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Abstract

Fatigue crack growth under large scale yielding condition is studied for a commercial base Co superalloys,

Haynes R© 188, for single edge notch (SENT) specimen. Due to very high temperature and applied strain

values, it is observed that major crack interacts with micro-cracks pattern. These micro-cracks are

found to be associated to strain localization and local high triaxiality stress ratio. Detailed analysis of

strain localization and stress concentration was used to define an optimal characteristic length used in

a non-local modeling of strain energy involved in crack growth process. To obtain robust and low time

consuming crack growth modeling, a post-processing methodology is thus proposed for fatigue crack

growth under large scale yielding. This point was successfully achieved for SENT specimen test series

to describe crack growth rate. Finally, test driven for another geometry has enabled to validate the

proposed modeling methodology.

Keywords: Low cycle fatigue, Strain energy method, High temperature fatigue, Non-local model, In

situ observation
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1. Introduction

For components used at high temperature and bearing very high loading, fatigue failure could be

induced by crack growth in few tenths or hundreds of cycles. Nevertheless, the increasing demand on

shape and weight optimization for industrial parts, push the need of an increasing knowledge in the

field of fatigue crack growth and its assessment under Low Cycle Fatigue (LCF) loading conditions.

Fatigue crack growth is for metallic materials associated to dislocations pile-up at the crack tip [1, 2]

and subsequent crack tip blunting [3, 4]. Thus strain localization at the crack tip is known to play a

crucial role in fatigue crack growth rate (FCGR). For small scale yielding condition, plasticity has been

observed to be confined to microscopic volume more or less function of grain size of the studied material

[5]. This point is often described as a process zone where fatigue damage will progressively lead to

local material failure and crack growth [6, 7, 8]. For increasing applied loading, the size of the volume

of matter where significant plasticity occurs increases and could affect multiple grains with or without

influence of their orientation in a ”mesoscopic” volume [9]. As a consequence of the increase in plasticity,

and especially within the strain localization path, it appears a strong correlation between distribution of

plasticity level and micro-cracks density and size [10, 11]. Thus large scale yielding condition induces a

loss of confinement of the plastic volume and raises the question of the size of the process zone.

The use of finite element analysis (FEA) is required to analyze carefully local loading and FCGR.

It has been shown that for single crystal under small scale yielding condition, a local approach, defined

in a post-processor, is straightforward to assess fatigue crack growth rate without explicit remeshing

of the growing crack [12]. These kind of approaches are known to induce mesh dependency which

drawback could be overcame using J integral enabling the direct use of linear elastic fracture mechanics,

especially Paris-like models based on stress intensity factor (SIF) analysis and its extension to J integral

[13, 14, 15, 16]. But for large applied strain level, it is no more possible to determine an integration path

without influence of the chosen path, making J approaches out of rules of use and inoperative due to the

loss of their invariance with integration path. For large scale yielding condition, one can differentiate

plastic strain accommodation occurring in overload condition from cyclic hardening. The case of overload

effect, leading to a plastic volume where crack grows with no significant plastic extent, has been widely

commented [17] and efficiently modeled using for instance J integral for retardation effect observed for

long crack as well as for short crack analysis [18, 19]. In this case, the crack grows in a hardened

and/or damaged material without large modification of this state before new overload cycle. However,

for crack growth leading to a sustained cyclic hardening of the un-cracked material, some recent works

have proposed the used of incremental elastic-plastic integral to take into account elastic-plastic material

behavior for ductile failure and its extension to cyclic plasticity [20, 21]. Nevertheless, the authors have

stressed out that elastic-plastic integral was still path dependent. The proposed configurational forces
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method was seen to be straightforward to ensure path independence only for limited plastic zone size.

As a conclusion, the path should embrace the cyclic plastic zone, leading to a strong influence of back

face plasticity when considering for instance CT specimen [21].

Considering crack initiation criteria for life modeling in the range of low cycle fatigue, it has been

clearly shown that plastic dissipation, that could be assessed by inelastic strain energy density, is fully

relevant to account for complex loading including multiaxiality effect and/or non isothermal condition

[22, 23, 24]. Considering fatigue crack growth model in the range of low cycle fatigue, the FCGR model

proposed by Mc Clintock has shown its efficiency for sustained plasticity [6, 25, 12]. Recently, some

authors have proposed to make a link between plastic energy and fatigue crack growth for small scale

yielding condition [26, 27] as well as for large scale yielding condition [28]. It is worth noting that

the transition between very low cycle fatigue (tenths of cycles) to the end of LCF domain (Nf ' 105)

needs to account for both elastic and plastic energy as described in [29] for life assessment and in [28]

for fatigue crack growth modeling. In this study, FCGR was successfully modeled using strain energy

obtained from macroscopic stress-strain evolution. This strain energy was deduced from experimental

measurement of global force and extensometer strain values respectively, or finite elements modeling of

the experiment using the same macroscopic values without analysis of the stress/strain gradients in the

specimen. This model was also reliable to assess life of smooth specimen, but needs a careful investigation

of the modification of stress/gradient induced by the modification of the geometry. In the case of short

fatigue crack growth for single crystal superalloys, combining the energy partition proposed in [28] with

critical distance concept [30] was seen to provide good results for fatigue crack growth rate modeling of

notched specimen, and associated strain gradient, as well as for life assessment of plain specimens [31].

Early works have also proposed to account for varying size of analysis (i.e. size of strain averaging) to

account for large scale yielding in the scope of process zone based model [8].

Nevertheless, the high level of plastic increment observed at each cycle makes large scale yielding for

fatigue close to monotonic crack growth observed for ductile material. Thus, it is needed to have a close

look at damage induced by stress triaxiality, since the increase of stress triaxiality is known to reduce

the strain to failure of most ductile materials [32]. Damage modeling could be thus coupled with the

stress triaxiality [33] since it greatly impacts the damage rate as observed for extension of Gurson-like

models for low cycle fatigue [34]. In the context of the modeling of ductile failure, many authors have

shown that non-local approach could overcome mesh dependency introducing a characteristic length of

the material and of the damage mechanism to be analyzed [35, 36, 37, 38]. Considering life assessment

for multiaxial fatigue in small scale yielding condition, non-local approaches have also provided excellent

results [39]. In the context of fatigue under large scale yielding, the correlation of large volume of cyclic

plasticity and process zone makes non-local approach as a good candidate for robust modeling of fatigue
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crack growth.

For high temperature application, both Ni and Co based superalloys are used for instance in combus-

tion chambers. This study is devoted to the analysis of the Co based superalloy Haynes R© 188 commercial

material. This material was deeply analysed concerning low cycle fatigue testing performed on smooth

specimens [40, 41, 42, 43] exhibiting a strong cyclic hardening at intermediate temperatures due to dy-

namic strain aging but with limited effect at high temperature (above 800◦C) [44, 45]. Crack growth

studies are mostly related to small scale yielding conditions for this material using CT specimen [46].

Moreover, it is observed a large influence of hold time for isothermal fatigue tests performed at high tem-

perature (above 800◦C) for either LCF tests, achieved up to smooth specimen failure, or crack growth

analysis [41, 47, 48, 43]. It is worth noting that, most models accounting for this kind of creep/fatigue

interactions are addressed for the time being by rules of cumulative damage [49, 50] without explicit

use of FCGR. It has also been clearly evidenced that both number of cycles to failure and fatigue crack

growth rate are function of temperature and environment [51, 52]. At high temperature, oxidation could

strongly interact with fatigue crack growth due to the enhancement of oxidation kinetics under local

plasticity under fatigue [53, 54] or creep [55]. Thus, the high temperature testing in air is clearly more

damaging than vacuum testing [53, 51].

Development of SEM in situ testing has provided significant progress in the understanding of crack

growth mechanisms and localization phenomena based on digital image correlation technique [56, 57, 58,

59]. Recent progress in optical devices, allowing for in situ surface monitoring with spatial resolution

close to SEM in situ devices, could also provide the same kind of informations but with no specific

modification of the testing methodology. This ”non-intrusive” approach allows to test standard specimen

and/or robust experimental configuration according to the tested representative element volume (R.E.V.)

[60, 61, 62].

This paper will study both experimental and modeling issues of fatigue crack growth under large

scale yielding condition for the chosen Co base superalloy. The experimental study will be achieved

under laboratory air at high temperature representative of in-service condition. Guidelines for fatigue

crack growth rate modeling in large scale yielding condition is the goal of this study, aiming to assess

the role of stress and strain gradient in the choice of the characteristic length of analysis (in a scope

of structural analysis, i.e. limiting the mesh size dependency) and associated modeling parameters

(i.e. adressing the modeling parameters evolution as a function of the chosen characteristic length of

analysis). Thus, typical crack growth specimens (here single edge notched SENT) will be used to identify

mechanisms leading to crack growth and model FCGR. To validate this modeling, original specimens

comprising multiple holes are used to induce complex interaction between crack and strain localization

path.

4



2. Experimental analysis

The experimental analysis was performed into two ways: a first test series was achieved using SENT

specimens in order to analyse crack growth, and identify subsequent crack growth model parameters.

This first test series constitutes the aim of this paper. A second test series was achieved to validate the

modeling methodology using a multiple holes specimen, that can be seen as a simple structure, details

about this test series will be found elsewhere [63, 64, 65].

2.1. Material and specimens

The material used in this study is the Haynes 188 Co based superalloy designed for components

operating at high temperature. Its composition is detailed in table 1. All specimens were processed

from round bar, obtained after hot rolling following AMS 5878B standard, with an annealing treatment

performed from 1177◦C to 1246◦C during 20 min leading to an average grain size of 90 µm.

Table 1: Chemical composition of Ha 188 superalloy used in the present study (wt %)

Element Co Cr Ni W C La Si Fe Mn
Weight % Base 22.75 21.85 14.80 0.071 0.08 0.33 2.31 0.94

Single edge notch tension (SENT) specimens were obtained by conventional machining, see Fig. 1, and

by wire cut Electro Discharge Machining (EDM) to obtain the notch geometry of 0.2 mm in diameter and

of 0.9 mm length including the notch radius, see a0 in Fig. 2(a). The dimension of the SENT specimens

were derived from AFNOR and ASTM standards [66, 67]. The SENT specimen geometry has been

introduced to investigate the growth of short cracks under small scale yielding conditions [68, 69] as well

as for large scale yielding conditions [54]. In the long crack regime fatigue crack growth results from this

SENT geometry were found to be consistent with curves obtained from CT specimens [68, 69, 70]. The

three holes specimens are also obtained by classical machining, with the same global geometry excepting

the edge notch replaced by holes of 1 mm in diameter, centered in the specimen and which centers are

3 mm spaced, see Fig. 2(b). The chosen geometry was obtained to insure that strain localization paths

associated to the holes interact from hole to hole. The details of design were reported in [63, 64]. Holes

were processed by die sink EDM. The surfaces of the specimen were polished before testing down to

alumina particle size of 1 µm.

2.2. Testing conditions

All tests were strain-controlled. Strain was prescribed using high temperature alumina rod exten-

someter with a gage length of 10 mm. For SENT specimens, the extensometer was mounted at the
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opposite side of the notch. For 3-holes specimens, the extensometer was mounted around the central

hole on a face of the specimen.

Crack growth was continuously measured using potential drop technique calibrated on optical mea-

surement performed in situ for SENT specimens, according to [67], and at regular stop for 3-holes

specimens. Two probes were welded apart from the notch for SENT specimens and apart from the cen-

tral hole for 3-holes specimens. For SENT specimens, the crack length measurement a is here assumed

to be the sum of the length of the notch and of the physical crack, see Fig. 2(a). For 3-holes specimens,

the crack length measurement a is limited to the central hole and here assumed to be the average of the

hole diameter and of the physical crack length from both sides of the specimen (back/front) and both

sides of the hole (left/right), see Fig. 2(b). For both kind of specimens, the crack length measurement

corresponds to the projected length on the direction orthogonal to the loading one. The crack growth

rate was obtained using the ratio between a crack length increment ∆a = 50 µm and the corresponding

number of cycles increment ∆N .

LCF crack growth tests were performed isothermally at 900◦C under laboratory air and for load

ratios Rε = 0 and Rε = −1. No pre-crack was performed before cycling, since initiation is observed

to be very fast under high strain levels as used in this study. Tests conditions are given in table 2. A

radiative furnace made of four lamps was used to prescribe temperature which was controlled by S-type

thermocouple welded on the specimen gage length [71].

During testing CCD camera was used to monitor crack growth. This was performed using a Keyence

VHX1000 with camera size of 1024x1398, with an acquisition frequency of 1 image/cycle. To limit

both the temperature of the lens and of the CCD camera and the hot air flux through the furnace

window, a piece of quartz has been mounted in front of the furnace window. After testing, the surface

of the specimens was observed using optical microscopy (OM) and scanning electron microscopy (SEM).

Then specimens were partially cut, using a cutting disk on the remaining ligament, and submitted to

monotonous tensile loading up to complete failure of the specimen. The fractured surfaces were observed

using OM, SEM and 3D measurement of the surface roughness based on optical microscopy. Digital Image

Correlation (DIC) results were obtained using Correli-LMT software [72]. Due to high temperature,

surface oxidation provide natural surface patterning. Therefore, no special surface preparation was

needed to obtain good DIC results. This ”natural” configuration has been already successfully tested for

instance in [73, 62] to measure surface displacement field for high temperature coatings.
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Table 2: Sent and 3-holes test series conditions, number of cycles to reach a crack length of 5 mm for SENT specimen,
Nmax, or number of cycles to reach a crack length of 900 µm for 3-holes specimen, Nf ; all tests were performed at 900◦C
under laboratory atmosphere

Specimen ∆ε/2(%) Test frequency (Hz) Rε Nmax or Nf

SENT

0.0625

0.1 0

4106
0.125 510
0.25 244
0.375 168
0.45 124

3-holes

0.075 0.5

0

38850
0.1 0.5 21220
0.15 0.5 1920
0.25 0.1 177
0.375 0.1 140
0.75 0.1 -1 60

3. Experimental results

3.1. Mechanical loading

The chosen testing conditions have led to a wide range of macroscopic loading as highlighted in

figure 3, for both SENT and three holes specimens. Lowest applied strain condition, ∆ε/2 =0.0625

and 0.075% for Rε=0, are close to macroscopic elastic behavior whereas larger strain conditions exhibit

clearly macroscopic plasticity (for ∆ε/2 ≥0.25%). It is worth noting that for largest applied strain, the

material induces stress drop associated to dynamic strain aging. This effect was already observed in

[44, 45] at intermediate temperatures of 400◦C for ε̇ = 10−4. Nevertheless, this behavior was observed

in our test series as soon as prescribed strain was greater than ∆ε/2=0.25%, that could lead locally to

high strain rate level. This effect was not observed with 3-holes test series.

3.2. Crack growth

For SENT specimen test series, the maximum test duration exceeds 4.103 cycles and was reached for

∆ε/2 = 0.0625% and Rε = 0. For all others test conditions, tests durations were below few hundreds

of cycles, Fig. 4(a). Crack growth initiates mostly below 50 cycles. Associated fatigue crack growth

rates (FCGR) are very high and range from 10−6 m/cycle up to 10−4 m/cycle, Fig. 4(b). The FCGR

for ∆ε/2 = 0.0625% / Rε = 0 is consistently much lower than other conditions: for this test condition,

macroscopic behavior is seen to be elastic whereas macroscopic plasticity is observed for the whole test

series with higher applied strain.

For 3-holes specimen test series, the range of test duration is consistent with results obtained for

SENT test series considering large strain values and significatively longer for low strain loading levels,

Table 2. Initiation was detected only during optical inspection and could have occurred before the stop,
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considering three-dimensional effects associated to the hole geometry and the ratio between hole diameter

and specimen thickness.

3.3. Crack path and surface observations

SENT specimen. Crack growth starts with a planar crack morphology, mostly orthogonal to the load-

ing direction, Fig. 5. For lowest strain condition, and subsequent small scale yielding condition, the

crack path stays straight during the whole test, with neither significant crack deviation nor evidence

of significant damage in the vicinity of the crack path and around the crack tip, Fig. 5(a). Increasing

the applied strain level, a flat to slant crack path appears, Fig. 5(b) and (c). The higher the strain

level, the smaller horizontal crack path is observed, Fig. 5. For medium to high strain level, multiple

cracks initiate on the notch, but only one of them will drive to the major crack that is considered for

crack length measurement. Crack tip blunting is in these cases observed for the major crack. The large

scale yielding is directly observed on the surface of the specimen where large modifications of the surface

roughness is observed according to both the crack path and the crack wake, Fig. 5. Indeed, contrast

modification of the surface of the specimen is due to significant oxide spallation associated to the highest

strained areas, Fig. 5. Moreover, damage is evidenced for long cracks where micro-cracks appear on the

surface, see in situ optical images corresponding to the maximum loading during cycling in Fig. 5(b)

and (c).

The use of DIC enables to evidence strain field localization associated to the notch specimen at

the beginning of the test, Fig. 6, prior to significant crack growth. Maximum strain values exceeds

here 1% for an averaged maximum applied strain of 0.5%. Strain values exceeding 0.5% are found in a

radius of 2.5 mm from the notch. This very large area of high strained material is fully consistent with

measurement based on twinning density and micro-hardness for a Co-Ni alloy tested at room temperature

[74]. Moreover, the strain localization pattern appears not to be symmetric according to the mid plane

of the specimen. Thus, in this area, strain values exceeding 0.8% are found in a radius of 3 mm from

the notch. This loss of symmetry is consistent with the observed crack path, Fig. 5(b), indicated by a

black arrow in Fig. 6: two cracks have been initiated on the notch, but only one of them will drive to

the major crack. In situ images have enabled to perform high resolution strain field measurement taking

into consideration the temperature of 900◦C. Nevertheless, only relatively low applied strain and short

crack could be analyzed; otherwise, micro-cracks would lead to erroneous assessment of strain values.

Detailed observations can be made during crack growth from in situ images corresponding to max-

imum applied strain, Fig. 7. Micro-cracks are observed within strain localization path and ahead of

the major crack or secondary cracks. For exemple, the micro-crack arrowed in Fig. 7(a) (red arrow) is

more than 300 µm ahead of one of the secondary crack linked to strain localization path and coalesces

in approximatively 10 cycles with this secondary crack. The micro-crack arrowed in Fig. 7(b) (white
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arrow) is less than 250 µm ahead of the major crack and coalesces in less than 5 cycles with the major

crack. For secondary cracks, micro-cracks seem to grow substantially before the coalescence. Whereas,

for the major crack, these surface observations show that the major crack growth is much more faster

than the micro-crack growth. These observations made for these two micro-cracks could be generalized

for other micro-cracks on this set of pictures and for other testing conditions as soon as significant plas-

ticity is observed (i.e. for large applied strain values or for long crack). Micro-cracks lengths range from

10 µm up to 200 µm for the highest tested levels. For high strain loading condition, as typically observed

in Fig. 5(c), the major crack path is close to the initial strain localization path in one direction after

branching. Thus the growth of micro-cracks pattern, before the coalescence with the major crack, could

be observed. Nevertheless, the fatigue crack growth rate becomes very high for these loading conditions

and micro-cracks growth and coalescence with the major crack fall in the same cycle and will not be

more detailed in the sequel.

After test completion, SEM surface observations have enabled to confirm that for initiation, Fig. 8(b),

and during crack growth, Fig.8(c), many local crack bifurcations occur, Fig. 8. A zoom in the final crack

tip region using back scattered electron (BSE) mode also highlights that both crack and micro-cracks

are certainly inter-granular, Fig. 8(d). These observations substantiate that the principal crack grows in

a pattern of micro-cracks and that the process zone size is quite large for these LCF loading conditions.

Fractured surfaces observations bear out that a flat to slant crack arises for large applied strain

values. The flat part of the crack corresponds to few mm crack growth, for instance around 1 mm for

∆ε/2 = 0.45%, Rε = 0, Fig. 9. Considering the slanted part of the crack e.g. for a crack length of about

5 mm, the height difference between front and backside of the specimen is of about 2.5 mm, Fig. 9(b).

Moreover, steps have appeared in the last part of the slanted region, that could be linked to a mode I to

a mode I+III transition inducing typical roof shape of fracture [75, 76], label 3 Fig. 9. This point is out

of the scope of this paper and will not be detailed next.

Finally, observation of fracture surface could locally suggest intergranular crack growth for ∆ε/2 =

0.25 and Rε = 0 test, Fig. 10(a). Nevertheless, for test with higher strain range, compression loading

deforms fatigue fracture surfaces and prevents their analysis, ∆ε/2 = 0.45 and Rε = 0 test, Fig. 10(b).

Three holes specimen. The same global behavior of cracks as function of the applied strain level is

observed for 3-holes specimens as compared to SENT specimens: based on surface observation, cracks

are initially flat and deviate from path orthogonal to the loading direction for tests with significant

macroscopic plasticity (typically for ∆ε/2 ≥ 0.25%). For smaller applied strain values, crack paths

remain mostly flat, Fig. 11(a). Deviation is increased with increasing length and increasing applied

strain level. Evidences of strain localization are found to be linked with a significant increase of the

surface roughness, see lateral hole on the right side of Fig. 11(b). The observed contrast in Fig. 11(b),
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corresponds at a very local scale to oxide ridges, that could be associated to grain boundaries or slip

plane, Fig. 11(c) and (d). As detailed for SENT specimens, micro-cracks are observed to take place

around the crack tip and within the crack wake for large applied strain level, Fig. 11(b) and (d). Again,

multiple cracks initiate on holes (in most cases three cracks are observed on each side of the central hole

using in situ observation not shown here) but only one of these micro-cracks will lead to the major crack,

Fig. 11(b). Nevertheless, the huge difference between SENT and 3-holes specimens is the interaction

of cracks emanating from different holes. For low applied strain level, interaction of cracks from central

and lateral holes is not clear since the crack path remains mostly straight during its growth, Fig. 11(a).

On the other hand, for larger applied strain values, multiple crack deviations are observed along the

major crack path until crack coalescence between cracks emanating respectively from the central and the

lateral holes, Fig. 11(b). As observed for SENT specimen, crack closure induced by large scale yielding

conditions prevents the analysis of fractured surface. For 3-holes specimen, for large strain ranges, stress-

strain loops suggest that compliance changes at negative loads, Fig. 3(b). But no attempt was made

to account for crack closure in the analysis of the results. In the sequel, only SENT specimens will be

detailed since fatigue crack growth mechanisms are comparable for both 3-holes and SENT specimens

before interaction of cracks initiated on two holes.

4. Modeling fatigue crack growth under large scale yielding condition

4.1. Macroscopic model

The chosen model was previously developed for a macroscopic analysis of crack growth under isother-

mal LCF tests performed on notched hollow specimens [28]. The main idea of this model is to partition

the driving force of crack growth into elasticity, relative to hydrostatic part of the stress tensor, and

plasticity, related to shear and deviatoric part of the stress tensor using a strain energy analysis. The

original model of crack growth was as follow:

1

λ

da

dN
=

(
βe
We

γe
a

)me

+

(
βp
Wp

γp
a

)mp

(1)

where γe, γp, me, mp and λ are the model parameters. The parameters βe and βp should be seen

as geometrical parameters. The terms We and Wp are associated to elastic opening energy and plastic

distortion energy respectively following the set of equations:

We =
1

3

∫
cycle

< tr(σ∼) > . < tr(dε∼
e) > (2)

Wp =

∫
cycle

s∼ : dε∼
p (3)
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where σ∼ , ε∼
e and ε∼

p correspond respectively to stress, elastic strain and plastic strain tensor, tr is the first

invariant of the considered tensor, and <.> corresponds to the Macaulay brackets, e.g. < tr(σ∼) >= tr(σ∼)

if tr(σ∼) > 0 and < tr(σ∼) >= 0 otherwise. These energy terms were deduced from stress-strain values

yielded by force and extensometer strain measurement, values that can be obtained either from direct

experimental results or from FE analysis of the tested specimen (e.g. SENT, notched hollow specimen...)

[28]. Thus the model was originally designed to take into consideration geometry of the specimen through

the parameters βe and βp to analyze other specimen geometries. The idea was to modify the effect of

singularity in the same way as usually performed with shape function in linear elastic fracture mechanic.

This was successfully achieved using known solutions for penny-shape like defects and has enabled to use

the same model parameters to obtain life of smooth specimens. Nevertheless, this method is not general

enough to encompass the broad range of geometry observed in most of applications except if tabulation

of shape parameters are performed before. Thus, the following post-processing approach is a simple way

to overcome this drawback.

4.2. Post processing analysis

The post-processing method is built to estimate crack growth rate, and subsequent number of cycles

leading to a given crack growth, on a user defined set of elements. The growth rate model is taken in

the form:

1

λ

da

dN
=

(
we

γe
a

)me

+

(
wp

γp
a

)mp

(4)

which is the same model as presented in equation 1 setting the geometrical parameters βe and βp to

unity. The post-processing approach is in fact a direct way to take into consideration geometry influence

on local mechanical loading through the numerical computation of energy terms we and wp averaged on

the volume to be analyzed Ω =
∑n

i=1 dΩi as:

w∗e =
1

Ω

n∑
i=1

WedΩi (5)

w∗p =
1

Ω

n∑
i=1

WpdΩi (6)

where We and Wp correspond respectively to equations 2 and 3 which are determined locally for each of

the n integration points within the volume Ω.

Finally, the crack growth rate equation is integrated using a Runge-Kutta method for an a priori high

number of cycles exceeding LCF range (e.g. 108 cycles). The number of cycles to failure is the result of
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this integration for the chosen failure crack length af :

Nf =

∫ af

a0

da
da
dN (We,Wp; a)

(7)

The above equations have been implemented in the Zset code, in an oriented object langage close to

c++ [77, 78, 79]. The algorithm could be summarized as follows:

1. choice of a given loading cycle; this choice is user defined since it will be strongly dependent

on the used mechanical behavior model, as a general guide at least two cycles should be computed

to take into consideration stress redistribution after first monotonic loading. This point is widely

debated through fatigue analysis but here should not be analyzed as a ”stabilized cycle”, i.e. for

a typical Chaboche law using kinematic and isotropic hardening, the sensitivity was rather low to

this chosen cycle [28].

2. choice of a volume ahead of the crack tip or notch or any mechanical singularity to

be studied; this choice is user defined and will greatly impact the subsequent analysis. As it

would be detailed in the sequel, the characteristic length of the chosen volume should be seen as

a mechanical parameter of the fatigue crack growth rate analysis. The way this volume should be

chosen will be defined later on in the paper, taking into consideration sensitivity analysis.

3. computation of opening elastic energy We and plastic distortion energy Wp; these quan-

tities are determined locally for each of the n integration points.

4. averaging of elastic and plastic energies over the chosen volume; according to eqs. 5 and

6

5. computation of crack growth rate; according to eq. 4

This scheme corresponds to the set of equations 4 to 6 and leads to

da/dN = f
[
w∗e(σ∼ , ε∼e

), w∗p(s∼, ε∼p
); a
]

which equation yields to the fatigue crack growth rate on the chosen volume of integration. Two more

points should be added to obtain a failure criterion, namely:

6. integration of crack growth rate ; it consists in resolving a non linear differential equation

da/dN = f(a) to determine the crack length as a function of the number of cycles, namely a(N)

7. determination of Nf ; according to eq. 7

4.3. 3D modeling of the testing configuration

The aim of this numerical study besides in the identification of crack growth model based on mechan-

ical stress, strain and subsequent energies in the geometrical configuration before crack initiation. Thus,
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for reason of symmetry, only a quarter of the specimen is modeled for both SENT and 3-holes specimens

using quadratic reduced elements, Fig. 12. Boundary conditions are used to simulate mid-plane symme-

try (xy) orthogonally to the loading direction, where Uy is set to zero, Fig. 12(a) and (c), and mid-plane

symmetry (xz) parallel to the loading direction and the free surface of the specimen, where Uz is set to

zero, Fig. 12(b). The surface z = 2 corresponds to the free surface of the specimen where cracks and

surface strain are optically measured. Tests are controlled by homogeneous prescribed displacement of

the top surface of the specimen. Thus, a control point corresponding to the extensometer contact point

is used to check the experimental prescribed deformation on the basis of extensometer gage length. The

same methodology is applied for 3-holes specimens, using an additional symmetry condition along the

(yz) plane where Ux is set to zero, Fig. 12(c).

The mechanical behavior is described through a two potentials Chaboche model, see Table 3, detailed

in [80, 81, 82] that was seen to reproduce merely the behavior of the considered material out of the

Dynamic Strain Aging domain [83].

Table 3: ”Two potentials” behavior used for Ha188 ; kinematic and isotropic hardening are considered for a ”quick” and a
”slow” term accounting for strain rate influence

Strain partitioning ε∼
tot = ε∼

e + ε∼
p

Yield function f =
√

3
2 (s∼−X∼ ) : (s∼−X∼ )− σy −R

Kinematic Hardening
α̇∼ = ε̇∼

p − γα∼ ṗ

Ẋ∼ = 2
3Cα̇∼

Isotropic Hardening R = R∞(1− e−bp)

Flow Function
”quick” term ṗq =

〈
f

Kq
N

〉Nq

”slow” term ṗs
〈

f
Ks

N

〉Ns

Total cumulated plasticity ṗ = ṗq + ṗs

The stress and strain fields show that 3D effects influence strongly local stress and strain distribution,

Fig. 13. The maximum out-of-plane stress is reached in the mid-plane section beyond the notch root,

Fig. 13(a), whereas maximum of strain is located at sub-surface, Fig. 13(b). Due to large local strain

values, it is useful to analyze the role of hydrostatic pressure, namely σH , using the stress triaxiality

ratio defined as σH/σeq where σeq corresponds to the von Mises criterion. The observed maximum stress

is consistent with the locus of maximum stress triaxiality ratio, Fig. 13(a) and (c).

These trends are confirmed by analyzing stress and inelastic strain evolutions along mid-plane and

surface plane of the specimen: stress values are not monotonic as a function of the distance from the
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notch root, Fig 14(a), and reach their maximum values at 100-200 µm from the notch root. Inelastic

strain values decrease monotonically at maximum applied strain, Fig. 14(b). The evolution of stress is

connected to the location of stress triaxiality ratio peak value, that depends on depth of analysis from

the surface plane: it is located at approximatively 200 µm from the notch root at the mid-plane and

below 100 µm for the external free surface, for an applied loading of ∆ε/2 = 0.375%, Fig. 14(c). For

smaller applied loading, the level of triaxiality decreases but its location is close to what was observed

for maximum applied loading for both mid-plane and external free surface of the specimen.

Since chosen crack growth modeling is based on elastic and plastic energies defined in eqs. 2, these

quantities should be locally analyzed. Plastic energy decreases monotonically from the notch root, Fig.

15. It is worth noting that at the notch root, maximum of plastic energy is found at the mid-plane of the

specimen, whereas for a distance from the notch root above 100 µm, the plastic energy is maximum at

the subsurface, Fig. 15(a). Besides, the location of the maximum of elastic energy, for high level of strain

loading, is found to vary from 50 to 100 µm from external surface to the mid-plane of the specimen, Fig.

15(a). This is consistent with results obtained for maximum of triaxiality stress ratio since elastic energy

is based on hydrostatic pressure (see eq. 2). For lower applied strain values, similar spatial evolutions of

energy are observed, excepting that elastic and plastic energies values can be very close to each other, or

even elastic energy can exceed plastic one, Fig. 15(b). For surface values, maximum of elastic energy is

located at the same distance from the notch root close to r = 50 µm, irrespectively to the tested applied

strain value. Basically, same trends are found for 3-holes specimen considering location of maximum

stress triaxiality ratio and other mechanical quantities detailed for SENT specimens and thus will not

be detailed in the sequel.

On the basis of the stress, strain, triaxiality and energy gradients analysis, it is clearly expected that,

with the chosen notch geometry, the choice of a box size will greatly impact the evaluation of averaged

plastic and elastic energy values. Moreover, it appears that below 100-200 µm from the notch root, stress

or inelastic strain values are not monotonic as a function of the distance from the notch root. Thus it

could be straightforward to take into consideration box for averaging values larger than this distance

that appears as a transition length.

4.4. Sensitivity analysis of energy computation

A sensitivity analysis was achieved on the basis of loading parameters corresponding to SENT spec-

imen test series. The range of applied strain is broad enough to go from small to large scale yielding

conditions. The average analysis of mechanical quantities is achieved for 3D mesh presented above and

for cubic boxes, see highlighted areas in Fig. 12. For reason of symmetry, since only a quarter of the

specimen is modeled, only half of ”cubic” boxes are shown. To increase the reliability of local crack

length measurement and proposed modeling of crack growth, only near surface boxes are considered in
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this analysis. That is to say that energy is averaged in boxes with one face corresponding to the specimen

surface and one face tangent to the notch root. This point is very close to non-local analysis here used

for a simplified non-local function similar to a low pass filter. On the basis of above results concerning

the low sensitivity of energy assessment to the number of cycles for both specimen [28] and structure

[84], only 10 cycles have been computed for each case detailed below.

Influence of the mesh size. To estimate the influence of the mesh size on energy values assessment, the

mesh size in the vicinity of the notch was varied from 5 to 125 µm. The box size was set to 250 µm and

energy values were estimated for ∆ε/2 ranging from 0.0625 to 0.375%, see Table 4 for results.

Table 4: Influence of the mesh size on plastic and elastic energies values. The ratios w∗
p/w

∗
p(h = 125µm) and w∗

e/w
∗
e (h =

125µm) correspond respectively to the ratios of the computed plastic and elastic energies obtained for the chosen mesh
size h and energies obtained for a mesh size of 125 µm. These ratios are tested for each strain levels

∆ε/2(%) mesh size h (µm) w∗p (J/m3) w∗e (J/m3) w∗p/w
∗
p(h = 125µm) w∗e/w

∗
e(h = 125µm)

0.0625

125 8.94.105 2.56.105 1 1
50 8.96.105 2.57.105 1.002 1.005
25 8.95.105 2.57.105 1.001 1.005
10 8.95.105 2.57.105 1.001 1.005
5 8.94.105 2.57.105 1 1.004

0.125
125 6.38.106 6.62.105 1 1
50 6.28.106 6.66.105 0.984 1.006
25 6.27.106 6.65.105 0.983 1.005
10 6.17.106 6.65.105 0.983 1.005
5 6.17.106 6.66.105 0.985 1.006

0.250
125 2.55.107 9.79.105 1 1
50 2.50.107 9.79.105 0.979 1
25 2.50.107 9.78.105 0.978 0.999
10 2.49.107 9.78.105 0.977 0.999
5 2.49.107 9.78.105 0.975 0.999

0.375
125 5.04.107 1.16.106 1 1
50 4.92.107 1.16.106 0.977 0.998
25 4.91.107 1.16.106 0.976 0.997
10 4.91.107 1.16.106 0.976 0.997
5 4.91.107 1.16.106 0.975 0.997

Tested conditions lead to energy variations less than 2.5%. Thus, in the following, the minimum mesh

size is set to 50 µm for which values, the energy assessment could be claimed to be independent of the

mesh size.

Influence of the box size. This analysis is performed for a minimum mesh size, set to a value of 50 µm as

discussed above. The resulting elastic and plastic energies are plot as a function of the box length, lc, and

of the applied strain values corresponding to SENT test series. The range of elastic energy spreads from
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4.104 to 106 J.m−3 with a clear asymptotical value found for large applied strain values, Fig. 16(a). The

elastic energy found for the 125 µm box size is more than 7 times the elastic energy found for the 4 mm

box size. The range of plastic energy spreads from 6.104 to 108 J.m−3 with a higher sensitivity to large

applied strain values than for elastic energy, Fig. 16(b). The plastic energy found for the 125 µm box

size could be more than 30 times the plastic energy found for the 4 mm box size. It is also shown that

for both tests drove at ∆ε/2 = 0.0625% and ∆ε/2 = 0.125% elastic and plastic energy values are of the

same order of magnitude, whereas for larger applied strain values plastic energy exceeds clearly elastic

energy for any box size. This point implies that test series could be ranked into tests where competition

between elasticity and plasticity would influence crack growth rate and others where plasticity (or to

a less extent elasticity) will only governs crack growth rate. As a partial conclusion, averaged energy

values are strongly dependent of the box size, but the evolution of the ratio of energy from high to low

applied strain is relatively independent of the box size. This point is of interest for the robustness of

crack growth model identification as it will be discussed later on.

5. Results of crack growth model applied as a post-processor

This section is devoted to crack growth model identification and validation. Identification was per-

formed on the basis of crack growth rate observed experimentally for SENT specimen test series. It

has been shown above that the mesh size dependency was rather low averaging strain energy in a given

volume described as a cubic box, but that the choice of the characteristic length describing the box size

drastically impacts the obtained energy values. Thus, the aim of this part is to analyse what is the

range of application of the chosen FCGR model and how to take into consideration the choice of this

characteristic length on the quality of FCGR modeling. A final validation was performed on the basis

of the number of cycles leading to a given crack length for the 3-holes specimens test series without

modification of previous set of crack growth model parameters.

5.1. Model identification

To estimate the influence of the box size used for energy averaging, the procedure of crack growth

model parameters identification was applied for box sizes varying from 125 µm to 4 mm. The fatigue

crack growth model refers to equations 2 to 6. As discussed in [28], the λ parameter should exceed the

average grain size of the considered material, and is here set to λ = 140 µm. This parameter is of a low

sensitivity on model identification, since it only impacts the obtained values of surface energies γe and γp

without influence on the γe/γp ratio and subsequent crack growth rate. Firstly, both elastic crack growth

rate exponent me and plastic crack growth rate exponent mp are identified on the basis of the lowest

and tested strain values respectively, i.e. for ∆ε/2 = 0.0625%, Rε = 0, test and ∆ε/2 = 0.45%, Rε = 0,
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test. This procedure leads to optimal values of me = 1.5 and mp = 2. For sake of clarity, only γe and γp

will be varied as a function of the box size while keeping exponents me and mp and λ model parameter

at constant values. Thus, secondly, γe and γp are optimized through minimisation of a cost function

based on least square method between experimental and modeled fatigue crack growth rate [28]. This

last step is performed sequentially on the lowest applied strain value test condition, to find the optimal

γe value and then on the whole database to find the optimal γp value. The modeled crack growth rate

are compared to experimental values for each box size, Fig. 17.

The optimization procedure has led to a very good correlation between modeled and experimental

crack growth rate for high applied strain levels, see Fig. 17. It is worth noting that, when increasing the

box size above 1 mm, the quality of optimization decreases for high strain levels, because of the choice

made of optimizing only γe and γp values. Thus, the quality of the identification could be enhanced

modifying me and mp but would limit the clarity of the proposed sensitivity analysis. Moreover, the

chosen model and optimization procedure has led to a fatigue crack growth rate above the experimental

one for the lowest applied strain value test condition, i.e. for ∆ε/2 = 0.0625%, Rε = 0, test for box sizes

of 125 and 250 µm. Nevertheless, the model has shown its ability to encompass a broad range of applied

strain values for a large variation of chosen box size.

The evolution of γe and γp parameters decrease monotonically as a function of the chosen box size

lc, for lc ≥ 250µm, Fig. 18. For lc = 125 µm, the γe value is smaller than the optimized value found for

lc = 250 µm. These effects are related to the evolution of energies as a function of the box size, Fig. 15.

It is now possible to assume that the model could be seen in a more general way as:

1

λ

da

dN
=

(
w∗e
γe(lc)

a

)me

+

(
w∗p
γp(lc)

a

)mp

(8)

where lc is the characteristic length of the box size used for averaging energy values.

1

λ

da

dN
=

(
we(a)∗

w∗e(lc)

)me

+

(
wp(a)

w∗p(lc)

)mp

(9)

5.2. Validation

Based on the above identification of crack growth model parameters, the 3-holes specimen test series

is used to validate the crack growth model. The same procedure of averaging elastic and plastic energy

values is processed taking into consideration the central hole where cracks were measured. For sake of

consistency with identification procedure, cubic boxes used for averaging had one face located on the

specimen surface and one face tangent with the hole, Fig. 12. These averaged energies have enabled to

estimate the crack growth rate and the number of cycles Nf required for the crack to reach a final crack

length af , as detailed in eq. 7. This integration step has been performed from an initial crack length
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a0 = 590 µm up to a final crack length af = 900 µm, taking into consideration the hole radius of 500 µm.

The initial crack length corresponds to the measured average grain size of the material, and was also

observed to be close to the typical micro-crack length at initiation observed for 3-holes specimen [63, 64].

The relatively low crack extent was straightforward to avoid crack length for which large deviations of

crack path was systematically observed and for which the interaction of cracks emanating from each

hole was experimentally observed. Indeed, since no explicit crack growth is modeled through FEA, this

interaction could not be taken into consideration in this study. The direct comparison between measured

and modeled number of cycles Nf to reach a final crack length af = 900 µm was obtained for box size

varied from 125 µm to 1 mm, Fig. 19.

Obtained results show a very good correlation between experimental and modeled life assessment:

the results deviate at the maximum of a factor of three irrespectively of the characteristic length varied

from 125 µm to 1 mm.

6. Discussion

For the high temperature conditions tested in this study, a clear transition has been evidenced between

small and large scale yielding condition. Firstly, increasing the applied strain level, a high increase in

FCGR has been observed together with a large hysteresis in macroscopic stress-strain evolution. Secondly,

the crack path goes from flat to slant. In the same time, the material ahead of the major crack is seen as

a smooth surface with no evidence of defect for low applied strain values, whereas, the major crack grows

in a complex pattern of micro-cracks for high applied strain values or long crack. These micro-cracks are

typical of inter-granular failure observed in creep conditions [10] or oxidation assisted creep [55] and are

certainly induced by high temperature and high local stress levels. The micro-cracks were observed on

specimen free surface for high applied loading, Fig. 5, 7 and 8, as well as on fractography observation,

Fig. 10(a). This evolution of fatigue crack growth and damage mechanisms have been observed to be

fully consistent for both SENT and 3-holes specimens. About interaction between major crack path,

micro-crack pattern and strain localization path, differences have been evidenced between the two set of

specimens and short crack versus long crack behavior. For relatively long crack in SENT specimens, the

micro-cracks associated to strain localization and secondary cracks open when they are located ahead of

the major crack tip (see Fig. 7(a)) and close when they are located in the wake of the major crack (see

Fig. 7(i)). Finally, the secondary crack patterns orientation and localization have little influence on the

major crack path. This kind of crack path evolution, associated for long crack to a flat to slant fracture

transition has been widely commented in monotonic ductile failure and is associated to a global energy

minimization process [85, 86]. On the other hand for highest loading, for relatively long cracks considering

3-holes specimens as well as for short crack considering both SENT and 3-holes specimens, the major
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crack path is clearly associated to strain localization path, Fig. 5(c) and Fig. 11(b) respectively. That is

to say that, the 3-holes specimen geometry finally leads to a large interaction between plasticity induced

by the crack tip and by the holes.

Again, for monotonic ductile failure, it has been well established that the occurence of failure beyond

the crack tip is strongly related to local peak value of stress triaxiality ratio [34]. For fatigue loading

under large scale yielding condition, crack tip blunting is clearly observed. Thus the chosen size of the

notch radius is relatively close to crack tip radius, making FEA of the initial configuration relevant to

discuss mechanical field for crack. Thus, the proposed FEA has shown that the location of peak value

of stress triaxiality ratio, Fig. 14(c), and associated peak value of elastic energy, Fig. 15, are consistent

with the observed surface micro-cracks, Fig. 7. Even if this observation is limited to surface, it does

suggest that stress triaxiality could strongly influence the failure of the considered material: ahead of the

major crack tip, micro-cracks initiate at maximum stress triaxiality and because of the high fatigue crack

growth rate, the remaining ligament between the major crack tip and the tip of the closest micro-crack

could be broken within very few cycles.

For material where brittle particles govern the crack growth rate, for instance for cast aluminium

alloys, X-Ray tomography has enabled to obtain 3D observations of interactions between multiple micro-

cracks and defects [87], and to highlight the correlation between maximum stress triaxiality ratio and

local failure of the material for low cycle fatigue loading [88]. But it remains still challenging on the one

hand to perform 3D X-Ray observation of damage for high atomic density materials as used in this study

for significative volume of matter, and on the other hand to explicitly model small crack interaction with

complex 3D microstructure.

The proposed post-processing methodology has been successfully applied to two different geometries

for identification and validation of the model parameters. The fatigue crack growth model is a function

of averaged elastic and plastic energies. The averaging is achieved in a given volume designed as a simple

box 1. This average step is indeed a simple non-local approach for which the choice of the characteristic

length impacts directly the values of the crack growth model parameters. As a general guideline, it

appears that the characteristic length for averaging energy should be larger or equal to the typical

distance between the notch root and the locus of the peak of stress triaxiality. For the analyzed test

series, optimized characteristic length are of 250 µm ≤ lc ≤ 1 mm for SENT test series and increases

to 500 µm ≤ lc ≤ 1 mm for 3-holes test series. This effect is consistent with notch radius respectively

of 100 and 500 µm for SENT and 3-holes specimens. This approach is moreover very convenient to

limit the influence of mesh size and limit the computation cost for structure application. Finally, this

quite large characteristic length should be seen as a process zone which size is consistent with observed

1Varying shape of the box used for energy averaging from cube to sphere of same volume located at the edge of the
notch, very little influence was observed on averaged energy values.
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micro-cracks pattern induced by large scale yielding, the size of this pattern being observed to be very

large as compared to the average grain size since it is mostly driven by the strain localization.

At last but not least, the integration of the crack growth rate model is also effective to obtain life

assessment of 3-holes specimen seen as a structural case. Let’s go back to assumptions made for this

modeling and some questions raised by them. At a first point no crack growth have been introduced here.

Thus amplification of crack growth rate with crack growth has been modeled using a coupling between

crack growth rate and crack length, i.e. da/dN = f(a). The obtained results are reliable for single crack

configuration, as usually performed with Paris model for small scale yielding condition, but could not

take into consideration large variation of loading observed for exemple when cracks are very long and

close to coalesce for 3-holes specimens. Explicit crack growth model by FEA would therefore enable

to assess local loading evolution as a function of the crack location and path, and could be developed

according to either X-FEM tools [89, 90] or conform remeshing technique as developed in [91]. Moreover,

experimentally it has been clearly observed that crack deviation was of a great importance in the tested

configuration. This point needs to be carefully analyzed since it will drastically impact the local loading

at the crack tip and subsequent evaluation of elastic and plastic energies, and prescribes the analysis

of crack mode mixity. The explicit FEA of crack growth can be straightforward to analyze locally this

issues taking into consideration a large variety of crack location and morphology.

Conclusion

This paper has shown fatigue crack growth behavior for strain controlled tests performed at 900◦C for

Haynes188, Co base superalloy. These test series have been carried out from small to large scale yielding

conditions. A systematic fatigue crack growth modeling was applied for the tested configurations. Main

results could be summarized as follows:

• Fatigue crack growth rate increases with applied strain values. A large increased in FCGR was

observed as soon as macroscopic plasticity was measured.

• The crack path shows a typical flat to slant transition for highest strain values for SENT specimens.

• The major crack was revealed to interact with a micro-crack pattern, suggested to be intergranular

and correlated to the strain localization path. This strain localization path is associated to the spec-

imen geometry (for either SENT or 3-holes specimens). Moreover, multiple cracking interactions

have been observed for 3-holes specimens (cracks emanating from each holes).

• The chosen crack growth rate model, based on energy assessment is effective to model both crack

growth rate and to assess life after integration of the crack growth rate, for respectively SENT and

3-holes specimens .
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• The model parameters are function of the characteristic length where strain energy values are

averaged, making the choice of this characteristic length crucial for part modeling.
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acknowledged for, during the program ”PRC Structures Chaudes”. This work was also funded by the

National ANR grant ANR-14-CE07-0037 Semafor, headed by Vincent Chiaruttini (ONERA) who is

greatly acknowledged. Vladimir Esin, Mines ParisTech, and Valentin Bourrelier, Antoine Marchal and

Dimitri de Plasse students at Mines ParisTech are acknowledged for their kind help in crack imaging.

Bibliography

References

[1] R. Lardner, A dislocation model for fatigue crack growth in metals, Philosophical Magazine 17 (145) (1968) 71–82.

[2] K. Tanaka, T. Mura, A dislocation model for fatigue crack initiation, Journal of Applied Mechanics 48 (1) (1981)

97–103.

[3] C. Laird, The influence of metallurgical structure on the mechanisms of fatigue crack propagation, in: Fatigue crack

propagation, ASTM International, 1967.

[4] K. Tanaka, T. Hoshide, N. Sakai, Mechanics of fatigue crack propagation by crack-tip plastic blunting, Engineering

Fracture Mechanics 19 (5) (1984) 805–825.

[5] Y. Guilhem, S. Basseville, F. Curtit, J.-M. Stephan, G. Cailletaud, Investigation of the effect of grain clusters on

fatigue crack initiation in polycrystals, International Journal of Fatigue 32 (11) (2010) 1748–1763.

[6] F. McClintock, Fatigue crack propagation, ASTM STP 415 (1967) 170.

[7] S. D. Antolovich, A. Saxena, G. R. Chanani, A model for fatigue crack propagation, Engineering fracture mechanics

7 (4) (1975) 649–652.

[8] G. Chalant, L. Remy, Model of fatigue crack propagation by damage accumulation at the crack tip, Engineering

Fracture Mechanics 18 (5) (1983) 939–952.

[9] F. Bridier, P. Villechaise, J. Mendez, Slip and fatigue crack formation processes in an α/β titanium alloy in relation

to crystallographic texture on different scales, Acta Materialia 56 (15) (2008) 3951–3962.

[10] J. Weiss, A. Pineau, Fatigue and Creep-Fatigue Damage of Austenitic Stainless-Steels Under Multiaxial Loading,

Metall. Trans. A 24 (10) (1993) 2247–2261. doi:{10.1007/BF02648599}.

[11] W. Z. Abuzaid, M. D. Sangid, J. D. Carroll, H. Sehitoglu, J. Lambros, Slip transfer and plastic strain accumulation

across grain boundaries in hastelloy x, Journal of the Mechanics and Physics of Solids 60 (6) (2012) 1201–1220.

[12] L. Remy, A. Alam, N. Haddar, A. Köster, N. Marchal, Growth of small cracks and prediction of lifetime in high-

temperature alloys, Materials Science and Engineering: A, 468-470 (2007) 40–50.

[13] J. Rice, A path independent integral and the approximate analysis of strain concentration by notches and cracks,

ASME J. Appl. Mech. E. 35(2) (1968) 379–386.

[14] N. E. Dowling, J. A. Begley, Fatigue crack growth during gross plasticity and the j-integral, Mechanics of Crack

Growth.ASTM, Philadelphia, Pa.1976.

21

http://dx.doi.org/{10.1007/BF02648599}


[15] K. Tanaka, The cyclic j-integral as a criterion for fatigue crack growth, International Journal of Fracture 22 (1983)

91–104. doi:10.1007/BF00942715.

URL http://dx.doi.org/10.1007/BF00942715
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(a) (b) (c) 

(d) 

Figure 1: Specimens used for crack growth (a) side view common for both SENT and 3-holes specimens ; (b) SENT
specimen ; (c) 3-holes specimen; (d) detailed view of three holes; dimensions are given in mm
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�!
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(a) SENT specimen

2a 
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(b) 3-holes specimen

Figure 2: Optical crack growth measurement method, where a0 corresponds to the notch length and the hole radius
respectively ; dimensions are given in mm
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(a) SENT test series (b) 3-holes test series

Figure 3: Stress-strain evolution at N/Nmax = 0.2

(a) Crack length as a function of the number of cycle (b) Crack growth rate as a function of the crack length

Figure 4: Evolution of measured (a) crack length and (b) derived crack growth rate for SENT test series

1 mm 

(a) (b) (c) 

1 mm 1 mm 

Figure 5: Crack path for SENT specimen for (a) ∆ε/2 = 0.0625%, (b) ∆ε/2 = 0.25% and (c) ∆ε/2 = 0.45% tests with
Rε = 0 close to the end of the test (a ' 5 mm). Vertical lines indicate the horizontal location of the frontier between the
notch and the crack. Dashed rectangle corresponds to detailed Figure 7.
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Figure 6: Strain field, component εyy , measured on surface for SENT specimens for ∆ε/2 = 0.25%, Rε = 0, test
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500 µm 

(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 

Figure 7: Details of crack growth for SENT specimen for ∆ε/2 = 0.25% with Rε = 0. Each image from (a) to (i)
corresponds to maximum strain loading of cycles 248 to 256. The region of interest corresponds to the dashed rectangle in
figure 5(b). (A scale is inserted with vertical lines for easiness of reading).
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(b) (c) (d) 

(a) 

200 µm 

500 µm 

Figure 8: Crack path for SENT specimen for test ∆ε/2= 0.45%, Rε = 0 observed by SEM using BSE mode. Color
highlights in (a) correspond to details in (b), (c) and (d)
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(a) Optical microscope

970 µm 
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0 µm 

1000 µm 

2000 µm 

3000 µm 

1000 µm 
2000 µm 

(b) Roughness measurement

Figure 9: Fracture surface for ∆ε/2= 0.45%, Rε = 0 test for SENT specimen.

Figure 10: Fracture surface observation for SENT specimen for (a) ∆ε/2 = 0.25 and (b) ∆ε/2 = 0.45, tests (see Table 2)
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Figure 11: Crack path for three holes specimen for (a) ∆ε/2 = 0.1%, Rε = 0, test ; and (b) ∆ε/2 = 0.375%, Rε = 0,
test. Zoom (c) corresponds to black arrow in figure (a) and zoom (d) corresponds to black arrow in figure (b). Dashed line
indicates the location of the symmetry plane of the specimen.
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125 µm  
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1 mm 
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(c) 
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Figure 12: Boundary conditions and boxes used for numerical evaluation of we and wp for (a) (xy) plane and (b) (zx) plane
for SENT specimens and (c) (xy) plane for three holes specimens; (d) detailed perspective view of notch and associated
boxes for SENT specimen; the boxes are tangent to both notch and free surface of the specimen. The color legend indicates
the size of the boxes along x direction, boxes are cubic considering symmetry of the problem.
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 -120                                       890  
0 

(a) Stress evolution σyy(MPa)

-0.027                       0.235 0.10 

(b) Total strain εtotyy

-0.85                       1.56 0 

(c) Stress triaxiality

Figure 13: Stress and strain fields for SENT specimen for ∆ε/2 = 0.375%
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(a) Stress evolution σyy (b) Inelastic strain εyy

(c) Stress triaxiality

Figure 14: Evolution of out-of-plane stress, inelastic strain and stress triaxiality ratio for SENT specimen as a function of
the distance to the notch root r ; z = 0 corresponds to the mid-plane and z = 2 to the free surface of the specimen
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(a) Influence of the location through specimen
thickness z for ∆ε/2 = 0.375%

(b) Influence of the applied strain for z =
2 mm (specimen free surface)

Figure 15: Energy evolution for SENT specimen as a function of the distance to the notch root r ; z = 0 corresponds to
the mid-plane and z = 2 to the free surface of the specimen.

(a) w∗
e (b) w∗

p

Figure 16: Evolution of energies w∗
e and w∗

p as a function of the average box size lc

37



0.001 0.002 0.003 0.004
10−7

10−6

10−5

10−4

10−3

a(m)

da
/d

N
(m

/c
yc

le
)

 

 
∆ε/2=0.0625%
∆ε/2= 0.125%
∆ε/2=  0.25%
∆ε/2= 0.375%
∆ε/2=  0.45%

(a) lc = 125 µm

0.001 0.002 0.003 0.004
10−7

10−6

10−5

10−4

10−3

a(m)

da
/d
N
(m
/c
yc
le
)

(b) lc = 250 µm
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(d) lc = 1 mm
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(f) lc = 4 mm

Figure 17: Modeling of crack growth rate as a function of the box size, lc, for SENT specimens
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Figure 18: Evolution of γe and γp model parameters as a function of the box size for SENT specimens
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Figure 19: Comparison between the modeled (Nf num) and the experimental (Nf exp) number of cycles to reach af as a
function of the box size for three holes specimens; the legend indicates the characteristic length of the box size given in µm;
dashed lines and thin lines correspond respectively to a factor of two and three above and below experimental observation
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