N

N

Limit Theorems for Random Walks in the Hyperbolic
Space
V Konakov, S Menozzi

» To cite this version:

V Konakov, S Menozzi. Limit Theorems for Random Walks in the Hyperbolic Space. 2023. hal-
04330201

HAL Id: hal-04330201
https://hal.science/hal-04330201

Preprint submitted on 7 Dec 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04330201
https://hal.archives-ouvertes.fr

LIMIT THEOREMS FOR RANDOM WALKS IN THE HYPERBOLIC SPACE

V. KONAKOV AND S. MENOZZI

ABSTRACT. We prove central and local limit theorems for random walks on the Poincaré hyperbolic space of
dimension n > 2. To this end we use the ball model and describe the walk therein through the M&bius addition
and multiplication. This also allows to derive a corresponding law of large numbers.

1. INTRODUCTION

Let H" (n > 2) denote the real hyperbolic space of dimension n > 2. This is the complete and simply
connected Riemannian manifold with constant negative sectional curvature equal to -1.

We will be interested in establishing limit theorems (central, local, law of large numbers) for a corresponding
underlying random walk. In the case n = 2, 3, the central limit theorem was first obtained for the models of the
Poincaré-Lobachevski ball and plane in the seminal paper by Karpelevich et al. [KTS59]. It was shown therein
that the suitably renormalized sum converges in law to the normal law, corresponding to the fundamental
solution of the heat equation involving the Laplace-Beltrami operator, at a certain time that could be seen as
a variance in this setting. We can as well refer to the monograph of Terras [Terl3], Section 3.2 for additional
details.

In [KTS59] the Mobius addition already appeared in order to provide a non-Euclidean analogue of the sum
of random variables. In a more general setting, the connection with Harmonic analysis on the underlying
appropriate structure, like e.g. Lie groups, provided a natural way to define a corresponding random walk
and to investigate the associated limit theorems. Indeed, the harmonic analysis somehow provides natural
extensions of the characteristic functions, variances. We again refer to [Terl3] and [Ter88] for results in that
direction.

The above results concentrate on the behavior of a renormalized sum. Concerning a more functional approach
we can mention the works by Pinsky (see [Pin75] and [Pin76]) which established how the so-called isotropic
transport pmcessﬂ actually converges in law, when suitably normalized, to the Brownian motion on the manifold
when the Ricci curvature is bounded from below. The case of a Poincaré plane when the geodesic ball is also
discretized, thus leading to a space-time discrete approximation, is discussed in Gruet [Gru08].

We will here focus on the central limit theorem, the local limit (we will as well establish as a by-product of
our analysis a law of large numbers) for any dimension n of the hyperbolic space. Whereas local limit theorems
were previously established for some nilpotent groups, see e.g. Breuillard [Bre05] for the Heisenberg group, this
seems to be, to the best of our knowledge, new in the current setting. To this end we will rely on the Poincaré
ball model and use related harmonic analysis tools.

The paper is organized as follows. We describe the random walk and the related convergence results in
Section We provide in Section [3] the main tools from harmonic analysis needed to perform the analysis.
Eventually, Section [4]is dedicated to the proof of the main results.

2. MAIN RESULTS

2.1. Setting. Let H" (n > 2) denote the real hyperbolic space of dimension n > 2. This is the complete and
simply connected Riemannian manifold with constant negative sectional curvature equal to -1. We will consider
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IThis process is somehow very natural to consider. Its construction starting from a point z in a complete Riemannian manifold
M consists in choosing uniformly a direction on the unit sphere of the tangent space T (M). One then follows the geodesic line
starting from xzg for the chosen direction for an appropriate time and then reiterate.
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throughout the document the Poincaré ball model for the hyperbolic space H" (n = 2). Namely, we introduce:

={zxeR":|z| <1},

where || - | stands for the Euclidean norm, which we endow with the metric
ds? — 4(dx% +--- dac%)
(1 — [])?

and the corresponding Riemannian volume
(2.1) ppn (dz) = 2"(1 — ||z||*) "dz.
We recall that the hyperbolic distance to the origin writes for z € B™:

L+ ||
1 = 2 atanh(]2]) = log ( )
1=
where we use the notation 1 for coherence with [KTS59].
Hence, for z € B",

z—r@—tanh( )0, © e st

The coordinates (r,0) € [0,1) x S¥~! are the usual polar coordinates and (1,0) € [0, +o0) x S¥! the geodesic
ones. In the geodesic coordinates, we have:

(2.2) ppn (dz) = sinh(n)"~tdnA(dO),

where A stands for the Lebesgue measure of the sphere S" 1.
To define a random walk on B"™ we will introduce the Mobius addition (x,y) € B™ x B™ — B™ which writes
in Euclidean coordinates:

1+ 2@y + Jyl*)z + (1 — 2]y
L+ 2¢z,y) + [«|[y]? ’

where (-, - stand for the usual Euclidean scalar product on R™.

We will also use the left inverse, i.e. for all z € B", directly gives that ©x := —x satisfies ©x ®z = 0.

We refer to [ALI81] for a thorough presentation of related operations and properties (see also Section
below). Let us also mention that the operation can also be written through the formalism of Clifford
algebras, which then allows to extend the expression of the Mobius transform/addition in the complex plane
to the current setting (see e.g. [Ferld]).

We also introduce the Mébius multiplication, i.e. for all v € R, z € B,

(2.3) r@y =

(2.4) Y ® 2 := tanh(y atanh(I\ZII))H I

and refer to [BU20] for a thorough discussion about this operation and other operations on the unit ball
connected with differential geometry.

2.2. The random walk and associated convergence results. Let Z be a B"-valued random variable
defined on some probability space (£2,.4,P). We will further assume that:

[R] Z has radial density fz € C°(B™) w.r.t. the Riemannian volume.

Let now (Z7);>1 be a sequence of i.i.d random variables which have the same law as Z. Define then for
N e N,

Sy = ® Z7,

JlN

(25) SNZ j 1\/7

®Z7.

Then the following results hold:
Theorem 2.1 (Law of large numbers). Under [R],

Sy 0.
N
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It will be shown in Section @ that Sy has a density fg,, which can be expressed as the non Euclidean
convolution of the densities of the (Z7);cp1 n7- We quantify below the asymptotic behavior of that density. E|

Theorem 2.2 (Central limit theorem). Under [R], it holds that for measurable sets A in B",

j Tala) sy @ (d) <> | Tal@) (ke (o),

with t ;= % SSLOO uz r(dR), , where pz g stands for the measure induced by the law of Z in geodesic coordinates.

Also, U(t,-) stands for the hyperbolic heat kernel in the model B for H". Namely it denotes the fundamental
solution of the equation

%Aﬁnxp(t,@ — AUt x), (0,) = 8().

The specific expression of U(t,-) will be given in Section below. It plays the same role in the current setting
as the normal density in the classical Euclidean central limit theorem.

We are furthermore able to specify the previous result giving a convergence rate.

Theorem 2.3 (Local limit theorem). Under [R], there exists C := C(n,uz) s.t. for all x € B" and N large
enough

(2. o (@)~ Wt 2] <

From now on we will denote by C' a generic constant, that may change from line to line and depends on n
and the law pz, i.e. C = C(n,puz).

Remark 2.1 (About the radial densities). The radial assumption in [R] is somehow standard in this setting,
see [KTS59] or Section 3.2.7 in [Terl3d]. It allows to focus on the asymptotic behavior of the radius to the
origin for Sy . This isotropy makes the analysis essentially scalar. In particular, the rotation invariance of the
underlying law yields that the law of the sum does not depend on the order of the summands. It is indeed
shown in [FRII] that the gyrogroup (B",®) is gyro-commutative, i.e. defining for a,b,c € B"™ the gyration

as gyr[a,blc = S(a®b) D (a® (bDc)) then a ®b = gyr[a,b](b P a). Since the gyration gyr induces a

. .. . ; . . . . G 1 ;
rotation, for i.i.d. random variables (Z7);>1 with rotationally invariant laws , Sy (taw) @M, % ® 2P (resp.

SN (aw) (—B;-V:“/iﬁ ® ZP()), where p is any permutation of (1,--- ,IN).

Remark 2.2 (About the local theorem). The convergence rate in Theorem is due to the fact that, since
we are dealing with radial densities the first moment is already zero. On the other hand one could expect that
on the r.h.s. of there should as well be an exponential decay term of the form exp(—cd?(z)/t), d*(z) =
2atanh(||z]) standing for the hyperbolic distance of x to the origin. This would indeed correspond to the
Aronson type bound for the hyperbolic heat kernel, see e.g. Molchanov [Mol75] and would extend the full local
limit theorem of Batthacharya and Rao [BR76] to the current setting. One can expect this result to hold but
it would require a much more involved analysis than the one in the current work.

3. THE POINCARE BALL: FOURIER INVERSION AND HEAT KERNEL

To prove our results, as for any (local) limit theorem see e.g. [BR76] in the Euclidean case, we aim at compar-
ing the characteristic functions of the underlying normal law and the one of the corresponding approximating
walk.

In the current non-Euclidean setting, the characteristic function will be expressed in terms of the Fourier-
Helgason transform, see [Hel84].

3.1. The Fourier-Helgason transform and its inverse. In the following for a generic radial function
f:B"™ > R we will write with a slight abuse of notation f(z) = f(r), » = |z| € [0,1). For a radial function
f e CPB™R), and A € R, its Fourier-Helgason transform is given by the expression

+00

(3.1) FO) = | F@)es@) s (dz) = 2y J

(sinhp)" " f (tanh(3) )oa(tanh(5) i,
B 0

2From now on we will denote by [[-, -] integer intervals.
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72 denotes the area of the unit sphere S”~! and the radial functions ¢, are eigen-functions

where Q,,_1 = F(
2
of the Laplace-Betrami operator in B"™ expressed in radial coordinates. Namely, for a generic smooth enough

¢:B" - R,

N \ZH2 N

Apn(z | H2 E 6 E (9 (25
B ( ) zj
When ¢ is radial, this operator rewrites as

Agn(r) = 07¢(r) + (n — 1) coth(r)dr¢(r),

and the function ¢y in (3.1)) solves the differential equation:

(3.2) Agnpa(r) + (A2 + p?)pa(r) =0, p = 251,
ox(0) = 1.
This equation is solved using the functions

(1 _ Htz)%(nflﬂ/\)
o — wr=Ttx

(3.3) exw(z) =

which are eigenfunctions of Ag. associated with the eigenvalue —(\? + p?) and therefore. Those functions
actually play in the current context a similar role to the complex exponential exp(ix - y) in the usual Fourier
analysis on the Euclidean space R™.

We then define the corresponding elementary spherical function ) setting for all x € B™,

1

(3.4) ox(z) = 0y S exw(T)A(dw),

where A stands for the Lebesgue measure on the unit sphere S*~1. It is then clear that ¢, is also an eigenfunction
of Agn with eigenvalue —(\? + p?) and that ¢,(0) = 1. Hence, the above ¢y indeed solves ({3.2).
Note that its expression also writes in geodesic polar coordinates (see e.g. [Ank17]):

n—1

(3.5) wx(tanh(g)) = C, sinh(n)?™" Ln ds(cosh(n) — cosh(s))nT_g cos(As), Cp, = m

For computational purposes we also make the following link with the Legendre special function, see Gradstein
and Ryzhik |[GROT], p. 1016, formula 8.715(1),

1—-3 = gisinh(n)k% ! s(cos — cos "2 cos(\s
P (o) = 2 (" ot — cosh () o),
(3.6) <p,\(tanh(g)) — 27730 (p + ;)smh( )2 PP_%;p

The inversion formula associated with (3.1)), for a radial function f € C{°(B", R), reads for all |z| = r € [0, 1),

+00 R
(3.7) f(2) = £(r) = C, j AN "2F (N r (),

where c¢(A) is the generalized Harish-Chandra function:

23-n—iIAD(2)P(3\)
D (2=522) T (H52)

(3.8) c(\) =

and C,, = gr=srg— Formulas (3.1) and (3.7) can be derived from Liu and Peng [LP09] (taking therein
¥ =2 —n) or Ferreira [Fer1d] (taking therein o =2 —n,t =1).
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3.2. The heat kernel on B"™. The heat kernel will provide the limit law which is somehow the analogue in
the current non-Euclidean setting of the normal law. The normal density of parameter ¢ > 0 in B™ is defined
as the solution to

1
§A]B;n\ll(t,$) = é’t\II(t,x), \I/(O, ) = (5()
In the literature the usual heat equation considered is

Awa(t,fﬂ) = at"/’(tvx)a w(ov ) = 6()

It can actually be solved through the Fourier-Helgason transform (assuming the solution is radial). Namely,
from (3.1)), one derives that for all A € R:

(3.9) 91, 2) = exp(~(V + 2)), p ="

Observe that the expression in (3.9) in particular coincides when n = 2,3 with the one obtained in [KTS59).
With the terminology of this work the expression in (3.9)) corresponds to the so-called characteristic functions of

the first kind. In order to match the Euclidean probabilistic set-up we will consider the characteristic functions
of the second kind,

N 'l/;(ta /\)

(310) 1#2(157 )‘) == = exp(_>‘2t)a
¥(t,0)
so that in particular v, (t,0) = 1. By inversion it follows that for m € N:
(3.11)
exp(-2t) (1 0 )mex (—ﬁ> n=2m+1
(27‘1’)7"@ sinhn =7 p 2t ) - ’

W(t,x) = w(t,atanh(g)) -

m— 5 t
exp(= ") (oo

m—1
ds _ _ 1 _s? -
(2m) ™A/t Sn \/cosh(s)—cosh(n) ( 65) ( sinh s as) exp ( 2t ) > T 2m.

Namely, the heat kernel on H" is expressed in term of the hyperbolic distance to the origin. We can refer
to [Ank17] for the derivation of through the Abel transform and its inverse or to [GN9§| in which the
authors derive the heat kernel through the fundamental solution of the wave equation.

From the previous definitions it is clear that for ¥ as in Theorem U(t,z) =v(5,2).

3.3. Some additional tools from harmonic analysis on B". To establish our main theorems we will need
some additional tools. Namely, we need to define the convolution on B™. To this end, following Ahlfors [AhI8]1]
we define for fixed a € B™ the translation operator,

T,:2eB" - T,(x) = —a®zeB".
The previous mapping is bijective, it is easily checked that T, ! = T_,, and has the next important properties.

Proposition 3.1 (Some properties of T, cf. [ALI&81], pp. 18-30). For a fized a and x € B™ it holds that:

1.
(1 —Ja*)(@ — [=[?)
1 — | Ta(x)|? = :
1 -2z, a) + |z]?]a]?
2.
n
1— ] 1—|a]?
det(D, T, (z)) = y I1DeTu (@)l = ;
1— 2z, a) + [=]?|af? 1 -2z, a) + [z]?[a]?
where || - || denotes the spectral norm.
3. T, preserves the Riemann measure. Namely,
DT 1
1= |Ta(@)[* 1=
4. Ty(z) = f%ﬂg(a). In particular, for a radial function f :B"™ — R, it holds that

f(Ta(x)) = f(Tm(a))
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The translation operator allows to define in a quite natural way the convolution. Namely, for f,g €
CF(B™, R), we set:

(3.12) VeeB", frgle)=| fl-y@x)g(y)us(dy) = | [(Ty(2))g(y)pm~(dy).
This definition enlarges the one in [KTS59)] to the current multi-dimensional setting. We now state some very
useful properties of the convolution in order to prove limit theorems

Proposition 3.2 (Some properties of the convolution). Let f,g € C(B",R) and be radial functions. The
following properties hold:

- Commutativity: for the definition in (3.12)) it holds that
frg(@)=g=f(z)

- Stability of the radial property through convolution : f * g is a radial function.
- Fourier-Helgason transform of the convolution: it holds with the definition in (3.1) that for all A € R,

Frg(d) = F)gN).
Proof. Since f is radial, we have from point 4 of Propositionmtha‘c f v(@) = f(Te(y)). Setting z = T, (y) =

—r@y = 2@z =T ,(2) =y and using pomt 3 of Proposition we derive:
f TS Gy ||y\| - [, 1@ =
m@z:—[(fm@(—z)]f ,fReTa(== ))m )
= | 1@ = [ @) =T 9+ 1)

where we also used that f, g are radial (and therefore even), for the equality in the second and third lines. This
proves the first point.

Let us now turn to the second point. It suffices to prove that for any orthogonal matrix A € O(n) and
x € B", it actually holds that

[ g(Az) = f(x).
Observe first from (2.3) that for all a,b e B"

(3.13) A(ATa@b) = a @ Ab.
Indeed,
7 (1+2{ATa,b) + |b|>)ATa + (1 — |ATa|?)b 7 (1 + 2{a, Ab) + | Ab||*)a + (1 — ||a||?) Ab
AT Q@) A= A0 ) + [ATa o] = 1 2(a, Ay + o] 4D
=a @ Ab.
Write now,
frg(Az) = | f(y)g(—y ® Az) s~ (dy) FW)9(AAT (—y) @ ) s~ (dy)
B - Bn
=, FW)g(—(ATy) @ z))ppn (dy) = f(y)g(TATy(x))mB" (dy) = . FW)9(Te(A"y)) pen (dy)

= [ FA9)g(T. () s (dy) = j F)g(Ty @)z (dy) = [ # 9(a),

where we used that f, g are radial and property 3 of Proposition This proves the second point.
Let us eventually prove the property concerning the Fourier-Helgason transform of the convolution. From
(3.1) write for all A € R:

p——

fxg(A) =fn ( S @)g@se (dy))sﬂ—x(fﬂ)/iﬂ%n (dz) = fﬂ g(y)< L @) @)ps (dw))umw (dy)

- ng<y>< FE)o AT ())uwz))uw(dw.
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Going back to the definition (3.4]) and ( we derive:

ATy (2)) = Ql [ el o)A@,

Now, it holds from Lemma 4.3 in [LP09] that

e*/\,w(Tfy(Z» = e*)\,w(_y)e—)\,T_y(w)(Z)'

We point out that for w e S*! it indeed holds from Property 1. of Proposition that T, (w) € S~ 1.
Thus,

e = J g<y>< TOg e A,w<—y)e_myw)(z)A(dw)uBn(dz))ﬂm(dw

S§n—1

(3.14)

n 1

L7L 1 J Y)e-rw(=y) ( B f(z)e—A,T-y(w)(Z)MBw(dz)) psn (dy) A(dw).

We now recall that for possibly non-radial functions, h € C°(B"™) the general Fourier-Helgason transform has
two arguments (the polar coordinates of the phase variable) and writes for A e R, ¢ € S*~!

hOG) = [ ha)es o(a)usn (da).
When h is radial we derive passing to polar coordinates that iL()\, () = fL()\) so that

©ah() = [ ha) [ eoncl@)h@Onsn da),
from which we derive
h(\) = f h(w)ex¢(w) e (da), ¥ € sh,

i.e. the Fourier transform does not depend on the considered point on the sphere S*~!. Taking h = f, we
therefore deduce from (3.14) that

Frg(\

n 1

|| e f O (@A) = 5N
which gives the third point and concludes the proof of the proposition. O

3.4. Non Euclidean mean, variance ans scaling. We define, coherently with the Euclidean case, the
mean and variance associated with a B"-valued random variable Z defined on some probability space (€2, F,P)
satisfying assumption [R].

The analogue of the characteristic function (of the second kind with the terminology of [KTS59]) writes:

fz(\)

fz(0)

Again the normalization guarantees that ®7(0) = 1 as in the Euclidean case. We also emphasize that, since
we assumed the density to be radial, it follows from (3.1)) and (3.5)) that for all m =25 + 1,5 € N,

(3.16) X' ®z(A)[a=0 = 0.

(3.15) VAER, Oz(\) =

In other terms, the odd moments of the random variable are 0.
From the above definition we then define the analogue of the variance as

(3.17) Vz = =392 (N)|xr=0-

Proposition 3.3 (Variance of the sum). Let Z; and Zs be two B™-valued independent random variables with
radial densities fz,, fz, € C(B",R) w.r.t. the Riemannian volume (2.1) of B™. It then holds that

VYZI@Z2 = VZ1 + VZ2~
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Proof. Tt is clear from (3.12)) and Proposition that Z; @ Z5 has a radial density fz,¢z, w.r.t. ug» and that

fzi@z, = [z, % f2.y fzi02, = [2,.f2,-

Hence, from (3.16)-(3.17),

33 (f2 V) a0 (0) = 2(0xf2, (Nor fza V) ) In=0 = F2, (0033 (2.0 Ia-o
f2,(0)f2,(0)
B(aw), A(f0)

_ A _ A=0 _ V. : \% -
72, (0) 72(0) SRR

Vaoz, =

O

In order to make a connection with the usual normalizing rate in the CLT, in [KTS59] the authors introduce
the following invariance property on the radial measures. Let Z be a B"-valued random variable with density
fz € CF(B™) and denote again by uz r the induced measure in geodesic coordinates. For a parameter € > 0,
the authors consider scaled variables Z. (associated with Z) for which they assume that the corresponding
measure iz, g in radial geodesic coordinates satisfies for all 7 > 0:

(3.18) MZE,R({UGR-r :n<76}> :uz,R<{neR+ :ngr}).

Proposition 3.4 (Scaled Variables). In order to fulfill property (3.18), the density fz. must be chosen such
that, in geodesic polar coordinates:

smh(g))n—l_

(3.19) e (0.4), iz (tanb()) = 2 (b () (S

2e

Observe in particular that if supp(fz) € B(0,R) then supp(fz.) € B(0,Re). Furthermore, for a bounded
measurable function g (not necessarily radial):

(3.20) E[¢(2.)] = E[g(tanh(satanh(HZH))%)].

Importantly, from the definition of the Mébius multiplication in (2.4), it holds that the property (3.18) holds
if and only if:

1

7.2 .oz

Proof. Since we assumed Z to have a smooth compacted support density in B", the above identity (3.19) gives
that this is also the case for Z.. Denoting the corresponding density w.r.t. ug» by fz., we write:

MZE7R({77 eERy:n< Ts}) = J pz. r(dn) = Qn—lf f2. (tanh( L)) (sinh )"~ dn
0 0 2

Q1 JT fz. (tanh(g—ﬁ))(sinh(aﬁ))"‘lsdﬁ
0 2

= s [ [efz () (2N sty

The scaling identity (3.18)) then holds if and only if

[gfzf“a“h(?))(m)“] = fottanb(D)) = 7, (tann(D) = 1 o (cann(L))

sinh(Z)\n-1
sinh(n) ) ’

Importantly, since supp(fz) < B(0, R) for some R € (0,1) it then holds that supp(fz.) € (0, tanh(satanh(R))).
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Let us specify what is the transform of the initial random variable Z which has density fz.. For a bounded
measurable function g and from (2.1)-(2.2)) write:

Blg(Z.)] = | 9(a)fz.(Inan ()

_ J A(d@)f Oog(tanh(g)@) fZE(tanh(ﬁ))smh( =y
§d-1 0
o sinh(Z)\n—1 ] e
- L N A(d@)fo g(tanh( 1oyl fz(ta h(k))(smh(ﬁ)) sinh(7)"~1d7
+°o en TN i)
j;r Ldil A(d@)f0 g(tanh(?)(%)fz(tanh(g)) sinh(n)"~"dn
= J J (tanh(eQatanh(;anh(g)))G) fZ(tanh(g)) sinh(n)" " 'dn
Sd 1

= -[Bn g tanh Eatanh(HzH))ﬁ)fZ(z)mBn (dz) = IE[ (tanh(aatanh(HZH)) ”;‘)]

|
Hence, to verify the condition (3.18) we have to take Z. (faw)
would somehow be the natural scaling in the Euclidean setting.

tanh(aatanh(HZH)ﬁ): eE®Z # eZ, that

Proposition 3.5 (Variance for the random walks). Let Z satisfy [R]. Set for e > 0, Z. := e ® Z. It then
holds that there exists C' = 1 s.t.

(3.21) Vy. < Ce2.

In particular, choosing € = ﬁ, the above control can be specified to derive that with the notation of :
1, _

(3.22) Voy = V@N \e®zi i:= EL 7~ pz,r(d7),

which is precisely the asymptotic variance appearing in Theorems[2.3 and[2.3 Furthermore, there exists C >
s.t.

C
(3.23) [Vsy —t| < N
and

which is also coherent with the statement of Theorem [2-1]
Proof. For Z_, we again derive from (3.17)), (3.5 that

Vo= IO e [T () ot s ]
—— A [ oD sy ]
(3.25) =ij(0) | EEU | " ds(cosh(7) — cosh(s)) " 2 cos(hs)) |zt
[ (Gt [ istcost) = o) 7|
0 L M (o sinn( J ds(cosh(7) — cosh(s)) )‘n _nznldi)
g by et maatan < 0= [ gotanhie sy < o2
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10
—n 1
= N
=NV < C.
IROZ =

using that s g has compact support in R for the last but one inequality and recalling that §~ o (tanh( g)) Lz, r(di)

In particular, considering now Sy = S TN ® Z* where the (Z%);>1 are independent with the same law as

f2.(0) for the last one
Z, there exists ,C' 1s.t. forall N > 1,
Vay = V®;v:171ﬁ®zi
Let us now establish - To this end we must precisely expand the inner integral in To this end we
introduce the quantity
I.(7) :=sinh(en)? ™™ J:ﬁd (cosh(e7}) — cosh(s)) = s?
=(e7)® sinh(en)?~" Ll ds(2 smh( (1 +35)) smh( (1 — 5)))7177352
(€n)’(en + (e7)® + o(€%))* 7"
fo a2 (1 +3) + (48 + o )P0 -5+ (-5 + o) T &
(e 27 (1 + (20)? + 0(e2))2 727" ()"~
| a9 -9)F (4 G0+ 7 + o)+ (G- 5+ 0fe) T
11— 5))2 + o(2) .

(%) "2

(e)*(1+ (e0)” +
1 _ ~
x f a5 ((145)(1-5) T ((1+ (5148 + o)1+ (01
0
It therefore follows that there exists a constant ¢ := ¢(n, fz), s.t. for all 7 € (0, 2atanh(R))
ce?, ¢ = ¢é(n, fz).

_CTL|

)’

(L= () (€7

n—3
n—3
2

Observe now that, similarly to the previous computations
A +00
326)  F0)=Co | Tzl
J.(77) = sinh(en)? ™™ fen ds(cosh(en) — cosh(s))
0
o(*))*~
J dS((l‘FS)(l*S)) = ((1+(2) (14 8)% +0(e®))(1 + (=2(1 —5)2 + of )))

=(1+ (en)?
) )iz, r(di)

TR0+ 0
21+ O((e7)2)) i m(di)

Mz r(dn)
So ds((1+35)(1-3)) ®

X
We now rewrite from and -7
g dss?((1435)(1—3)) ®
n—3

So
)iz r(dn)
n—1 _ l

Pz p(di) + O))

Vz. =
o

d~~2 1—35 2
_ Jods( 5)_, 5([
0
= So sin(f#)™df and changing variables setting § = cos(0), it is easily seen that
1
n) _
n

T n=s
§pds(1—3%) 2
Setting for m e N, I( i
n—3
52 ~ §g cos?(0) sin(0)"~*do _I(n—2)—1I(n) _ L
§o sin(6)"—2d¢ I(n—2) I(n—2)
where the last but one inequality follows from a direct integration by part. We have thus established that

§o d3g?(1—32) >
n—3
2

T
Vz. = i(L

+o0
0 pz,r(di) + O( ))



LIMIT THEOREMS FOR RANDOM WALKS IN THE HYPERBOLIC SPACE 11

In particular, for € = Tlﬁ this precisely gives

C
|V@§\’=1ﬁ®zj - t‘ < N7

which is precisely (3.23) and readily gives as well (3.22). . Equation (3.24) is derived similarly using the
corresponding specific scaling. |

4. PROOF OF THE MAIN RESULTS

For a given N € N, let us consider the variables Sy and Sy defined in (2.5). From (3.12) and Proposition
we derive that they both possess a (radial) density, fs, and fs, respectively, and:

[y :f%(@zl *"'*f%@ZNa

(4.1) fSN = fﬁ@z] *..*fﬁ(@ZN.
We will denote by
. ne 1 1
(42) pez,r(dn) = Qn—1f5®z(tanh(g))(smh n)" "ty =0, c € ViAo
the radial density of ¢ ® Z in geodesic polar coordinates. This corresponds for £ = LN to what in [KTS59 is

denoted by fin. 1.

4.1. Proof of the Theorem Law of large numbers.

4.1.1. Proof of the main estimate. 1t suffices to establish the pointwise convergence of the characteristic function
of Sy as defined in (3.15)) towards the constant 1. From (4.1)) and Proposition we have for all A € R:

5 L A N AL A\
_ f”SNES; _ (JiN®Z( ;) — exp (Nlog (fN@ZEoD) = exp(V log(® 1 g7 (M)))-
SN ® ~®Z

(4.3) Ds . (A

g

From (3.16)), we get

£(2)
L Tz (0A)
(4.4) D gz (V) —1- )\QJ ds(1 — 5) X2 "
0 f%@Z (0)
We get similarly to the proof of Proposition see e.g. (3.25]) replacing therein A = 0 by J\, that
£(2)
1 1o, (0N) 1 C
0 Frez(0) 172 ¥ @@ N

which plugged into (4.4)), (4.3) gives @5, () I 1 which yields the stated convergence.

4.1.2. Connection with the Sturm geodesic walks. In the article [Stu02], Sturm proposed a very general construc-
tion of geodesic random walks in non positive curvature (NPC) metric spaces and established a corresponding
weak and strong law of large number. In particular, the Hyperbolic space H™ enters this setting. The construc-
tion proposed in [Stu02] is the following. Let N be a NPC metric space. For fixed n € N*, let S,_; be given
(representing the value of the normalized walk, with the scaling of the law of large numbers, at time n — 1).
Let Z™ be the n'" innovation variable (defined on some probabilistic space (£2,.4,P) and N valued).

Consider a a geodesic line (z(t)) s.t. 2(0) = S,_1,2(1) = Z™. The walk is then updated setting

te[0,1]

Si=a(r) = (1= )5, + 2
n n

We insist that the last equality is a definition and purely notational. Theorem 4.7 in [Stu02] establishes that
the walk asymptotically converges towards the mean in law and probability (weak law of large numbers). The
convergence is strong provided Z™ is bounded. The mean is intended here as the barycenter of the underlying
law pz. If Z € L?(Q, N) it corresponds to the unique minimizer of the mapping z — E[d?(z, X )], where d
denotes here the distance between two points on N. We refer to Section 4 of [Stu02] for additional details.
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Let us first describe in the current specific case of H™ how the previous construction can be related to the
Moébius addition and multiplication. We will actually prove that

- 1 ~ 1 =

where for a € B", Oa is the left inverse, i.e. ©a@®a = 0. Actually, it can be observed from ({2.3)) that ©a = —a.
To prove (4.5)) we will use the following result whose proof can be found in Section 4.1 of [BU20].

Proposition 4.1 (Geodesic lines and the Mébius addition). Let a,b in B". The geodesic line (z(t)) s.t.

tel0,1]
2(0) = a and (1) = a @ b corresponds to the initial velocity #(0) = (1 — HaHQ)%ﬁ”b”)b. Furthermore, for

€ [0,1] it holds that z(t) = a®t®b.

To establish , which relates the geodesic walk S,, in [Stu02] to the Mobius addition and multiplication,
it then suffices to apply Proposition with a = S,,_; and b = ©S,,_1 ® Z for which one indeed derives
z(1) = Z™ and to eventually take t = L. The corresponding limit mean in the previous sense is clearly 0
(center of the ball).

Now, if the M6bius multiplication were distributive w.r.t. the Mdbius addition, i.e.

1 - 1 ~ 1 1 ~ 1
(D) —® (05 107") = -®0510- 82" - —-85,.0-02",

n n n n n
we would then obtain from (4.5)), using as well that for e B* A p e R, AQaxz D u®z = (A + 1) ® z (see
[BU20]):

1 ~ 1
Sn = (1_*)®Sn—1®*®zn~
n n

A direct induction would then give S, = i1 % ® Z7 and the geodesic random walk would then correspond to
the one we considered.

However, in order to have the distributivity property (@ for the Mobius multiplication, it is necessary and
sufficient (within the setting of gyrogroups) see e.g. [Kim15], that

gyrlz,ylz = —(2@y) D (= d (y®=2)) = 2,

i.e the gyration operator must be the identity. This property clearly fails in the current setting due to the non
associativity of the Mobius addition.

Hence, the walks in [Stu02] and the ones considered here are different objects (even though they converge
to the same limit for the corresponding law of large numbers).

4.2. Proof of Theorem 2.2l

Proof. From (3.7) it suffices to establish the convergence of the characteristic function that we normalize as in
(3.15). From (4.1) and Proposition write for all A € R:

~ N

>

fSN (\) f\/lN®Z(/\) \1m®Z(/\)

(4.6) Do (N) == = | = =exp [ Nlog | =F—— | | = exp(NV log(P _L_g,(N))).

T T\ e2(0) f102(0 s
From , (13.17)) we derive that

#(4)
A2 N I 02(0M) A2 A
4. ® —1-Zv, - -0 =1 -V -
(4.7) ez Vet L T V) o+ R
VN

3to obtain the appropriate b one has to solve Sn @b = Z™, which according to Proposition 3 in [FRI1] admits the unique
solution given by the indicated b.
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where f*,” f ey stands for the fourth derivative of the Fourier-Helgason transform. The point is now, somehow

asin a usual limit theorem to control the remainder. We have:

VN

1)
I 670N _ A @u(tanh(%))wéx‘ﬂﬁ@zz%(d”)
(ﬂ

f\}ﬁ(@Z(O) So @o(tanh 2))147%@2,3@77)
n +00 n
s 55 oo ttanb(§))u=02 |y g2, (dn) R N T O C B
: o o0 : ;
S0~ wo(tanh(3)n 1 gz r(dn) §o " woltanh(})n_1 gz r(dn)
for some 7 > 0 to be specified. Observing from (3.5)) that, for n € [0, 7],
(4.9) Obpy (tanh(§))y=sn| < —723%0, (tanh(F)) o,
write:

§o [0t (tanh () =sx |1 0z rldn)
Il(T) = VL@Z : n YN < V#®ZT2.
VN So 20, tanh(g))u:ouﬁ@;z,zz(dn) VN

Similarly to (4.9) we derive that for n € [r, +o0):

Ohipu (tanh(2))u—sn| < —n*3Ze, (tanh(3)),—o.

From the definition of u L ®ZR introduced in (4.2) and Proposition we derivea tail control of the

Fourier-Helgason transform. Namely, for any 7 > 0 it holds that

(4.10) f e (tanh()ons_oz aldn) —> 0.

We then get from (4.10):

S:O n202¢, (tanh(
I <V
2(7') ﬁ@Z S;O thy(tanh(g

%)>u oML F~®7Z, R(dn)
)

= V. R s R — ()7 > 0.
)”:OMﬁC@Z,R(dﬁ) =% N(7);, Rn(T) 707

Plugging the above controls for I (7), I2(7) into (4.8)) we derive that the remainder term Ry in (4.7) enjoys
the upper-bound:

Expanding then the logarithm in (4.6)), we thus get:

A2 A
Dg, (A) =exp (—2V\1W®ZN + FNRN + 0(1))

Py ()‘) 7 exp(—?t) = \ij(th)v

using (3.10]), i.e. we recognize that the limit is the characteristic function of the second kind of the normal law
on B™. The statement then follows from the inversion formula (3.7) and domination arguments.
O
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4.3. Proof of the Local limit Theorem [2.3] The point is now to go further than the convergence in law
for the random walk established in Theorem and to establish under the previous assumptions a (global)
pointwise control for the difference of the densities. From (3.7) the difference writes:

n n
fsx (tanh(3)) — (¢, tanh(7))

=Onf oo[fsN(/\) Wb(t, \)]ipa (tanh (5 ))IC(A)I’Qd/\

4+ N R 2 2
~Co [T F gy ) = o= s i (D) e 2

+00 2 2
~Co [ ey + ) e = exp(= 52 s an (D)) |20 == (B + Tor) ),

where Dy is a cutting level to be specified which will allow to balance the contribution for the terms By (7)
and Ty (n) corresponding respectively to the bulk and tails of the Fourier-Helgasson integral.

- Contribution of the bulk. We first concentrate on the difference of the two Fourier transforms in the bulk,
i.e. for A < Dy. Namely, write:

(F sz — exp(- LX)
:eXp(—(p%w) X | exp (Nln (fﬁ(gz(A)) + ()‘2';/)2)t> _ 1’
w12) <o (g an) + g e (W (Feat) + S5

using that for all z € C, |e® — 1| < |z| exp(|z|) for the last inequality.

Write now:
5 (A2 +p?) fjﬁcazo‘) (A2 + p?)t
0 (7 053) + 25 i (11 0 ) 0
VN
. P2 A2 fdlﬁ@)z()\) A2
<IN (fge7(0)) + St + 51t = NVl + Nl (1 (1 - fl®z(0)>) + 5 Vel
\/ﬁ
R 2 22 0 fl ®Z(/\) fl ®z(A A2
<IN1 P+ 2t — Ve | + N 11— Tp—14 v
<IN (F gz () + Stl+ SIt = Vay| + (2 1 T®Z(0)\ MRS ST 0z|)

(4.13)
ZZRNJ + RQ,N + Rg,N.

We can write similarly to (4.7)), expanding again up to order 4, that

; F(4)

f 1 ®Z(A) 2 4 rl f ®Z(§)\) 2 4
(4.14) L=1—A—VL®Z+)\fdé(l—&)?"ﬁi—l—)\—l/l@z—i—)\RN

fﬁ@Z 0 2 VN 6 f 1 @Z(O) 6

From (3.5) it follows that maxsepo. 'y (tanh(2))] < L[ (tanh(Z))| and therefore

R

(2) vt
415 R 7 20 (tanh(—5
(4.15) | < Bl P B

\/ﬁ

))]

)
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where ZT%? r is a random variable with law HezR introduced in (4.2 corresponding to the geodesic polar
. 1 A
coordinates of i ® Z. It follows that:

(2) gt
tanh(—2
B2 o PO L)
=
f 1 ez0)
2l (tanh(3))| My e
=0, _ J 2070 2l (tanh(2)) sinh(n)" " 'd
1 . n f N (0) fﬁ@z( (2)) (n) n
2106 ’(tanh(gm 1y (Smh(VA) .
_ "yl SN ann (VD)) sinh()"~dn
- fﬁ®2() ( sinh(n) )
1 T p2 2) 7 7 1
=0y 11— — tanh T tanh(=)) sinh(77)" ™ "d7n
Gy WA Iz ) snny~an
1 +00 77]4 ot C
(4.16) <CQpg—— 5o (tanh(—— )|fZ(tanh( ))smh( )y lan < 5
fﬁ@Z(O) 0 N N
It therefore holds that there exists C s.t.
C
Set now,
| (2)(t h(ZLN’R)M 1
1 ¢y (tanh(—3 i 1
An = (Vo gz) %, By = (NE||Z_L g _ , Cn o= |t — Vg, |72
o ( [ I~ fﬁ®2(0) ]) N
In the previous setting, from (3.21), (4.16)), (3.23),
(4.18) A+ By + C—1 < CN*%
With these notations, it is clear from the definitions in and (4.18) that
N, N
. < Oy <C—.
(4.19) Ron < 5C CN
On the other hand,
. A Z 1
fl®z()\> fL®Z)‘ A\ ()t h v/
R3N N<|1_ A«/ﬁ |ZT_1|1_ _ N |7_1+7]E Zi R’SDO (Aan ( 2 ))‘ _ R:())%])V_"_R:(f)
ij@Z(O) r—2 fV%@Z(O) 6 N’ fx/lﬁ(@z(o)
Assume now that |A\| < Dy = Imn(A—’;)’7 By, CTN) It readily follows from (4.16]) that:
2 PR A
Rix < G By <O%
We also have from (4.14)), (4.15) that:
frez(N) A2 M 1 1 1
|A7— ‘:? L@Z—F*RNS*"F*:*
fﬁ@z(o) VN 6 6 6 3

We point out that this is a very coarse estimate which is only given to ensure the convergence of the series
appearing for the term Réll)v

Then,
f z(N) f ®Z(>‘) 1 -
RN < N|1— |2 2 T P Al P CNN'V2_, +MR3) Y. 2+ 7)7(5)
fﬁ@Z( fﬁ@z(o) VN FeN 3

4
S O(MNAS + A x MByt )< AN
N2 - ’
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exploiting (4.18)), which gives that N A;V4 < C and A;V4 < C/N, as well as )\4B]§4 < 1 for the last inequality.
We carefully mention that it is the term involving the variance which is responsible for the above rate.

We have thus established that
(4.20) Rsn< CMN—L

It remains to handle the contribution R; n in (4.13). Write:
N p2 . p2
Ri = NI (f5 07(0)) + 5t = INIn (1= (1= Fy_g(0)) + 51

~ 2 A X A
(4.21) = [ =N = fo gz (0) + 5t = N(L = fo_gz(0) Y r (1= fy

2 = VN
Write now from (3.20):

0z(0)" 1.

400 ~ ~

02(0) =1 =0s | fZ(tanhg)(cpo(tanh(%)) 1) sinh(7)"di.

§

Setting now, g(¢) = @o(tanh(%)), we perform a fourth order Taylor expansion which yields:

1 7?1 i3
Zg@ (0 o, .® 0 n

+00

f@s(0) =1 =00y ) fz(tanh ﬁ)( M ()1

I\D\»—-

N
+ 1J gD ()1 —~ d’y )smh ) Ldn
6 N2 ’

where ¢(9) denotes the i*" derivative of g. It now remains to compute the derivatives of g. We will actually
prove that, the derivatives of odd index are zero at zero and we aim at retrieving for the second order derivative
a contribution, which once summed in will precisely exactly give the contribution —%t.

To compute the derivative of g let us recall from that:

g(n) = gpo(tanh(g)) C,, sinh(n f ds(cosh(n) — cosh(s)) 2 3, C, = NAE (2))
which also equivalently rewrites, see e.g. [Ank17],
gln) = wo(tanh(ﬂ)) =k, fw(cosh(n) — sinh(n) cos(6)) " sin(0)**1db, k, a (%n = OZ )
2 0 fl“( N2

From the above expression we indeed derive:

s

g (0) = — knpjo (cosh(n) — sinh(n) cos(8)) =PV (sinh(n) — cosh(n) cos(8)) sin(8)?*~1db|,—o

=k:npj cos(#) sin(9)"~2df = 0,
0

g2 (0) =knp(p +1) L (cosh() — sinh(n) cos())~?*2) (sinh(n) — cosh(n) cos(#))? sin(8)>*~1db), o

—knp Tr(cosh(n) — sinh(n) cos(6))~P*V (cosh(n) — sinh(n) cos(8)) sin(#)**~*db)|,—o
)

=knp(p +1) J cos()? sin(0)"~*d6 — knpf sin(6)"~2d#
0 0
— — Foup(p+ V)I(n) + knp®I(n —2), Ym e N, I(m) := f sin(6)™do),
0
g@(0) =0
Hence

A -~ n 27 (n — +oo
Fagon -1 = e DI L T2 [T 52 nan) + O ).

Having in mind the explicit expression of ¢ in (3.22)), to investigate the difference of the first 1.h.s term in (4.21))
it remains to specify properly the constants involved (in both the definition of ¢ and the above expression).
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From [GRO7], formula 3.631 (8), p. 386, it holds that for v € C, R(v) >0

4 T
sin(6)”~'do = s
L - lwB(Y5, v

where B(-,-) denotes the S-function. Therefore taking respectively v = n + 1 and v = n — 1, recalling as well
_ L@y ;
that B(z,y) = one derives

T(z+y)
7'(n + 2) ! w(n —2)!
I(n) = = , I(n—2) = ——~.
) = s+ orezzye ~ e (Y = gy
Recalling from (3.9) that p = "771, this in turn gives:
N% n-1n+1 n!
_knp(p + I)I(n) = - 27_1 D)

VIL(%57) 2 2 on(2)7r(2)2

_ 2n27;11 ! = — n?—1 %:_(n2—l)n—1:_p2(n+1)
2mn2T (5= )I(5) a'(n—1) n 4 n n

using the Legendre duplication formula for the third equality. We also similarly derive,

I'(3)

" I(n =2) = Jar(21) (3 1) zngr_(zl)j2 - r(v(ln_—?) (3 1) =0

We have thus established:
R p2 1 +00
1-f = QZ (0) =

i n 2N J,
which eventually gives in (4.21)

2 +0 2

p-1 ) 1 p
RiN=—7F— d O(=)+ —t.
1,N 2nL i pz,r(dn) + (N)+ 9

This eventually gives from the very definition of ¢ (see e.g. (3.22))):
1

(4.22) Ran = O(5)-

Therefore, plugging ([#.22), {.20), (£.19) into [{.13) and [£.12) we thus derive, choosing Dy = N so that
in particular \*/N < 1:

- 1
i* 1z r(dn) + O(ﬁ)v

2
il <0 [ e L e (50064 i can (e 2
<av ), exp(—(”fl—“tnwanh Dlle([~2dx
2
(4.23) <o | e T2 o ann (L] 2o

From (3.5 and the definition of the Harish-Chandra function in (3.8, see e.g. Remark 2.7 in [Ank17] for
its asymptotic behavior, we get

(4.24) [e(tanh(3))] < eo(tanh(3)) < €, (V)7 < C(WIaze + X" Ix0),

from which we eventually derive:

(4.25) Bl < (5 A %)

' NS N G " E )
- Contribution of the tails, general case. For A > NV*, we write:
2 2
—2 (p” + )t Ui -2
<[ Hf soomr O eattann (D) el + | [ (- CEA o Dy 2an

(4.26) =:(Tx +T2)(n).
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Let us first consider the term 732 which can be handled globally. We get again from (4.24) (similarly to
(4.25)):

Nzt [t 2+ A2t -
T <esp(- 20 [ e LA o ann Dl 2
C 1 1
(4.27) <W(E A E)

which gives an upper bound similar to the one obtained for the bulk in (4.25)).
Let us now turn to 7y (n), and split as follows:

1
coN 2

(f\/lﬁ®z()\))N¢A(tanh(g))|c()\)|’2d/\‘

Tion <| |

1
N4

(4.28) +

; N n -2 11 12
|, (Fagar) eattanh(3) et 23] = (T3 + 7)o,
coN 2

VN

for some small enough constant ¢y to be specified.
Let us now recall that from Lemma 2.1 of [LP04], for z € B and A e C

o(dC) n n 9
2% R i
Ln—l |’I’ — <|2)\ 2 1()\7)\ 2 + 1, 2,“.’1}“ )a

where o I} stands for the hypergeometric function and o = A/Q,,_; for the normalized surface measure on S*~1
(i.e. o(S"1) =1). We now recall, see e.g. formula 15.1.1. in [GRO7], that for a, b, ¢, z, where c is not a negative
integer and |z| < 1,

(4.29) oF1(a,b,c,z) = Z (a)q(b)qzj’

q=0 (C)q q!

denoting for d € {a, b, c},

1, ¢g=0
(dg) =1 a1, , . .
YIS+ 4), g #0.

The series gives an analytic function if |2| < 1 and can be continued on the complex plane (cut on [1, +)).

From (3.3)), (3.4), we thus get:

_ _ 2\p+id J(dc) _ o 2\p+id i 1 é E 2
pr@) = (=)™t | T = A el R i g i el

Recalling the Pfaffian identity (see e.g. (2.15) in [LPQO9])

z

2F1(a’a b7 C,Z) = (1 - Z)iaQFl(aﬂC - b,C, ﬁ

);

we get for z = ||lz|? = tanh(2)%, a = p +i3,b= 3 +i
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We therefore get from (4.29)):

G TS ((p+ig + ) (p—i5 + 7)) (—1)4(sinh(2))2
- (tanh - ; [1925(3 +9) q!
& ( p+y) A2))( 1)4(sinh(%))% 1
< (( pT 1)) (—=1)?(Asinh(4))*
Z 1[5, (m ) q!
. (=1)%(Asinh(%))% |1 + (gl)zl o x [1+ (miqa)z]
(*30) - +q; 29g)(m + 1)(m + 2) -~ (m + q)
L (C(sinh(3)% |1+ (Wﬂ . [1 N (m)]
q; dagi(m + 1)(m +2) - (m +q) :

We emphasize that the representation (4.30)) will be actually used to investigate the behavior of the quantity

. N
( f 1e Z(A)) in ([4.28) for the term T (n). From (3.1)), (3.19)), and since on the considered integration interval
A€ [N %,CoN %], this actually means that we will consider (4.30) for a small spatial argument. Namely,

0

(431)  F ez = Ot | pa(tanb( o) f(tanh() sinh(n)" = |

0

2 (tanh(%))uz,}z(dn)-

Let us turn to the estimation of the r.h.s. in (4.30). We will actually establish that, for sufficiently large g¢:
(4.32)

0 1 Rt e G B e S

— < C(m)4™19.

49¢gi(m+ )(m +2)---(m +q) 49¢!(m + q)! (m)
To establish the above inequality we first observe that

2m + 1\2 2m + 2qg — 1\ 2 2m + 2q — 1\2
(e [ 2 o (a1 (2222 )
1 C(m) q
2 2
<exp (qln (75 + A2>)> < exp(gIn([2]*))

(4.33) = exp(—2¢) exp(2¢Inq)),

where the last inequality holds for ¢ > 3 and N large enough (recall A € [N'/4 coN/2]). On the other hand,
from Stirling’s formula we get:

g!(m + q)! = 2m(q(m + q)) 7 eI E D MM D = (M2 o135 Crat0a0) g, € (0,1), i€ {1,2},

(4.34) > 2me M2 M2,

for sufficiently large ¢q. From and ( , we derive (4.32).

On the other hand, on the con51dered range for A, ie. A€ [Ni CQN%] we have:

L<60R<1,

)\smh(T) i
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choosing ¢y small enough and exploiting that pz in (£.31)) is compactly supported on [0, R]. We then derive
that on the considered range:

(4.35) @ (tanh(

Hence, from (4.31)) and ( we obtain:
|f =l

"
W))gl‘ 8(m+1)

oV < (1 - cn J (). 1 g ez < esp(—el | oz aldn) = exp(-o\),

up to a modification of ¢ for this very last inequality. We then eventually get from (4.28)), analogously to (4.27)),
that:

2 L coN 2 2 2
T ) < Comp(—e LR [0 exp(=e Aoy ann (D e |2

c /1 1
4.36 < —(— —n).
(4.36) 2N \+3 e

It now remains to consider the case A > ¢oNz to handle Ta2(n) in ([4.28). To this end we exploit, see e.g.
Lemma 5.1 formula (5.3) in [Pet92], that

(4.37) Jce (0,1),Y\,r e RZ, Ar > 1, |px(tanh(r))| < 1 —c.
Write then,
0 N
T2 (n) = j . (jﬂlf ez ealtanh()e(V)] x| < f o1 Pz ox (tanh () [e] dx
<3 ) eIl (Il

for some parameter b > 0 to be specified. Let us now write from (4.31)):

24N R

o A n
4. -) = tanh d tanh(——= dn) =:1+11I.
439 Fres)= [ eIt + [ st =1+
For the term IT in , observe that f0r77>2b‘ﬁ then ET>1and by (4.37] -,
II<1-c

For the term I observe that 2b\/—>\ﬁ < ch\/\ﬁﬁ = 3—3. Since pz r has a density there is in particular no
0

atom at 0 and therefore, since |@A(tanh(#))| < C on the considered integration range, we then derive

SO”’ |<px (tanh( f))luz r(dn) < ¢/2 for b small enough. Hence, plugging those controls into , we get:

1 ®Z(%)| <1—-¢/2:=0(b) <1

Therefore,

)\ Iw(tanh( Dle(: 2|7

_1sN—-2 2 n _92
~cs f i Moaz P (tanh (e
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We can now use the Plancherel equality, see e.g. Theorem 6.14 in [LP04] with ¢ = 2 — n, to derive:

R
T (n) < caN”L f%®z(tanh(g)) sinh” " (n)dn

N%n)) (sinh(N%n)

2(n—1)
. hTL—l d
sinh(n) ) St (n)dn

_R_
< CcsN*QJNf N f2(tanh( 5
0

2

R
< O5N2N3 J fg(tanh(g)) sinh(n)2("_1)(sinh(%))_("_l)dn
0
using as well (3.19) with e = N ~2 for the second inequality. Hence,

R
Ta2(n) < CNE§N2 J f%(tanh(g)) sinh(n)2 Dy~ (=Ddn < ON2§N"2 = CN# exp((N — 2) In(9))
0

N
< S ep(~ 5 (@),

recalling that § < 1 for the last inequality. We have thus established from the above control and (4.36) that,

R« (5 ) +1)

From the above control and (4.27)), (4.26)) we thus derive:

R = S5 ) ),

which together with (4.25) and (4.11)) completes the proof of the local limit Theorem
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