies by Carles ([[14. 15} [16L [17]).

Another motivation for this study comes from the mean-field approximation of Bose gases and Bose-
Einstein condensates. More specifically, the Gibbs measure linked with the nonlinear Schrédinger equation
was rigorously derived from many-body quantum mechanics (see [55}56] for the 1D focusing NLS, [40,
41l 130} 58] for the 1D defocusing NLS and [39, 29, 31}, 132]] for higher dimensions). In [55], Rout and
Sohinger rigorously derived the Gibbs measure associated with the focusing cubic NLS on the 1D torus,
considering any mass cutoff size K. More recently, in their subsequent work [56], they successfully
extended this result to the focusing quintic NLS provided that the mass cutoff size is small. It is expected
that some form of phase transition, as proved in [47]], should happen at the many-body level provided that
the number of particles is close to a critical value. However, this remains an open question.

1.2. Measure construction and main results. In this subsection, we go over the construction of the
Gibbs measures (I.I]), and state our main results precisely.

Let us start by recalling some basic properties of the operator (1.2). It is known (under the radial
assumption when d > 2) that £ has a sequence of eigenvalues /1% with

0<Aps<AH LS4, >
and that the corresponding normalized eigenfunctions e, i.e.

Le, = Ae

n-n’
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form an orthonormal basis of LZ(R?). The radial assumption is invoked hereafter whenever the spatial
dimension is two or larger. We also use the liberty to choose a real-valued eigenbasis. More details on the
radial Schrédinger operator are given in Section [2] below.

We define Sobolev spaces associated with the operator L as follows.

Definition 1.2 (Sobolev spaces).
For1 < q < o0ando €R, the Sobolev space W"’q(Rd) is defined by the norm
lullwoamay = 1L2ull Lagray-

When p = 2, we write W?*(R?) = H°(RY) and for u = > u,e, we have

n=0"n"n

o]

2 2 2
Nl o ey = D A7
n=0

With the above notation, we define the Hamiltonian as
1 1 2 [04
Hu) == |[L2u(x)|"dx — = |u(x)|Pdx. (1.5
2 Jgd P Jrd
In particular, using the eigenbasis {e, } (. we can decompose any u € S'(RY) as
u= Z u,e,, u, =(u,e,) = / u(x)e,(x)dx.
Rd

Then, in the coordinates u = (u,),»(, the Hamiltonian (I.5)) has the form

L) 1 0 © »
H(u):H(Zunen> = EZﬂilunP_g/ Zunen(x)’ dx.
n=0 n=0 P Jrd n=0

From the above computation, we may define the Gaussian measure with the Cameron-Martin space
H'(RY) formally given by

e 1 L _
du = Z e el du=z"1 He_i’ﬁl""lzdundun, (1.6)
=0
where du,du, is the Lebesgue measure on C. We note that this Gaussian measure y is the induced
probability measure under the map
(o)
8n(@)
w€EQ— U’ = e
2

n=0 n

1.7

ne

where {g,},>( is a sequence of independent standard complex-valued Gaussian random variables on a
probability space (2, F, ). From (1.7) and (2.61)), we see that

oo .
o _ 5 ) <o ifs>2,
E[llu ”LZ(R")] - ngoﬂn { =00 1ifs<?2. (18)

This implies that a typical function u in the support of y is not square integrable when s < 2. On the other

hand, when s < 2, Corollary(i) implies that E[[lu®|| 1y @] < oo when p > 2 and p < 2L if d > 3.

Therefore, the potential energy % fRd |u(x)|Pdx does not require a renormalization if we confine ourselves

totherangep>%andp<%ifd23.

Gaussian
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To define the Gaussian measure y in (I.6) rigorously, we start with a finite dimensional version. First,
define the spectral projection Py by

N

Pyu= Zunen. (1.9)

n=0

The image of P is the finite-dimensional space
Ey = span{eg, -+ ,en}.

Through the isometric map

N
Wy = D e, (1.10)
n=0
from CN*! to E, we may identify E, with CN*1, Consider a Gaussian measure on CN*! (or on R2N+2)
given by
N 12
A 2
duy =[] 2e 21" du,du,.
KN ]1 7 n“%n

This Gaussian measure defines a probability measure on the finite dimensional space E; via the map
(1.10), which will be also denoted by ;. The measure up can also be viewed as the induced probability
measure under the map

N

- u? :=Z#en. (1.11)

n=0 n

Given any o > % - %, the sequence (u},) is a Cauchy sequence in L*(Q; H~°(R%)) converging to u® given
in (1.7). See Corollary (ii). In particular, the distribution of the random variable u® € H~°(R?) is the
Gaussian measure u. The measure y can be decomposed as

H=py ® py, (1.12)

where the measure ,u]lv is the distribution of the random variable given by

uaz\)]’J'(x) 1= Z g”;w)en(x).

n=N+1 n

Recall from the discussion in the introduction that, to define the focusing Gibbs measure (I.1)), a mass
cut-off is necessary. As previously mentioned, note that u® & L?>(R?) y-almost surely when s < 2. This
motivates the introduction of a Wick-ordered renormalized L2-mass, similar to the approach used in
[7,/10, 47, 54]. Given x € R, u“[\’/ (x) in (I.1T)) is a mean-zero complex-valued Gaussian random variable
with variance

Y e2(x)

2 bl
j’I’l

on(x) = E[luf ()] =2 (1.13)

n=0

from which and Corollary [2.6] we have

N
2 -142
E [ 12 | = /R on(dx = ZO S~ Ay o
n= n

RVN

variance
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as N — oo provided s € (1,2). Here o depends on x € R as the random process u® given by (I.7) is
not stationary. We can then define the Wick power : |uy|?: via
Huyl?: = luy]? —oy. (1.14)

It is known (See Corollary [3.5|below) that

/:|uN(x)|2:dx—>/ u(x)|?:dx (1.15)
R4 R4

u-almost surely, which defines the renormalized (Wick-ordered) L? mass in the right-hand side.
The main purpose of this paper is to define the focusing Gibbs measure (I.1I)) with Wick-ordered
L?-cutoff. We start with a finite dimensional approximation.

a

P

Lﬂ(Rd>duN(uN)®d/4]J\‘,(uJJ§,), (1.16)

where uy = Pyu, u]J;] = P]ivu :=u — Pyu, and the partition function Zy  is given by

1 lluw Il

dpg nW) = Zg N1 [y Sy dxi<k ) €”

luy 11?
xw =/ L foa sluyCoiaxisky@” 0 d pw), (1.17)

Our main findings are sharp criteria under which the above (I1.16]) converges to a probability measure as
N — oo (i.e. 0 < Zg y < oo uniformly in N). They are stated as follows:

Theorem 1.3 (Gibbs measure construction, subharmonic case).
Letd > 1,1 < s <2 and assume the radial condition when d > 2. Then the following statements hold:

(i) (subcritical case) If

4 <p<2+ L,
s d-1s+2
then for any a, K > 0, we have uniform exponential integrability of the density: given any finite
r>1,
sup |14 s unopsasicir e e (1.18)
Sup a Huy (02 dx|<K) 6o
Moreover, we have
lim 1, . . e Wty =g e "I inaa) (1.19)
N fd s luy 012 :dx]<K ) (| fa tlu(x)2:dx|<K)

in L' (). As a consequence, the Gibbs measure py y in (LI6) converges, in total variation, to
the focusing Gibbs measure py defined by

a P
dpy(u) = Z; 1{ | fra ()2 :deSK}e; ”u”LP(Rd)dﬂ(u)- (1.20)
Furthermore, the resulting measure py is absolutely continuous with respect to the base Gaussian
free field p in (I.12).
(i1) (critical case) If
pore i
d-1Ds+2

we have the following phase transition for the Gibbs measure in (L1). Then, for every K > 0,
there exists ag = ay(K) € (0, 00) such that
(a) (weakly nonlinear regime). Let @ < ay. Then the Gibbs measure py y in (L16) converges, in
total variation, to the focusing Gibbs measure py defined by

= lull”

dpiW) = Z' N copaxiskie” 0 du(w). (1.21)

cov-1p

rho
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(b) (strongly nonlinear regime). When a > a, the focusing Gibbs measure (L.1)), even with a
Wick-ordered L*-cutoff, cannot be defined as a probability measure.
Moreover, we have that

0 < inf ay(K) < K) <
<11<n>0ao( )_zséli%%( ) < oo,

so (a) and (b) hold for « << 1 and a > 1 (respectively), independently of the particular value of
K > 0.

(iii) (supercritical case) Let

>24 L
P d—Ds+2
and further assume that
2d
< ifd > 3.
p<——ifd2
Then, for any a, K > 0, we have
_ “luy 1? _
sup Zg. = Sup ||1{|/Rd HuyCoiaxskye’ = oo, (1.22)

NeN
where Z g  is the partition function given in (1.17). The same divergence holds for Z g, i.e.

lull”
“x= / L stopsasi<k) @’ P E0d = oo, (123)

As a consequence, the focusing Gibbs measure (I.1)), even with a Wick-ordered L*-cutoff, cannot
be defined as a probability measure.

Remark 1.1. For the critical case, Theorem[1.3](ii) claims the normalizability/non-normalizability of the
Gibbs measure for @ <« 1 and @ > 1 respectively, uniformly in the cut-off size K. Furthermore, when
a ~ 1, there exists a critical coupling constant a(K) for given K > 0. However, whether the critical
coupling constant a;, is independent of K is not clear.

Similar results also hold for superharmonic potentials. In this setting, we have a more precise description
of the phase transition.

Theorem 1.4 (Gibbs measure construction, superharmonic case).
Letd > 1, s > 2 and assume the radial condition when d > 2. Given a, K > 0, define the partition
function Z g by
_ % frd lulPdx
Zx =E, [e,, Y, <) (1.24)
where E,, denotes an expectation with respect to the Gaussian measure y. Then, the following statements
hold:

(i) (suberitical case) If2 < p < 2+ 3, then Z < oo for any a, K > 0.

d d
(i1) (critical case) Let p = 2 + %. Then, Zy < o ifa2K < ||Q||iz(Rd), and Zyg = o if a2 K >
0| . Here, Q is an optimizer of the Gagliardo-Nirenberg-Sobolev inequality on R?
L2(RY)
d(p=2) 4=(d=2)(p=2) 1 d
||u||iP(Rd) < CGNS”Vu”Lzz(Rd)”u”Lz(R?]) s ue H (R ) (125)

(iii) (supercritical case) If p > 2 + % and p < % if d > 3, then Z = oo for any a, K > Q.

non_int

GNS
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As previously mentioned, when p = 4, Theorems and [1.4]represent an improvement over a recent
work [23], where the normalizability of the focusing Gibbs measure was established only for s > %
Here we not only demonstrate its normalizability for all s > 1, but we also extend the result to other
nonlinearities.

Furthermore, our main results also extend a recent work [54]], where the normalizability and non-
normalizability were established specifically for the case of the harmonic potential s = 2. The extension to
anharmonic potentials with s > 1 is not a direct adaptation of the arguments presented in [54], primarily
due to a lack of explicit knowledge concerning the eigenfunctions and eigenvalues of the Schrodinger
operator with anharmonic potential.

An intriguing feature of our main results is the identification of a new critical nonlinearity (below the
standard mass-critical nonlinearity p = 2 + %) that exhibits a phase transition in the subharmonic case
1 < s < 2. Itis noteworthy that, at this level of nonlinearity, the associated nonlinear Schrodinger equation
always exhibits global dynamics given sufficiently high regularity data (so that the energy is finite). This
leads to the suggestion that a new blow-up phenomenon may emerge for solutions of the NLS with low
regularity (within the support of the Gibbs measure) due to the weak growth of the trapping potential. To
the best of our knowledge, no such result is available in the existing literature.

As previously discussed, we address the challenge arising from the absence of an explicit formula for
the eigenvalues and L?-estimates of eigenfunctions by examining the Green function of the Schrodinger
operator £ defined in (I.2).

First, in order to determine the regularity of the Gaussian measure, we need to establish an upper bound
on the trace of L raised to certain negative powers (see Lemma[2.2). In the one-dimensional case, this was
proved in [41, Example 3.2] using a version of the Lieb-Thirring inequality originating in [24]]. This does
not apply to the radial case in higher dimensions, which leads to a Schrodinger operator with an inverse
square potential. We circumvent this issue by employing the fundamental solution of the heat equation
with an inverse-square potential, as provided by Ortner and Wagner [49]. This fundamental solution is
expressed in terms of the modified Bessel function of the first kind. Taking advantage of the asymptotic
behavior of this special function near the origin and at infinity, we establish a variant of the Lieb-Thirring
inequality adapted to our context.

Next, we need an LP-bound for the diagonal of the Green function (see Lemma[2.3). To achieve this,
we first employ the asymptotics of the modified Bessel function to deduce a decay property near the origin.
Subsequently, to capture decay behavior at infinity, we utilize the odd extension technique to extend the
underlying operator to the entire real line and then use previously known results for the one-dimensional
anharmonic oscillator by [41]]. In the case of two dimensions, careful considerations are required due
to the negative sign in front of the inverse-square potential, which is addressed through a refined Hardy
inequality recently established by Frank and Merz [28]].

Finally, we establish a Weyl-type asymptotic for the number of eigenvalues below a large threshold for
the radial Schrodinger operator with an anharmonic potential. In one dimension, this type of estimate is
known as the Cwikel-Lieb-Rozenbljum bound (see, for example, [23, Lemma D.1]). The proof is based
on coherent states and semi-classical analysis on the phase space. Specifically, we define a quantum
energy whose minimizer is attained by a fermionic density matrix. The problem of counting the number
of eigenvalues below a large threshold is then reduced to computing the trace of this fermionic density
matrix, which is determined by comparing lower and upper bounds.

The results of Theorem [I.3]and Theorem[I.4] together with the previous work on s = 2 in [54], give a
complete characterization of the construction of regulalﬂ focusing Gibbs measures with trapping potentials.

1We mean that the potential |u|? is well-defined.
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We observe different critical phenomena for different values of s: when s > 2, the phase transition at the
critical exponent depends on the cutoff parameter K; when s = 2, there is no phase transition at the critical
case [54]]; when s € (1, 2), the critical exponent depends on s, and moreover, the phase transition depends
on the coupling strength a. These differences reflect the distinct spectral properties of the Schrédinger
operators for different s, and require different techniques for each case.

We apply the Barashkov-Gubinelli variational method [2] to prove Theorem [I.3]|and Theorem [I.4]
Specifically, we use the variational formula of Boué-Dupuis [5)64], Lemma [3.1] to reformulate the Gibbs
measure construction as a stochastic optimization problem. Then, to show the normalizability part of
Theorems|[I.3]and [T.4] we need to control the stochastic optimization problems uniformly; see Subsections
M.T]and[5.1] To show the non-normalizability parts, we need to find suitable sequences of appropriate
drift terms, which drive the stochastic optimization problem to diverge; see Subsections and[5.2] We
remark that the asymptotic behaviour of the variational formulae, which depends on the behaviour of
Schatten norms of trapped Laplacian in Corollary [2.6] determines the different criticality of different s.

For the subharmonic trapping case s € (1,2), the proof of Theorem [[.3]is inspired by recent works
[4511461160]. In particular, in [45]], the authors studied a focusing @i—model with a Hartree-type nonlinearity,
where the potential for the Hartree nonlinearity is given by the Bessel potential of order . They show
that the case f = 2 is critical, leading to phase transition regarding the coupling strength. In [46], similar
critical behaviour was shown for the (Dg measure. However, both the above-mentioned works only consider
cases where the coupling strength is either very weak, i.e. weakly nonlinear regime a < 1, or very strong,
i.e. strongly nonlinear regime a > 1; and leave the case a ~ 1 open. Theorem I.3|shows the existence
of a critical coupling strength & for normalizability. However, if @ = «, then the normalizability is
undetermined by Theorem[I.3]

For the superharmonic trapping case s > 2, the trap is strong enough to make the problem almost a
local one, similar to the case on T. Heuristically, this is because the trapping potential penalises functions
which have nontrivial mass outside of a large ball. Indeed, when the trapping is strong enough, i.e. in the
superharmonic case s > 2, we have ||u|[;2 < oo u-a.s., at which point the analysis becomes similar to the
case of a bounded domain. Therefore, the Gibbs measure is less singular and the proof of Theorem [I.4]
exploits ideas from the torus setting [42,47]]. In particular, the ground state, which is the minimizer of the
Gagliardo-Nirenberg-Sobolev inequality, is essential to characterize the critical behaviour of the Gibbs
measure, as in the torus cases in [42,47]]. Our proof also relies on the exponential decay of the ground
state at infinity to eliminate the unbounded trapping by using a suitable scaling argument.

Remark 1.2.

(i) The LP-bound for the diagonal of the Green function, as established in Lemma[2.3] allows us to

define the defocusing measure for all p > max { %, 2} and p < % if d > 3. However, when
p > %, the potential energy R,(u) (see (T.4)) becomes infinite almost surely on the support
of the Gaussian measure p, necessitating a renormalization. The question of constructing the
defocusing Gibbs measure in this case remains an interesting open problem.

(i) In the absence of the radial assumption, a renormalization would be necessary for any (even)
p > 2assoonasd > 2. We are aware of the sole work by de Bouard and Debussche [21]], where
they established the construction of the Gibbs measure associated with the 2D defocusing cubic
NLS with a harmonic potential. Extending this construction to other (even) power nonlinearities
p > 4 and potentially exploring it with other (anharmonic) potentials would be a highly interesting
problem. On the other hand, in the focusing case, even with a renormalization of the potential
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energy, we expect that the Gibbs measure would remain non-normalizable, similar to the work of
Brydges and Slade [[18].

The structure of this paper is as follows. In Section [2, we study the radial Schrodinger operator with
anharmonic potential including some properties of the resolvent and a Weyl-type asymptotic. In Section [3]
we recall the Boué-Dupuis variational formula, which plays a vital role in our proof. We also give
some applications of the resolvent estimates derived in the preceding section. Section[d]is devoted to
demonstrating the normalizability and non-normalizability for the subharmonic potential, while Section [3]
addresses the case of the superharmonic potential. Finally, we recall in the appendices some essential
tools used in proving Weyl-type asymptotics, and extend our result to the case of fractional Schrodinger
operators with anharmonic potentials.

Acknowledgements. The authors would like to thank Tadahiro Oh for helpful discussions and for his
suggestion of possible collaboration between us. Y.W. would like to thank Rowan Killip for inspiring
discussions and valuable suggestions at the early stage of this project. The first two authors were sup-
ported by the European Union’s Horizon 2020 Research and Innovation Programme (Grant agreement
CORFRONMAT No. 758620). Y.W. was supported by the EPSRC New Investigator Award (grant no.
EP/V003178/1).

2. RADIAL SCHRODINGER OPERATORS WITH ANHARMONIC POTENTIAL

In this section, we collect some properties of the Schrédinger operator with anharmonic potential. In
dimensions larger than 1, we restrict its’ domain to radial functions.
Letd > 1, s > 0 and consider the Schrodinger operator

L:=-A+]|x° onRY.

When d > 2, we restrict our consideration to radial functions, that is we look at
L:=-97— d—_la, +r° on (0, +00). 2.1)
r

We may define the above as the Friedrichs extension of the associated quadratic form, starting from the
domain of C* functions vanishing at infinity.
We will rely on the change of variable

U f)=rE [0 2.2)
to reduce our study to the operator
(d-1d-3) L
452

acting on L?((0, +o0), dr) with a Dirichlet boundary condition at 0. More precisely, the radial Laplacian
corresponds to the Friedrichs extension of (2.3) (see below).

L£,=-0>+ (2.3)

2.1. Properties of the resolvent.

Lemma 2.1 (Definition of the radial Laplacian with trap).
The follow properties hold:

(1) When d > 2, the self-adjoint extension of L (still denoted by L) has domain D(L) such that UD(L)
is a subset of continuous functions vanishing at the origin.

(i) (£ + 1)~ is compact.

eq:RadLap

eq:changerad
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(iii) There exists a sequence of eigenvalues (ﬂi)nzo of L satisfying
0<AOS11S“'SA,,_)+OO

and the corresponding eigenfunctions (e,),>o form an orthonormal basis of L*(RY) (radial
functions of L>(R?) when d > 2). In addition, eigenfunctions can be chosen to be real-valued.

The Dirichlet condition at the origin inherited by the domain of £, will be crucial to employ results
from [49] in the sequel (see (2.14) and (2.15]) below).

Proof. The 1D case is standard (see e.g., [3, Theorem 3.1]). Let us consider the case d > 2 where the
radial assumption is imposed. Consider the quadratic form associated to £ in (2.3, namely

e d—1)d-3

oUf. f) i= /0 008 + E =2 0P + PP [ ECRO AN, 24
When d > 3, it is clear that Q is non-negative. When d = 2, we use the following Hardy inequality (see
e.g., [200):

+oo +00
/O ﬁlf(r)lzdrs/() 10,/()dr,  f € CE((0,+o0)) @.5)

to deduce that Q is also non-negative. The Friedrichs extension theorem (see e.g., [S1, Theorem X.23])
ensures that £, admits a self-adjoint realization [49], still denoted by L, whose core is C(‘)’o (0, +0)).
Observe that the map U defined in maps the quadratic form domain of the radial Laplacian to
the domain of (2.4)). Hence the Friedrichs extension, whose domain includes the quadratic form domain,
is the appropriate one. Other self-adjoint extensions exist (see [9]), but we shall prove below that they are

not selected by conjugating (2.1)) with (2.2).
When d > 3, it is immediate that the quadratic form domain of (2.4) is embedded in

H'((0,400)) N L((0, +0), rdr),

which is well-known to be compactly embedded in L?((0, +c0)). Hence the Friedrichs realization of L,
has compact resolvent. Since the above also continuously embeds into C°((0, +0)) and the second term
in (2.4) comes with a positive sign, it is also clear that functions of the domain must vanish at the origin.

When d = 2, we need the following refined Hardy inequalityﬂ proved recently by Frank and Merz [28]:
for0<0<1,

+0o00 +00 1 6/2 2 o .
/0 (=D () 2dr < C /0 |( - E> f(r)( dr, Vf€CP(0,+00).  (26) [Hardy-ineq 2

Since x — x? with 0 < @ < 1 is concave, Jensen’s inequality for operators (seeﬂ e.g. [S7, Theorem 8.9])
yields

+0oo r +0o0
Qrf.NH=C < / |<—03)"/2f<r)|2dr> + / rf(n1*dr,
0 0
which implies that the bottom of the spectrum of L, is positive. Also
1

—a”<c<—az——>
(20" < T4

0

2The inverse inequality holds for all 0 < 6 < % In particular, we have the equivalence of norms forall 0 < 6 < 1.

3In [57, Theorem 8.9], Jensen’s inequality was proved in a finite dimensional setting. However, the same proof applies for the
infinite dimensional case using the multiplication operator form of the spectral theorem for unbounded self-adjoint operators (see
e.g. [51 Theorem VII.4]).
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as operators. By the operator monotonicity of x — x? with 0 < @ < 1 (see [12, Theorem 2.6]), we infer
that

N > 1 1
(—@)sc(ﬂy—zz+§r)
<c(-0-5+3r) @7
or
> 1 1, 20, 1
—6r—ﬁ+r52C (—6r) +§I‘S

for some constant C > 0 depending only on the bottom of the spectrum of £;. Here the constant C varies
line-by-line. Hence, for all 0 < 6 < 1 the quadratic form domain of £; continuously embeds into

H?((0, +0)) N L*((0, +00), r*dr),

which is compactly embedded in L?((0, +0)) when § > 1/2. Hence £, has compact resolvent. Since
the above space also continuously embeds into continuous functions and (2.2) maps regular functions to
functions vanishing at the origin, we also deduce that functions from the Friedrichs domain of £; must
vanish at the origin.

Applying the spectral theorem for compact operators (see e.g., [52, Theorem XIII.64]), there exists

a sequence of eigenfunctions f, of (£ + 1)~! which forms an orthonormal basis of L*((0,4+c0),dr).

Moreover, the corresponding eigenvalues satisfy y, — 0% as n — oo. Note that

L+ D fy=ufu e Lyfy = =D,

In particular, f, is also an eigenfunction of £; with the corresponding eigenvalue y;‘ —1 - 40 as
d—1
n — oo. The rest of the lemma follows by setting e, = r 2 f, and /li = ,u;l - L U

We will now specify which Schatten space the resolvent of the operator we just constructed belongs to:

Lemma 2.2 (Schatten-norm bounds for the resolvent).
Let s > 0 and (/li)nzo be the eigenvalues of L given in Lemma Then we have

Tr[L™] = ) 4,2 < oo (2.8)

n>0
. 1,1
provided a > >t

Proof. The 1D case was proved in [40, Example 3.2] and [23, Lemma A.1]. In the following, we only
consider the higher dimensional cases. To this end, we shall show the following Lieb—Thirring type
inequality for the radial Schrodinger operator £ = —A + V(r): for a > %,

+o0 1
Tr[£7] < C(a)/ (V(r)z"dr. (2.9
0

Assume (2.9) for the moment, let us prove (2.8)). Since £ > A, we infer that
Tr[L7%] < 2°Tr[(L + 49) 7],
where 4y > 0 is the first eigenvalue of £. Applying (2.9) with V' (r) = r* + 4, we have

+0o0
Tr[L£7%] < C/ * + AO)%_adr <
0

: s 1,1 s
provided sa — 7 > 1 ora > > + <. This proves (2.8).

est-A-theta

Lieb-Thir-in
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It remains to prove (2.9). Let us start with the following observation. Let (42, f) be an eigenpair of
L =—-A+ V(r), namely

(-2 - =0, +v ) 1) = 210,
r
By the change of variable

d-1
gr)=rz f(r), (2.10)
it becomes
(d—-1d-3)
<—a,2 e V<r>> g(r) = 2°g(r)
4r
or (42, g) is an eigenpair of
. w, d=1)(d-3)
Ly:=-0 + ™ E— +V(r)
acting on L((0, +c0), dr) with the Dirichlet boundary condition at 0. In particular, we have
Tr[£7] = ) 472 = Tr[£]"] (2.11)
n>0
hence the proof of (2.9) is reduced to proving
+00
Tr[£7%] < C(a) / V()2 “dr. 2.12)
0
To show this, we rely on an idea of Dolbeault et al. [24] which is done in two steps.
Step 1. A Golden—-Thompson type inequality. We first prove that: for ¢ > 0,
+o0
Trle ™" 1] < Cr71/? / eV Odr. (2.13)
0

To prove (2.13)), we recall the following result of Ortner and Wagner [49] concerning the fundamental

solution to the heat equation with an inverse-square potential on the half line with Dirichlet condition at 0.

More precisely, the unique solution to

(a,—of+%>u(t,r) =0, t>0, r>0,
ut=0,r) = g, r>0, (2.14)
uit,r=0 = 0, t>0.
is given by
+o0
u(t,r) = / G(t,r,7)g(r)dz,
0
where
VIt r?+ 172 rT
G(t,r,7) = - 1(5) 2.15
@r.7) 2teXp< 4z>“2t (2.15)
with v = % and I, the modified Bessel function of the first kind with index v, namely

1 x \ 2j+v
Lo =X mrr ()

Jj20
We have the following asymptotic behaviors of the modified Bessel function I, (see e.g., [48, Section
10.30]):

~ ! (£>V asx -0
'v+1)\2

1,(x) (2.16)

chan-vari

Gold-Thom-ir

I-nu-zero
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and

I,(x)~ 1 e* asx — +oo. 2.17)
2mx

Using Trotter’s formulfﬂ (see [33]]), we have
e =5 — lim (e_ﬁHe_iV(r)y
n—>oo ’
where
(d = 1)(d —3)

2 (2.18)

. _ 2
H:=-9+

. L Ly n. .
The integral kernel of (e ne n ) is written as

! - t _t
K(t,r,r):/ G(_,r,T1>e nV(T])G<—,Tl,T2)e nV(T2)
(0,4 00)r1 n n

t _1
.G (—, T, 1 T) e Ddrdr,..dr, .
n

t t n
Thus Tr [(e_ZHe_ZV(')> ] is

+00 ; . t .
/ K(t’ T,T)dT = / G<_9 Ta T])e_; (TI)G <—,11,T2)e_; (TZ)
0 Odtcoy NN n

14
G (1’ T}’l—l’ T) e_;V(T)dTld’fz...dTn_ldT-
n

Set 7, = 7. We rewrite this as

t t t
/ G(—,TO,TI)G(—,TI,‘L'2>...G(—,Tn_l,To)
O4c0)r N h n

e n (V(To)+V(Tl etV (@ ))dfod'l'l dT2. "dTn—l .

By the convexity of x — e, we have

n—1
o V@V @V @) 1 Z V@)
T n
k=0
Thus we get
1o t t t
Trle 1] < = Z/ G (—,10, r1> G (—, T, T2> .G (—, Ty_1 T0> eV Wdrydz,..dT,_,.
n k=0 “ (0,+0c0)" n n n

The right hand side can be rewritten as
1 =l teo
- Z / F(rp)e ™V ®™dz,,
niZ0/o

4For A, B two positive operators on a Hilbert space H, then for all # > 0, we have

e—I(A+B) =5 — lim (e—tA/ne—tB/n)n.

n—oco
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where

t t t

F(Tk) = G — 70,71 G —T1,7p .G 5 Ty—1-70 dTOdTI"‘di—ldi+1"‘dTn—l
(0,400)-! n n n
We recall that the heat kernel (2.13)) is symmetric in r, 7, and satisfies
+o00
/ G(t,r,7)G(s, 7', v)d7 = G(t + s,r, 7),
0

where the latter comes from the fact that e "H e 5H = ¢=+)H We thus deduce

F(r,) =G, 7, 71)

1% %\, (T
= — exp| —— Iv —
VA ES 21 21
<cr'? k=0,..n-1,
where we have used (2.16) and (2.17) to get the last estimate. This shows that

Trle 51 < = Z/ Cct /2 V@ gz,

+00
S Ct_l/z/ e—tV(r’)dr
0

which is (2.13).
Step 2. A Lieb-Thirring type inequality. Using the Gamma function

+o00
= L/ e g, a>0, A>0, (2.19)
I'(e) Jo

the functional calculus gives

1 +o0
Tr[L7%] = — / Trle "c171% 1 dr.
! I'(a) Jo
Using (2.13)), we get

—a 1 e 2 [T e a1
Tr[LTY] < — Ct e dr )t dt
0 0

+00 +00
= & </ e""(’)t“‘%‘ldz> dr
() Jo 0

_ “les) <a _ §> /+°°(V(r))%—“dr
0

which proves (2.12). O

We next turn to integrability properties of the diagonal part of the resolvent’s integral kernel:

Lemma 2.3 (L? bounds for the resolvent’s integral kernel).
Let s > 0 and (zln, e,)n>0 be the eigenpairs of L given in Lemma Then, the Green function of L satisfies

2
£ (x,x) = Z ( ) € LP(RY) (2.20)

n>0 n

Gamma
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provided
ifd =1,2,
max{l,z}<p<{03 l,fd>3
s i fdz3
Proof. Ford = 1, this is contained in [41, Lemma 3.2] and [23, Lemma 3.3]. By the change of variable
(2.10), we observe that

e (x)
L7 x) = ), S € L/(RY)
n>0 ﬂn
is equivalent to
—(d—l)(l—l) | —(d—l)(l-l) g2(r)
r L) = P Z "—2 € LP((0,+00),dr), (2.21)
n>0 n

where g, (r) = r% e, (r) are eigenfunctions of L.

We proceed in several steps.

Step 1. A decay property near the origin. We first show the following estimate of the Green function:
for any 0 < f < 1, there exists Cp > 0 such that for all » > O,

r_ﬂﬂl_l(r, r) < Cﬂ' (2.22)

In fact, since £, > C(H + 1) with H as in (2.18)), the operator monotonicity of x — x~! gives [1]_1 <
C~'(H + 1)7!, hence

el <N H + D)7 ). (2.23)

We will use the Gamma function (2:19) to express the integral kernel of (H + 1)~! in terms of the heat
kernel of e7"H . More precisely, we have

+o00
(H+ D '= %/ e e dy
0

which implies

_ | _
(H+D)'(r,7) = m/0 G(t,r,7)e " dt
= % /0+°° \Z_Texp (—rZLT2> 1, (2—:) e”'dt,
where G is as in (2.13]). We write
(H+ D)7 Yr,r = L /+°° <£>% exp <—ﬁ> 1 <£> e_’(2t)_%dt
ra Jo 2t 2t ) Y\ 2t

and use (2.16), (2.17) to deduce

+00 |
(H+ 1D r,r < C/ e 't 2dt < 0.
0

In particular, we have

L7(r,r) € L¥((0, +00), dr). (2.24)

GreenEst-pro

boun-H1-L
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Now we write

- s 2 : 2 2\
(H+1)" (" r) = F(l) Z exp _Z 1, Z e '(21) " 2dt
_ 1 +oo r %_ r2 r2 » _%_g
T T /0 <2t> exXp (—;) I, <5> e T 5 ar.

According to the asymptotic behaviors of the modified Bessel function (see (2.16) and (2.17)), we split
the integral into three parts

le{te(0,+oo):r—scl},

Q)

2
{IE(O,+00) xe s%scz},

r2
te€ 0,+00) : 2—ZC2 >

for some C; < 1 and C, > 1. On Q,, it is clear that

1
7'2 2 7’2 7‘2
- L) (L) s

Q3

NI

On Q,, we use (2.16) to get

1_2

r2\2 2 .
—_— X
2t

On Q;, by 2.17), we have
s
<Z> €X

+00 )
rPCH + D7) 5/ et 2dt <
0

Thus we obtain

as 0 < p < 1. This proves (2.22).
Step 2. The superharmonic case s > 2. By (2.8) and @.T1), we see that Tr[£]'] < co. Hence
L7'(r,r) € L'((0, +0), dr), which together with (2.24) implies

L7 (r,r) € LP((0,+00),dr), Vp€[l, 0], (2.25)

We now estimate for p > 1,

+o0 1 p
||(.)—(d_1)(1—) 1( )lle((0+oo)dr) /0 <r_(d—1)(1_;)£1_1(r,r)> dr

1 i
-/ (r—w—w(l—;)ﬁl—l(,,r>)”dr
0

+o00 —(d- 1)( ) >P
+ Ly 2.26 Lp-est- f
/1 ( (r r) ( ) p-est-proo
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The integration on (1, +o0) is finite using (2.25)). On the other hand, using (2.22)), we have

1 | p 1 1 4
/ <r_(d_l)<1_;>£1_1(r,r)> dr:/ <r_(d_l)<l_;)+ﬂr_ﬂ£il_1(r,r)> dr
0 0

< /lr_((d_1)<l_%)_ﬂ)pdr
0

~

(w8

«_9
PSa 15
Since f can be chosen arbitrarily in (0, 1), we infer that the integration on (0, 1) is ensured to be finite

provided

which is finite as long as

which we guarantee by picking

d
l<p<—s. 2.27
P< o5 (2.27)

Step 3. The (sub)-harmonic case 1 < s < 2. It remains to show the boundedness of the integration on
(1, +00) in (2.26). To do this, we consider separately d > 3 and d = 2.

We observe that

L, > —03 +r
SO
£l r) < (=02 + )7 (). (2.28)

To compute the Green function of —63 + r* on the half-line (0, +00), we take ¢ € C;°((0, +0)). The
unique solution to

(=0*+ru = @, r>0,
{ W = 0. (2.29)
is given by
+o0
u(r) = (=02 + ) o(r) = / (=02 + )\ (r, D)p(r)dr. (2.30)
0

We use the odd extension technique to extend (2.29) to the whole line. More precisely, we denote

u(ry ifr>0, () ifr>0,
Ugqq(r) 1= —u(=r) ifr <o, @oadP) =9 —@(-r) ifr<0, (2.31)
0 if r=0, 0 if r =0,

the odd extensions of u and ¢ respectively. Then u,, solves
(—03 + |r|S)u0dd = (podd’ re (—OO, +OO)

which admits a unique solution given by

+00
Uoga(r) = (=02 + 1) poqq(r) = / K(r, t)poqa(r)d7,

Lp-est-01

est-Green-d-
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where K(r, 7) is the Green function of —63 + |r|® on the whole line R. Restricting to (0, +o0), we get for
r>0,

+o0
u(r) = / K(r, 1)@oqa(7)d7

0]

0 +00
= / K(r,t)(—p(-71))dr + / K(r,t)p(r)dt
—0 0

+o0
= / (K(r,7) — K(r,—7)) p(r)dr.
0
Comparing to (2.30), we obtain
(=02 + ) (r,7) = K(r,1) — K(r,-7), 1,7 € (0,+00).

Thanks to the fact that K(r,r) € LP((—c0,+00), dr) for all % < p < oo due to [41, Lemma 3.2] and

K(r,o) = )" w21, (),

n>1

where (42, 1,) is the eigenpair of —92 + |r|* on R, we infer that
(=02 + )"} (r,r) € LP((0, +00),dr), Vpe€ (3, oo] .
s
This together with (2.28)) show that the integration on (1, +o0) is finite for all % < p £ 0. Combining

1
with (2:27) yields r_(d_l)(l_;>H1_1(r, r) € LP((0, +c0), dr) for all

s PSa—o
In this case, we recall from the proof of Lemma|2.1|that for 0 < 8 < 1
21 1,20, 1
=0, — ) +r'>C (=0,)" + Ers

for some constant C > 0. In particular, we have

-1
El_l(", r) < <C_1(—af)6 + %,g) (r,r). (2.32) |est-Green-2d

Using an odd extension as above, we have

-1
(C—l(—af)“’ + %r“) (r.7) = K(r, 7) = K(r,—7), Vr,7 € (0, +00),

-1
where K (r, 7) is the integral kernel of <C ‘1(—03)9 + %lrls ) defined on R. Thanks to an estimate on

the Green function of the fractional Schrodinger operator with an anharmonic oscillator (see Proposition
, we have for 8 € (1/2,1), K(r,r) € L?(R) for all 20 p < o0. This implies that

5(20-1)

-1
(c—l(—af)" + %r) (r.r) € LP((0, +00),dr), Vpe <

Since 6 can be taken arbitrarily in (1/2, 1), we deduce from (2.32)) that

20 ]
—, 0] .
s(20 — 1)

El_l(r, r) € LP((0,+00),dr), Vpe (2, oo] .
s

From this, we can conclude as in the case d > 3. The proof is complete. U



subsec:Weyl

heo-Weyl-rad

22 V. D. DINH, N. ROUGERIE, L. TOLOMEO, Y. WANG

Lemmas 2.2)and 2.3]are crucial in the proof of Theorem|1.3](i), i.e. the normalizability in the subcritical
cases. To deal with the critical/supercritical cases, we also need tighter estimates, in particular estimates
on the number of eigenvalues below a given threshold.

2.2. Weyl-type asymptotics for radial Schrodinger operators. Let
N(L,A) :=#{A2 1 22 <A},

where Ai are the eigenvalues of L given in Lemma We start with the following, whose equivalent in
1D is known as the “Cwikel-Lieb-Rozenbljum" bound (see e.g. [23, Lemma D.1]).

Theorem 2.4 (Weyl’s law for radial Schrodinger operators).
Letd > 2 and s > 0. Then, for two constants c¢,C > 0

1,1 141
cA2"s S N(L,A) S CA"s as A — oo. (2.33)

We use the method of coherent states and semi-classical analysis on the phase space R X R, whose basic
ingredients we recall in Appendix [A] In the following, the single integral sign stands for the integral over
the configuration space R and the double integral one is for the integration over the phase space R X R.

Proof of Theorem[2.4] We have N(L,A) = N(L,,A), where L, is given in (2.3). Thus, the analysis is
reduced to study £, which we do in several steps.

Step 1. An odd extension. It is convenient to extend the operator £, to the whole line. More precisely,
let u be an eigenfunction of £, with the eigenvalue 42, i.e.,

—Pu+ d-1)d-3)
" 452
with u € L?((0, +0), dr) satisfying u(0) = 0. We extend u to the whole line using the odd extension,
denoted u,4q (see (2.31)). In particular, u,4, is a solution to
(d—-1d-3)
4)x|?
where u € L*(R) is an odd function. In particular, (A2, U,qq) 1S an eigenpair of

- 2, (d—-1)d-3)

u+ru=Au

—6§u+ u+ |x|)°u = A2u,

L, =—-0.+ + |x|*
R T x|
acting on L(z) 1q(R) the space of odd L?-functions. In addition, we have
N(L,AN) = N(Ly,AN). (2.34)

Step 2. A semiclassical reduction. To estimate N (E_l, N), we use a suitable scaling to reduce the
problem to a semiclassical one that counts number of eigenvalues of a semiclassical operator below 1.

— 1
More precisely, if u is an eigenfunction of £; with the eigenvalue A2, then v(x) := u(Asx) solves

AT (-aﬁ + %(Idzd)) v+ |xlfv = 22A7M.
X

Set
hoi= AT, = A2ATL (2.35)

Then v solves the semiclassical equation

: : d—1)(d-23)
£.,0=pu’v, L, :=h> —02+(— + |x]|®.
LAV =H 1Lh < o T | x|
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In particular,
N(L,A)=N(L 4 1). (2.36)

The study of N (L 1.n» 1) s now a semiclassical problem. To proceed further, we consider the following
quantum energy:

EM i=inf {EX] =Trl(L,, - Dyl : y € S'(LY,).0<y <1}, (2.37)

where @31(Lg 1®) is the space of trace-class operators on L(Z) i d([R{). Let (”Z)nzo be an orthonormal basis
of Lg 4q(R) consisting of eigenfunctions of El,h’ with associated eigenvalues (/12)2. One readily sees that
the quantum energy in (2.37) is achieved by the following fermionic density matrix

7n= D Lonpar U )(ull. (2.38)

n=0
In particular, we have

Trlyl= D, 1= Ny D).
(Ah2<1

Our goal is to show that

sup ATr[y,] € (0, o0) (2.39)
h—0

which together with the scaling (2.33) and (2.36) yield (2.33).
Step 3. A lower bound. We next aim at proving the following lower bound

lirgl i(I)lf hTr[y,] 2 C (2.40)

for some constant C > 0.
Fix a constant K € (0, 1) and define the trial state

test 1 h h
y = [ mk@pIfe S ldxdp,

where

Mg (X, P) 1= 1{jpppixpe—1<0)n(|xI2K ) (2.41)
and f ;l,p is the coherent state (see Appendix for the definition). By (A1), we see that 0 < y'*' <1 and

Trly ™) = > // MG (1 £ )dxdp = —— // my(x, pydxdp < C(K. D).

Note that
//mK(x’P)dx"'P=/</ 1{|p|2+|x|s—150}n{|x|zx}dp> dx
= / ( / dp> dx (2.42)
IxIzK \J{lpl<(lx]s=1)Y?)

= 2/ (Ix|° = DY?dx < o,
Ix|=K

where V_(x) = max {—V(x), 0} is the negative part of V' (x).
We will use the energy of y'**! as an upper bound to the quantum energy:

£ < )

eqg:quantum e

gt

lowe-boun-tr

[50-test]

[Gnve-n0]
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By the Plancherel identity, we compute

1
ATr[—h*92y'™] = > // my (X, p)(f] . —1?0} f] Ydxdp

B ﬁ // m (X, p) < / |q|2|Fh[f,Z,,J<q>|2dq) dxdp
2
1 - A —
& ol el (52)
B i //mK(x’P) </ lp+ \/EQIZIf(q)Iqu> dxdp

- % // my(x. p) ( / (Ip1* + 2V hpq + h|q|2>|f<q>|2dq> dxdp,

where F, is the semi-classical Fourier transform (see Appendix [A]for the definition). We observe that

dqgldxdp

[ 0PI @Paa = bR, = 1oF
and

/|q| F@Pda =11,

Since f is an odd function, so is f , hence for p fixed,

/pqlf(q)lqu =0.

In particular, we obtain

1
RTr[=ho5y'™'] = = // my CGx, p)(|p|* + 7|l f'113,)d xdp. (2.43)

We next have

— — _ 2
hTr[hzwym] « 1)(d ) // K(XP)<ffp Wf)}:lp>dxdp-

4|x|?
It suffices to estimate the bracket on the region {|x| > K} (see (2.41))). We have
h no\ _ h 24
<fxp y lzfxp> Wlf Wld
_1/2 / f - x)
|y|2| '

|f)I*dy.

/|x+\/%y|

Since |x| > K and f has compact support, there exists 7 € (0, 1] small such that

e+ Vil > Ixl = Valy > 3

for all 2 € (0, 7y) and all y € supp(f). It follows that

4
<f,?,, fop> —IIfII .= 2
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hence

ATr [fﬂ%yt“t] < Cyh? // my (x, p)dxdp (2.44)

for all 7 € (0, 7). We also have

. 1
Ty 0 = 5[] Gt ot

= %//mK(x,p) </ IyISIpr(y)Izdy) dxdp
T
- 2
=%//m1<(x,p) <h—1/2/|ylsf<y X>| dy) dxdp

Vi

1
o // m (X, p) < / x + \/Eylslf(y)lzdy> dxdp.
Using the inequality

s s s—1 : >
et Vil < J X HCIVAYP + CVRIXP Iy s 2 1, 245)
|x|S+C|\/%y|S if0<s<,

we get
/ x+ VayP | F )Py < [x]f + Chs? / YLDy + R ! / MLy
for s > 1 and
/ x4 VAP fG)Pdy < |x° + ChoP? / V1 F )Py

for 0 < s < 1. In the following, we consider only the case s > 1 since the one for 0 < s < 1 is similar. In
particular, we obtain for s > 1,

1 _
ATy < o~ // x| m (x, ppdxdp + Ch' 2|1y £112, / x|~ my (x, p)d xdp

(2.46)
+Cr 2|y 111, // my(x, p)dxdp.
Collecting (2.43)), (2.44), (2.46)), and using the resolution of the identity (A.T) yields
qu qup, test
hE,” < h&E, [r"*™]

=ATr[(L,, — Dy
1

<ot [ QbR 4150 = Dgx pax
4 2.47)

we (e n IR, ) ] mecxpaxds

+Chr'2Iy 2 1117, / x|~ my (x, p)d xdp

for all 7 € (0, hy) and some constant C > 0 independent of 7. Since (see (2.42))

//mK(x,p)dxdp, //les_lmK(x,p)dxdp<oo,
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letting 2 — 0, we obtain

lim sup hEgu < i'/ (p)* + |x|* = Dmg (x, p)dxdp.
h—0 2r

Now let 7, be a minimizer for E)", i.e., E)' = £[y,]. Since £, , > 0, we have
hE)" = hEN [yp] = —Tr[y,].
It follows that

li%niélf nTrly,] = —limsup hEgu > —%/ (Ip)* + |x|* = Dmg(x, p)dxdp.
- 7

h—0
This proves (2.40) since

1 2
- // (pP + I+l = Dmg e pidxdp = 2= [ (1xl? = 1)2dx € (0, 0).

[x|=K
Step 4. An upper bound. This step is devoted to the following upper bound

limsup ATr[y,] < C
h—0

vh= D, Hllul Yl

n>0

for some constant C > 0. Let

be a minimizer for Egu. We first denote
Pa(x) 1= Y MU
n
and claim that, for 7 small enough,

h/ [x|*pp(x)dx < h/ pr(x)dx.
Indeed, thanks to the energy upper bound (2.48)), there exists 7, € (0, 1] such that

RE <0, Vh e (0,hy).

(d—1)(d-3)

>
xp 2 0, we have

. 2
Since —0x +
0> nEM = n&lly,]

= hTr[(ﬁ_l,h = Dyl
> ATr[(|x]" = Dyyl

= [ (= Dy

which gives the desired estimate.
We next define the Husimi function associated to y;, by setting

mh(x7 p) = <f)}:l’p9 J/hfzp>

and refer to Appendix [A]for its’ properties.
Now let us consider separately two cases: d > 3 and d = 2.

We have

RE" = h&[y,] = RTEI(L, 5, — Dy 2 ATr(=h202 + |x|* = Dy .

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

uppe-boun-ern

uppe-boun-tr

densi-gamma

boun-d-geq3-



NLS IN GENERAL TRAPS 27

By Plancherel’s identity, we compute

Tl = 3 <o) = [ laPnada

n>0

where

(@) = Y KEFR L)@

n>1

We also have

Tl = Dyl = 2t [ (ol = DIeoRax = [ el = Dpy(a.

n>0

Thus we get

ATr[(—h?0% + |x|* — Dyl =h < / lq1?t,(q)dq + / (|x|* - l)ph(x)dx> . (2.53) [boun-d-geq3-

On the other hand, we have (see Lemma[A.2))

—//mh(x p)|pl*dxdp = h/'l’lzth 1&"1*(p)dp
h/th(q) </ Ip|*1g"(p - q)|2dp> dg
A — 2
rh<q>< -1 / 2] 7 (2=4 dp) dq
/ /(252
/ () ( / (g2 +2v/Apq + hlplz)lf(p)lzdp)
=h/rh(cn(|q|2+h||f’||iz)dq

— [ n@laPda+ w151, [ nda

where we have performed a similar calculation as in Step 3. We also have

%//mhu,p)qxw—1)dxdp=h/<|x|S—1)ph « 1" P(odx

= h/ph(w </<|x|s - DIfx - y>|2dx) dy

- h/ph@) </<|y+ Vi’ - 1)|f<x>|2dx> dy
= h/ph(y)(lyls - Ddy
+ h/phm </ ly + Vhx[*| £ (o) 2dx — |y|S> dy,

where we used || f]|;2 = 1. To estimate the second term, we use (2.43)) to have

| [ v+ Vaxpireoax - 'yt [ il eorax+on [ ixplreobas
< CAPIFIXI2 FIR, + CR P12 1,

n

h
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This shows that
1 [ s [ v+ VaxPLreorax - v )as| < P 2R, [ o0y

+Ch P 1x 2 1113, / pr(»dy.

Using the inequality |y|*~! < C(|y|* + 1) and s > 1 (there is no such term if 0 < s < 1), we infer from

(2.50)) that
|n / pn)( / v+ VAx*| £ (0Pdx = |yI* )dy| = 0r*?) / pr()dy

for all € (0, hyy), where Ay is as in 2.51) and A;, = O(h*) means that |A;| < Ch® for some constant
C > 0 independent of 7. Collecting the above estimates, we have

% // my(x, p)(pI* + |x|* — 1)dxdp=h< / th(@)lql*dq + / pr(x)(|x]* = 1)dx> (2.54)

+O(h?) / th(q)dq + O(h*/?) / pp(x)dx.
From (2.51), 2.32), (2:33), and (2.54), we obtain
0> hE® > 1 < [ 1aPrda+ [ ax- 1>ph(x>dx>
> % // my(x, p)(|p* + |x|° = Ddxdp — CR? / th(g)dq — Ch/? / pp(x)dx
> i //mh(x, p)X(Ipl* + |x|* = Ddxdp — Ch/th(q)dq - Ch/ph(X)dx

_ %//mh(x,p)(|p|2+ Ix|* = 1 — 2C)dxdp (2.55)

for all 2 € (0, ), where we used (A.2)) to get the last identity.
Set

Wx,p) i=|p®+|x|°-1-2C>-1-2C, Vx,peR.
From (2.55), we have

0> L // iy, YW (x, p)dxdp
2

1
—// my(x, p)W(x, p)dxdp + —// my(x, p)W(x, p)dxdp
(w<i} {(w>1}
> — 1+2C // my (X, p)dxdp+ // my(x, p)dxdp
{w<i} w>1}

B E ./ 4 (W<1}
> iw//mh(x,p)dxdp—ldl_—c// dxdp,

2z m Ww<y

where we used 0 < my,(x, p) < 1 for all x, p € R. Therefore, we obtain

1 // my(x, pydxdp < L€ // dxdp = constant (2.56)
2r T (w<1}

my(x, p)dxdp

boun-d-geq3-

boun-d-geq3-

boun-m
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for some C > 0 since {W < 1} is a non-empty compact set of R2. This together with (A.2) proves (2.49)
when d > 3.

In this case, we first extend the refined Hardy inequality to the whole line, i.e., for
0<0<1,

[i=drerepax<c [ |(-o

As operators, we have from the operator monotonicity of x — x? with 0 < < 1 that

r 0
w2 - 1
I T 4x|?

<C

0/2 2
4| |2> f(x)| dx, Vf € Cy(R)odd functions.

(-n*o))’ <C

<C

which gives
1
n(-0*-——)>cCn*?*’-1
( * 4|X|2> 2 oy

Hy > C(—n*0d) + |x|* — 1
for some constant C > O which may change from line to line. By taking 0 < 6 < 1/2, we get
hEM = hEM [y,] = RTr[(L,, — Dypl = ATI[(C(=h%02)° + |x|° = 2)p,].

The same argument as in the case d > 3 applies here. The only difference is the term

% // my(x, p)|p|*’dxdp

which can be treated as follows. We have

%//mh(x,p)lplzedxdp = h/th(q) </ |p|29|gh(p—q)|2dp> dq
-~ h/th(q) </ lg + \/Eplwlf(p)lzdp> dq

=h/3ﬂmmﬁwq+om”%/3ﬂ@m;

In particular, we have

(2.57)

We now can repeat the same reasoning as in the case d > 3 (i.e., (2.55)) with | p|%? in place of |p|? and —2
instead of —1) to get the upper bound (2.49) when d = 2.

Finally, by the lower bound (2.40) and the upper bound (2.49), we show (2.39). This completes the
proof of Theorem [2.4] O

Remark 2.1 (Precise Weyl asymptotics when d > 3).
When d > 3, the above proof actually gives the asymptotic behavior

// my(x, p)dxdp,

mo(x, p) = 1|24 xs=1<0}-

11rn hTr[yh (2.58)

where

uppe-boun-2d

preci-limi-t
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To see this, we define the classical energy
EY :=inf {ecl[m] = 2i //m(x,p)(|p|2 + |x]* = Ddxdp : me L' R xR),0 <m < 1} .
7

By the bathtub principle (see e.g. [43, Theorem 1.14]), the unique minimizer for E® is given by the
function m, defined above. By (2.48) and letting K — 0, we have

) 1
1 hEM < —
mpnE < 5,

<ot [ o+ 1xt = Dimytx paxp = £,
b3
where my, is as in (2.41)). On the other hand, from (A.2), (2.54), and (2.56)), we have

RE = heln = 5 // myCe, p)(IpI + x| = Ddxdp + O(h'/?) 2 B — Ch'/2.

/ (Ipl2 + |xI° = Dy (x. p)dxdp

Taking the liminf, we obtain

liminf RE" > E.
h—0

This shows that
limhE" = E¢
)
and

// my(x, (oI + |x|)dxdp < C

for all 2 — 0. In particular, m;, is a tight minimizing sequence for E. From this, we deduce that m;, — mj,
strongly in L'(R x R) and ([2.58) follows.

As a corollary, we deduce an estimate on the number of eigenvalues in some spectral windows.
Corollary 2.5. There exist Cy, cy > 0 and ko > 1 such that for all A > /lé,
1,1 ) ) 1,1
co\2Ts SH#{A T A< A S kgAY S CpARTs. (2.59)
Proof. From ([2.33) or its” equivalent in 1D, there exist C,c > 0 and A > 0 large such that

1,1 1,1
cA\2"s S N(L,A) < CAx"5 (2.60)

for all A > A,. The same estimate still holds for /1(2) < A < A by adjusting the constants C, ¢ accordingly.

In fact, we have
Lo
NL,A) 21> A2 AT

and

P
=

+
o |—

AT

1
3+ Ag\2Ts 1 A 1,1
0
To see (2.59), we use (2.60) to have

2 2 RSS!
#{A 1 A< A, < kgAY < N(L, kgA) < Cké AT

Weyl-rad-apr
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and
#{/Ii TA< /li < kgAY = N(L,kgA) — N(L,A)
> c(kgA)its — CAS™S
1,1
= <ck3+? - C) AT
11
= COAZ s
provided that k; > 1 is taken sufficiently large depending on C, c. g

Let L = Py L, where Py is given in (I.9). Then, we have

N
TriLy]= ) 4,7
n=0

Similarly, we define EJZ;] = L — Py L and thus

Tr(Ly) 1= D, A7
n=N+1

The following corollaries are crucial in proving the non-normalizability.
Corollary 2.6 (Behavior of truncated Schatten norms).

Letd > 1, s > 0and p > 0. We have
1,1

N ! fp>3+5
2 .
Ti[e1= Y 477~ (logdy)” ifp=3+1 2.61)
n=0 /1—2p+1+§ . 1,1
N lfp < 3 + 3

Proof. When p > % + % (2.61) follows from Lemma and (2.8). In the following, we assume that
p< % + % We first decompose the interval [ 4, 4] dyadically and then apply the Weyl bound (2.59) to

get
N clog Ay
—Py _ -2p _ -2
TrLy1= ) 47 = ) > oo
n=0 =1 kSla% <i2<kgM 22,
clog iy
—1 32\~ 2. 152 2 ¢ p-l+l 52
~ D U BT AL kAN < AL < kg
I=1
clog Ay L
~ X ARG A
I=1
2 .
(log/lN) 1fp=%+%
~ 1,1 2
cloghy , —1GG+5-p) —2p+l+3 . 1 1
(21=1 k) Sy ifp<i+?
which gives the desired estimate. U]

We also need the following:
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Corollary 2.7 (Tail estimate).
Letd >1,s>0andp > % + % Then, we have

- —2p+i42
TH(Ch) 1= Y, A~y (2.62)
n=N+1

Proof. We have from (2.59) that

Te[(LL) 7] = i A~ i DI

= =0 1! )2 ~2<pl+1 52
n=N+1 I} Oko'lN<}‘nSko }‘N

~ D (kAR #{AZ kA, < A2 < kSTAL)
g 0N n 0N n 0 N (2.63)

< 1
~ D k) k)
1=0

—2p+1+§
N 2

provided p > % + % g
We finally state the following observation.

Lemma 2.8 (Polynomial growth of eigenvalues).
Letd > 1, s > 0and k € N. Then, there exists c(s) > 0 such that

ikN —
N-oo /15(5)
N

Proof. It comes from the fact that
2

1+ s
N=N(£,/1%V)~/1NS or Ay ~ N2ts as N — oo.

3. VARIATIONAL FORMULATION

Most of our arguments proceed from a variational formula for the partition function that we recall
from [5]]. This relies on the Boué-Dupuis variational formula [5} 162} 164} 4, 38]], which has already been used
extensively to define and characterize nonlinear Gibbs measures in related contexts, see e.g. [2} 45] 46].

We wish to determine whether the partition function

Zk ::/l{lM(u)ISK}eaRp(u)d”(u)

is finite or not, where y is the Gaussian measure with covariance £7!, restricted to radial functions when
d > 2. Since (see e.g. [S Proposition 2.5])

—logZg =
inf { / (—aR, () +log(f ) fwWdux@)| f >0, f € L'(dpug), / S py () = 1} 3.1)

with dpg (u) =1, IM@w)|<K14 u(u), the finiteness of Z g is related to some free energy being bounded from
below. Namely, the question is whether the positive entropy term (relative to the Gaussian measure) in

eq:freeener
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the above is sufficient to compensate the possibly very negative potential energy term. The Boué-Dupuis
formula will help us decide that question by providing a more wieldy formulation of the entropy term in
the variational principle above. This requires introducing an extra time variable and seeing the Gaussian
measure y as the law of a Brownian motion at time 1. Then, Girsanov’s theorem provides a description
of random processes whose laws are absolutely continuous with respect to that of the Brownian motion,
and the Boué-Dupuis formula an expression of the latter’s entropies relative to the Wiener measure. This
turns (3.1)) into a control problem. We set this up briefly in Section [3.1]below, sketching how this is of
use for our problem. In Section [3.2] we collect some consequences of the bounds of Section [2] which
legitimate the application of the formula to our context.

3.1. The Boué-Dupuis formula and its’ use. Let W (¢) denote a cylindrical Brownian motion in L2(R%)
defined by

W) =Y B,(e, (3.2)
n>0

where {e, },5 1s the sequence of normalized eigenfunctions of the operator £ given in Lemrna and
{ B, },>0 1s a sequence of mutually independent complex-valued Browniarﬂ motions. We define a centered
Gaussian process Y (f) by

B, (1)

_1
YO =LTIW () =) — e (3.3)
n>0 n
Then, Y (¢) is well-defined in H~°(R?) for any ¢ > - — 5, see Corollary Hbelow. But Y (¢) is not in

L?*(R%) when 1 < s < 2, since we have

E[|B,()|*] 5 ) <o ifs>2,
[”Y(I)HH(R)] Z A2 = Z A if s <2 (unless ¢t = 0).

n>0 n n>0 =

From (3.3), we see that
Law(Y (1)) = p, 34

where y is the Gaussian free field given in (L.12)).

Let H, be the space of drifts, which consists of progressively measurable processes belonging to
L? ([0, 1]; L*(R)), P-almost surely. One of the key tools in this paper is the following Boué-Dupuis
variational formula [5, Theorem 5.1] (see also [62]] and [64]).

Lemma 3.1 (Boué-Dupuis variational formula).
Let Y(t) be as in (3.3). Foroc > % - % let F : H°(R?) = R be a Borel measurable function that is
bounded from above. Then, we have
- —FYM) | — ;

log E[e" ] = inf [E[ (Y()+10)XD) + / 16O 2 ] (3.5)

where 1(0) is defined by
! 1
10)@®) = / L20(r)dr
0

and the expectation E = Ep is with respect to the underlying probability measure P.

|zI2

5Essentially, we have B, (f) ~ N(0,2¢), its’ density is given by —e 2,
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Proof. The fact that (3.3) holds when

jnf rE[ (Y() + 1)) + / 162, g0, @ ] (3.6)

follows with same proof as [60, Proposition A.2]. Therefore, we only need to show equality when
(3.6) = —o instead. Let M > 0. By monotone convergence, there exists 8,, € H, and L > 0 such that

[E[max( (Y() + IO(D), = / 105 (112 g0, ]
Therefore, we have that

_logE [e—F(Y(l))] < —logE [e' max(F(Y(l)),L)]

=9ié1ﬂ£a[E[max< (Y()+ 1(6)(D)), - / ||9(t)IIL2(Rd ]
gE[max< (Y(1) + 1(0p)(D)), — / IIHM(t)IILz(Rd) ]
<-M.

Since M is arbitrary, we conclude that

—logE[e‘F(Y(l))] =—co= Hiéﬁ [E[ (Y(D)+ 1(0)(D)) + / ”9(’)”L2<Rd> ]

a

‘We shall use the above with

F(Y(1)) = =aR,(Yy (D) ascry 1k (37)

or a close variant, where we set (see (I.9) for the definition of Py)

Yy (1) =Py Y(1). (3.8)

This is a legitimate choice, as per the estimates provided in Section below. A lower bound to the
infimum in (3.3)), uniform in N, will imply finiteness of Z and hence normalizability of the interacting
Gibbs measure, while an upper bound diverging to —oco when N — oo will imply Zx = +o0, hence
non-normalizability.

Proving normalizability. To bound (3.3) from below, we must show that the second term is, for any
drift, large enough to compensate the first one. Clearly, from Minkowski’s inequality, we have that 1(8)(1)
enjoys the following pathwise regularity bound:

Lemma 3.2 (Pathwise regularity).

For any 0 € H,, we have

Hence the general scheme is essentially to bound

F(Yy(D)+PyI(0)(D) 2 ——III(9)(1)|IH1(Rd) G(Yy(1)
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where G(Y (1)) is an expression involving different quantities (e.g. Lebesgue or Sobolev norms) only
related to the Gaussian process Y (1). This uses a (case-dependent) suitable mix of functional inequalities
and triangle inequalities. Inserting this and Lemma[3.2]in (3.5)) will yield normalizability provided

E [G(Yy(1)] <
uniformly in N, i.e. essentially

/G(u)du(u) < o

with y the original Gaussian measure. We obtain such conclusions with a suitable selection of estimates
from Section 2

Proving non-normalizability. To bound (3.5]) from above, a suitable drift 6(r) is constructed, making the
first term diverge to —oo, while keeping the second one under control. In practice both terms will diverge,
so that one needs a construction making the first one diverge faster. Under our assumptions, there exists
blow-up profiles f, such that

N—-o0
We pick one and construct a drift 8 such that
Y1) +PpI(6)(1) =~ fy + lower order .
In particular, it is tempting to let
6() = L2 (=0,Yy() + f)
so that
1O)®) = =YN(®O) + fn-
Of course, the time-derivative of the Brownian motion in the above is problematic, leading to the second
term in ((3.3)) being +oo for such a choice. The idea is thus to approximate Y, (f) by a smoother process
Z () and let
0(t) := L% (=0,Zy(1) + )
be our trial drift. With a suitable construction we ensure that, for this choice of 8, the first term of (3.5)

diverges to —oo faster than the second term diverges to +c0. Namely we introduce, following ideas
from [60].

Definition 3.3 (Approximate Brownian motion).
Given N > M > 1, we define the process Z ; by its coefficients in the eigenfunction expansion (e,),> of
(the radial restriction of) L.

Forn<Mlet Z v (n,1) be a solution of the following differential equation:

{ dZy(n 1) = A Ay (T (1) = Zopy(n, 1)t

o (3.10)
Zyli=o =0,

where ¢ > 0 is a constant to be chosen later on ana@
Yy(n,1) = / Yy (t, x)e, (x)dx.
[Rd
We set ZM(n, t) =0 for n > M and define

Zy(t.x) 1= ) Zp(n,1)e,(x)
n<M

5We use our liberty of choosing a real eigenbasis for L.

7277
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which is a centered Gaussian process in L>(R?) and satisfies Py Zyy = Z ;.

Let us briefly explain why the above yields a suitable approximation to the Gaussian process Y ()
defined in (3.3). For illustration, we only consider a one-dimensional Gaussian variable

Y(t) =W (),

where W (¢) is the standard Brownian motion. Thus Y = Y (1) ~ N'(0,262) is a Gaussian variable with
variance 2¢2. Using a one-dimensional version of Lemma we have

—log (E[e™"™)]) = sup E|F(Y (1) - Z(1)) — %2/1 |Z(s)|2ds],
ZeH! 0
where I]-I]}l is a set of stochastic processes defined as
[H]é = {Z : Z(0)=0,Z € L*([0,1]1 X Q), and Z is progressively measurable}.
We want to construct a stochastic process Z € IH]}Z such that Y (1) — Z(1) is small, while keeping
/01 | Z(s)|>d s under control. For this purpose, we postulate an ansatz for the difference
XO)=Yt)—-Z@t)=cW(@)— Z()
being the Itd process
dX =-AXdt +ocdW, (3.11)
or .
X1 = / e~ A d W (s)

with A > 1. Then X is “small" in the sense tha(i

E [IX()I*] ~ 6%/ A. (3.12)
On the other hand 1 1

>0 N2 2 N2 2
E [/0 | Z(s)| ds] = A°E [/0 | X (s)] ds] ~ %A (3.13)

Rewriting (3.11)) as

dZ = -A(Y — Z)dt.

serves as inspiration for our choice in (3.10). The parameters A and o (or their variants) should be
determined by our later analysis, to balance the competing effects of (3.12)) and (3.13) when they are
inserted in the variational principle.

sec:BouDup2

3.2. Preliminary estimates. With the above notation, we have the following consequence of Lemmas
[2.2]and [2.3] They will help us vindicating that the choice (3.7) can indeed be inserted in Lemma 3.1]

Corollary 3.4 (Regularity and integrability of the Gaussian process).
Letd > 1, s > 0 and assume the radial condition when d > 2. The following statements hold:

(i) Let 1 < g < oo and
ifd =1,2,
max{Z,i}<p< o;d lf
s - ifd > 3.

q

Then, we have
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where the constant depends only on d,p,q. In particular, Yy(1) is a Cauchy sequence in

LY(Q, LP(R?)) and
E[IlY (1) - YN(1)||‘£p(Rd)] - 0as N > .

(i1) Let 6 > —% + % and 1 < g < . Then, we have

E [”YN(I)”;I_Ifb(Rd)] Sd,q 1.

In addition, Y (1) is a Cauchy sequence in LP(Q, H%(RY)) and

E[IlY (1) - Yy | Sus A‘(z”—;){

H-3(R?) N

Proof. (i) We only consider the case g > p since the one where 1 < g < p follows from Holder’s inequality.
By the Minkowski with g > p and the Khintchine inequality (see e.g., [11, Lemma 4.2]) and Lemma[2.3]

we have
N
B, (1) q
q _ n
Ew O] = [ 2 =7 =l e | o
n=l
<[ 3 e
- A, MlLallLe®d)
n=0 n

< (cull 3 22

- (cwl($ )"

L2(Q)

q
LP([Rd))

& 2(x)\p/2 \MP\¢
(e [(Z5) =) )
/2 1/p\ 4
< <C(q)</ (L7 (x,%))" dx) )
R4

<CWd,p,q)
provided
2 o ifd=1,2,
max { 1, —} <p< d .
S E if d Z 3.
For M > N, we have

M ei(x) p/2 /p\ 4
[E[||YM<1>—YN<1>||‘;p(Rd)]s(C(q)< /R (X =) dx) >

n=N+1

0 2 1/p\ 4
s(c@)(/Rd( y e";f))”zdx) >

n=N+1

which converges to zero when N — oo by the dominated convergence theorem.

q
LP(R")>
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(ii) It suffices to consider g > 2 since the one where 1 < g < 2 follows from Holder’s inequality and the
case ¢ = 2. By the Minkowski inequality and the Khintchine inequality, we have from Lemma [2.2] that

E[IYn (DI [||Zil(+15)

<l Z lli?
e (x) >1/2| q

/12+25 L2(R9)

q/2
= c() Z 320
n=0

<CWd,q)

o)
L2(R)

q
L2(R7)

L4(Q) |

<col(3

provided 1 + 6 > % + % oré > —% + % In a similar manner, for M > N, we have

M 2
E[11Y3 (D) = Yy (DIl s )| < C(q)< Y ﬂ;zuﬂs))q

n=N+1

where we have used Corollary to get the last estimate. ([l

Corollary 3.5 (Integrability of Wick renormalized mass).
Letd > 1, s > %, p > 1 and assume the radial condition when d > 2. Then, we have

| L i g, s

where the constant depends only on d, p. Moreover, the sequence fRd Yy (D)% :dx is Cauchy in LP(Q)
and

,
-3+

H/RdZIY(l)|2:dx—/ Yy (D2 dx”L(Q) Sap Ay

Proof. By the Holder inequality, it suffices to consider the case p > 2. Using the Wiener chaos estimate
for p > 2 (see e.g., [57, Theorem 1.22] or [59, Proposition 2.4]), we have

|| /R O], 5 | /R Yo dx

Then from the definition of Wick order (1.14]) and (1.13), it follows that

/ :|YN(1)|2:dx=/ |YN(1)|2dx—/ o (x)dx
R4 Rd

B.0F -
= 2

L2(Q)

(3.14)
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Since the random variable { B, (1)} are normalized and independent, we have
E[(|B,(DI* = 2)’] = E[|B,(D|*] = 4[| B,(DI*] +4 = 4

and
E[(IB,, (D> = 2)(B,,(DI* =21 =0
for all n; # n,. Therefore, using Corollary [2.6] we have

N
. 22 El(|B,(1)|* —2)*]
[ED/Rd Yy (D) .dx| ] _’; 7
N
-y
& 5

provided 2 > % + % ors > %
We now move to the second part. Proceeding similarly, for M > N, we have from Corollary [2.7] that

1

M ) 3
» nt: BENRRN
Y (1)|2:dx—/ YN (D)2 dx < ( p 4) ,s(x : )
” /Rd M pa N ||LP(Q) P n=§+1 n N

which shows that the sequence /Rd : |YN(1)|2 :dx is Cauchy in LP(Q) for s > % We conclude the proof
by taking a limit as M — oo. ([l

- 4. SUBHARMONIC POTENTIAL
:subharmonic
This section concerns the normalizability and non-normalizability of the focusing Gibbs measure with

subharmonic potential s < 2.

4.1. Normalizability. In this subsection, we show the integrability part of Theorem[I.3] The conclusion
will be obtained in Sectiond.1.3|below from the main estimate we now state, in the form of a bound on

Zg Nt

Lemma 4.1 (Exponential Integrability).

Let s < 2 and assume

. L4 4s
either ) —<p<2+ m;
’ =1y @.1)
ii) p=2+ ————inth kl li ime.
or (i1) p @=1)s+2 in the weakly nonlinear regime
Then
sup [E”[CXP(“Rp(”N)) 1y, :|uN(x)|2:dx|§K}] < oo, 4.2)

where uy = Pyu and R, (uy) is the potential energy denoted by

R,(uy) := %/ lupn (x)|Pdx. (4.3) |RpN
Rd

Observing that

E, | explaR,(un)) - 1y 1, :|uN(x)|2:dx|s1<}] <E,

exp (aRp(uN) : l{lfm :|uN(x)|2:dx|SK}>]’
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the bound (4.2)) follows once we have

S]lirp E, [exp <aRp(uN) . I{I/Rd :|uN(x)|2:dx|sK})] < 0. 4.4)

To prove (@.4), we apply the Boué-Dupuis variational formula Lemma 3.1 with F(Y (1)) as in (3.7) and
use the fact that

Law(Yy (1)) = (Py),u
to get

— log [EM[GXP <04R,,(MN) Ly :|uN|2:dx|SK}>]

= inf [E[ — R, (Yy(D) +PyIOD) - 1y £ vy ()+Py 10XV :dxl<K) (4.5)

0eH,
1 1
2
v 5 [ 100, 1]

Here, E, and E denote expectations with respect to the Gaussian field y and the underlying probability
measure P respectively. In what follows, we will denote

Yy =Yy(1) =PyY(1), Oy =PyI0)1) (4.6)

for simplicity. In the rest of this subsection, we show that the right hand side of (4.3) has a finite lower
bound under (@.1)), separating cases (i) and (ii).

4.1.1. Subcritical cases. We first consider the easier subcritical case
4s
(d—-1)s+2’
where the Wick-ordered renormalized mass is of any finite size K > 0, and the nonlinearity is of any
magnitude & > 0. Note that the condition on p coupled with s < 2 implies

d—-2+Vd*>+38 <
d+1
Proof of @.2). By duality and Young’s inequality, we have

|/W3|YN+®N|23‘1'X|

|/ :|YN|2:dx+2/ Re(YNﬁ)dH/ |®N|2dx|
Rd R R4

| / 1Yy P dx| = 20 llysn O llses, + / lOyPdx
R R

i<p<2+
N

s < 2.

4.7

\%

\%

_ . 2. _ P1 _ a4 2
| [ x| = CY I, = MOy + |10 P

where % - % < 6 < 1 and py,q, > 1 are such that

1 1
—+—=1.
P14

Furthermore, by interpolation, we have

(1-6)p oq
||®N||H6(Rd) < C||®N||L2(Rd)2 + Cll@N”le(Rd)’

nots

cutoff0-d
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where p,, g, > 1 are such that

1 1
—+—=1.
Py 4

We may then choose 6 = ZZ;SS+, g =1+and p, = ;—f2+ so that
a(1 =6)py = 2. (4.8)

It follows that

64,9
10N 11555 gy < CHON N2 gy + ClONIIAE, (4.9)

Here the constant C is independent of N and may vary from line to line. By choosing eC < %, from (4.7)
and {.9), we conclude that

{|/Rd :|YN+®N|2:dx| SK}

2 . 2. p 04,9
c {u@Nan(Rd) <K+]| / Yy x| + Coll Yy sy + ||®N||L2(Rd)+eC||®N||Hf(§d)}

1)
{ 10812, gy < 2K +2] /Rd Yl 1dx| + 2C, Yy ) g, + 2eC||®N||,j’ffﬂ§d)}
_.o,. (4.10)

We then recall an elementary inequality, which is a direct consequence of the mean value theorem and the
Young’s inequality. Given p > 2 and € > 0, there exists C, such that

|z; + 2,]” < (1 + )|z, |P + C,|z,]° 4.11)

holds uniformly in z;, z, € C. Here C,, which may differ from line to line, denotes a constant depending
only on . We conclude from (1.4), (4.11) with € = 1, {#.10), the sharp Gagliardo-Nirenberg-Sobolev

inequality (I.23)) and
2
”V””Lz(Rd) - ”Vu”LZ(Rd + ||<x>S/ u”Lz(IRd) = ” ”Hl(Rd)

that

aR,(Yy +On) 1 1, vy 10, P dxi<k)
<2aR,(On) - 1| 1, jvy+0, P :dx1<k) + CAR,(Yy) (4.12)
<2aR,(Oy) - 1g, + CaR,(Yy)

d(p=2 4—(d=2)(p=2
2ua »=2) ()(p)

< ?CGNS”®N” 1Ol

g, + CaR,(Yy)

Hl(Rd)I LZ(Rd)

where Cgyg is the implicit constant (depending on the dimension and p) and the set Q is given in (@.10).
Noting that d(” D <2whenp<2+

- 1) , we apply Young’s inequality to continue with
2(4—(d=2)(p=2))

1
<CIONN iy Loy + 71O 3,1 sy + CR,(VN), (4.13)
L2(R9) K 4 HY(RY)

Lgbound-d

cutoffil-d
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where the constant C depends only on d, p, a. Then from {.10), interpolation and Young’s inequality, we
have

2(4-d=2)(p=2))

4—d(p-2)
”®N”L2(Rd; : IQK

4—(d=2)(p—2) 4—(d-2)(p—-2) » 4—(d-2)(p-2) 5 4 4(ddZ)(p2 2)
<K s 4 |/ Yy idx| T Yyl (elonlin, )

H5(R) H(RY)
4-d-2)(p=2) 1’14 d-2)(p=2)
<cerc] [P ST NI+ eCIOME ey (4.14)
provided
4—d-2)(p-2)
) <2
4192 4—dp-2)

Since 6 = %+, q,=1+and g, = SA;—SZ— (as p, = 3j—f2+, see (4.8)), the above condition requires

4s
<24 4.15
Pt T st 2 “.15)

Here we remark that the constants C, Cg in (4.14)), which may differ from line to line, are independent of

€. By collecting @.5), (3.9), @.13) and (@.14)), we arrive at

—logE, [CXP <aRp(uN) 1y, :|uN|2:dx|SK}>]
2(4-(d=2)(p=2))

: _ 4=dp-D) | _
Zeléln_fua[E[ ClOWI 2 1o, — CR,(Yy)

”®N”H1(|Rd) / ”9(t)“L2(|Rd) ]

2(4—(d=2)(p=2)

(4.16)
; 4—d(p-2)
> eléﬁ E [ - C“®N”L2(Rd)p / ||0(t)”L2(Rd) CRP(YN)]

4-(d=2)(p-2) 4-(d-2)(p=2)

Py
> jnf [E[ CCK—C|/ Yy dX| O = CCNY N sty

7~ Ce) / 1O} 2 g 1 CR,,<YN>].
Then, by choosing € > 0 sufficiently small such that Ce < Z’ we obtain

—logE, [CXP <aRp(uN) 1y, :|uN|2:dx|SK}>]

4—d(p-2)

4—(d=2(p-2)
> —CCy — CE[R,(Yy)] - C[E[| /Rd Yy |2 dx ]

4.17)

14 (d=2)(p=2)
- CC [E[”YN” i ]

5(|Rd)
Smce -<p<2+ m, Corollarles and give

4-d=2)p-2) py =202
sup[E[Rp(YN)] +supE [| /d :|YN|2:dx| MR I sup[E [llYNll _biﬂ{;; 7l < 0.
N N R

This proves (.4), hence (4.2) in the subcritical case. O

cutoff2-d
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4.1.2. Critical case.
This section focuses on the critical case
4s
d-1s+2
We shall prove Theorem (ii) - (a) as well as the case when @ <« 1. The argument here is inspired by
[45]146]. We first show the uniform exponential integrability

p=2+

P

Zlunll
LP(R4)

poxd HlnfRd Huy ()2 :dx|<K 1€

for all 0 < @ < 1 uniformly in K > 0. Then, given K > 0, it follows that the set
<o g,
LY () }

ay(K) = sup A(K). 4.19)

Then, given K > 0, it is easy to see that (4.18) holds for all 0 < a < ay(K). We will establish the
convergence of the truncated Gibbs measure in the next subsection.
Proceeding as in (4.13)), we have

(4.18)

L(p)

“Nunll”

AK) = {(x >0 : :lé% “1{|/Rd Juy (2 d x| <K} € LP(RA)

is non-empty. We define

R,(Yy +ON) - 1( vy 40, P:dxi<K)

(4.20)
<2R,(On) 1y 1, civyroyidxi<k) + CRY ().
By Gagliardo-Nirenberg-Sobolev inequality and Young’s inequality, we have
1
R,(Oy)=-— Oy lPdx
=1 [ 10y]
4—(d-2)(p-2) d(p=2) 421
1Ol g, 10w, (4.21)
2(4-(d=2)(p=2)) )
4—d(p-2
SIONI ™ + 10812 g
Also, we notice that
/ Yy + Oy idx| > / 2Re(YnOy) + Oy |2dx| — / Yyl idx (4.22)
Rd Rd R4
Now, we consider two cases.
Case 1. We first assume
5 -
”®N”L2(Rd) > ‘/Rd Re(YOpn)dx|. (4.23)
Then, together with (4.22) we have
2(4-(d=2)(p=2))
4—d(p—2
1ONI oy i1 fug ¥y +O 2:dxl<K])
4-[@=2(-2)
— 5 4-d(p-2)
~ /Rd2Re(YN®N)+ |®N| dx l{l-/Rd YN +Oy |2 :dx|<K) 4.24)
4-[d=2(p-2)
4-d-2)(p-2) d

< K o) 4

/ Yyl :dx
R4

which will be sufficient for our purpose.

threshold-d
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Case 2. Let us assume that

: (4.25)

2 _
O8I, 5| [ ReVy@ypax

We write
N N
Yy = Z Yy, On= 2 On e
n=0 n=0

For each n, we decompose

O = 4y + @26)

where

an = |YN,r1|2

. and w, =0y, —a,Yy .
0 otherwise

{ Re@y ,Yn.) <N

From the above definition, we have

N
1ONIZ2 0y = D, (@Yl + 10, ), 4.27)
n=0
. N
/ Re(YyOp)dx = )\ a,|Yy [ (4.28)
R4 n=0
By collecting (#.23)), (4.27) and (@.28)), we have
N N
D alVna > S| D alual| (4.29)

n=0 n=0

We fix ny < N to be chosen later. Then, by the orthogonal decomposition [#-26)), we see that a*|Yy ,|* <
|®N’n|2, and thus

N N % N %
Y alvy,l| < <ZaixilYN,n|2> ( D z;zlYN,,,P)
n=ny+1 n=0 n=ny+1
N Loox ; (430)
2 2 .
s(ZAﬂ@N,,,lZ) ( > ﬂ;zlYN,,,P)
n=0 n=ngp+1

1
= 1®On 71 @) 1P, Y 1741 a)-

For n < ng, from (4.29) and then (4.28)), we have
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N % n %
S ( Z ailyN n|2> ( z |YN,n|2>

n=0 n=0 n=0
N % n %
SC ZanlyN,nl2 <Z|YN,n|2>
n=0 n=0
1 N
2 /
<3| 2 anlYwal?| + IR Y I
n=0
1 — ’
=2 /Rd Re(Yy®y)dx| +C'IP, YI12, -

By collecting #.28), (4.30) and (4.31)), we arrive at

/ Re(YN® N)ax
R
which together with (4.23) yields

10812 g0y S 1O ey IPE Yoyl gty + 1P Y1 -

S ||@N||H'(|Rd)||P Yy ll-1@ey + ”PnOY”LZ(Rd)

By denoting
ZN,nO = E_l/zpi_OYN’ EN,nO = [E[”ZN,nO”iz(Rd)]’
we have
||P¢OYN||3,_I(W) = 1L 2P Yy 72 o,
. Vom 1/2Pl Yyl|? - [|£—1/2P,jOYN|2] + [E[|£—1/2PjOYN|2]dx

= /Rd | Z g |? = EL Zy p [Pldx + Gy

Then by using Corollary [2.7] we obtain
N

ZUND) 2 sin
ON.ny = 4
n

not+

and

N
[ / | Z g |> = El Z 21dx)] Z %N ,;7

Now we define a non-negative random variable B;(w) by

B(w) = ,12 : / | Zy | = ELl Z y o |71 x|.

By the Wiener chaos estimate (see e.g., [57, Theorem 1.22] or [S9, Proposition 2.4]), we have

7-2 21\ 1
[E[B;’]scm)@,,osm[( / d|ZN,,,0|2—[E[|zN,HO|2]dx> ) <
R

45

(4.31)

4.32)

(4.33)

(4.34)

(4.35)

(4.36)

4.37)

for any finite ¢ > 2. The same bound holds for 1 < ¢ < 2 by Holder’s inequality. From @.33)), (.34),

#@33), @.36) and (#.37), we have

P YyI12,-

2

—34=
gy S P B )+ Ay

(4.38)

[ve)
?
Q.

[s)
o
g
|
Q.

Bl-d

oo
=
¢

Q.

[se]
=
0]

>
o
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Now we set

B, (w) =

/ Yy | = E[|Yy [*1dx|. (4.39)
Rd
Then it follows that

||Pn0YN”i2(Rd) = /Rd |PnOYN|2 - [E“PnOYle]dx + [E[”PnOYNHZLZ(Rd)]

"o
<B+) = (4.40)
n=0 "'n
2

-1+
S BZ(CO) + ﬂno : ’

where we used Corollary [2.6] Furthermore, from computations similar to those in the proof of Corollary
[3.5] and an application of Corollary we obtain

29\ ¢/2
E[B!] < C(‘I)(E[(/Rd Yy l? - [E[IYNIZ]dx> ])

N q/2
< C(q)< y %) (4.41)

n=0

—342
<C@(iy )"

< 00,

uniformly, since —3 + 2 <0and A N = 4o

From #@.32), @,Sand (@.40), we have

2(4-(d=2)(p=2))
4—d(p-2)
ION 2
4-(d-2)(p=2)
1L 2 4=d(p-2)
S (10l 1P Vi lsgorany + 1P, Y1 ) )

741 342 4-d-2(p-2) 4-(d-D(p-2 2-y | 4=d=-D(p-2) 442
27y Ty 4-d(p-2) 4—d(p-2) - 4-d(p-2) )
5</1n02 'By(@) + Ay, ) IOl i +<Bz(w)+/1,,0‘> (4.42)

7 +1 4-(d-2)(p-2) 3+2 4—(d-2)(p=2)
—53t3 4-d(p-2) -+ 4—d(p-2)
< (4 B@NONIhnen) 7+ (A ION s ) T
4—(d=2)(p=2) 2-s 4-d=D(=2)

T s 4-d(p-2)
+ By(@) =00 + A, :

We next choose n such that

20-5) 4=(d=2)(p=2)

Y

no

IRy (4.43)

Recall that in the critical case p = 2 + — % and thus
(d=1)s+2

4—(d-=2)(p—-2) 2+s
4—d(p-2) 2-%5

which together with (.43) gives
4-d-2)(p=2)

_3+g ——
(Ano S”®N”H1(Rd)> = ”®N”§“[1(Rd)' 4.44)

B2-d
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Then it follows that

7,1 4= d-2(p-2)
—5+3 4—d(p-2)
(7" Bi@llON s1asy)
7.1 4=(d=2)(p=2)
141 )— 4-(d-2p-2)
— )’( 2 s 4—d(p-2) B (Cl)) —d(p-2) ”®N”H1 Rd
) 4.45
(_% +1) 2(44%(2% 2 24-(d-2)(p-2) 4
S /1;10 : ? Bl(w) A=d(p-2) + ”®N”H1(Rd)
24-(d-2)(p-2)
S Bi(w) 0 +|0y]3, (Rd)’
where we used the fact that —% + % < 0. By collecting (4.42), #.44) and @.43), it follows that
204-d=2)(p=2) 2(4—(d-2)(p-2)) 4=(d=2)(p=2)
4=d(p-2) do e
108l S 1Oy + Bi(@) 5+ By(w) e +C (4:46)

for some constant C > 0 independent of N.

Finally, we are ready to prove @.18)). By collecting (4.5)), (4.20), (4.37) @.41)), @.43) and (4.46), we

arrive at

—logE, [CXP (aRp(uN) 1y, :|uN(x)|2:dx|SK}>]

= inf [E[ —aR (YN + ®N) 1{|fRd |YN+®N|2 dx|<K} + = / ”9(t)”L2(|Rd)

6eH,
20-6=2p-2)

i 4=d(p-2)

Zglélniﬂz _Ca”®N”L2(Rd) . 1{|/Rd :lYN+®N|2:dX|SK}
+ <— —Ca> / 1O 2 g, 47 CaRp(YN)] 447

i 2(4-(d=2)(p=2)) 4—(d—2)(p-2)

z 012&1;[, E Ca”@N”Hl(Rd) CB|(w) *+ivd —CBy(w) +4v> —Cg
4-(d-2(p-2)
4-d(p-2)

/ Yy Prdx (——Ca) / 1012, g1 — CaR,(Yy)
Rd

> inf [E[—C+ (% —2Ca>/ E[I0OI, ) ] > —C,

provided @ <« 1. Here the constant C may vary from line to line. Thus, we finish the proof of the uniform
exponential integrability (4.18) uniformly in K > 0.

4.1.3. Normalizability. In this subsection, we complete the proof of Theorem|I.3](i) and (ii)-(a), i.e. the
convergence (I.19) provided @.18)). Before proceeding with the proof, we recall a useful lemma.
A set of functions {f,},5; C L'(u) is called uniformly integrable if

lim sup/ |f.ldu =0.
M=o n JUs,1>M)

Then we have the following lemma

Lemma 4.2 (Vitali).
The sequence (f,) converges in L'(u) if and only if (f,) converges in p-measure and (| f,|) is uniformly
integrable.

Now we are ready to prove Theorem[I.3]
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Proof of Theorem|1.3| (i) and (ii)-(a). According to Lemma.2] we need to show that the density

P

LPRA) (4.48)

2 lupl
In =1 g luyo:axik @’
is convergent in y-measure and is uniformly integrable.
We first note that from Corollary [3.4] we have

P
LPRA) —

P

luyll
LP([RA)

]
lime? er
N

in y-measure. The y-measure convergence of 1 Jd tlun (0P :dx|<K) follows from a similar argument as in
[54, Lemma 2.7].

It remains to show that f given in (4.48) is uniformly integrable. To see this, we distinguish two cases.

s . 4 4s
For the subcritical case, i.e. S<p <2+ @iz’ we have
sup / |/nldu < M~ sup / |fnlPdu s M~ (4.49)
N [fnI>M N

where in the last step we used (I.I8) with r = 2. This then implies that () is uniformly integrable. Now

.. . _ 4s . .
we turn to the critical case, i.e. p =2+ @ohea Leta be as in Subsection 4.1.2|such that (4.18) holds

forall 0 < @ < . Given a € (0, ), there exists € > 0 such that a(1 + €) < a;. In particular, we have

D uy 1)

= . . L®d
ijlélellele(,l) sup ||1{| Sty o2:dx1<K}€ Moo (4.50)
Then we have
sup/ |fnldu < M~* sup/ |fnltedu s M5, 4.51)
N J|fyI>M N
which implies that (f) is uniformly integrable. U

4.2. Non-normalizability. In this section, we prove the second part of Theorem|[I.3] i.e. (ii)-(b) and (iii).

We follow the strategy of [54] but with some necessary modifications. The main estimate is as follows:

Lemma 4.3 (Divergence of the partition funcion).
Let s < 2 and assume

. . 4s 4s

th >2+4+ ———anda> 1 wh =24+ —;

either (i) p > (d—l)s+2an a when p d—Ds12
A (4.52)

or (ii) K > 0,a > ap(K) when p =2+ m
where ay(K) is given in (4.19). Then
limsup By | XP@R, ) - 1y 1, chuyopsasisny | = 0 (4.53)
First, we notice that
E, [eXP (R, @n)) -1y :|uN|2:dx|5K}]

4.54)

Z [E” [exp (aRp(uN) : 1{|/[Rd :|uN|2:dX|SK}>:| - 1'

Therefore, the divergence (4.53)) follows once we prove

timsup E, | exp (@R, n) - 11 1, sy :avi<i) )| = 0 (4.55)

N-o

uni_sub

uni_cri

pax
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By the Boué-Dupuis variational formula Lemma [3.1] we have
—logE,, [exp (aRp(uN) Ay, :|uN|2:dx|§K}>]

= o, [ —aR, N+ ON) Ly oy posaremr By 41y Paxisk) (4.56)

1
1 2
= ||0<z>||L2(Rd>dr],

where Yy and © y are as in (.6). Here, E, and E denote expectations with respect to the Gaussian field
and the underlying probability measure P, respectively. We prove that diverges to —oo for large N
by exhibiting a suitable trial state for the variational problem.

4.2.1. Construction of the drift. We follow the plan outlined in Section We first construct a profile
which stays bounded in L*(R¢) but grows in L?(R¢) with p > 2. Fix a large parameter M > 1. Let
f : R? - R be a real-valued radial Schwartz function with || || 12rd) = 1 such that the Fourier transform

f is a smooth function supported on {% < [€] £ 1}. Define a function f,, on R by

P = M7 [ e = M (ot (4.57)

where f denotes the Fourier transform on R¢ defined by
f© = / f(x)e 2% dx,
R4
Then, a direct computation yields the following lemma (see e.g., [54, Lemma 4.1]).

Lemma 4.4 (Blow-up profile).
Let s € R. Then, we have

fhdx=1, (4.58)
Rd
/ (L2 fr)dx S M, (4.59)
Rd
/ | faglPdx ~ M2 (4.60)
Rd

forany p > 0and M > 1.

Next, for some 1 < M < N we construct an approximation Z,,(f) to Y (¢) as in Deﬁnition@ We
also set

E [2 Jra Re(YN Zy)dx = [ |ZM|2dx]

/Rd |PNf/1M |2dx

4.61)

Opm N =

for N > M > 1. Our trial drift is now:

Definition 4.5 (Trial drift in the subharmonic case).
For M > 1, weset [, , Zy;, and ayy y as above and define a drift 6 = 6° by

o) = 2 < . %ZM(I) + /—aM’Nf1M> (4.62)

DPf

£MO
fm2

M1
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and

1 1
0% = 1(6"(1) = / L720°0) dt = —Zy + \Jay N - (4.63)

0
We remark that 4 /a, x(Py f;, ) acts as a blow-up profile in our analysis, and 6° € H, is the stochastic
drift such that Y, + @?V approximates  /ay; n(Py f; ), which drives the potential energy R,(Yy + G)S)V) to
blow up. Remarkably, due to the construction, the Wick-ordered L? norm of this approximation Y + ®?V
can be made as small as possible, i.e. the cutoff in the Wick-ordered L? norm does not exclude the blow-up
profiles.

Before inserting this choice in the variational formula (4.56)) to obtain an upper bound, we vindicate
that Definition |3.3|indeed efficiently approximates the Brownian motion Y, () in the case at hand:

Lemma 4.6 (Approximating the Brownian motion, subharmonic case).
Letd > 1, 1 < s <2 and restrict to radial functions when d > 2. Given N > M > 1, we define Z,; by
its coefficients in the eigenfunction expansion of L as in Definition[3.3]

If c is chosen large enough in (3.10), we have the following estimates:

2

2 Hat
E[1Zu 11 2] ~ 23s > (4.64)
[ 2
—_— 21
E 2Re/d YNZde—/d |ZM|2dx] ~ A (4.65)
! R R
[ ) 2 -3+2
E|[:1Yn = Zarl [ | S 20 (4.66)

+E

E |/Rd YNfide|2 |/Rd ZMfAde|2] S A2 (4.67)

g 2 2
— < A8 4.

E /0 ndT ZM(T)HHI(W)dT S A (4.68)

forany N > M > 1, where Z,, = Z,(1) and

def
”YN - ZM”iZ(Rd): = ”YN - ZM”iZ(Rd) - lE[”YN - ZM”iZ(Rd)] . (469)
Proof. Let

X, () =Yy,0)— Zy(n,1), 0<n<M. (4.70)

Then, from (3.10), we see that X,,(¢) satisfies the following stochastic differential equation:

dX,(t) = —cA Ay X, (Odt + A71d B, (1)
X,00)=0

for 0 < n < M, where ¢ > 1 is a constant. By solving this stochastic differential equation, we have
t
X, () =27 / e A DG B (1), 4.71)
0
Then, from (4.70) and (4.71]), we have

t
Zy(nt) =Yy(n,t)— 27" / oM DG B (1) 4.72)
0

paao

NRZO

NRZ1

= = =
o X X
N N N
[0} o w

N
N
N
N

771

772

SDE1
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for n < M. Hence, from (4.72), the independence of { B, },cn- Ito’s isometry (see [25, Section 4.2]) and
Corollary withp=1landp= %, we have

1
E[IZp 172 | = 2 <[E[|YN(H)|2] —2’1;2/0 o4 A (1=0) g7

n<M
1
+A;2/ e—2cﬂ;1AM(1—r)dT>
0 (4.73) |zz3
M
-2 -1 -14-1
~Y i +O<c 3 i AM>
n=0 n<M

2

2. | 29
~ A O s Y~ A

forany M > 1, ¢ > 1 and s € (1,2). This proves (#.64).
By the L? orthogonality of {e,},cn. .72), (4.64), and proceeding as in (4.73), we have

[E[2Re/ YNde—/ |ZM|2dx] = [E[ZRe PRMCOYAROESY |ZM(n)|2]
[Rd Rd

n<M n<M
1
- E[ D AZymP* + ) Re <2,1;1 / e—d;‘ﬂM(l—ﬂdB,,(f)) Z(n)
n<M n<M 0
-1 -1 —1,-1
~ 2y, +0( Y )
n<M
2.1

forany N > M > 1 and ¢ > 1. Here we used Corollary with p = % and s € (1,2). This proves
@-63). - .

Note that Yy (n) — Z,,(n) is a mean-zero Gaussian random variable. Then, from and Ito’s
isometry, we have

~ ~ ~ ~ 2
[E[<|YN(’1) - ZM(”)|2 - [E“YN(’I) - ZM(”)|2]> ]

~ ~ 2
= 7(E[ITy) - ZyP?] )

1 2
=7/1r_14</ e—2c/1;1AM(l—r)dT>
0

-2 72
~ An /1M’

4.74) |zz4

for 0 < n < M, where in the second step we used that E[| X |4] = 86 for complex random variable X ~
N'(0,262). Hence, from Plancherel’s theorem, (#.69), the independence of { B, },cn- the independence of

{IYym]? - E[[Yym)]?] }M<nSN and

{|I7N(n) - ZM(’!NZ - [E[D?N(”) - ZM(”)lz] }ngM’
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and {.74), we have

(| 17y ~ Zu | ]

- E[<|;N(n)|2_E[|’17N<n>l2])2]

M<n<N
~ ~ ~ ~ 2
+ 2 E [(|YN<n> - Zy)P [Ty - Zymp?) ) ]
n<M
< it A <
~ Z n + Z n "M ~"M °
M<n<N n<M

where we used Corollary 2.6|with p =2 or p =1 and s € (1, 2). This proves (4.66).
From ({@.59) and the definition of Yy, we have

2 ~
E| / Y, dx| | =E|| X Tne(ss,,e)
R n<N
< [ |eip, @l dx s i
< [ 2, (O] dx S A7,
where in the last step we used Lemma#.4] From @.71), Ito’s isometry, and (4.59), we have

1 » 2
[E[| ;{Xn(IXfAM,e» 2] =[E[ > </1;1/0 e AM(I_”dB,,(T))(f/IM’en) ]

n<M

SA D A, el

n<M
S LTS, 1P
~ M A N L2(R4)
S A
Hence, follows from (4.73)) and (@.76) with (@.72)).
Lastly, from (3.10), @.70), @.71)), and Ito’s isometry, we have

2] = Y 325, e

n<N

1 1
d 2 2
[E[/O ||EZM(T)||H](Rd)dT] _/IM[E[/O [P Yy (@) = Zy (@) Lz(Rd)dT]
1
=,1M[E[/ Z |Xn(f)|2dr]
0 n<M
1
= Ay Z/ E[|X,()*]dr
n<M /0
1 T
=2 /1—2/ / e—ZCiZIAM(T—T’)dTldT
M,,%:Q " Jo Jo
Sy Y AA,
n<M
2
S A

yielding (#.68)). This completes the proof of Lemma 4.6

As a consequence of Lemma4.6| we have a control on the second term of (4.56).

(4.75)

(4.76)
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Lemma 4.7 (Entropy of a the test drift).

Let 0° be as in [@#.62)), then we have

1 2
0¢p |12 ik
|0, g Jar s 4
uniformly in N > Noy(M)> M > 1.
Proof. From (@.68)) and (4.62)), it suffices to show that

) < 241
aM,N”f/IM”Hl(Rd) ~ /1M .

However, from (4.58) and (#.63)), we have

Uy N ~ /1]%‘;1 4.77)

provided N > M and N is sufficiently large. The conclusion follows from (4.59) and provided
N> M. .

In what follows, we abuse notation by denoting

0} =Py0° =-Zy + \Jay Py f;,) (4.78)

for N > M > 1. Now we vindicate our claim about the Wick-ordered L? mass of our trial state.

Lemma 4.8 (Mass of the test drift).

For any K > 0, there exists My = My(K) > 1 such that

nm<|/ :|YN(x)|2:dx+/ 2Re(YN@)+|®‘}V|2dx| §K> > % 4.79) [pad
R4 Rd
uniformly in N > No(M)> M > M,,

Proof. First, from (4.58)), we note that the condition N > Ny(M) > M guarantees that
/ Py f;, Pdx 2 1, (4.80)
R4
2.1
which further implies that @y, 5 ~ 4;, . From (.63, we have
2 @0 0240
E | / Yy (0 dx +/ 2Re(Yy09) + 0% | dx|
Rd R4

=E

(/ Yy ()] dx — 2/ Re(Yy Z,,)dx +/ | Z s 1?dx (4.81) [Pr1
R4 R? R4
2
+ay N /d |PNf/1M|2dx +2y/ay N /d Re((Yy — ZM)f/LM)dx| ]
R R
From (.77) and (.67) in Lemma[4.6] we have
2
23

2
E[i,/—aM’N /d(YN—ZM)f,lde| ] S 4.82) [pra
R
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On the other hand, from (4.61)) and (4.69)), we have
/ YN (0] dx — 2/ Re(Yy Z,,)dx + / | Zps12dx + apy n / IPyf, |dx
Rd Rd Rd Y M

= / 1Yy = Zy|* = E[|Yy — Zy |*]dx (4.83)
= Yy = Zy s
Hence, from {@8T)), [#.82)), and (@.83) with [@.66) in Lemma[4.6] we obtain
- . 2 _3+2
[E[| /Rd YN (o)) dx + /Rd 2Re(Yy09) + |®?v|2dX| Sa

Therefore, by Chebyshev’s inequality, given any K > 0, there exists My = My(K) > 1 such that

—342
—_—_ A s 1
. 2. 0 02 M
P(i/Rd Yy ()| .dx+/Rd2Re(YN®N)+ 109, dx| > K> <C25-<3 (4.84)
for any M > M((K) and s € (1,2). This proves (4.79). 0

4.2.2. Divergence of the partition function. We are now ready to prove:

Lemma 4.9 (The test drift leads to divergences).
Given K > 0, let M and N as in Lemma . Recall the choice ®° = —Z,, + Vam NS, from
Definitiond.5| Then
0 0
[E[‘ AR + 001y Ly vy rsarerry@wioy Paxisk) / 1% ] Moe

Remark 4.1. Here M < N are chosen such that Lemma[4.7]and Lemma 4.8| hold. In particular, given
K > 0, there exists My(K) > 1 such that (4.84) holds for all M > M(K). With M > M,(K) chosen,
there exists Ny(M) > M such that (4.80) (or equivalently (4.77)) holds for all N > Ny(M).

Proof. Using the mean value theorem and Young’s inequality, we have for any € > 0,

|R,(Yy +©%) = Ry(\/ann f2,)
-1
<C [ 1= Zyl (¥ = Zul + | £, 1) (4.85)
R
< ERP(\/aM’Nf/IM) + CSR[)(YN - ZM)

Moreover, we have

E[R,(Yy — Zy)] Z%/W[E“M;,,SNB ;i)e + Z X,(De, ]
S/W (E“M;KNB(?Q nng(l)e ])
2(x) \ £
/W M<n<Ne 2(x) Sz;‘d ::Zi)zdx (4.86)
s/uy<n§veﬁ/1(;)>§dx

<1

~

Pr2
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provided p > %, uniformly in M and N. Here we use the fact that X, (1) is a Gaussian random variable
with variance ~ (4,4,,)7".

We are now ready to put everything together. It follows from (#.36)), @.83)), (4.86)), and (4.78)) that there
exists C > 0 such that

—log[E”[exp <aRp(uN) . l{I/Rd'IuNIZ'dXI<K}>]

— O . 0
< [E[ aR,(Yy +6°) 1{|/R,, Yy 2 dx+ fpa 2Re(YN®0 )+69, |2dx|<1<} / 19 (t)”LZ(R") ]

AR VEMNT3) X oy s 2Re(YyO))+|0%, 2dx|<K)
+CR,(Yy — Zy) + 1 / IO, |

1 Yy 2- Qo 02
S—ERP(\/—aM’NfAM)~P<|/Rd Yyl .dx+/ 2Re(Yy0%) + 0% | dx| §K>

1
+ CE[R, 0y = Zy)] + 2 /0 E[16°0) 1 g
then from Lemma[4.8] (4.86), and Lemma[4.7, we may continue with

b, 5d 4 2,2
for some constants C;,C,,C; > 0, provided N > Ny(M) > M > My(K). Therefore, when p >

2+ d1—)+2 it follows that

li]{]n_)i‘gf [Eﬂ[exp (Rp(uN) : 1{|/Rd:|uN|22dx|<K}>]
_g 2
> exp <Cfa/1]\24 (43, ) —szﬁwﬂf\,, —C3>’

which diverges to infinity as M — oo provided p > 2 + and K, a > 0.

(d 1) +2
It remains to consider the critical case when p = 2 +

= 1) . From the above computation, we see that

supE,, [CXP (aR,(uy)) ’1{|/Rd:|uN|2:dx|SK}]

NeN
_ SNl (4.87)
" New |0 fsoaiemie e
= 0
provided @ > 1 such that Cp a> C2 In particular, this shows when p =2 + the number ay(K)

(- 1) +2
defined in (4.19) is bounded for given K > 0. From the definition (4.19), glven K > 0, we see that (4.87)

holds for all @ > a,(K). Thus, we finish the proof of ¢.53) forp > 2 + —— . 1) T and a > a((K) for any

given K > 0 when p = 2+m O

4.2.3. Intermediate cases. This subsection considers the proof of Theorem (i1) - (b). From the
previous subsection, we have (4.53). Recall the decomposition (I.12))

du() = duy(uy) ® duy (uy),

div_cri
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where uy = Pyu and uy, = u — Pyu. Moreover, by (3.4), we have that

Law(Yy (1), Y (1) = Yy (1)) = py ® p.
Define the set

o = {u o] [ sukPrax| < K2 [ ugpax<a). (438)
R R
00 2
L2, _ |gn| -2
4/Rd .|LlN| dx = 2 T,

n=N+1 n

/d Huk |2 idx = /d :|u|2:dx—/d uy|?:dx.
R R R

The proof of Theorem [I.3](ii) - (b) requires a delicate analysis of the cut-off function when it is slightly
perturbed. To overcome the challenges that arise, we introduce a crucial lemma that allows us to preserve
the cut-off size K in the approximation process.

LEM:sameK | Lemma 4.10. Consider the sets
L. 1 L. L2,
Q= {uN € Qp ! /Rd Huy .deO},

Qb = {u]iv €Qy : / :|uJJ§]|2:dx§0}.
R4

Then there exists g > 0 such that

where we defined

which is chosen so that

min(uy (@), uy (D) 2 & (4.89)

for every N > 1 large enough.

Before we prove Lemma.10] we prepare a technical lemma.

1
Lemma 4.11. Let Y > 0 be a random variable such that 0 < c(E[Y?])2 < E[Y] < oo for some positive

constant c¢. Then, we have
2

c
PY >0)> —.
( )2
Proof. We first note that up to multiplying Y by a constant, we can assume that E[Y?] = 1. For M > 0,
we have
E[Y1ly.y,] <E Y—21y ml < i
> — M > - M
Therefore, by choosing M = %, we obtain that
% SE[Y]-E[Y1y, ] SE[Y1y ] < MP(Y > 0).
Therefore,
1 ¢ ¢?
PY>0>— --=—
( )2 M 2 4
We thus finish the proof. 0

We are ready to prove Lemma[4.10
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Proof of Lemma Define the random variables

Y=/ :lulPd andY—(/:“:d),
[l ax [l Pax)

57

where ut is distributed according to ,u#, a, = max(0, a), and a_ = | min(0, a)|. By Corollary and

N
Corollary we have that ,uﬁ (Qi) — las N = o0. As

Q=Qun{ow:Y, >0}
so for (4.89), it is enough to show that
min (P(Y, > 0),P(Y_ > 0)) > 2¢,

for some &, independent of N. From Corollary [3.5]and the fact
[E[/ :|u}v|2:dx] —0,
R4

E[Y,]=E[Y_] = %[E[lYl] < .

we have that

Moreover, by a direct computation (as in the proof of Corollary [3.5]and (3.14))), we have

e[ 5, 2L22Y]
n=N+1

=_2< i [E[(anfg—2)4]>+3< i [E[(anl;_Z)Z])Z

n=N+1 n=N+1
o E[UB,*-2)7]\? 2

so ¥ =) =clE)
n=N+1 n

for some universal constant C > 0. Therefore, by Holder inequality and (4.92)), we have
5 24l 1 2 52
E[Y"] <E[Y|FEY™]5 < C3E[|Y[ISE[Y7]5.
The above also reads
1 1
E[IY[] > CT2E[Y?]2,
which together with (¢.91)) implies

E[Y,] > 1c 2[E[Y2]z

D=

CIE[Y2]:.

+

l\)l'—

Then follows from and Lemma(4.11|by taking &, .
Yol

From the elementary inequality
la+b|” > (1 —e¢)lal” — C,|b]

for some constant C, > 0, we obtain that

C —
exp(g/ |u|1’dx> Zexp(——e/ |uJZ;]|1’a’x) exp(u/ |uN|1’dx>.
D Jrd D Jrd p R4

(4.90)

4.91)

4.92)

(4.93)

(4.94)

ame_K2
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Therefore, by (@.88), @#.94), Lemma[.10] and (#.53) with r = 1, we obtain
a
Zx = /CXP <;/ |”|pdx)1{|f 4 HuCo)2 x| <k 14 HW)
Rd
/exp - —/ |u |”dx exp / |uN|”dx

1 1,1
XL( o luy P et fa (012 dx|<K ) lgslgn(/ s dx)(uN)dﬂN(”N)dﬂN(uN)
R
— a—& 1 1, 1
> [ e Cfexp<—/ lu |de>1 e, 1o s )d g (g )d g ()
/ p Jua'N (ot HNan@PAXISKYIRL L o UNJAHUNWUNIEHN N

— a— €&
>e Cfgo/eXp<T/Rd |uN|pdx)1{|/Rd I|uN(X)|2de|SK}dMN(uN)

o — €&
>e sgo/exp<T‘/Rd |uN|pdx>1{|/Rd :|uN(x)|2:dx|§K}d:uN(uN)’

provided N > 1, which together with (.19) (or (¢.53)) implies that

. — a—E&
Zg 2 limsupe Cgfo/eXP<T/Rd IuNl”dx>1{|/Rd Juy ol dxI<k ) AHN UN) = 00

N-oo

provided € < 1 such that a — € > ay(K) for given K > 0. This concludes the proof of (1.23)), and hence
Theorem [I.3](ii) - (b).

5. SUPERHARMONIC POTENTIAL

In this section, we see how to extend the previous results for cases of s € (1, 2) to cases of s > 2. The
argument of this section is inspired by [42]. One of the key advantages of the superharmonic case is that
llull ;2rey < oo almost surely with respect to y, i.e.

(e ]

2
E Ll ] = ELY(DIP o)1 = ZO 5 <, 5.1)
n
where Y (1) is defined in (3.3), in view of Lemma[2.2] Furthermore, for ¢ > p we have

1
(Bl ) < 1Y Dl ooy

Lr(R4)
< C@IDllza|, g,
PN
-co|(X %)
n>0 12 Lr(R?)

1
=C@IL™'x0l%, <o,
L2 (RY)
provided p > 2 and p < % when d > 3, by using Lemma The Holder inequality then implies
B lull? o] = ELIY (DI, 0] < o0 (5.2)

provided 1 < g < o0, p > 2 and p < % when d > 3. We also need the following consequence of
Fernique’s theorem [26]. See also Theorem 2.7 in [19] and Lemma 3.3 in [54].
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Lemma 5.1 (Fernique-type bounds).
There exists a constant ¢ > 0 such that if X is a mean-zero Gaussian process with values in a separable
Banach space B with [E[||X||B] < 00, then

. I1x1%
/e ENxXIg) JP < oo.
In particular, we have
ct?
P(IX N5 > 1) S exp [— —2]
(E[I1X1I5])

foranyt > 1.

5.1. Normalizability. In this subsection, we provide the proof of the integrability part of Theorem [I.4]
Namely, we prove:

Lemma 5.2 (Integrability for superharmonic potentials).
Let s > 2. Assume either one of the following conditions:

(1) subcritical nonlinearity: 2 < p < 2 + % and K > 0;

4 (5.3)
(ii) critical nonlinearity: p = 2 + 7 and K < ||Q||i2 ®Y)’
Then
Ze= [Eﬂ[exp(aRp(u)) . 1{Ilullizmd§’<}] < o0, (5.4)
where R, (u) is given in (L4).
Proof. Step 1. Preliminaries. Observing that
[E” exp(aRp(u)) ‘ l{llu”iZ(Rd)SK}] < [E” [6Xp (aRp(u) ' l{llulliZ(Rd)SK} >] ’
the bound (5.4) follows once we have
E, [exp (aRp(u) . 1{|Iu||2Lz(Rd)SK}> < 0. 5.5)

One can observe that the equation (5.5)) does not require any frequency truncation P unlike the
subharmonic case (#.2). The main reason is that the L? mass does not involve the Wick renormalization.
On the other hand, the equation (4.2)) needs the frequency truncation P, to deal with the Wick power
. luy|? : defined by (T.14) and (T.T3).

Using Law(Y (1)) = p, we apply the Boué-Dupuis variational formul Lemmato

FO) = —aR,(Y() - Lyyaye, , <k)

TSee [64, Theorem 3.2] for a version of the non-singular case, where the frequency cut-off is not needed. Also, see [60)
Proposition A.1] or [42, Lemma 3.1] for similar results.
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and get

—logE, [exp (aR (u) - 1{||u||22 dsK})]

= —logkE [e_F(Y(l))]
(5.6)

L2RH™
/ 10O, 0,1

where Y (1) is given in (3.3). Here, E, and E denote expectations with respect to the Gaussian field  and
the underlying probability measure P respectively. In the following, we show that the right hand side of
(5.6) has a finite lower bound.

Step 2. Subcritical case. In the case
2<p<2+-—
d’

we prove (5.5)) with a mass cut-off of any finite size K. Then, by using (4.11)) with € = 1 and the sharp
Gagliardo-Nirenberg-Sobolev inequality, we obtain

aR,(Y(D)+1O)D) - 1yarr@mp

<2aR,(16)D) -1

12( dSK}

+ CaR,(Y (1))

-2 (5.7)
iy T CaR,(Y (D).

{||I(6>(1)||Lz(Rd)sx/E+||Y(1>an(Rd)

“CGNsm/E YDl ) 2 @D

2(4-d-2)(p=2))

<CHCIY WL + IO, g + CRAY (D)

2

where Cgyg is the sharp Gagliardo-Nirenberg-Sobolev constant and the constant C depends only on d, p, a
By collecting (5.6), (5.7) and Lemma[3.2] we arrive at

2(4—(d-2)(p=2))

: 4-d(p-2)
> jnf E [ —C=ClIYDIl, 57" = CR,(Y (1)

——||1(9)(1)||H1(Rd) / 102 g d ]

2(4-d=2)(p=2))
) A - _
Zeléln_fUa[E[ C = ClIY DIl 5 ga) C“Y(l)"Lp(Rd)
/ 102, g ]
2(4—(d-2)(p=2))
—Cc-ClY(|?. . —CIYQ)|, =
LP(RY) L2(R4)
> —00,

where we used (5.1) and (5.2) in the second to last step, i.e.
204-d-2p-2)

E[IY I, g, + YD ,50 7 | < oo
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Here C is a constant that may vary from line to line. Thus we finish the proof of (3.5)) in the subcritical
case.

Step 3. Critical case. Let now

4
=242
P d
We shall prove (3.5]) under the assumption az K < ||O|? 2Ry’

Since s > 2, from (5.1)), it follows that
Jim ([P Y (D)l 24y = 0,
almost surely. Therefore, given small € > 0, for @ € Q almost sure, there exists a unique N, := N, (o)
such that N, = 1 forw € {w : ||P1iY(1)||Lz(Rd) < &}; otherwise
=inf { N is dyadic : N > 2 such that ||PL Y (1)||;2@as, > € and [PLY (D]l 2may < €Y. (5.8)  [Neps
{ N L2(RA) N L@d) S €)

Similar argument as before combined with (.11)) and (5.8) yield that
aR, (YD) +1O)XD) - Lyyarrowmie, , <k) (59)

<a(l+&)R,(Py Y()+1(6)(D)) -1 +C.aR, (Pl Y (1)

Py, Y (DHI O] 2y SVE+e )
1+¢

<a—ECos(VK + )2 <||PN Y (Dl e + ||1(9)(1)||H1(Rd)) + CaR, (P Y(1)

(1+¢)?
a

Cans(VK + &P IO, o) + ClPy, Y (DIE,, ) + CeaR,(Py Y (D).

and a2 K < ||0J]? there exist n, € > 0 such that

Since p = 2+d,CGNS p||Q||

L2(R9) L2(RYY’

1+¢) 1-
A o VKo< — T (5.10) [eta
p
By collecting (5.6), (5.9), (5.10) and Lemma [3.2] we get

—logE, [exp (aR () - l{llullzz(Rd) })]

1
> jnf [E[——III(H)(I)IIH](Rd) CllPy, Y (DI}, gy = CeR,(Y (1) + 5 / 10O o, ]

. L
> inf [E[—ch,xPNEY(l» CellPy Y (DI ) + / 102, g @ ]

a

> £ - CR,(PL Y(1) = CLIP, YOI, |

~C, = CE[IPy, Y (DI, ]

We remark that Y(1) ¢ H!(R) almost surely. Therefore, to prove (5.3), there remains to show that

E[IPy, Y (D51 a)] < oo, (5.11)
where N, is a random variable given by (5.8).

Noting that Y (1) is a mean-zero random variable, we may decompose €2 (by ignoring a zero-measure
set) as

Q=] (5.12)

N2>1
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where
Qy={weQ: N (w)=N}. (5.13)
By (5.12) and Holder’s inequality, we have

E[IPy, Y (DI ] < D E[IPNY (DI ) - oy ]
N>1

< Y AE[IPNY (DI, g - 1a, ]

N>1
s (5.14
2 =
< D A (ENY O] ) - P@y)
N>1
1
<C Y APQy):.
N>1

By using Corollary we also have

E[IIPLY(I)IIZZ(W)] Z]a- h?. (5.15)
+1 4

It then follows from (5.8), (5.13), Holder’s inequality, Lemma 5.1 and (5.15), that
PQy) < P({IPy Y (DIl ey > €})
4

2
ool - (eamrier)
E(IP5 Y (DIl 2y
o { - } 616
~ €Xp

E[IIPl YD

Lz(Rd)]
—5521_]%“
S e [T] s

where ¢ and ¢ are constants. By collecting (5.14), (5.16) and Lemma[2.8] we conclude that

X _252[§H
E[IPy, Y DI o) < X 25e 15 <o,
N>l
where we used s > 2, which finishes the proof of (5.11)), and thus (5.5) in the critical case. O

5.2. Non-normalizability. In this subsection, we prove the rest of Theorem i.e. the non-integrability
part of (ii) and (iii):

n:blow super| Lemma 5.3 (Divergence of the partition function).

Let s > 2 and assume either of the following conditions

(1) critical nonlinearity: p =2 + % and az K > |03

Lz(Rd) .
(5.17)

(ii) supercritical nonlinearity: p > 2 + % and any a, K > 0.
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where Q is an optimizer of the GNS inequality. Then
Zx = IE”[exp(aRp(u))l{||u||zL2(Rd)SK}] = oo, (5.18)

We construct a test drift giving a —oo upper bound in the Boué-Dupuis variational principle, as sketched
in Section We use the following blow-up profiles:

Lemma 5.4 (Blow-up profiles).
Assume (5.17) holds. Let

d
W, =pp 200" x). (5.19)
Then, in the limit p — 0 we have

. _dp
(i) HW,) < —A;p 2",

.. _dr
(i) W, 117y < A2p™ 2 ", (5.20)
CON LA S

where H is the Hamiltonian functional given in (L.3), and A,, A,,n > 0 are constants independent of
p>0.

Proof. There exists f > 0 such that

K> W, l13:q4) = B2ION 2 o
d
In fact, since @2 K > ||Q||i2 ®%) in the critical case, we take f so that
5 4
praz > 1; (5.21)
d
while in the supercritical case, we can take f small. By choosing # € (O, azK — ||I/V/,||i2 ® d)], we have
E20)-Gi).
The rest follows from a similar computation as in [42, Lemma 3.4] by taking into account (5.21)) and
lim/ |xI*|W,(x)|*dx = 0. (5.22)
=0 JRd

Note that (5.22)) comes from
[ seweods =2 [ xtioworax
R4 R?

and the exponential decay at infinity of Q. See [47, Proposition 3.1]. ([l

Remark 5.1 (Refined blow-up profiles).
d
We could use the blow-up profiles from Lemmato show (5.18)) under (5.17) (ii), and (i) with a2 K >
[ .
||Q||2L2 @) But this cannot explain the sharp phase transition (5.17)) (i) when a2 K ~ ||Q||2L2 ®Y)’ For this,
we build a sequence of scalings of ground state Q, namely {W,}, which are new blow-up profiles that
accurately capture the critical mass.

We construct a series of drift terms as follows. Let p > 0, M = p~!, W, be as in Lemma|5.4{and Z (1)
as in Definition [3.3] We set

1d 1
0,(1) 1= ~L3 =2y (1) + L2W, (5.23)

where p < 1 and 4,,; ~ p~ L.
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From (5.23), we have

1 1
10)(1) = / L720(t)dt
0
(524

! d
_ /0 (W, = - Zy ()1
=W, - Zy (D).

We need the following properties of the approximate Brownian motion.

Lemma 5.5 (Approximating the Brownian motion, superharmonic case).
Given s > 2 and a dyadic number M ~ p~' > 1, let Z,,(t) be as in Definition The following holds:

2

E[Y(D) = Zy P ~ A3y - (525 [12.1
4
E[1Zy (1) =Y DI, q0)| S (AM_1> forp21, (5.26)
[E[/1 ||iZM(T)||2 dr] <i (5.27)
o ldr HIRH | T M
forany M > 1.
Proof. Let
X,()=Y(n0) = Zynt), 0<n<M. (5.28)

Then, from (3.10), we see that X (1) satisfies the following stochastic differential equation:

dX,t) = —cA 1Ay X, (Odt + A71d B, (1)
X,0)=0

for 0 < n < M, where ¢ > 1 is a constant. By solving this stochastic differential equation, we have

t
X, ) =47 / e =D g B (7). (5.29)
0
Then, from (5.28) and (5.29), we have
t
Zynty=Y(n,0)— 4! / e~ =Dy B () (5.30
0

for n < M. Hence, from (5.30), the independence of { B, },en [to’s isometry and Corollary 2.6 with
p=1landp= %,Wehave

1
E[IZy 172 ] = > <[E[|Y(n)|2] —2’1;2/0 e~k A (1=0) g7

n<M

1
+ﬂ—2/ e~ 2ch Ay (1-7) g
" T (5.31) [ODE3
~1+0( Y 45

n<M
~ 1’
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forany M > 1, ¢ > 1 and s > 2. Similarly, we have

E[IY(1) = Zy I} 2] = 25 E[IXOF] + Y E[I¥ ()]

n<M n>M

1
o ey
n<M 0 n>M (5.32) |ODE31
2
-1 “1,-1 571
~o(e Y A ) + 4y
n<M
2.1

Nﬂ’jl .

where we used Corollaries [2.6] and This proves (5.23). Then, (5.26) follows from (5.23)) and the
Khintchine inequality (see e.g., [11, Lemma 4.2]).

By the L? orthogonality of {e, },cn» (3:30), (#.64) and proceeding as in [#.73)), we have

[E[ZRe/ YNZ_de—/ |ZM|2dx] = [E[2Re PR MOYAROEDY |ZM(n)|2]
R4 R4

n<M n<M
1
= E[ D AZymP* + ) Re <2,1;1/ e—d;‘ﬂM(l—r>dB,,(f)> Zy(n)
n<M n<M 0
- -1 1 -1
~ a5, +0( Y )
n<M
21

forany N > M > land ¢ > 1.
Similarly, from (3.10), (5.28)), (5.29), and Ito’s isometry, we have

1 d 2 1
[E[/O “EZM(T)“Hl(Rd)dT] = /IM[E[/O ”PM(YN(T))—ZM(T)

1
= AyE X, zd]
M[/O 31X, (0Pdz

n<M

1
= Ay Z/O E[|X,(®)]dr

n<M

1 T
-1
= 2 ’1;2/ / e 24 A= g 4
n<M 0 0

Saw DA

n<M

2
ds
L2(R)

yielding (5.27). This completes the proof of Lemma[5.5] O

Now we are ready to prove the rest of Theorem[I.3]
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Proof of Theorem|[I.4|- the second half of (ii) and (iii). We shall prove (5.18) under conditions (5.17).
Observing that

then (5.18) follows from
£, exp (R L, cvt )| = 63
We apply Lemma [3.1] together with (5.23)) and (5.24), to get

=;guggE[(—aR Y+ 10D Ly, 1+ 5 [ 1000

< inf [E[(-m YD) = Zy D+ W) vz, i, 2

O<pxl1
2
/ ” - _ZM(IH_ p||H1(Rd)>dt

< inf E[(—aRp(VVp)+ 1w,

Zd) K}

(534

Hl(IRd))

O<pxl
+ (aR (W,) = aR,(Y (1) = Zp (1) + Wp)> Az w P

+aR, W) - Lyyay-z,, w2

Z(Rd _K}

K}

L2(Rd )

/ |- £ 200 0, - H S 2000 W, >H1(Rd)dt]

= inf (A+B+ C+D),

0<pxl

by inserting the test drift (5.23) in the Boué-Dupuis variational principle. In what follows, we consider
the terms in the right-hand side one by one.
For the term (A), from Lemma[5.4] we have

_dp
A=—-aR,W,)+ > ||W ey = HW,) S =p7 2™, (5.35)

where the Hamiltonian H is given in (I.5).
For the term (B), by using the mean value theorem we see that

/ (IW, 17 = [Y(1) = Zy (1) + W, |?) dx
R4

S/ (1Y) = Zy (DI + |Y(1)_ZM(1)||VV,,|1’_1)dx
Rd
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which together with Lemma[5.5] Lemma[5.4] and Young’s inequality, gives

B=LE

(“Rp(Wp) —aR,(Y(1) = Zy (1) + Wp)> Lava-zyasw, iz, ., <K)

s / (E[IY (1) = Zp (DIP] + E[[Y (1) = Zp (D] IW, 7 )dx
Rd

SCE[IYM) = Zy I, o | + W, ) (5.36)

V4
21\ 2 _dp
<C, </le > +ep 2t

_dp
<2ep 3+

bl

provided M > 1. Now we turn to the term (C), by using Chebyshev’s inequality, we have
C=E[aR,W)) 1yya)-z, w2, , k)]

L2(R4)

<aR,W)-E [1{||Y(1)—ZM(1)”L2(W1)>\/E_”W/’”Lz(Rd>}]

ELNY (1) = Zy (D170 (5.37)

2
<\/E - ||I’V,,||L2(Rd))
_dp

2 4 d
STy, =01y

where in the last step we use the fact 1, — c0o as M — oo and s > 2. For term (D), from (5.27)), we have

1
1 d 2
b= E/o [E“ - EZMU)”HI(W)
where we used the fact that 1,, < p~!. By collecting estimates (5.33)), (5.36), (5.37) and (5.38), we
conclude that

<aR,(W,)

2 2
dt < C/ljw <Lp s, (5.38)

_Q_Hj _2
A+B+C+DS—p 27 +¢cp 5 » —00, (5.39)
providedc < 1, p > 6 and s > 2.
Finally, the desired estimate (5.33)) follows from (5.34) and (5.39). We thus finish the proof of Theorem
L4 O
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APPENDIX A. REMINDER ON COHERENT STATES AND HUSIMI FUNCTIONS

Let f € C°(R) be an odd function satisfying ||f||iz(R) =1. Forn € (0,1] and x, p € R, we define

the coherent state

fh ) i=ny <—y — ") o
N/ \/E

o) i=ntiy <i> L g =n <i> ,
v Vh

A 1 .
flg) = — / e f(y)dy
V2rx

is the standard Fourier transform. We also define the semiclassical Fourier transform

Denote

where

Folfl@) = — / % F()dy.
2xh

We have the following observation (see e.g., [43, Chapter 12] or [27, Section 2.1]).

Lemma A.1 (Coherent state formalism).
o (Plancherel identity)

(0, w) 2 = (Fpo, Frw) 2 for all o,y € LA(R).

e (Localization of coherent states)

_ y—Xx
£ I = a1 f< > = Opy=xy ash =0,

- Al 4—P
|T'h[fﬁp](q)|2 =h 12| f <—> = 8y4epy as h = 0.

e (Resolution of identity)

1
2rh

|2 SE ldxdp = 12, (A

We define the Husimi function associated to a non-negative trace-class operator y; as
mu(x,0) = (1 vnS L)
Here are some of its’ basic properties, see again (see e.g., [43, Chapter 12] or [27, Section 2.1]).

Lemma A.2 (Properties of Husimi functions).
Write the spectral decomposition of y;, as

h
vh= D uhlulyull.

n>1

reso-iden



NLS IN GENERAL TRAPS 69

We have
0<my(x,p) <1, Vx,peR,
1
L // my(x, p)dxdp = Tely,),
o h my(x, pydp = py * | f7*(),
— [ mu(x, p)dx =t,, x |g"[*(p),
2rxh
where

pn(x) = D UMl ty(p) = ) ul Pyl 1(p) I
n>1 n>1
are the density and momentum functions associated to y;. In addition, we have

h/ph(x)dx— /th(p)dp ATrly,l = //mh(x p)dxdp. (A.2)

APPENDIX B. FRACTIONAL SCHRODINGER OPERATOR

In this appendix, we prove some estimates for the fractional Schrodinger operator, which enable us to
prove normalizability of Gibbs measure associated with fractional Schrddinger operators.
Let H, be the fractional Schrddinger operator

H,=(-A)"+V(x)
defined on R?, where V : R? — R, is a trapping potential, i.e., V' (x) = 400 as |x| = co. In particular,
we are interested in the anharmonic potential V' (x) = |x|* with s > 0. The operator H, has a sequence of
eigenvalues Ai with
0<ips LS4, »
and the corresponding eigenfunctions (e,),, form an orthonormal basis of L*(R?). We emphasis that we

do not assume the radial condition here. Let us start with the following result.

Proposition B.1 (Schatten-norm bounds for the resolvent).
Letd>1,a>0,s>0andy > 2d_a‘ Then we have

[o0]
d
H"1=) A% <C [ (V(x)=dx. (B.D
n=0 R4
In particular, if V(x) = |x|°, then
Tr[H 7] < o

provided y > % + %

Proof. Let G(¢, x) be the fundamental solution to the fractional heat equation
ou+(—A)*u=0

such that the solution to the above equation with initial data u(0) = f can be written as

u(t,x) = [e7"A £1(x) =[G, ) * f1(x).

In particular, we have

G(t.x) = 3 G(1, 1 5 x). (B.2)

momen-densi-
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By Trotter’s formula, we have

a . LA 1L
Tr[e ) = im Tr[(e »T 77"y
n

= lim G(L,x—xl) _'V(XI)G<— X —x2>e_£V(X2)
n (R n

- G(L,xn_l - x)e_ZV(x)dxdxl cedx,_
n
n—1

t n—1
=hm G(%,xj _Xj+1)e_zzk=0V(xk)dedxl "'dx

n—1
" J Ry =0

ln—l n—1 t (B3)
< lim - G<_, x )—thud dox: o dx.
n nlg)/(Rd)ng n Xj T X+ )¢ *odX1 Xn-1

=1 G(t, x, — xp)e "V Wd
1rrlnnz'/Rd(xk X )e X

=G1,0) [ eV ™dx
Rd

d
=Cat_§/ e V¥ gx,
[Rd

where in the last step we used (B.2) and
C, = cd/ e_l‘flzadé’.
R4

Then by using (B.3) and a similar argument as in [24], we get

Tr[((=A) + V)] = % / T T[] - gy
0

1 /oo/ —L W) r-1
<C — I me ' dt
ar(}/) Rd (B.4)

oo V(x5
“5TTG) e 0

Since H, > A, we have
Tr[H_ 7] <2"Tr[(H, + A9)7"],

where A, > 0 is the first eigenvalue of H . It follows that
d
Tr[H, 7] < C/ (Ix]° + 4g)2« "dx < o
Rd

provided y > Zd_a + %. Thus we finish the proof. O

Proposition B.2 (L? bounds for the resolvent’s integral kernel).
Letd > 1, a > %, s > 0and V(x) = |x|°. Then we have

e(x)
2

neN

-1
H, " (x, 0 pogay = <o

Lr(RY)
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> max < 1 ﬂ
P sQa—d) |

Proof. The following proof is similar to that of [23]. It suffices to show

provided

/d H(x_l(x’ x)g2(x)dx S ”g2”Lq(|Rd), (BS)
R

where % + é =1, forall g > 0 and g? € LI(R?). With a slight abuse of notation, we still use g to denote
the multiplication operator of g(x). Then we can rewrite
2

o (B.6)

_1
[ H o o = Telg ) = 17 P

where &7 is the p-Schatten space. Then we apply the Holder inequality in Schatten spaces to continue with

L2 o—1 2
|#:78|  = | He 2 7+ a7+ e 5
o-3 2 —c c 2 —c 2 ‘
< |72 | |+ ||+ a7,
We shall estimate the three factors on the right-hand side of (B.7)) one by one.
For the first factor in (B.7)), we have
=32 20-1p1\ 7
|72 N, = (el
1
; (B.8)

- < > zj"f’*l’)

neN
< 0

. d |, d
provided p — 26p > w1t

We turn to the second factor in (B.7). Since H, > (—A)* + 4, with A, > 0 being the lowest eigenvalue
of H,, we obtain that £ > C(1 + (=A)%) for some C > 0. We also note the operator monotonicity of
x = x%° for ¢ < % gives

HY 2 (1+(=A))°
or
H;°(1+ (-A))*H,° S 1.

Therefore, we conclude that the operator £7°(1 + (—=A)*)** £ is bounded for 0 < ¢ < %, i.e.

(EACECIND ;w Sl (B.9)

For the third factor in (B.7), we apply the Kato-Seiler-Simon inequality to get
2
a\—0O
[CERCTNIRE S

provided 4acq > d and 1 < g < 0.

Finally, by collecting (B.6)), (B.7), (B.8), (B.9), and (B.10), we arrive at

/ H;'(x, x)g*(x)dx < oo (B.11)
Rd

< ”<§>_2(w”izq(Rd)”g”izq([Rd) S ”gzlqu(Rd), (B.10)
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provided

d , d
p —1 20'? > >a + S

-+- =1

P 4 |

o < 5

dacq > d

1<qg < o.

and

d 1 _1(d d
daq 2 2p\2a s

. d 2ad
Since a > 5> we choose p > provo

so that all the conditions in (B.12) are satisfied. Thus we finish the proof.

Proposition B.3 (Weyl’s law for fractional Schrodinger operators).
Letd > 1, a >0, and s > 0. Then
d  d
N(H,,A) ~Ax"5  as A — oo,
where
N(H,, A) :=#{22 1 22 <A}

(B.12)

(B.13)

The proof of this result follows the same argument as in Subsection [2.2] The coherent state is now

defined by

o) =y <u> N,y =nihf <i> . ghg) = hIAf <i>
7 VA Vh Vh

for some function f € C(‘)"’(Rd) satisfying || f|| ;2@ey = 1. The semiclassical Fourier transform is

P10 1= s [ roy

The upper energy upper bound is proved by using the trial state

yles = 1 //mo(x,p)lfﬁpr,f’,pldxdp

2rh)d
with

mo(x, p) = 1{|p|2"+|x|5—1§0}'

(B.14)

From the energy upper bound, we deduce the lower bound and the upper bound on the trace. As in Remark

we can prove that

. 1
}ll_r)r(l) hiTr[y,] = Y //mo(&l’)dXdP-

Since most of the estimates are similar to the radial case, we omit the details.

Corollary B.4 (Behavior of truncated Schatten norms).
Letd > 1, a > %, s > 0and V(x) = |x|%. Then, we have

N 1 ify >
Tr[(PyH )= Y 4~ <{ dogiy)?* ify =
r[( N a) ] n ~ N

n=0 “2Ht g

AN a  2s lf‘y <
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The proof is similar to that of Corollary [2.6| We omit the details.
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