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A system with weights and with critical Sobolev

exponent

Asma Benhamida* and Rejeb Hadijil

Abstract

In this paper, we investigate the minimization problem :

in 1 a\x uxzx 1 xr fua:Qx— ul\xr)v(r)ax
ueH&(Q),vfeHg(Q), [2/Q (@) Vu(z)d +2/Qb( )V (2)*d )\/Q ()()d}
lullee =1, [lollza =1

where ¢ = %, N >4, a and b are two continuous positive weight functions.
We show the existence of solutions of the previous minimizing problem under

some conditions on a, b, the dimension of the space and the parameter \.

2010 AMS subject classifications: 35A01, 35A15, 35J57, 35J62.

Keywords : Critical Sobolev exponent, Minimization problem, Non-linear ef-

fects variational problem.

Introduction

Let Q2 C RY be a given smooth bounded domain, with N > 4. Throughout this

paper, we are concerned with the following nonlinear minimization problem :

Q= inf ) E\(u,v), (1)
(u,v) € (Hy(2)"\ {(0,0)}
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with

1 , 1 , A
E\(u,v) = m/ﬂa(m)\Vu(m)\ d:c—l—mfgb(xﬂvqj(x)\ dx—mfﬂu(:c)v(x)dx.

where a and b are positive continuous functions on {2, A is a real constant and

q= ]\2,—]_\’2 is the critical exponent for the Sobolev embedding
Hy () = LU(Q). (2)

Note that positive minimizers u and v for () are non trivial solutions of the

Euler-Lagrange equation associated to (II) namely :

—div(a(z)Vu) — v AMu?~t in Q
—div(b(z)Vv) — du = Ap? ! in  Q
0 in
u=v = 0 on OS2,

<
v
o
S
v

where Ay, Ay € R are the Lagrange multipliers associated to () .

In the well-known article [5], Brezis and Nirenberg treated the problem (H]) in
the special case where the weights a and b are positive constant function. They
proved that the problem has at least one positive solution for 0 < A < A; when
N > 4 and for \* < A < A\ when N = 3, where \; denotes the first eigenvalue of
—A with homogeneous Dirichlet conditions and \* is a positive constant.

In the presence of a non-constant positive and bounded weight h, the scalar problem
has been addressed in [16]. See also [I7] where the authors consider the existence of

minimizers solutions for the equation
—div(h(2)Vu) = u+ [ul"u inQ, u>0inQ, u=0 0Q. (4)

They proved that the existence of a solution depends on the first eigenvalue A\ of
—div(h(2)V-) in H}(), on the behavior of the function h in the vicinity of its
minima, and on the geometry of the domain  In [12], Furtado and Souza gener-
alized the problem (@), considering a non-homogeneous term |u|7?u. We refer also
to [6l, [I4] [15] for more general weights which depend on w and z. There are other
results in the scalar case for this kind of problem, see the references [13] 14} [15].

In [1, the authors consider a critical and subcritical system with critical non-linearity
term u*'0?, where a > 1 and 3 > 1.

The main difficulty faced when dealing with this problem is the lack of compactness
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of the embedding (2)). We overcome this problem using the presence of linear per-
turbation terms Au and Av. In [7], the authors considered an arbitrary system with
[ components, [ > 2, for the Yamabe equation on a closed Riemannian manifold; see
also [g].

Note that the shape of the domain can have a strong influence on the type of
results one can expect. See for example the seminal work of J.M. Coron [9].

Geometric and physical motivations, in particular in relation to the Yamabe
problem, can be found for example in [2], [L1] [I8], [21], [19], [20].

In [21], the authors connect the Ginzburg-Landau functional used in the physics
literature with the Yamabe functional known in mathematics. It is shown that, if
properly interpreted, both functionals upon minimization produce the same Ginzburg-
Landau-type equations used on critical phenomena.

In this paper, we consider the case where a and b are non constant distinct
weights. We prove the existence of positive solutions (u,v) which depend, among
others, on the behaviors of the weights a(-) and b(-) near their minima and the
dimension of the space.

In order to state the problem and to announce our main results, we introduce
some preliminaries.

Let us assume the existence of g, in €2 such that, in a neighborhood of z, a and b
behave like

a(z) = a(wo) + Axlr — wo|" + | — w0[*0a(2), as x — x, (5)
b(x) = b(xo) + Bilx — xo| + |z — x0|'0p(x), as x — @, (6)
where & > 0, [ > 0 and Ay, B, are positive constants, 6,(z) and 6,(x) tend to 0
when x tends to xg.
The parameters k& and [ will play a critical role in the study of our problem.
Indeed, if N > 4 the case (k,l) with & > 2 and [ > 2 is treated through a classical
procedure.

If0< k<2 0<1 <2 the problem is more delicate, we have to assume that

the functions a and b satisfy the following additional conditions :

]fAk < % a.e. T & Q, (7)
— Xo
and ~
IB, < % a.e. x €, (8)
T — Xo
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where
a(zr) == Va(z) - (x —xz0) and b(z) = Vb(z) - (x — z0).

In order to highlight the difficulty, we consider the blow-up of u,v € H}(Q)
around x = xo, see [14, [I5]. Depending on the parameters k, [ and A different
situations occur in the blow-up scale around the point where the weights reach their
minimum. More precisely, we consider the function w. and z. defined by :

(N—-2)

Ves 0, ule) =R, (52),
(N—2)
v(e) =em 7z (50) (9)
One has w,, 2. € HJ(€.) with Q. = {71y, y € Q} and lwell ey = llzellagn) =
HUHL‘I(Q) = ||U||Lq(g), thus
1 1
Ex(u,v) = 5 / a(ey + o) |V (y)[*dy+ /Q b(ey + 10)| V2o (y) 2dy—Ae> /Q we(y) 2 (y)dy.

Consequently, the blow-up around x = xy gives

B(w) 5,5 | ool Voto)Pdyes [ eVl [ wwetodrs

A B
S [ vl IV Pdy+ 5 [ et anl (9P - 3 | vy

Then, as we can see the three last terms have different weights and the exponents

£

k =2 and [ = 2 are critical for our problem.

Let us finally point out that the lower dimension N = 3 and the exponents k < 2,
[ < 2 could also be interesting for this problem, but is not yet fully understood. For
dimension 3 in the scalar case we refer to [5], [10].

The rest of the paper is organized in the following way : in Section 2] we state
our main result. In Section 3 we give a sufficient condition for the existence of
minimizers. We give precise estimates of the energy in Section 4. In Section 5 we

discuss the sign of minimizers. Section 6 contains some non-existence results.

2 Main Results

Let us suppose that there exists xy € 2 such that

a(zo) = min {a(z), z € Q}.
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b(zo) = min {b(z), z € Q}.

In this section, we will prove the existence of a solution to the problem (I). For this
we define:
S= inf Va3, (10)

u€HG (), ]|ullLa=1
which corresponds to the best constant for the Sobolev embedding H}(2) into L?().
In this paper, we assume that a(xy) = b(z), and we denote by v, this value.

We are now ready to state the main result of this paper

Theorem 1. Assume that a,b € H'(Q)NC(Q) satisfy @) and (), respectively. Let
Ng, respectively A2, be the first eigenvalue of — div(a(z)V-), respectively — div(b(x) V")
on Q with zero Dirichlet boundary condition. Define Ay = min{\?, \'}. We have :
(1) If N >4, k> 2 and |l > 2, then Qy is achieved for every A € (0,A) N (O, )\51’)
(2) If N > 5, k=2 and | = 2, then there exists a constant y(N) = %(Amt
Bs) such that Q) is achieved for every A € (7(]\7), 5\1>

(3) If N > 5, k =2 and | > 2, respectively k > 2 and | = 2, then there exists a

constant Y(N) = W such that Qy is achieved for every A\ € <’5/(N)A2, 5\1),
respectively \ € (i(N)BQ, 5\1) .

(4) If N =4, k =2 and | > 2, respectively k > 2 and | = 2, then there exists a min-
imizing solution of Q, for every \ € (z‘ig, 5\1> respectively for every A € (Bg, 5\1>

where Ay and By are some constants.

We now proceed with the proof of Theorem [I] as follows : First we show that

0 < @) < 7S and then we prove that this implies that the infimum @), is achieved.

3 Sufficient Conditions for the Existence of Min-
imizers
We first prove the existence of @)y, which is guaranteed by the following result :

Proposition 3.1. Let ¢¢, respectively ¢4, be the first eigenfunction of — div(a(z)V-),
respectively — div(b(x)V-), associated to the first eigenvalue \¢, respectively \o. We

have

(i) Assume that 0 < X\ < Xy, then
Qx> 0.
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a b
(ii) For A > MMP_% max(\, A), one has
pipide
/Q 1¥1

Q)\Sov

Proof (i). Let 0 < A < A1(Q), and let u and v be such that ||u] e = [|v]|ze = 1.
By the definitions of A%, A? and \;(Q) one has

A A
Ex(u,v) > —1||u||%2 + —1||UH%2 — >\/ uv dx.
2 > o

By applying the Cauchy-Schwarz inequality , we find

A
Ex\(u,v) > 5 [lullZ2 + llvl172 = 2llull2||v]l 2] -
Thus -
A
Ex(u,v) > 71 ([ullzz — [[v]lr2)* > 0.

Consequently, (0, > 0.
(17) We have

a b
Qx < Ex( fl ; fl ;
lofllza” 7]l La

which implies that,

1 1 A
Or< s /a(m)\Vgoa|2dx+7/b(x)\Vgob|2dx—a—/ <p“g0bd:c.
2l|tl1Ze Ja ! 2[5 170 Ja ! %]l zallot]lpa Jo 7T

By the definitions of ©% and %, one has

1 2 1 b b2 )\ b
< s )\“/ |} |"de + ————— A /|<p "dr — 7 [ $ipidT.
202 Jo 201813, Jo T $llzalltllze Jo ™

Using the embedding of L? into L?, there exists a positive constant C; = |Q|%_%
such that
@ < g MO + 5 MO — o [ etelde
2[| 31|74 2[7[|74 el zall il e Jo
Thus )
@y <100 max(3, ) — o [ el
o5l zalltl e Jo
Therefore, (0 < 0, completing the proof of the proposition. [ ]
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Lemma 3.1. Let 0 < A < A\i. If Qx < 709, then the infimum in (@) is achieved.

Proof Let {U,} C (HL(2))? be a minimizing sequence for () that is,

|Unlles =1 (which means ||u,|l, =1, |lvally = 1). (11)
1 2 1 2
— [ a(z)|Vu,|*dx + = [ b(z)|Vu,|*de — X | uyvpde = Qx+o0(1) as n — oo.
2 Ja 2 Ja Q 12)

The sequence {U,} is bounded in (H}(2))*. Indeed, from (IZ), we have

1 1
—/a(:c)|Vun\2d:c+—/b(x)\Vv,fd:c:)\/unvnd:chQAjLo(l).
2 Q 2 Q Q

Using Holder’s inequality we have

| tualloade < el o1
then
1
3 {/ a(z)|Vu,|*dr + / b(x)\anPd:c} < AHU””L% |vnllLe + Qx + o(1).
Q )
Consequently, we have
s 0 gy < -
Then there is U = (u,v) , up to a subsequence, still denoted by U,, = (u,,v,) , such
that
(tn, va) = (u,0)  weakly in (H} ()",
(U, vy) — (u,v)  strongly in (LQ(Q))z,
(Un,vy) — (u,v) a.e. on €.

with [|ul|e <1 and ||v||ze < 1.

Set w,, = u, —u and z,, = v, — v, so that
(W, 22) — (0,0) weakly in  (Hg())",

(Wn, 2z,) — (0,0)  strongly in (L2(Q))2,

(Wn, z,) — (0,0) a.e. on €.



By ([[I) and using the definition of S and the fact that mina(z) = 79 > 0 and
s

min b(x) = 7o > 0, we have
Q

1

= [/ a(x)|Vun|2d:E+/b(:ﬂ)|an|2d:£] > 12705.
21/, o 2

By ([2)), we have
L [/ a(x)|Vu,|*dr + / b(:c)|an\2d:c] — )\/ Upvpdr = Qx + o(1).
2 /o Q Q

Which implies that

% [/Qa(:c)|Vun|2dx+/Qb(:c)|an|2dx] :Q,\—i-)\/ﬂunvndijo(l).

Which gives
)\/uvdxzvoS—QA>0
Q

and so u # 0 and v # 0.
Again using (I2) we obtain

%[/Qa(xwu\?dH/Qa(x)\vwnﬁdx+/Qb(x)|vv|2dx+ /Qb(:c)|Vzn|2dx}

— )\/ UpUpdr = Qx + o(1). (13)

Q
On the other hand, as {w,} and {z,} are bounded in L9(2) and w, — 0 for
a.e. zin €2, z, — 0 for a.e. x in 2, then we can use the Brezis-Lieb lemma, see [4]

lu+ wnllZa = lullze + llwallZe + o(1),

1o+ 2nllLe = 10l|Z0 + [|2alIZ0 + o(1).

Using (II]) we have
1= Jlullzq + l[wnllze + o(1),

1= [Jv]|Z0 + lznllZa + o(1).

And so,
1< [Jullze + [lwal[Za + o(1), (14)

1< JJvllZe + [lzallZe + o(1). (15)



We sum the equations (I4]) and (IZ) we obtain

1
2 < IfulZs + V]2 + —— (/ a(:c)|an|2dx+/b(x)|Vzn|2dx). (16)
705 Q Q

Since (), > 0, this implies

< Dl + Lol + 52 ([ a@ivnPis + [ voiwapas). an)

Adding ([I3]) and ([IT) we obtain

1[/ a(z)|Vu|2dz+/a(x)|an|2d:E+/b(z)|Vv|2dx—|—/b(:v)|Vzn|2dx] —)\/uvdx
2 Ja 0 0 0 0

< Dl + Dol + 52 ([ atwlvunPas + [ va)ivaas).

% [/Qa(:)s)Wude%—/Qb(:v)|Vv|2dx} —)\/qudx

1
< Dl + Lol + |52 - 5| | [ alvunPac+ [ a)ia i)

Hence

Qi <

Thus

2B5(u,0) < Qullulll + Qa o] + {% - 1} [ [ ovunas+ [ b<x>|wn|2dx] To(1),

and since Q) < 7S, we know that u # 0 and v # 0. we deduce

U v 1 1
E , <|—-1 a(z)|Vul*d +<——1)/be2daj
(i ||vr|m)—(r|ur|%q )/ @IVulde+{ = 1) ), b Vel

uv
—i—Q)\HuH%q+Q>\||u||%q+>\/uvdx—)\/ W
Q o l|ul|zel|v] e

Then

v 2 _ |V 4 }
EA(IIUIILq’IIUIILq)S(||UI|Lq ){QA / =) [lullZo 2A/IIUIILqIIvHLq

Vol ]
2q_1 — —2A —d
+ (ol )[@A / S e / uuumuvnm '

—l—)\/uvdx /70[2:—{—2)\ ||u||2 /
0 [[ll a|v]] o HUHLqHUHm
9



uv
Lo ([v]2, — 1 /7da7+2QA.
Utz =) | el ol

On one hand, we have [[u]|?, —1 < 0 and |[v||?, — 1 < 0, we obtain

_ 2 _ 2
o (2 ) [l =) 20 = 2000~ D) [ s,
Q

lullza” [lv]lze [l zallv]l o

On the other hand, we have ||u||pe||v|/Ls —1 < 0, then

JoN (LL) < 2Q,.
||z’ ||v] 2o

This means that (u,v) is a minimum of Q). [

4 Precise estimates of the energy

Proposition 4.1.

(a) For N >4, and k > 2, | > 2 we have
Qx < S, forall X>0.
(b) For N =4, and k =2, | = 2 we have
Qr < 7S, forall \> Ay+ Bs.
(¢c) For N >5, and k =2, | =2 we have
Qx <705, forall A>my(As+ By).
(d) For N > 5, and k =2, 1> 2 (respectively k > 2, | = 2) we have
Qx < S, forall XN>mpyAy (respectively N> myDBs).

(e) For N =4, and k =2, 1 > 2, respectively k > 2, | = 2 we have

Qr < 7S, forall \> As, respectivelyfor all X\ > Bs.

1
where Ay, By are defined by (@) and (), K3 :/ S wdr and
s (14 faf)
_ N(N—=2)(N+2)
MmN = —3nN-1
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Proof We shall estimate the ratio E)(u, v) defined in (1), with v = u,, . = (U.(x —
N—2

1g), where for x € RN, U.(x) = 8—4]” and ¢ € C*(Q2) with ¢ > 0 and

(e+ ) =
¢ =1 on a neighborhood of xzy; for more details see [5] [23].
We recall from [5] that

/ Vg, (2)Pde = Ky + 07, (18)
Q

</Q quo,a(fv)lqdz)g = K> +0(7), (19)

% N-2 N>
/ ‘uxo,s(x”zdx _ y 3 + 0(5 2 )7 1 57 (20>
0 “elloge| +o(ellogel), if N =4,

where K7 and K, are positive constants with % =S, wy is a the area of S3

1
and K3 :/ ———dx.
RN (1 + |x\2)N 2
We know by [16], the following estimates :
e
| 0@V @) da
Q

a(:voz)K + O(€¥) if N>4and N —2 <k,
< a(HCO2)K +%€g+0(€g) if N>4and N —2 >k,
= a<x02>K + W=2Pon (Aot M) 252 o0 | 4 o(c ™2 [loge|) if N >4 and k= N —2,

(21)
and
e / b(2)|Vtgy o (x)[*dx
Q

b(x()2)K1 1 O(€¥) if N>4and N —2 <,
_ b(xo2)K +Dz€é+0(5é) if N>4and N —2>1,
= b<x2>f< + =Dy By 2+M>5¥| loge| + o(e™2 |loge|) if N>4andl=N -2,

(22)
: o
d
Where Ky = (N — 2)2/ Lﬂd% Ky = </ %) ’
Y (14 [y[) B (1+[yl)
| |k+2 | |l+2
Ck = (N — 2)2Ak/ 72Ndy7 Dk = (N— 2)2Bk/ 72 Ndy’ M and
&Y (14 [yf?) RV (14 |y
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M’ are positive constants.

We claim that, as ¢ — 0, by adding (I9), 20), 2I) and 22) we obtain E(u., ) <

a(zo)K1+4o0(€) b(zo) K1+0(¢) K
2K> + 2K —A\gae

a(zo)K14+Cae+o(e) + b(zo) K1+ D2e+o(e) )\KSE
2K2 2K2

a(xo)K1+o b(xo)K1+o wa |lo;
ey o R = A R o+ ofelogel)

a(xo)K142ws Aze|loge|+o(] logel)

b(x0)K1+2wsBoe|loge|+o(e|logel)

T e + 2K
a(IO)Kl;E{CZ'z&‘f‘O(E) + b(xo)ff{{l;ro >\K38 +0(1)
sla)fiitole) 4 MooKitDactole) _ \Kso 4 (1)
a@mg§g+qa)4_b@m)Ka+2w4B§2?gd+0@nge‘ — Aeai]

a(zo)K142ws Aze|loge|+o(] logel) + b(zo)K1+o0(e)
2K

k k
a(zo)K14+Cre2+o(e2) + b(x0) K1+42waBae|log e|+o(e|logel)
2K 2Ko

1 1
a(zo) K14+2waAze|log e|+o(e| log e|) + b(xzo)K1+Dre2+4o(e2)
2K 2Ko

Thus

12

— Aegrt|loge]

loge| + o(e|logel)

or,— — Aegi|loge| + o(e]logel)

— Aegit|loge| + o(e]logel)

Ae%t[loge| 4 o(e|logel)

if

if

if

if

if

if

if

if

if

N >5
k>21>2,
N>5
k=21=2,
N =14
k>21>2,
N =4
k=21=2,
N>5
k=2,1>2,
N2=>5
k>21=2,
N =14
k>21=2,
N =14
k=2,1>2,
N =14
k<21=2,
N =14
k=2,1<2,



Q<

\

where

(a(xo);rb(xo) )S _

( a(zo)+b(zo) )S -

2

(a(xo +b(z0) )S

( a(zo)+b(zo) )S -

2

( a(zo)+b(zo) )S o

2

(a(x0)+b(xo) )S o

2

( a(zo)+b(zo) )S o

2

(a(x0)+b(xo) )S o

2

( a(zo)+b(zo) )S -

2

(a(xo)-l—b(xo) )S i

2

02 _ N(N=2)(N+2) 4

4(N—1

)\%5 +o(e)

Ae|loge| + o(e[logel)
(A= (A2 + By))e|loge| + o(e| logel)

(A~ 22)8ac 4 o(c)

(A — 22)Kae 4 o(e)

[N = Byelloge| + o(e|logel)

2 [A = AgJelloge| + o(e[logg|)

1 [\ — Byle|loge| + $re2 + o(e| loge|) + oe?)

2 [ = Aofelloge| + L

Do N(N—-2)(N+2) B

2 and Ks = A(N-1) 2.

From these estimates we get the desired result.

52 +0(e7) + o(e| loge|)

if

if

N>5
k>21>2,
N2=>5
k=21=2,
N =4
k>21>2,
N =4
k=21=2,
N>5
k=2,1>2,
N2=>5
k>21=2,
N =4
k>21=2,
N =4
k=2,1>2,
N =4
k<21=2,
N =4
k=2,1<2,
[ |

Combining Lemma B and Proposition [l we conclude that the infimum in ()

is achieved. This leads to the conclusion of Theorem [II

Remark 4.1. We do not know if we can go strictly below

where N >4, k<2 and [ < 2.

5 The Sign of the Minimizers

Now, we will discuss the positivity of the solutions.

Proposition 5.1.

13
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(i) If Qx is achieved in (u,v) then uv > 0.

(ii) There exists a solutions u and v of the minimization problem (Il) such that
u >0 andv > 0.
1
Proof (i) Set F(u,v) = 5/

Q

1
a(x)|Vul*dz + 5/

Q

b(x)|Vo|*dr — )\/ u(z)v(z)de.
The inequality .

F(u,v) < F(lul, |v])
gives that —\ /

uvdr < —)\/ |uv|dz, then
0 Q

/Q(u(:z)v(:v) — |u(z)v(x)|)dx > 0. (23)

We have always u(z)v(z) — |u(z)v(z)] < 0 Vz € Q. Hence

/Q(U(af)v(év) = |u(z)v(z)[)dz < 0. (24)

Combining (23) and ([24) we obtain that uv — |uv| = 0 and hence |uv| = uv.
Finally for all x € Q, u(z)v(xz) > 0.

(i) From LemmaB.Jlwe know there exists a minimum (u, v). By Proposition [l (i)
we know that |uv| = uw.
On the other hand, we have

1 1
Flunl o) =5 [ a@IVuaPde+ 5 [ 6@l VouPde = [ funnlds = Fun,v,)
2 Q 2 Q Q

Then if we have (u,,v,) are solutions of () then (|uy,|,|v,|) are also minimizing
solutions.

Thus, when dealing with (Il), one can assume without loss of generality that
u>0and v > 0. [ |

Remark 5.1. Since u and v are minimizers for ({{l) we obtain Lagrange multipliers

Ay, Ay € R such that the Euler-Lagrange equation formula associated to () is

([ —div(a(z)Vu) — M = A2 ' in Q
—div(b(z)Vv) — Au Ap* 1 in Q

uflo = Jlull» = 1 (25)
u>0, v > 0 m
u=v = 0 on 09,
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such that 235 = Q, > 0 according to Proposition [31.
2

6 Non-existence Results

In this section, we assume that a, b satisfy (B) and (@) with £ > 2,1 > 2 and (@), (8)
if £ <2,1<2. we obtain in these cases a few non-existence results. We define

W(a, b) = inf 5 ¢a,b(u>v)
(u,0)€( HE(€)) \{0}

where

a(z)|Vul|® + b(z)|Vo]?) dz
Gap(u,v) == 1/9 ( ’ ) )
/Q w(@)o(z)da

4
We see that w(a,b) € [—o0,+00].
The main goal of this section is the non-existence results.

Theorem 2. Assume that A < w(a,b) and Q is a strictly star-shaped domain with

respect to xo. Then () has no minimizers.

The proof of this result follows from the following Pohozaev identity; see [22].
Proposition 6.1. If (u,v) is a solution of (25]) then (u,v) satisfies the following
identity :

2 /Q u(a:)v(x)d:c—% /Q Vb(x)-(x—xo)\Vv(x)Fdx—% /Q Va() - (z — 20)] V() 2z

:%/ma(a:) [(x—xo).n]‘%‘zda(x)+%/mb(x) (x — o) - ] %‘Qda(;ﬁ).

where n denotes the outward normal to Of).

Proof Suppose that (u,v) is a solution of Problem (25). We multiply the first

equation in the system by Vu(x) - (x — zo) and we integrate by parts, leading to

Ay /Q lu(2)|"?u(z)Vu(z) - (z — zo)dr = —%Al, (26)

)\/Qv(:)s)Vu(:)s)-(:B—:Eo)dx: —)\/Qu(x)Vv(:B)-(x—xo)dx—N)\/Qv(:z)u(x)dx (27)

15



and
/Q — div(a(z)Vu(z))Vu(z) - (z — zo)de = — —= /Q a(z)|Vu(z)|*dx

— = [ Va(z) - (z — x0)|Vu(z)*dx

2

B %/ag a(x) %‘ ((z — 29) - m)do(z),
(28)

where n denotes the outward normal to 0f2.

Combining (20), [27)and 28)) we get

N -2 20, 1 o, 1 Ou |’
—T/Qa(:c)|Vu(x)| dx—§ LVa(x)~(x—xo)|Vu(x)| dx—§ /asz a(z) EY ((x — xo) - n) do(z)
= )\/Qv(x)Vu(x) (r — xo)dx — g/\l. (29)

Similarly, we multiply the second equation of (28] by Vu(z)-(x—x¢) and we integrate
by parts, we get

N -2

2 1 9 1 ov |2
—T/Qb(x)|Vv(a:)| d:z—§/QVb(x)-(:B—ato)|Vv(:z)| dx—§ /89 b(x) 5} ((xr — xp) -m) do(x)

Y /Q w(@)Vo(z) - (& — zo)dz — gAQ. (30)

On the other hand, multiplying the equations in (23] by %u and %v respectively,

and integrating and summing the obtained results, we get

%/ﬂa(mvu(m?dw _ %A/Qv(x)u(x)dx +A1N2_ 2 B
and
S5 [H@ive@lds =220 [ uetade+ et 62
Combining ([29), and (BI]) we obtain
N -2
— (T) )\/Qu(x)v(:c)d:c — A/Qv(a:) Vu(z) - (x — zo)]| do
= %/Q |Vu|2 Va(x) - (x — xo)] da + % /aQ a(:)s)|% [(z — o) -m]do(x). (33)
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On the other hand, combining (30), and (B2) we get

_ <¥) )\/Qu(:z)v(:z)da: — )\/Qu(x) [Vo(z) - (z — x0)] dz

- %/Q Vo ()|* [Vb(2) - (2 — z0)] dz + % /89 b(:c)% (z = z0) -m]do(x). (34)

Adding B4) in ([B33) and using 7)) we find
2 /Q u(x)v(:)s)dx—% /Q Vb(a:)-(:):—:):o)|Vv(:)s)|2dx—% /Q Va(z) - (z — o)) |Vul*dz

:%/BQCL(I)\% [(x—:co)~n]da(x)+%/mb(x)\% [(z — x0) - 0] do(z).

Finally we get the Proposition. |
Now let us prove Theorem 21 Assume that A < w(a,b) and let 2 be strictly
starshaped domain with respect to xo then

(x —x0) -n >0, for all z € 09.

Suppose that (u,v) is a solution of (2H). By the Proposition 6.1l we get

2 /Q u(x)v(:)s)dx—% /Q Vb(x)-(x—x0)|Vv(x)|2d:E—% /Q Va(z) - (z — o)) |[Vu(z)2dz > 0.
It follows that
/Q [Va(z) - (z — 20)|Vu(z))* + Vb(z) - (x — I0)|VU($)|2} dx

1
A > Z 1nf )
(ww)e(H @)\ (0} / w(z)v(z)dz
Q

which is a contradiction.
Then the problem (2H) does not admit solutions. Consequently we obtain the
desired result. [

6.1 Estimates of w(a,b)

We end this section, using the techniques in [16], we give some estimates of w(a, b).

Proposition 6.2.
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(1) We assume that a,b € CY(Q) and there exists zy € Q such that a(zo) + b(z0) <
0, then w(a,b) = —oo.

(2) We assume that a respectively b € H'(Q)NC(Q) satisfying [B) respectively ()
and we have

(2.i) If k > 2,1>2 and a,b € C(Q), then w(a,b) = 0.

(2.0i) If k =21 > 2 or k> 2,1 =2, and a, b satisfying moreover () and (§) with
a(z) >0, b(z) > 0 a.e. = € Q, then

2

A
N in (Ag, 1B, (diam 9)?) < w(a,b) < (diam 0 (35)

16
and N2 5
6 min (kAg(diam Q)" By) < w(a,b) < 72)\1(diam 0)? (36)
(2.i1) If 0 < k < 2,0 < < 2, a,b satisfy the conditions ([{) and (&) respectively,
then

2

]1\7—6 min (kAg(diam Q)*72 1B(diam Q)'"?) < w(a,b).

Proof Let ¢ € C.(RY) such that 0 < ¢ < 1 on RY, ¢ =1 on B(0,2r) and
o =0on RY\ B(0,2r), where 0 < r < 1. Set p,(z) = ¢(j(z — 2)) for j € N*, we
have

1/Q (d(‘”) BW)) V() dx

. » (420084 20)) 1V

J
2
/ 0= (y)dy
B(0,2r)

Applying the Dominated Convergence Theorem, we obtain the desired result when

w(a,b) <

J goes to infinity.
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Now we will prove (2.7).
Using (B), (@) and since a,b € C*(2) in a neighborhood V' of x1, we write

a(z) = a(zy) + Aglz — 21| + 0.(x) (37)
b(z) = b(xy) + Bz — 21| + 6,(x), (38)
where 0,(z) and 0,(x) € C' (V) are such that
tim 20— g i A2 (39)
T—x1 |LU—.§L’1| T—xo |LU—.§L’1|

From (B9), we get the existence of r, such that 0 < < 1 and
10.(2)| < |z — 0" and  |6,(2)] < |z — a0, for all z € B(xg,2r) C V. (40)

Let ¢;(z) = ¢(j(x — x0)) define as in the proof of (1); we have

~ 7 ) 2
! /Q (@(2) + b(2)) Vs (2) e
1 :
/ @?(z)dz
0

0 <w(a,b) <

Using ([37) and (38)), we obtain

1/3( . (k‘AkLr — 20" + IB|x — {Eo|l> |V, (x)|2dx
z0, 5

4
/ go?(:c)d:c
B(SL‘(),QTT)

/B o (V) ) 4 V) o 0) [V )

72J_T)
/ @3 (x)dx.
B(zo,2%")

J

0 <w(a,b) <

_|_

NSQEs,

By a simple change of variable y = j(z — x¢) and integrating by parts, we obtain

k 2 Yy . 2
y| [ Ve(y) | dy / O, =+ xo ) - div(y|Ve(y)|*)dy
kA /B(o,zr)| FIVe)l J JB0,2r) <J 0) WVew)l)

0 <w(a,b) < — _ L
— ? -  44k-2 4

J / o)y / o (y)dy

B(0,2r) B(0,2r)

l 2 ) . 2
ly|' [ Ve(y)*dy / Op(= + 20) - div (y|Ve(y)|*) dy

[B; JB(2r) ~ J /B2
4512 1
J / o()*dy / o()*dy

B(0,2r) B(0,2r)
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Using (@0), we get

/ ly|*Vo(y)dy ly|"dy
kA, JB(o2r) n C  JBo.2r

0 <w(a,b)

IN

152 )
N e
B(0,2r) B(0,2r)

'V e(y) Pdy ly|'dy
[B; JB(o,2r C  JBo2n
4jl_2 -1 ’

/ Aydy / () dy
B(0,2r) B(0,2r)

here C' = div(y|Ve(y)|?)).
where yEI]Igl(E(if;r)| iv(y|Ve(y)|7)|

Therefore, for £ > 2 and [ > 2, when j tends to co we obtain w(p, ¢) = 0.

To prove (2.i7), we start by the case k = 2 and [ > 2. We show the left-hand
inequality in (BH]). Since a and b satisfy () and (8)), respectively, for all pairs
(u,v) € E\ {0}, we have

1 /|(x—x0)-Vu(x)|2dx EB/Q|93—x0|l_2|(a:—1'0)-Vv(x)|20l1'

¢a,b(uav> Z _A2 @ +
2 /Qu(x)v(x)dzv 1 /Qu(;p)v(x)d;p
/ |(x = @0) - Vu(z)|*dx I / ((x — x0) - Vo(z)|2d
> %Ag 0 + ZBl(diam Q)220 :
/Qu(x)v(x)dzv /Qu(x)v(x)dx

By applying Lemma 2.1 in [I6] for ¢ = 0, we find

2 //Q (U(:j):jx + &Bz(diam Q)2 (ﬂ)2 /Q re .
u(x)v(z)dx
Q

Gap(u,v) Z%fb (g)

This implies that

N2
w(a,b) > 6 min(Ay, (By(diam Q)"72).

Similarly, we deduce in the case k > 2 and [ = 2, that

N2
w(a,b) > 6 min (kA (diam Q)"2, By).

Now we prove the right-hand inequality in ([B5) and [B6). Let ¢;(z) = ¢1(j(z — o))

for j € N large enough, where ¢ is a positive eigenfunction corresponding to the

20



first eigenvalue \; of the operator —A in HJ ().
We have

(@) + b(a)) ¢ (z) Pda
0 <w(a,b) < 1/9 .
| vitayis

/ <2A2\x — o> + IBila — xo\l) IV (2)dx
Z‘o-i—lQ

Using (4) and (5), we obtain

P eted) 4 @b?(a?)dx

1
z0,=S2
07]

/ . (Vba(@) - (= 20) + VOu(2) - (x — 20)) [V;(2)|*dx

4/ V2 (x)da.
500-1-%9

By a simple change of variable y = j(x — ) and integrating by parts, we have

by ([39)
/|y| Ve (y 2dy /Iylkdy
B}

/sol(y) dy /
IB, / Vo) 2dy / [yl'dy
y /Q 1 (y)’dy / (y)dy

where C' = max | div(yVei(y)[?)|. Letting j — oo we get
ye

0 <w(a,b) <

_l_

/ W2V () Pdy

/Q p1(y)*dy

A
0 <wla,b) < 72)\1(diam 0)2.

0 <w(a,b) <

Y

therfore

Similarly, we deduce in the case k > 2 and [ = 2, that
BZ . 2
0 <w(a,b) < 7)\1(d1am 0)=.
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Let us now prove (2.73¢). Since a and b satisfy (7)) and (8), respectively,
for all (u,v) € E'\ {0}, we have

/ |z — x| 72| (x — o) - Vul?da ] /Q|x—:)30|l_2|(z—x0) - Volidzx
+ 2B

/ uvdx 4 / uvdx
Q Q

/|(x—x0)-Vu|2dx /|(:)3—930)-Vv|2dz
k—-2J0 1-2J0

/ uvdx / uvdx
0 0

By applying Lemma 2.1 in [16] for ¢ = 0, we find

k
Gap(u,v) > ZAk &

>

e~

Ag(diam ) + iBl(diam Q)

2/|u|2dz 2/|v|2d1’
N) Q7+§Bl(diam Q)2 (N) S

¢a b(u,v) ZEAk(dlam Q)k_2 <— .
’ 4 2
/uvd:)s /uvda:
0 0

This implies that

N2
w(a,b) > 16 min(kAy(diam Q)F72 1B)(diam Q)"?).
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