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Abstract This paper addresses the mathematical analysis of the ocean-atmosphere coupling problem, including
Coriolis force, non-local turbulent closure and realistic nonlinear interface conditions. We introduce a 1D vertical
model corresponding to a coupled Ekman boundary layer problem with non-local turbulent viscosities. The interest
of this model lies in its proximity to realistic ones by considering the numerical strategies employed to take into
account the turbulent scale. Well-posedness is first studied in stationary and non-stationary states considering
generalized parameterized turbulent viscosities. We establish sufficient criteria on the viscosity profiles for the
uniqueness of solution and find that they are not met for parameters in the order of magnitude used in ocean and
atmosphere models. To identify precisely the conditions of well-posedness, we therefor establish a necessary and
sufficient criterion for the stationary state. We show that there is non-uniqueness of the solution when considering
typical viscosity profiles from ocean and atmosphere models. Eventually, we illustrate that non-uniqueness is pro-
duced by an inconsistency between the viscosity profile and the boundary layer parametrisation.
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1 Introduction

Ocean-atmosphere (OA) interactions play a critical role for several applications, like forecasting the trajectories
of tropical cyclones, seasonal weather forecasting, or climate studies. Therefore numerical modeling systems for
such applications generally couple an oceanic model with an atmospheric model, with complex interface conditions
(reffered to as a ”bulk closure”) that model these interactions. However ocean and atmosphere models have originally
been constructed separately, by two distinct communities. Thus the question of the mathematical coherence of such
a coupled system naturally arises, since there is no garantee that all possible associations of an atmospheric model,
an oceanic model and interface “bulk” conditions will lead to a well-posed problem.

The translation of such an OA coupled model into a single global mathematical model is challenging and gives rise
to specific difficulties. A first global OA coupled model has been presented and studied by [Lions et al., 1995] as a
coupling of the so-called primitive equations with nonlinear interface conditions. Many studies on the well-posedness
of the primitive equations (without coupling) can be found in the context of ocean or atmosphere modeling (see
for example [Lions et al., 1993b], [Lions et al., 1993a] or [Cao and Titi, 2007]). OA coupled models mainly differ by
the strategies they use to take into account the turbulent scales (turbulent closure) and the interactions between the
two domains (bulk closure). The turbulent closure scheme considered hereafter relies on the Boussinesq hypothesis
which requires the definition of a turbulent viscosity profile. The resulting model is known as the coupled Ekman
layer problem [Ekman, 1905]. The present study addresses the well-posedness of such an Ekman layer coupled
model that takes into account the specificities brought by the bulk interface conditions. Mathematical results can
be obtained for this model, which is representative of the physics and numerics of realistic models. The combination
of the turbulent closure schemes with specific interface conditions from the bulk formulation leads to a non-local
coupled problem with nonlinear interface conditions, that is, the entire viscosity profile depends directly on the
solution at the interface. This non-locality is the main difficulty in tackling the mathematical analysis. A first
study of this model was proposed by [Pelletier et al., 2021]. In the present work, we present a first synthetic step
in the analysis on this non-local problem in the context of OA coupling, and investigate the well-posedness of this
coupled problem by searching for constraints on the turbulent viscosity profiles.

As a global approach to establish well-posedness, we will adapt a method from existing work in the fluid-fluid
interaction community. A very simplified problem of what would illustrate the non-local nature of our model would
be the system :

´Bz pνpz, |up0q|qBzupzqq “ g z Ps0,Z8r (1a)

upZ8q “ 0 (1b)

νp0, |up0q|qBzup0q “ |up0q|up0q (1c)

for a given source term g and a parameterized viscosity profile ν. The type of non-local character we are dealing
with here has rarely been considered in the literature. Here we will refer to a stationary model proposed by
[Bernardi et al., 2002] which considers a model close to (1) on a two-fluid interaction with a turbulent viscosity
profile different from the one considered here. The authors prove the existence of solutions and show that the
uniqueness depends strongly on the viscosity profile and the regularity of the solution itself. More precisely, a fixed-
point method is used to study the uniqueness of solutions and it appears that it depends on the ratio between the
H1-norm on the solution, the variation of the viscosity profile and its minimum. In our case, we bring some additional
elements to be more representative of the realistic model by considering the coupling and bulk formulations at the
interface. On the other hand, we simplify the study by considering the viscosity as a parametrisation νpz, u˚q

with u˚ depending on the trace term. This assumption will allow us to simplify the study of the well-posedness
and give conditions on the parametrized profile of ν. Therefore, even if our model is simplified, the criteria that
we establish contains the same ingredients and follows the same behavior as in [Bernardi et al., 2002]. However,
adapting this strategy in the OA context, we will show that this criteria is too restrictive. Therefore, even if our
model is simplified, the criteria that we establish contain the same ingredients and follow the same behavior as
in [Bernardi et al., 2002]. These criteria for the uniqueness of the solution are sufficient criteria. These are not
satisfy for viscosity profile with parameters of the order of magnitude used in OA models and the uniqueness of
solution is therefore not guaranteed. To further investigate this issue, we then introduce a sufficient and necessary
criterion that ensures the well-posedness of the stationary problem. However, this criterion can only be computed
for viscosity profiles for which the main equation can be solved explicitly. Adapting this strategy to viscosity
profiles representative to those used in OA models, shows to non-uniqueness of the solution. As will be highlighted,
non-uniqueness stems from the combination between these specific viscosity profiles and interface conditions.
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The remainder of this paper is organized as follows. We first construct the OA model in Section 2. Starting from
the primitive equations, we briefly describe the usual assumptions considered to obtain the model in each domain
and the interface conditions (§2.1). Then we describe the viscosity profiles considered, which are representative of
OA coupled models (§2.2). We also provide representative values and viscosity profiles for numerical illustration.
The global problem under investigation is summarized in §2.3. The study of the well-posedness is discussed in section
3 for general viscosity profile. Our global strategy is to solve the non-local problem using a fixed-point method. We
first focus on the stationary state of the problem in §3.1. In line with the work of [Bernardi et al., 2002] we show
the existence of stationary solution and give a uniqueness criteria on the viscosity profiles. The well-posedness of
the non-stationary state is studied in §3.2. In the line of the work of [Chacón Rebollo et al., 2014], we give a criteria
to have the existence of a non stationary solution in the neighborhood of an existing stationary solution. We finally
give a well-posedness criteria on the the non-stationary state following the same procedure than for the stationary
state. In section 4 we study the well-posedness of the problem for viscosity profiles specific to the OA framework.
We illustrate in paragraph §4.1 that the uniqueness criteria given in section 3 are too restrictive for the OA order
of magnitude and do not guarantee uniqueness of solution. To fully answer the question of uniqueness, we give a
necessary and sufficient criteria for the well-posedness of the stationary problem (§4.2), case without Coriolis effect
is quickly discuss. We finally apply this necessary and sufficient criteria to viscosity profiles that are representative
of those used in the OA model (§4.3) and the non-uniqueness of solution is confirmed for these viscosity profiles.
We conclude by giving some conditions on interface conditions that would guarantee uniqueness.

2 Construction of the ocean-atmosphere coupled model

In this section, we build our ocean-atmosphere model by justifying the main steps. Readers wishing to dispense
with the justification of the model construction can refer directly to paragraph §2.3 where the final model is recalled.

2.1 A simplified 1D coupled model

To establish a coupled model, we start from the Navier Stokes equations on which we will make simplifying as-
sumptions, while keeping the most important ingredients to obtain a relevant coupled model. The steps involved
in building our model are the following.

In each domain:

1. Starting from the Navier-Stokes equations with density stratification in both oceanic and atmospheric domains,
we make the following classical hypotheses to obtain the so-called primitive equations :

• Hydrostatic hypothesis and Boussinesq approximation (the variations of the fluid density are weak)

• We consider the earth rotation, represented by the Coriolis force

This leads to

Btuh ` fk ˆ uh ´νm∆uh “
∇hp

ρ0
´ ∇ ¨ pU b Uhq

Bzp “ ´gρ1 (hydrostatic balance)

νm∇ ¨ uh “ 0 (incompressibility)

BtΦ “ FΦ ´ ∇h ¨ puhΦq

ρ “ ρeospΦ, zq

(2)

where U “ puh, wq represents the speed (wind or current), p is the pressure, ρ the density provided by an
equation of state ρeos, µ

m the molecular viscosity and Φ is a general symbol for tracers (salinity, tempera-
ture...). The well-posedness of these primitive equations are widely studied, some first studies related to ocean
and atmosphere model can be found in [Lions et al., 1993b]-[Lions et al., 1993a], or [Cao et al., 2014] and we
refer to [Petcu et al., 2009] for a recent review of existing results.

2. In order to take into account the fine-scale dynamics that is not resolved by the numerical grid, equations (2)
must be supplemented by ”sub-grid” parameterization schemes. The classical approach to introduce these
parameterizations consists in using the so-called Reynolds decomposition of each variable ϕ into a ”resolved”
averaged component ϕ and an ”unresolved” component ϕ1, with ϕ1 “ 0. Using this decomposition in (2) gives
for the first line

Btuh ` fez ˆ uh ´ νm∆uh ´ ∇h ¨ u1
hu

1
h ´ Bzw1u1

h “
∇hp

ρ0
(3)
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where terms of the form ϕ1φ1 represent the effect of unresolved scales on the resolved scales. To close the
system, we use a turbulent closure considering the Boussinesq hypothesis which gives w1φ1 in terms of the
known resolved-scale variables as:

u1φ1 “ ´ pνt,xBxφ, νt,yByφ, νt,zBzφq
T

where νt are turbulent viscosities (a.k.a. eddy-viscosity) depending on space and time and potentially other
parameters. These turbulent viscosities are parameterized using different closure schemes that we will discuss
in paragraph 2.2. Note νt is strongly non-isotropic between horizontal direction and vertical direction. From
fluid mechanics notations, we introduce the constraint tensor:

σ “ ´pI3 ` ρ0

¨

˝

pνtx ` νmqBxu pνtx ` νmqBxv 0
pνty ` νmqByu pνty ` νmqByv 0
pνtz ` νmqBzu pνtz ` νmqBzv 0

˛

‚ (4)

with I3 the identity matrix.

For more details on approximations and closure assumptions taken so far, we can refer to [Rebollo and Lewandowski, 2014].
These assumptions are common in oceanic and atmospheric models used for climate simulations (see for example
[Madec et al., 2023]).

At the interface The interface conditions between the ocean and the atmosphere are complicated, due to the com-
plexity of the natural phenomena they describe. Very close to the interface, dedicated parameterizations are applied
and superposed to the numerical models. These interface parameterizations rely on the [Monin and Obukhov, 1954]
(MO) theory that assumes constant vertical fluxes and a wall-law in this near-interface zone. The numerical coun-
terparts to MO theory are the so-called bulk formulations, see [Pelletier et al., 2021] for more details. In order to
formulate interface conditions consistently, we separate the near-interface zone whose flow is governed by MO theory
from the rest of the domain where the primitive equations are considered. The altitude that limit the near-interface
to the boundary layer is defined by δo in the ocean and δa with δo ă 0 ă δa. We assume ppα,uαq are parameterized
in rδo, δas for α P to, au. The ocean and atmosphere domain are defined as Ωo “ rZ8

o , δor and Ωa “sδa,Z
8
a s. In

the following, we consider the interface between the ocean and the atmosphere as a buffer zone rδo, δas where MO
theory applies. The interface condition at the ocean surface are given by the continuity of the constraint σ and
the continuity of u. Applying the MO theory in rδo, δas (which takes the form of a non-linear friction law see
[Pelletier et al., 2021] for a detailled description), leads to the following conditions :

ρopνmo ` νt,opδo, tqq Bzuh,opδo, tq “ ρapνma ` νt,apδa, tqq Bzuh,apδa, tq (5a)

pνma ` νt,apδa, tqq Bzuh,apδa, tq “ CD pu˚q }uh,apδa, tq ´ uh,opδo, tq} puh,apδa, tq ´ uh,opδo, tqq (5b)

u˚ “
a

CDpu˚q }uh,opδa, tq ´ uh,opδo, tq} (5c)

with νma (resp. νmo ) the molecular viscosity in the atmosphere (resp. in the ocean) at and u˚ the friction velocity.
The coefficient CD is given by the MO theory. This type of non-linear interface condition based on friction laws is
widely studied in fluid-structure interactions theory (see for example [Bresch et al., 2010]).

Simplifying assumptions To reduce the complexity of the problem, we make the following assumptions:

• In the buffer zone sδo, δar, equations are parameterized. These parameterizations are taken into account in
?
CD, that depends on u˚ itself. However the role of CD is minor in our context and can be considered as

constant. According to [Large and Pond, 1981], we set CD “ 1.2 ˆ 10´3.

• We make an assumption of horizontal homogeneity, justified by the fact that in this study we are focusing on
exchanges that are predominantly in the vertical direction. Therefore the terms in Bx‚ and By‚ are neglected,
with the exception of the horizontal pressure gradient.

• It is assumed that the geostrophic winds/currents, noted g :“ pug, vgq, are known and are defined by the
equilibrium

´fugα “
1

ρ0,α
Bypα fvgα “

1

ρ0,α
Bxpα

with α P to, au (α “ o in the ocean, α “ a in the atmosphere). This assumption allows us to decouple the
different variables and to consider a condition at the outer edge of the media.

uαpZ8
α q “ gpZ8

α q (6)
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Finally our model in each domain can be written as:

Btuh ` fez ˆ uh ´ νm∆uh ´ Bz pνtpz,uh, ...qBzuhq “ fez ˆ g on pδα,Z
8
α q (7)

In [Klein et al., 2004] a rigorous derivation of the Ekman layer equation (7) is obtained from multiple scales asymp-
totic technique. Their derivation indicates that such model is relevant to describe the evolution of atmospheric
horizontal velocities at large scale. From now on, the overbar notation ¨ and ¨h are neglected. Equation (7) is
considered both in the oceanic and the atmospheric domains.

2.2 Viscosity profiles and reference values for ocean-atmosphere coupling

In this study, we consider viscosity profiles based on the parameterizations of [Troen and Mahrt, 1986] and [Large et al., 1994]
commonly used in ocean-atmosphere models and adapted to the Ekman layer problem by [McWilliams and Huckle, 2006].
In the following we will refer to the corresponding viscosity as K-Profile Parameterization (KPP) viscosity. There
exists different turbulent closure schemes with different degrees of complexity [Chacón Rebollo et al., 2014]. We
focus here on a closure scheme based on a so-called zeroth-order closure i.e ν is directly diagnosed from u˚ and z and
does not involve additional evolution equations as is the case for parameterizations based on the turbulent kinetic
energy (TKE) via the Prandtl-Kolmogorov relation. In the stationary case a TKE-based viscosity profile would
depend locally on the wind shear. A mathematical analysis of a model close to (2)+(5) is made in the stationary
case by [Bernardi et al., 2002] and [Rebollo et al., 2010], with a TKE viscosity profile. They prove the existence of
a solution and highlight issues that occur to prove the uniqueness of such solution. In this study we have a similar
objective but with a KPP viscosity profile and show that the same global uniqueness issues are encountered.

Definition 2.1 The KPP viscosity profile : The KPP viscosity profile is built to be consistent with the MO
theory near the interface and to connect continuously with the constant molecular viscosity outside the boundary
layer [O’Brien, 1970]. ν P C1pδα, hαq only depends on u˚ and z, and is such that

ναpu˚, zq “ νpu˚
α, zq “

$

&

%

νmα on phα,Z
8
α q

Dαpu˚, zqH

ˆ

1 ´
z

hα

˙

` νmα on pδα, hαq
(8)

with Dα ě 0 for all z P pδα,Z
8
α q, H is the Heaviside function, hα depending on u˚ and νmα the molecular viscosity.

It must also satisfy

• consistency with the MO theory : Dαpδq « κu˚
αδ " νmα with κ the Von Karman constant (« 0.4) and

BzDαpδq « κu˚
α. with u

˚
o “ λu˚

a “ λu˚ 1.

• order of magnitude assumptions : |Z8
α | " |δα| and Dαpzq " νmα for all z P pδα, hαp1 ´ ϵqq for an ϵ ! 1. Also

– νmo “ λνma with λ “
a

ρo{ρa « 0.03

– hα “ cαu
˚ with cα “ rcα{|f | and rcα taken from rca “ 0.2 ([Arya, 1981]) and rco “ ´0.7λ [Large et al., 1994].

– |f | « 5 ˆ 10´5 s´1

– u˚ P r10´3, 1r ms´1

The range of values for u˚ is the one considered in [Pelletier et al., 2021] and corresponds to ”classic” values
for this parameter in OA models.

Definition 2.2 Reference values for the ocean-atmosphere context : We consider a KPP viscosity profile
specific to the application of OA coupling as given by [O’Brien, 1970]:

Dαpu˚
α, zq “ κu˚

α|z|

ˆ

1 ´
z

hα

˙2

(9)

To apply our results to the specific OA framework, we choose a number of fixed parameters, which we will call
reference values for ocean-atmosphere coupling :

• Z8
a “ 3000m and Z8

o “ ´500m

1This choice of u˚ can be justified by the construction of u˚ in the interface buffer zone, and is detailed in [Pelletier et al., 2021]
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• δa “ 10m and δo “ 1m

• νma “ 15.6 ˆ 10´6m2s´1 and νmo “ 5 ˆ 10´7m2s´1

• u˚ is taked such that δα ă hα ă Z8
α for α P to, au i.e u˚ Ps3.24 ˆ 10´3, 9.75 ˆ 10´1rms´1.

2.3 Model problem

Definition 2.3 Notation : Oceanic and the atmospheric domains are denoted as Ωα with

Ωa “sδa,Z
8
a r Ωo “sZ8

o , δor with Z8
o ă δ0 ă 0 ă δa ă Z8

a

The coupled OA model studied here is the one-dimensional problem:

Btuα ` fuK
α ´ Bz pναpz, u˚ptqquαq “ fgK

α on Ωαˆs0, T r (10a)

uαpZ8
α , tq “ gαpZ8

α , tq on s0, T r (10b)

uαpz, t “ 0q “ u0
αpzq on Ωo Y Ωa (10c)

νo Bzuopδo, tq “ λ2νa Bzuapδa, tq on s0, T r (10d)

νa Bzuapδa, tq “ CD |uapδa, tq ´ uopδo, tq| puapδa, tq ´ uopδo, tqq on s0, T r (10e)

u˚ptq “
a

CD |uapδa, tq ´ uopδo, tq| on s0, T r (10f)

with f , λ and CD are known constants gα,u0 are source terms and u “ pu, vqT and the scalar u˚ are the unknowns,
with notation α P to, au and uK “ p´v, uqT, bold notation denotes 2D vectors. Non-local aspects come from the
interface condition that depends on u˚ which itself depends on the jump of the solution around the interface. The
parameter u˚ thus makes it possible to group together all the non-local aspects of the problem. To study well-
posedness of such problem, we will first rewrite it using a fixed point fomulation in section 3. A more specific study
will be made on the spacial case of KPP viscosity profiles in section 4.

3 Well-posedness criteria for general viscosity profile

In this section we study the well-posedness of problem (10) for a general viscosity profile νpu˚, zq. The main strategy
to handle the non-locality is to rewrite the model as a fixed point formulation on u˚. This strategy has already
been developed by [Bernardi et al., 2002] on a close problem in the stationary state and without Coriolis effect.
Authors of this paper prove the existence of solutions for TKE viscosity profiles, but the uniqueness of the solution
is obtained under some restrictive conditions on the viscosity profile and its variations. The conclusions we reach
on the uniqueness of solutions in this section are similar.

Definition 3.1 Local problem : We define the general problem P describe by (10) and Pe its stationary version.
For a fixed u˚ the local problem given by (10a) -(??) is called Lpu˚q and Lepu˚q for the stationary state.

Definition 3.2 Notation : : In all this section, we suppose there exist νmα ą 0 such that νmα ď νpz, u˚q for all
pz, u˚q P Ωα ˆ R`, with α P to, au. We define the scalar product on the domain Ω :“ Ωo Y Ωa as:

xu,vyOA :“

ż

Ωa

ua ¨ va ` λ´2

ż

Ωo

uo ¨ vo

and we define the associated norm:

}u}
2
OA :“ xu,uyOA “ }ua}

2
L2pΩaq ` λ´2 }uo}

2
L2pΩoq .

Since λ ą 0, }¨}OA is a norm equivalent to L2pΩq. In this paragraph we will use space V :“ Va Y Vo such that
Vα :“

␣

v P H1pΩαq,vpZ8
α q “ 0

(

. We also define a notation for the ”jump” of a variable in the vicinity of the
interface:

“

u
‰a

o
:“ uapδa, tq ´ uopδo, tq

6



3.1 Existence and uniqueness for the stationary state

In this paragraph we gives the a necessary conditions that ensure the well-posedness of the stationary state problem
Pe.

fuK
α ´ Bz pναpu˚qBzuαq “ fgK

α on Ωα (11a)

uαpZ8
α q “ ug

αpZ8
α q (11b)

νo Bzuopδoq “ λ2νa Bzuapδaq (11c)

νa Bzuapδaq “ CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

u
‰a

o
(11d)

u˚ “
a

CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ (11e)

We first study the well-posedness of the local problem Lepu˚q given by (11a)-(11d) and we then proof the existence
of solution of full stationary problem Pe. The uniqueness of solution is given by a criteria on the viscosity profile
using a Banach fixed point method.

Proposition 3.1 Well-posedness of the stationary local problem Lepu˚q : Suppose that να is bounded
and ug, P H1pΩq. Then we have a unique weak solution u P H1pΩq of the stationary local problem (11a)-(11d).
Moreover if να P C1

`

Ω
˘

and ug, P H2pΩq then u P H2pΩq that will be used in theorem 3.4.

Proof. Model (11a)-(11d) involves a non homogeneous external boundary conditions in Z8
α . To write the

problem in his weak formulation, we use a lifting that will deletes the external boundary condition. To
simplify the writing we suppose ug P H2pΩq and use it as the lifting. The problem we consider in this section
is given by :

fruK
α ´ Bz pναpu˚qBzruαq “ Bz pναpu˚qBzgαq on Ωα

ruαpZ8
α q “ 0

νo pBzruo ` Bzgq pδoq “ λ2νa pBzrua ` Bzgaq pδaq

νa pBzrua ` Bzgaq pδaq “ CD

ˇ

ˇ

“

ru ` g
‰a

o

ˇ

ˇ

“

ru ` g
‰a

o

We have chosen a non-classical lifting2 here to gain explicit control on the solution by the source term ug

and simplify the computation that will be used in property 3.2. Consider the first equation on the domain
Ωa. Multiplying by a test function vT

a P V and integrating on Ωa leads to the formulation:

ż Z8
a

δa

va ¨ fruK
a `

ż Z8
a

δa

Bzva ¨ νaBzrua ` vapδaq ¨ νa pBzruapδaq ` Bzgapδaqq “ ´

ż Z8
a

δa

νaBzva ¨ Bzga

The same stands for the ocean domain. Then multiplying the formulation from the oceanic part by λ´2 and
adding the formulation from the atmospheric part, we get the weak formulation of problem :
Find a unique solution ru P V such that

f
@

ruK,v
D

OA
`
@?

νBzru,
?
νBzv

D

OA
` CD

ˇ

ˇ

“

ru ` g
‰a

o

ˇ

ˇ

“

ru ` g
‰a

o
¨
“

v
‰a

o
“ ´ xBzg, νBzvyOA (12)

for all v P V with x¨, ¨yOA is define in definition 3.2. We define pVmqmě0 the increasing sequence of finite-
dimensional Hilbert subspaces such that V “ Y

mě0
Vm Applying the Brouwer’s fixed point,we show in appendix

6.1 that there exit rum P Vm solution of the weak formulation (12). Taking v “ rum in (12) and using Young
inequality |x2y| ď 2ϵ|x|3{3 ` |y|3{p3ϵ2q we have :

›

›

?
νBzrum

›

›

2

OA
`

2CD

3

ˇ

ˇ

“

rum ` g
‰a

o

ˇ

ˇ

3
ď ν }Bzg}

2
OA `

2CD

3

ˇ

ˇ

“

g
‰a

o

ˇ

ˇ

3
(13)

with να “ }να}L8pΩˆR`q
. There exist a sub-sequence puml

qlě0 and ru P V, such that

• pruml
q converge weakly to ru in V

• pruml
q converge to ru in C0pΩq (Morrey’s inequality)

2For example choosing the lifting gα “ ug
αpZ8

α qpz ´ δαq would allow to have ug P L2pΩq

7



Previous convergence properties gives ruα,mpδαq converge to rupδαq. So
ˇ

ˇ

“

ruml
` g

‰a

o

ˇ

ˇ

“

ruml
` g

‰a

o
converge to

the boundary term in
ˇ

ˇ

“

ru ` g
‰a

o

ˇ

ˇ

“

ru ` g
‰a

o
and ru is a solution of (12). The uniqueness is proved by showing

that if we have two solutions ru, ru1 P V of (12), and choosing v “ ru ´ ru1 they satisfy:

›

›

?
νBz

`

ru ´ ru1
˘›

›

OA
`
`ˇ

ˇ

“

ru ` g
‰a

o

ˇ

ˇ

“

ru ` g
‰a

o
´
ˇ

ˇ

“

ru1 ` g
‰a

o

ˇ

ˇ

“

ru1 ` g
‰a

o

˘ `“

ru
‰a

o
´
“

ru1
‰a

o

˘

“ 0 (14)

Remark that
`“

ru
‰a

o
´
“

ru1
‰a

o

˘

“
`“

ru ` g
‰a

o
´
“

ru1 ` g
‰a

o

˘

And since p}x}x ´ }y}yq px ´ yq ě 0 for all x,y P R2,

we have uniqueness in V. To obtain more regularity, since we have g P H2pΩq and να P C1pΩαq and using
classical method (see for example [Evans, 2022]), we obtain the weak solution ru in H2pΩq and consequently
u “ ru ` g P H2 pΩq.

Theorem 3.1 Existence of solution for the stationary problem Pe : Let g P H1pΩq and να : pz, u˚q

bounded on
`

Ω,R`

˘

. Then there exists at least one couple pue, u˚
e q P H1pΩq ˆ R` solution of (11) such that

}u ´ g}H1pΩq ď }g}H1pΩq and u˚ ď
a

CD

ˇ

ˇ

“

g
‰a

o

ˇ

ˇ (15)

with ν “ }ν}L8 . Moreover if g P H2pΩq and if να P C1Ω ˆ R` then the couple solution pue, u˚
e q is in P H2pΩq ˆ R`

that will be used for theorem 3.3.

Proof. Weak formulation of the non local problem Pe is : Find pru, u˚q P V ˆ R` such that

f
@

ruK,v
D

OA
` x

?
νBzru,

?
νBzvyOA ` CD

ˇ

ˇ

“

ru ` g
‰a

o

ˇ

ˇ

“

ru ` g
‰a

o
¨
“

v
‰a

o
` u˚v˚

“ ´ xBzg, νBzvyOA `
?
CD

ˇ

ˇ

“

ru ` g
‰a

o

ˇ

ˇ v˚ (16)

for all pv, v˚q P V ˆ R`. Using the Brouwer’s fixed point method, we show there exist a solution of the
weak formulation prum, u

˚
mq P Vm ˆ R` satisfying (15), with }rum}H1pΩq ď }g}H1pΩq and u˚

m ď
?
CD

ˇ

ˇ

“

g
‰a

o

ˇ

ˇ.
See appendix 6.1 for details. Same arguments than in the local problem hold for the convergence of a sub-
sequence rum,l to ru P V and u˚

m,l to u
˚ such that pru, u˚q is solution of (16). Then using ναpu˚q P C1pΩq and

g P H2pΩq in the weak formulation gives the a solution of the non local problem Pe in H2pΩq.

Let us now proceed by analyzing the uniqueness of the solution. The general strategy to ensure uniqueness of
the solution of Pe is to consider the model as a fixed-point formulation for a stationary problem. Using a Banach
fixed-point theorem on u˚, we give a criteria on να and source terms g to obtain the uniqueness of a couple solution
pu, u˚q. We first introduce results derived from property 3.1 that will be used to apply the fixed-point method in
theorem 3.2.

Proposition 3.2 Existence of bound global bound in the local solution : Let define

Me :“ sup
u˚PR`

›

›

?
νBzu

›

›

2

OA
with u the unique solution of Lepu˚q (17)

If νpz, u˚q is bounded and if ug P H2pΩq then we can give an upper bound to M depending on source term:

Me ď ν }Bzu
g}

2
OA `

2CD

3

ˇ

ˇ

“

ug
‰a

o

ˇ

ˇ

3
:“ Ge (18)

with ν “ max
αPto,au

}να}L8pΩˆR`q. Moreover we define u˚
max “

`

3
?
CDGe{2

˘1{3
then for every solution u of Lepu˚q we

have
?
CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ ď u˚
max.

Proof. If ug P H2pΩq then we can take g “ ug and r “ 0. From the weak formulation (12) taking v “ ru
we have x

?
νBzu,

?
νBzruyOA ` CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

u
‰a

o
¨
“

ru
‰a

o
“ 0. Rewrite ru “ u ´ g and apply Cauchy-Schwarz and

Young’s inequality gives .

1

2

›

›

?
νBzu

›

›

2

OA
`
CD

3

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

3
ď

1

2

›

›

?
νBzg

›

›

2

OA
`
CD

3

ˇ

ˇ

“

g
‰a

o

ˇ

ˇ

3

If ν is bounded it imply (18). Moreover taking u˚
max such that Ge “ 2pu˚

maxq3{p3
?
CDq we would have

?
CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ ď u˚
max.

8



Theorem 3.2 Uniqueness criteria for the stationary solution : Let ναpz, u˚q bounded, and 0 ă νmα ď

ναpz, u˚q and source term ug P H1pΩq. Assume viscosity profile να satisfy:
›

›

›

›

›

νpz, u˚q ´ νpz, v˚q
a

νpz, u˚qνpz, v˚q

›

›

›

›

›

L8pΩq

ď

´

C
a

CDMe
¯´1

|u˚ ´ v˚| @u˚, v˚ ě 0 (19)

with C2 “ max

ˆ

2
?
2|Ωa|

νma
, λ2

2
?
2|Ωo|

νmo

˙

. Then there exists a unique solution of Pe such that pue, u˚
e q P H1pΩqˆR`.

The condition (19) is hard to check in practice, a Lipschitz condition that implies (19) is :

}νpu˚q ´ νpv˚q}L8pΩq ď
νmα

C
?
CDGe

|u˚ ´ v˚| @u˚, v˚ ě 0 (20)

with Ge define in (18) depending on source term. Moreover, for a u˚
max “

`

3
?
CDGe{2

˘1{3
, we can ensure that

u˚ ď u˚
max and condition (19) and (20) can be restricted to u˚, v˚ P r0, u˚

maxs

Proof. We use a fixed point approach, we define u˚
e the fixed point of the map

F e :“

"

R` ÝÑ R`

u˚ ÝÑ
?
CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ where u is the unique solution of Lepu˚q given by (11a)-(11d)

From proposition 3.1 the local problem Lepu˚q is well-posed in H1 pΩq for a fixed u˚. We pose u˚, v˚ ě 0
and u the unique solution of Lepu˚q and v the unique solution of Lepv˚q. We define w :“ u ´ v P V.
We want to show that F e is a contracting mapping, which means

?
CD

ˇ

ˇ

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ ´
ˇ

ˇ

“

v
‰a

o

ˇ

ˇ

ˇ

ˇ ă |u˚ ´ v˚|. Using

inverse triangular inequality we have
ˇ

ˇ

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ ´
ˇ

ˇ

“

v
‰a

o

ˇ

ˇ

ˇ

ˇ ď
ˇ

ˇ

“

u
‰a

o
´
“

v
‰a

o

ˇ

ˇ “
ˇ

ˇ

“

w
‰a

o

ˇ

ˇ. Applying trace theorem and

Poincare inequality we can bound |wpδαq|2 “
ˇ

ˇ2 xBzw,wyΩα

ˇ

ˇ ď

?
2|Ωα|

νmα

›

›

?
ναBzw

›

›

2

2
, and finally

ˇ

ˇ

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ ´
ˇ

ˇ

“

v
‰a

o

ˇ

ˇ

ˇ

ˇ

2
ď C2

›

›

›

a

νpu˚qBzw
›

›

›

2

OA
with C2 “ max

ˆ

2
?
2|Ωa|

νma
, λ2

2
?
2|Ωo|

νmo

˙

(21)

It now remains to control
›

›

›

a

νpu˚qBzw
›

›

›

2

OA
. Subtracting equations from Lepu˚q and Lepv˚q gives

fwK
α ´ Bz pναpu˚qBzwα ` pνpu˚q ´ νpu˚qqBzvαq “ 0 in Ωα

wpZ8
α q “ 0

νopu˚qBzwopδoq ` pνopu˚q ´ νopv˚qq Bzvopδoq “ λ2νaBzwapδaq ` λ2 pνapu˚q ´ νapv˚qq Bzvapδaq

νpu˚qBzwapδaq ` pνapu˚q ´ νapv˚qq Bzvapδaq “ CD

`
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

u
‰a

o
´
ˇ

ˇ

“

v
‰a

o

ˇ

ˇ

“

v
‰a

o

˘

and energy estimate yields:
›

›

›

a

νpu˚qBzw
›

›

›

2

OA
` CD

`
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

u
‰a

o
´
ˇ

ˇ

“

v
‰a

o

ˇ

ˇ

“

v
‰a

o

˘

¨
“

w
‰a

o
“ ´ xBzwα, pναpu˚q ´ ναpv˚qq Bzvαyα .

Second term in the l.h.s is positive and r.h.s is bounded using :

|xBzwα, pναpu˚q ´ ναpv˚qq BzvαyOA| “

ˇ

ˇ

ˇ

A

a

νpu˚qBzw, η
a

νpv˚qBzv
E

OA

ˇ

ˇ

ˇ

ď
1

2

›

›

›

a

νpu˚qBzw
›

›

›

2

OA
`

1

2
max

αPto,au
}ηα}

2
L8pΩαq

›

›

›

a

νpv˚qBzv
›

›

›

2

OA

with ηα “
ναpu˚q ´ ναpv˚q
a

ναpu˚qναpv˚q
for α P ta, ou. From property 3.2 we have

›

›

›

a

νpv˚qBzv
›

›

›

2

OA
ď Me. If ν satisfy

(19) there exits a L P

”

0, 2
`?
CD

?
MeC

˘´1
ı

such that ηα ď L|u˚ ´ v˚| and using the definition of Me we

have :

CDC
2
›

›

›

a

νpu˚qBzw
›

›

›

2

OA
ď CDC

2L2Me|u˚ ´ v˚|2

and it conclude the proof. The condition (20) is obtained using }ηαpzq}L8pΩαq ď }ναpz, u˚q´ναpz, v˚q}L8pΩαq{νmα .

Also, taking u˚
max such that 3

?
CDG

e ď pu˚
maxq3 then by property 3.2 we have

?
CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ ď u˚
max.
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In sum, the condition for the uniqueness of solutions depends on the bounds and the variations of ν and H1

norm on u. Generally speaking, if the product between }Bu˚ν}L8 and }Bzu}L8 is small compared to the minimum
of ν, we can ensure the uniqueness of the stationary solution u. The control of the H1 norm on u by the source
terms is given by property 3.2. A uniqueness criteria linking the viscosity profile and the source term is given in
theorem 3.2. This criteria states that the product between }Bu˚ν}L8 and norm on source term g must be small
compared to the minimum of ν. A practical application of this condition will be made in paragraph §4.1, where we
analyze the well-posedness of viscosity profiles used in the OA framework.

3.2 Existence and uniqueness of the non-stationary state

In this paragraph we study the well-posedness on the non local problem P given by system (10). We first study
the existence of non stationary solutions in a neighborhood of the stationary state using the method proposed
by [Chacón Rebollo et al., 2014]. A similar case have been studied by [Clement et al., 2023] to the local coupled
problem with nonlinear interface conditions but with constant viscosity. In theorem 3.3, we extend these results to
the non-local coupled problem and the non locality is treated using a Banach fixed point method.

Theorem 3.3 Existence in the neighborhood of a stationary state : If there exists a solution pue, u˚
e q P

H2pΩq ˆ R` to the stationary state Pe and if the viscosity νpz, u˚
e q satisfies

a

CD

›

›

›

›

›

Bu˚νpu˚
e q

a

νpu˚
e q

Bzu
e

›

›

›

›

›

2

OA

ă 2u˚
e (22)

Then there exists pu, u˚q P L2
`

0, T ; H2pΩq
˘

X H1
`

0, T ; L2pΩq
˘

ˆ L2p0, T q a solution of P in an neighborhood of
pue, u˚

e q. Moreover, since pue, u˚
e q is solution of the stationary problem, a condition that would imply (22) is :

›

›

›

›

Bu˚νpu˚
e q

νpu˚
e q

›

›

›

›

2

OA

ă
2u˚

e?
CDGe

(23)

with Ge depend on g is defined in (18).

Proof. The proof is based on the method developed by [Chacón Rebollo et al., 2014], where the authors
consider TKE-type viscosity profiles which bring non-linearity in the main equations. Step are recall in
annexe 6.1. After linearisation around the stationary state, we have to prove that the linear model

$

’

’

’

’

&

’

’

’

’

%

Btvα ` fvK
α ´ Bz pνα,eBzvq “ Bz

`

v˚ν1
α,eBzu

e
˘

` Φ on Ωαˆs0, T r

vαpz, t “ 0q “ Φ0 on Ωo Y Ωa

vαpZ8
α , tq “ Φ8 on s0, T r

νo,e Bzvopδo, tq ` v˚ptqν1
o,eBzu

e
opδoq “ λ2νa,e Bzvapδaq ` λ2v˚ptqν1

a,eBzu
e
apδaq ` ΦI,1 on s0, T r

νa,e Bzvapδa, tq ` v˚ptqν1
a,eBzu

e
apδaq “

?
CDu

˚
e

``“

v
‰a

o
¨ eτ

˘

eτ `
“

v
‰a

o

˘

` ΦI,2 on s0, T r

(24a)

v˚ “
a

CD

“

v
‰a

o
¨ eτ ` Φ˚ (24b)

with notation να,e “ ναpz, u˚
e q, eτ “

“

ue
‰a

o
{
ˇ

ˇ

“

ue
‰a

o

ˇ

ˇ and ν1
α,e “ Bu˚νpz, u˚

e q, is well-posed on X :“ L2
`

0, T ; H2pΩq
˘

X

H1
`

0, T ; L2pΩq
˘

ˆ L2p0, T q for all Y “ pΦ,Φ0,Φ8,ΦI,1,ΦI,2,Φ˚q P Y :“ L2
`

0, T,L2pΩq
˘

,ˆH1 pΩq ˆ

L2 p0, T q
4
. First note that for any Y P Y, if νpz, u˚

e q P C1pΩ ˆ Rq and ue P H2pΩq there exist a unique
solution of (24a) in X . For a given stationary solution pu˚

e ,u
eq of Pe, we define for every Y P Y:

FY :“

"

L2p0, T q ÝÑ L2p0, T q

v˚ ÝÑ
?
CD

“

v
‰a

o
¨ eτ ` Φ˚ where v is the unique solution of (24a)

We want to show that FY is a contracting mapping for all Y P Y. Consider u˚, v˚ P L2p0, T q and u,v the
corresponding solution of (24a), we pose w˚ “ u˚ ´v˚ and w “ u´v. Then, by linearity, pw˚,wq is solution
of (24a) with Y “ 0. Thus an a priori estimate can be computed:

Bt }w}
2
OA `

›

›

?
νBzw

›

›

2

OA
`
a

CDu
˚
e

ˇ

ˇ

“

w
‰a

o

ˇ

ˇ

2 `
cospθτ q2 ` 1

˘

“ ´w˚
@

Bzw, ν
1Bzu

e
D

OA

Using the following bound :

ˇ

ˇw˚
@

Bzw, ν
1Bzu

e
D

OA

ˇ

ˇ ď
›

›

?
νBzw

›

›

2

OA
`

|w˚|2

4

›

›

›

›

ν1
α

?
να

Bzu
e

›

›

›

›

2

OA

10



and integrating on p0, tq gives the apriori estimate:

}w}
2
OA ptq `

ˆ

cospθτ q2 `
1

2

˙
ż t

0

a

CDu
˚
e

ˇ

ˇ

“

w
‰a

o

ˇ

ˇ

2
ď

1

4

›

›

›

›

ν1
α

?
να

Bzu
e

›

›

›

›

2

OA

ż t

0

|w˚|2

Therefore, if νpu˚
e q and pue, u˚

e q satisfy (22) then FY is a contracting mapping in L2p0, T q for all Y P Y.

The existence of a non-stationary solution, as shown by criteria (22), requires the product between Bu˚ν{
?
ν and

Bzu to be small enough. Product of the same nature has been found in theorem 3.2 when analyzing the uniqueness
of a stationary solution. It highlighting the key role of this product when we use the fixed point method.

Similarly, the general non-local problem P is considered as a fixed point problem on u˚ considering local problem
Lpu˚q defined in definition 3.1. The main difficulty encountered in the time dependency of ν. First remark that,
by definition, the time regularity of ν is the time regularity of u˚. Then, to apply the Banach’s fixed point as in
theorems 3.2 and 3.3, the time regularity on ν has to be chosen such that it ensures the same regularity for the trace
of the solution uαpδα, tq. Moreover, as it appears in the stationary state, the criterion will depend on the L8p0, T ;Vq

norm of u a solution of the local problem Lpu˚q. We show in property 3.3 that taking ν P C1
`

r0, T s ˆ Ω
˘

guarantees
u P L8p0, T ;Vq and uαpδq P C1r0, T s. This regularity is then used in the Banach’s fixed point method in theorem
3.4 to give a criteria on the well-posedness.

Proposition 3.3 Well-posedness of the local system Lpu˚q : We suppose a given να P C1
`

r0, T s ˆ Ωα

˘

.

Then, for g P H2
`

0, T ; H1 pΩq
˘

and u0 P H2pΩq we have a a unique solution u P L2p0, T ; H2pΩqq XH1p0, T ;Vq of the

local problem Lpu˚q given by (??)-(??). Especially we have u P L8p0, T ;Vq and Bt
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ P C0r0, T s that will be
useful for theorem 3.4.

Proof. Model (10) involves a non homogeneous external boundary conditions in Z8
α . To write the problem in

his weak formulation, we use a lifting that will deletes the external boundary condition. Taking ru “ u ´ g,
the problem we consider in this section is given by :

Btruα ` fruK
α ´ Bz pναpz, u˚ptqqBzruαq “ ´Btgα ` Bz pναpz, u˚ptqqBzgαq on Ωαˆs0, T r (25a)

ruαpZ8
α , tq “ 0 on s0, T r (25b)

ruαpz, t “ 0q “ ru0 on Ωo Y Ωa (25c)

νo Bzruopδo, tq ` νo Bzgopδo, tq “ λ2νa Bzruapδa, tq ` νa Bzga on s0, T r (25d)

νa Bzruapδa, tq ` νa Bzru
g
a “ CD

ˇ

ˇ

“

ru ` g
‰a

o

ˇ

ˇ

“

ru ` g
‰a

o
on s0, T r (25e)

The weak formulation of the local problem Lpu˚q is : for a given u˚ P H1p0, T q find ru solution of

xBtru,vyOA ` f
@

ruK,v
D

OA
` xνpu˚qBzru, BzvyOA ` CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

u
‰a

o
¨
“

v
‰a

o
“ ´ xνBzg, BzvyOA ´ xBtg, rvyOA (26)

for all v P V with u “ ru ` g. Proof is given in appendix 6.2.

For any solution of Lpu˚q, the norm in L8p0, T ;Vq would depends on Btu
˚. In the application of the fixed point

method, u˚ will be obtained from the trace of a previous solution on the local problem, so that, we need to control
the norm of the trace of the solution for all u˚ in a given space. We prove in property 3.4 that this would be possible
by controlling }Btu

˚}L2 and we give a necessary condition to apply the fixed point method used in theorem 3.4.

Proposition 3.4 Existence of bound global bound in L8p0, T ;Vq : Let define

V˚
B :“

!

u˚ P C1p0, T q, }Btu
˚}L2p0,T q ď B

)

for given B ě 0. Suppose g P H2p0, T ; H1pΩqq and u0 P H2pΩq a solution

a solution of the stationary state Pe. We define

M :“ sup
u˚PV˚

B

sup
tPs0,T r

›

›

?
νBzu

›

›

2

OA
with u the unique solution of Lpu˚q (27)

If ν P C1pΩ ˆ Rq, there exist a constant D depending on T and bound on ν such that

M ď DpT, }ν}L8 q

´

}g}
2
H2p0,T ;H1pΩqq `

›

›u0
›

›

2

H2pΩqq

¯

eN
2B2

:“ G (28)
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with N “ max
αPto,au

}Bu˚να{να}
2
L8pΩˆRq. Moreover, there exist condition linking source term g, u0, viscosity profile ν,

B and T such that for all u˚ P V˚
B , the unique solution u of Lpu˚q verify

?
CD

“

u
‰a

o
P V˚

B . This condition can take

the form as a upper bound on norm on g and u0 like

DpT, }ν}L8 q

´

}g}
2
H2p0,T ;H1pΩqq `

›

›u0
›

›

2

H2pΩqq

¯

ď
B2

1 ` 2B2N2eB2N2 (29)

with C2 “ max
αPto,au

?
2|Ωα|

νmα
.

Proof. Suppose u˚ P V˚
B for given B. From weak formulation (26), taking v “ u ´ g it gives

}Btu}
2
OA ` f xrum, BtrumyOA `

@?
νBzu, Bz,tu

D

OA
` CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

u
‰a

o
¨
“

Btu
‰a

o
“ CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

um

‰a

o
¨
“

Btg
‰a

o

` xνBz,tg, BzuyOA ` xBtg, BtuyOA

Integrating in time and using same strategy than in appendix 6.2 to obtain (54), would gives

›

›

?
νBzu

›

›

2

OA
ď B1 `

ż t

0

}µ}
2
L8pΩq

›

›

?
νBzu

›

›

2

OA

Using Gronwall theorem we have }
?
νBzru}

2
OA ď B1 exp

´

şt

0
}µ}

2
L8pΩq

¯

. By hypothesis we have
şt

0
}µ}

2
L8pΩq ď

B2N2 and then M ď B1e
N2B2

. Now using equation (55) on u gives :

ż t

0

›

›

?
νBz,tru

›

›

2

OA
ď B2 `

ż t

0

}µ}
2
L8pΩq

´

›

›

?
νBzu

›

›

2

OA

¯

ď B2 `N2B2M

with B2 depending on g and u0 and bound on ν. Then we can bound
ˇ

ˇ

“

Btu
‰a

o

ˇ

ˇ

2
ď 2

ˇ

ˇ

“

Btru
‰a

o

ˇ

ˇ

2
` 2

ˇ

ˇ

“

Btg
‰a

o

ˇ

ˇ

2
ď

2C2 }
?
νBzru}

2
OA ` 2

ˇ

ˇ

“

Btg
‰a

o

ˇ

ˇ

2
that gives

ż t

0

CD

ˇ

ˇ

“

Btu
‰a

o

ˇ

ˇ

2
ď B2 ` 2

ż t

0

}µ}
2
L8pΩq

´

›

›

?
νBzu

›

›

2

OA

¯

ď B3 ` 2N2B2M

with B3 “ 2C2B2 ` 2
ˇ

ˇ

“

Btg
‰a

o

ˇ

ˇ

2
.Taking the expression of B2 given in (55), there exist Di ą 0 depending on

T and bound on ν such that Bi ď Di

´

}g}
2
H2p0,T ;H1pΩqq `

›

›u0
›

›

2

H2pΩqq

¯

for i P t1, 2, 3u and

B3 ` 2N2B2M ď D3

´

}g}
2
H2p0,T ;H1pΩqq `

›

›u0
›

›

2

H2pΩq

¯´

1 ` 2B2N2eN
2B2

¯

Taking D “ maxDi
iPt1,2u

, if we have (29) then
`

B3 ` 2N2B2
`

M2
˘˘

ď B2 and

b

CD

şt

0

ˇ

ˇ

“

Btu
‰a

o

ˇ

ˇ

2
ď B.

Remark the condition (29) is not optimal and can be improved for specific g. Generally speaking the product
between the variation on ν and global norm on the source term have to be small enough. This condition is of same
nature as the uniqueness criteria previously established in the stationary state. Consequently, the condition (29) is
an additional criteria to the well-posedness criteria that we will be establish in theorem 3.4. We now have all the
tools necessary to apply the fixed point method on the non-stationary and non-local problem.

Theorem 3.4 Existence and uniqueness of the non local problem : Let g P H2p0, T ; H1pΩqqXL8p0, T ; H2pΩqq

and u0 P H2pΩq a solution of the stationary state Pe with source term gpt “ 0q. We suppose νpz, u˚q P C1
`

Ω ˆ R`

˘

.
We suppose g, and ν such that there exist B ě 0 satisfying condition (29). If να also satisfy

›

›

›

›

›

νpz, aq ´ νpz, bq
a

νpz, aqνpz, bq

›

›

›

›

›

L8pΩq

ď

´

C
a

CDM
¯´1

|a´ b| @a, b ě 0 (30)
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with M define in proposition 3.4, then there exist a unique solution of P given by (25) such that pu, u˚q P

L2p0, T ; H2pΩqq X H1p0, T ; H1pΩq ˆ C1r0, T sq, and }Btu
˚}L2p0,T q ď B. A Lipschitz condition depending on source

term that implies (30) is

}νpz, aq ´ νpz, bq}L8pΩq ď
νmα

C
?
CDG

|a´ b| @a, b ě 0 (31)

with G given by (28). The condition (29) imply that G is decreasing when }g}H2p0,T ;H1pΩqqXH1p0,T ;H2pΩqq, and B
decrease.

Proof. The proof follow the same step than in the stationary state. We consider the map

F :“

"

V˚
B ÝÑ V˚

B

u˚ ÝÑ
?
CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ where u is the solution of Lpu˚q given by definition 3.1

According to theorem 3.1, there exist solution of the stationary problem pu0, u˚
e q P H2pΩq ˆ R`with source

term g0 P H2pΩq. If g P H1p0, T ; H2pΩqq then gpt “ 0q P H2pΩqq and pu0, u˚
e q satisfy the compatibility

solution. According to proposition 3.4 if u˚ P V˚
M,B with u˚p0q “ u˚

e then the unique solution u of Lpu˚q is

such that
?
CD

ˇ

ˇ

“

u ` g
‰a

o

ˇ

ˇ P V˚
M,B . We want to show that F is a contracting mapping and the proof follow

the step for the stationary state. We pose u˚, v˚ P C1r0, T s and u the unique solution of Pepu˚q and v
the unique solution of Pepv˚q. We define w :“ u ´ v. We want to find a condition to ensure that F is
a contracting mapping, which means

?
CD

ˇ

ˇ

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ ´
ˇ

ˇ

“

v
‰a

o

ˇ

ˇ

ˇ

ˇ ă |u˚ ´ v˚|. Subtracting equation on u and v
gives:

}u ´ v}
2
OA ptq `

ż t

0

›

›

›

a

νpu˚qBz pu ´ vq

›

›

›

2

OA
`

ż t

0

A1 “ ´

ż t

0

A

a

νpu˚q pu ´ vq, η
a

νpv˚qv
E

OA

with η “ pνpu˚q ´ νpv˚qq{
a

νpu˚qνpv˚q and A1 “ CD

`“

ru
‰a

o
´
“

rv
‰a

o

˘

¨
`
ˇ

ˇ

“

ru
‰a

o

ˇ

ˇ

“

ru
‰a

o
´
ˇ

ˇ

“

rv
‰a

o

ˇ

ˇ

“

rv
‰a

o

˘

. Remark

that CD|
ˇ

ˇ

“

ru
‰a

o

ˇ

ˇ ´
ˇ

ˇ

“

rv
‰a

o

ˇ

ˇ |3 ď A1. Using (21) we have
şt

0

ˇ

ˇ

ˇ

ˇ

“

ru
‰a

o

ˇ

ˇ ´
ˇ

ˇ

“

rv
‰a

o

ˇ

ˇ

ˇ

ˇ

2
ď C2

şt

0

›

›

›

a

νpu˚qBz pu ´ vq

›

›

›

2

OA
and

then
ż t

0

›

›

›

a

νpu˚qBz pu ´ vq

›

›

›

2

OA
ď M max

αPto,au

ż t

0

}ηα}
2
L8pΩαq

Injecting (30) it conclude the proof. Criteria (31) is obtained using ναpz, u˚q ě νmα for all z, u˚ and definition
on G.

As the Banach’s fixed point method is applied in the same way in the stationary and the non stationary state,
the well-posedness criteria for the non stationary state contains the same ingredients as the uniqueness criteria
for the stationary state. Generally speaking, the product between }Bu˚ν}L8 and norm on source term g have to
be small compare to the minimum of ν. In the non-stationary state, an additional condition of the same nature
have to be verified to apply the fixed-point method. Note that the uniqueness criteria given theorems 3.1 and 3.3
are sufficient criteria. Then for viscosity profile with large variations these conditions can be too restrictive and
it not properly answer the question of the uniqueness of solution. We will see in section 4 that this is the case
with viscosity profile specific to the OA framework and will give another method to answer the question of the
uniqueness of solution in the stationary state for this specific viscosity profile.

4 Well-posedness for KPP viscosty profiles

In §3.1, the existence of a solution in the stationary state has been proved for a general parametrized viscosity profile
νpz, u˚q. However the uniqueness of the solution is proved only for very smooth profiles of ν. In this section, we
discuss the uniqueness of a solution for viscosity profiles used in realistic OA coupled models as given by definition
2.1. We will see in §4.1 that the criteria given in the general case cannot ensure the uniqueness of solution for
parameters with orders of magnitude of OA coupling models. To answer the question of uniqueness, we give a
necessary and sufficient condition in the stationary state in §4.2. This condition can be computed by solving the
stationary problem analytically. This is done in §4.3 for approximated KPP viscosity profiles. We will see that
there is non uniqueness of solutions because the size of the buffer zone (delimited by rδo, δas) is fixed. Throughout
this section, we define values of u˚ that are considered as physically acceptable in the context of OA coupling.
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Definition 4.1 Interval of u˚ : Since u˚ is related to the thickness of the turbulent layer |hα|, values of u˚ are
limited by their physical definitions and by the constraint hα P pδα,Z

8
α q. Under these constraints, we define I˚ as

the interval of u˚ corresponding to physically acceptable values

I˚ :“

ȷ

max

ˆ

δa
ca
,
δo
co

˙

,min

ˆ

Z8
a

ca
,
Z8
o

co

˙„

“ su˚
min, u

˚
maxr (32)

Depending on the reference values given by definition 2.2, this gives I˚ «s0.001, 0.7r.

4.1 Non-uniqueness for OA order of magnitude

In section 3 we have established criteria to ensure the well-posedness of the non-local problem in a general framework.
In this paragraph, we wish to apply these results considering parameters of the order of magnitude of realistic OA
coupling. As a first approximation, we suppose g to be constant in each domain.

Remark (Bound on the viscosity profile). Before applying the different criteria, note that KPP vicosites are not
bounded from their parametrisation, (}ν}L8pΩq can tend to infinity when u˚ goes to 0 or infinity) but since we

assume a bounded interval of u˚ P I˚, we can define ν outside on I˚ as constant and ensure that ν and B˚
uν are

bounded.

Here we want to test the existence criteria given in theorem 3.1 and the uniqueness criteria given in theorem 3.2
for a specific KPP viscosity profile. It depend on quantity Ge which can be express in terms of the source terms g.

Property 4.1 Criteria of uniqueness for constant source terms : We suppose gα to be constant and u˚
max

is given by definition 4.1.

Me ď
1

3
CD

ˇ

ˇ

“

ug
‰a

o

ˇ

ˇ

3
:“ Ge (33)

If

Ge ď min

˜

pu˚
maxq3

3
?
CD

; min
αPto,au

pνmα q2

CDC2 }Bu˚να}
2
L8pΩqˆr0,u˚

maxs

¸

(34)

then we have a unique solution of the non local problem Pe satisfying u˚ ď u˚
max.

Proof. Applying weak formulation (12) to Bzg “ 0 would provides (33). Then the first minimizer in (34)
ensure existence of solution such that u˚ ď u˚

max, moreover it would provide
?
CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ ď u˚
max. The second

minimizer would imply the the uniqueness criteria (20) for u˚ ď u˚
max.

Existence of solution in OA framework According to theorem 3.1, there exist (at least one) solution of the
stationary problem such that u˚ ď

?
CD

ˇ

ˇ

“

g
‰a

o

ˇ

ˇ. Considering the order of magnitude of realistic OA coupling we

have
ˇ

ˇ

“

g
‰a

o

ˇ

ˇ « 10ms´1, that gives u˚ ď 0.3ms´1 which is consistent the value expected by definition 4.1. We can
now test the existance of non-stationary solution in the neighbour of stationary solution given by the theorem 3.3.
Considering KPP viscosity profiles given by definition 2.2, we compute numerically N “ }Buναpu˚q{pναpu˚qq}L8pΩq

which turns out to be of the order of, at least, 104 (see figure 2). The criteria (23) would be equivalent to
ˇ

ˇ

“

g
‰a

o

ˇ

ˇ ď

´

6u˚
e {pC

3{2
D N2q

¯1{3

« 0.1pu˚
e q1{3 Ps4 ˆ 10´5, 7 ˆ 10´2r ms´1 that would be much more smaller than the

value expected in the OA framework.

Application of uniqueness criteria in OA framework . From the definition 4.1 we have u˚
max « 0.7. The first

bound in (34) enquires
ˇ

ˇ

“

g
‰a

o

ˇ

ˇ ď u˚
max{

?
CD that is consistent with the OA order of magnitude. However, the second

bound depend on variation on ν. Taking O’Brien viscosity profile given by (2.2) we have }Buνα}8 “ 2κ|cα|u˚{3
?
3,

its values for the atmosphere domain are draw in figure 2 and turn out to be of the order of, at least, 105. For
example in the atmosphere domain, criteria (2.2) can be rewrite as

max
αPto,au

}Buναpu˚q}L8pΩq

?
CDGeC

νmα
« 3.6 ˆ 105

ˇ

ˇ

“

g
‰a

o

ˇ

ˇ

3{2
u˚ ď 1 (35)

Then order of magnitude for
ˇ

ˇ

“

g
‰a

o

ˇ

ˇ of for u˚ such that we have uniqueness of solution have to be much more smaller
than the value expected in the OA framework.
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Non-uniqueness in the OA framework In general, the viscosity profile conditions required to guarantee
solution uniqueness are very restrictive and cannot be expected in the context of OA coupling. Here the criteria
are sufficient but not necessary, and the bounds on the V norms to illustrate the purpose are taken broadly as a
function of the source term. Therefore the fixed-point method as proposed here does not seem to be well adapted
to fully answer the question of the well-posedness of the coupled problem. Either the bounds are too large, or
the problem arises from the nature of the viscosity profiles with the constraints given by the model (see §2.2). To
answer this question, we solve the non-local problem in the stationary state for some specific viscosity profiles.

4.2 A necessary and sufficient condition for the stationary problem

Section 3 was considering the coupled system as a fixed-point problem, and the obtained well-posedness criteria
is too restrictive to be used in the OA context. Let assume that, in the stationary case, the problem can be
solved with some given viscosities that allow us to compute explicit solution of (10), and thus lead to a necessary
and sufficient well-posedness criteria for existence and uniqueness of solutions. We seek to compute the explicit
stationary solution considering constant in time and space geostrophic currents. Considering KPP viscosities leads
us to consider values of u˚ P I˚ for which viscosities have a physical meaning. Note that we will rewrite the interface
condition as νapδa, u

˚qBzuapδ, tq “
?
CDu

˚
“

u
‰a

o
. The obtained system is equivalent to (10) and the following results

will also hold to the original system (10) since the criteria given here is a necessary and sufficient condition for the
well-posedness.

In the following, we will use the following change of variable to reduce the system (10) to a complex-variable
system. Let us pose

Φα :“
1

?
2

ˆ

1 i
1 ´i

˙ˆ

uα
vα

˙

“:

ˆ

ϕα,1
ϕα,2

˙

and Φg
α :“

1
?
2

ˆ

1 i
1 ´i

˙

gα

Using this change of variable in (10) gives
ˆ

if 0
0 ´if

˙

Φα ´ Bz pναpz, u˚q BzΦαq “

ˆ

if 0
0 ´if

˙

Φg
α on Ωα, (36a)

ΦαpZ8
α q “ Φg

αpZ8
α q (36b)

νo BzΦopδo, tq “ λ2νa Φapδa, tq (36c)

νδa BzΦapδa, tq “ u˚
a

CD pΦapδa, tq ´ Φopδo, tqq (36d)

u˚ “
a

CD

›

›Φδ
a ´ Φδ

o

›

› (36e)

with α P to, au and }Φ} “

b

Φ
T
Φ. Note that the change of variable conserves the norm i.e. }u}2 “ }Φ}2. We have

a pair of equation systems that can be translated as ϕα,1 “ ϕα,2 and }u} “ }Φ} “
?
2|ϕα,1| “

?
2|ϕα,2|. Finally

system (36) can be split in two independent system, one on ϕα,1 and one ϕα,2. Considering f ą 0 and f ă 0 to
taking into account the two systems of equations on ϕα,1 and ϕα,2 we obtain the system

ifϕα ´ Bzpναpu˚, zqBzϕαpzqq “ ifϕgα on pδα,Z
8
α q (37a)

ϕαpZ8
α q “ ϕgαpZ8

α q (37b)

νopu˚, δoq Bzϕopδoq “ λ2νapu˚, δaq Bzϕapδaq (37c)

νapu˚, δaq Bzϕapδaq “
a

CDu
˚ pϕapδaq ´ ϕopδoqq (37d)

u˚ “
a

2CD |ϕapδaq ´ ϕopδoq| (37e)

Definition 4.2 Definition of Sα : For a given νpu˚, zq, solutions of
"

ifϕα ´ Bzpναpu˚, zqBzϕαpzqq “ 0 on pδα,Z
8
α q

ϕαpZ8
α q “ 0

(38)

are given by Aαpu˚qψαpz, u˚q, where Aα does not depend on z and ψ is composed by generating solution of the
first line of (38). We define

Sαpu˚q :“
ψpδα, u

˚q

ναpδα, u˚qBzψpδα, u˚q
(39)

Some profiles of Sα have been given in [Thery et al., 2022] for different types of viscosity profiles.
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Theorem 4.1 Well-posedness criteria : Let us define

F :

$

&

%

I˚ ˆ r2πr Ñ C

pu, θq Ñ
ueiθ

?
2CD

`

1 ´ u
?
CDSapuq ` λ2u

?
CDSopuq

˘ (40)

Then problem (37) is well-posed on I Ă I˚ if and only if F is injective on I ˆ r2πr. This amounts to determine the
largest interval I Ă I˚ such that

ˇ

ˇ

ˇ

ˇ

Bu

ˆˇ

ˇ

ˇ

ˇ

u
b

C´1
D ´ u2Sapuq ` λ2u2Sopuq

ˇ

ˇ

ˇ

ˇ

˙
ˇ

ˇ

ˇ

ˇ

ą 0 @u P I Ă I˚ (41)

If ϕgα are constant we have the equality:

ϕga ´ ϕgo “ F pu˚, argpϕapδaq ´ ϕopδoqqq (42)

Proof. Let pose ψp
α a particular solution of the main equation (37a)-(37b) and solutions in each domain can

be written as ϕαpzq “ Aαψαpzq ` ψp
αpzq. Using interface conditions and definitions of Sα, we have:

ϕapδaq ´ ϕopδoq “ ψp
apδaq ´ ψp

opδoq `Aaψapδaqp1 ´ λ2S´1
a Soq

“ ψp
apδaq ´ ψp

opδoq ` u˚
a

CD

`

ϕδa ´ ϕδo
˘

Sap1 ´ λ2S´1
a Soq

ψp
apδaq ´ ψp

opδoq “ pϕδa ´ ϕδoqp1 ´
a

CDu
˚Sa ` λ2

a

CDu
˚Soq (43)

Let u˚ “
?
2CD|ϕδa ´ ϕδo| and θ “ argpϕδa ´ ϕδoq, which gives (42). Define G the application from R2 into R2

as G : pu˚, θq Ñ p|F pu˚, θq|, argpF pu˚, θqqq. Then G is a diffeomorphism from I Ă I˚ ˆ r0, 2πr to F pI, r0, 2πrq

if detpJGpu˚, θqq ‰ 0 for all pu˚, θq P I ˆ r0, 2πr with JG the Jacobian matrix of G. Then

JGpu, θq “

ˆ

Bu|F pu, θq| Bθ|F pu, θq|

BupargpF pu, θqqq BθpargpF pu, θqqq

˙

“

ˆ

Bu|F pu, θq| 0
BupargpF pu, θqqq 1

˙

Then detpJGqpu, θq “ Bu|F pu, θq|. If ϕgα is constant, it is a particular solution of (37a)-(37b) and we obtain
(42) from (43).

Property 4.2 Particular case with no Coriolis force pf “ 0q : Let consider the simpler case where the
Coriolis force is neglected (f “ 0) in the system (37). Then (37a)-(37b) can be solved3 for every ν with

Sα “ ´Xα

ż

Ωα

ν´1
α dz where Xa “ 1 and Xo “ ´1 (44)

and the well-posedness criteria (41) is an analytic expression on u˚. Under the hypothesis of KPP viscosity profiles
(definition 2.1), we find that the problem (37) is well-posed on the interval

I “

ȷ

u˚
min,min

ˆ

u˚
max,

2

3
w˚

˙„

(45)

with w˚ «
Z8
a ´ λZ8

o

ca ´ λco
, and in the context of OA coupling w˚ «

Z8
a

ca
“ u˚

max.

Proof. If f “ 0 the resolution of (37a)-(37b) gives ναpz, u˚qBzuα “ Cα with Cα a constant in z. The

interface condition can be written as λ´2Co “ Ca. Then rϕαpzq “ ´Xα

ş

pz,Z8
α q
Cαν

´1
α pz1qdz1 where Xa “ 1

and Xo “ ´1, which leads to (44). Under the hypotheses of definition 2.1, and especially νmα ! Dαpu˚, zq for
all z P pδα, hαp1 ´ ϵqq, and using νmo “ λνma , we can approximate:

Sα « ´Xa
|Z8

α ´ hα|

νmα
´ Sa ` λ2So «

Z8
a ´ λZ8

o ´ pha ´ λhoq

νma
Bu

`

´Sa ` λ2So

˘

« ´
ca ´ λco
νma

(46)

Note S “ ´Sa `λ2So ą 0 and condition (41) can be rewritten as
ˇ

ˇ

ˇ

?
CD

´1
` Bu

`

pu˚q2Spu˚q
˘

ˇ

ˇ

ˇ
ą 0. Then the

problem is well-posed if Bu
`

pu˚q2Spu˚q
˘

ą 0 or
ˇ

ˇBu
`

pu˚q2Spu˚q
˘
ˇ

ˇ ă
?
CD

´1
. Since νma ! u˚

?
CD, we can

consider only Bu
`

pu˚q2Spu˚q
˘

ą 0. The expression from (46) gives us the the root
2

3
w˚.

3Remark that we consider f “ 0 in the equation, but hα still depending on f and we use a realistic value of f for hα definition
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Figure 1: Left panel: computed Sα (plain lines) for O’Brien KPP viscosity profile (definition (2.2)) and their approximations
given by (44) (dashed lines). Curves are superimposed. Right panel: corresponding profile of

ˇ

ˇ

“

ϕg
‰a

o

ˇ

ˇ “ |F pu˚
q|

Figure 2: Left panel: O’Brien KPP viscotity profile νObrien
a given by (9) (plain line), ν1,a (dashed line) and ν2,a (dotted line)

given by definition 4.3 for different values of u˚. Right panel: the corresponding values of }Buν}L8pΩaq
{νm

a (black

lines) and Napu˚
q “

›

›Buνpu˚
q{νpu˚

q
›

›

L8pΩaq
(grey line) for νObrien

a only.

This result illustrates the fact that there is non-uniqueness of solutions, and this non-uniqueness is inherent in
the OA order of magnitude (with a global shape such that να " νmα on pδα, hαq). For viscosity profiles given by
definition 2.1, figure 1 presents the computed Sα, the profile of

ˇ

ˇ

“

ϕg
‰a

o

ˇ

ˇ “ |F pu˚q| for u˚ P I˚, and their respective
approximations given by (44).

4.3 Application to KPP viscosity profiles

The resolution of (37a) cannot be explicitly computed for a general viscosity profile if f ‰ 0. Here we propose
to consider KPP viscosity profiles as given by definition 2.2. The parameterization of ν in the context of OA
coupling is generally given by a third-order polynomial in z to suit the hypotheses of the KPP viscosity profile. In
order to simplify the resolution of (37a), we propose to approximate the viscosity by a second-order polynomial.
This approximation can be justified by the concave profile of the viscosity profiles in the turbulent zone pδα, hαq.
However, a third-order viscosity profile being necessary to ensure C1 regularity of ν in hα, we will assume here that
considering only C0 regularity on ν to compute S is not significant (indeed ν is not C1 but Buν is bounded). To
remain consistent with the OA context, we build a viscosity profile that verifies the KPP viscosity profile hypotheses
(see definition 2.1) except the C1 continuity in hα.
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Definition 4.3 Definition and hypotheses on approximation of ν : To guarantee that the assumptions
of definition 2.1 are satisfied, and to ensure a relevant approximation, we will make the approximation that
νapproxα phαq “ ναphαq “ νapproxα pz “ 0q “ ναpz “ 0q “ νmα . One degree of freedom remains to approximate ν,
which must guarantee the concave shape of νapprox, and thus we add the condition νapproxpδαq « νpδαq. We denote
this last degree of freedom Aα such that:

νapproxα “

$

&

%

να “ νmα on phα,Z
8
α q

DαpzqHeaviside

ˆ

1 ´
z

hα

˙

` νmα P P 2pRq on p0, hαq
(47a)

with Dαpzq “ Kαzpz ´ hαq ą 0, Dαpδq in the order of magnitude of κu˚δα (47b)

Two examples of such approximations of νObrien (given by (9)) are proposed here:

1. to ensure ν1,αpδαq “ νObrien
α pδαq for all u˚, we take K1,α “ ´κu˚|δα ´ hα|{h2α.

2. to ensure }ν2,αpu˚q}L8pΩq
“
›

›νObrienpu˚q
›

›

L8pΩq
for all u˚ we take K2,α “ ´16κ{p27|cα|q

According to figure 2, }Buν1,α}L8pΩq
and }Buν2,α}L8pΩq

is of the same order of magnitude than
›

›Buν
Obrien
α

›

›

L8pΩq
.

Property 4.3 Resolution of the equations on each subdomain : Supposing f ‰ 0, then for KPP viscosity
profiles given by definition 4.3 with Dα “ Kαzpz ´ hαq we have :

ναpδαqSα « δα

ˆ

ln

ˆ

δα
hα

˙

´ p1 ` ξαq´1

˙

ξ “ ´
1

2

´

1 `
a

1 ` if{Kα

¯

(48)

This result is an asymptotic approximation of an exact computation of S given in appendix 6.3 by (56).

Proof. Using approximation (47), we can now solve the system (38). For each u˚, we separate each domain
into two parts:

• the free zones, where interface turbulence has no impact, pz P phα,Z
8
α qq :

pφαpzq “ Bα,l

´

eςαz ´ eςαp2Z8
α ´zq

¯

Bz pφα “ ςαBα,l

´

eςαz ` eςαp2Z8
α ´zq

¯

with ςα “

c

if

νmα

• the turbulent zone, close to the interface pz P pδα, h
˚
αqq :

φαpzq “ Cα,tPαprαpzqq `Bα,tPαp´rαpzqq

Bzφαpzq “
Xαξαpξα ` 1q

hα
?
1 ` 4µα

pCα,tGαprαpzqq ´Bα,tGαp´rαpzqqq

with Xo “ ´1, Xa “ 1, rαpzq “ Xαp1 ´ 2z{hαq{
?
1 ` 4µα, µα “ νmα {p|Kα|h2αq. P and G are Legen-

dre polynomials which can also be written in terms of hypergeometric function Pαprpzqq “ 2F1pξα `

1,´ξα, 1, p1 ´ rpzqq{2q, and Gαpηpzqq “ 2F1pξα ` 2, 1 ´ ξα, 2, p1 ´ rpzqq{2q. For a justification of this re-
sult see [Thery et al., 2022].

Results in property 4.3 are then obtained by considering a solution in C1pΩαq and using some asymptotic
expansions mostly based on the fact that µ ! 1. See appendix 6.3 for the full computation to obtain (56)
and (48).

Theorem 4.2 Non-uniqueness for KPP viscosity profiles : The well-posedness criteria (41) applied to the
problem (37), gives the following well-posedness properties for every viscosity profiles as given in definition 4.3:

• There exists a unique solution to the problem (37) on s2u˚
min, u

˚
maxs if

1 ´
κ

2
?
CD

ď
u˚Buναpδα, u

˚q

ναpδα, u˚q
ď 2 `

κ

2
?
CD

ˇ

ˇ

ˇ

ˇ

ln

ˆ

δα
Hα

˙

` 1

ˇ

ˇ

ˇ

ˇ

´1

(50)

In OA order of magnitude we have
κ

2
?
CD

« 5.8 and
κ

2
?
CD

ˇ

ˇ

ˇ

ˇ

ln

ˆ

δα
Hα

˙
ˇ

ˇ

ˇ

ˇ

´1

« 2.
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Figure 3: For KPP viscosity profiles with reference values (see definitions 2.2). Left panel: Sα given for, να,1 in continuous
line, να,2 in dashed line. Black lines correspond to the atmospheric part and grey lines to the oceanic part. Right
panel: the corresponding profiles of

ˇ

ˇ

ˇ

ˇ

“

ϕg
‰ˇ

ˇ

a

o

ˇ

ˇ “ |F pu˚
q| with the same line style. Dot-dashed line and doted line

are superimposed. Black lines correspond to the case of fixed δα and grey lines to the case δα “ hα{4.

• There exists a root w˚ « 2u˚
min to (41) therefore problem (37) has least two solutions on any interval containing

w˚.

Proof. The proof is given in appendix 6.3 and use result (48). It is based on the study of the sign of Bu|F |

given by (40). It shows that assuming (50) for u˚ P I allows to ensure that Bu|F | ą 0 whatever the sign of f .
Also we show that the sign of Bu|F | changes for a w˚ « 2u˚

min which gives non-uniqueness of solution.

Theorem 4.2 shows that, for KPP viscosity profiles, we have the non-uniqueness of solution for physically relevant
values of u˚. Even if an approximation is made on viscosity profiles for the computations, it seems that the well-
posedness issues are inherent to the global KPP viscosity profiles and the OA orders of magnitude. For the reference
OA values from definition 2.2, we plot in figure 3 the Sα as given by (56) and their respective approximations given
by (48). The corresponding profile of

ˇ

ˇ

“

ϕg
‰a

o

ˇ

ˇ “ |F pu˚q| for u˚ P I˚ drawn black in the right panel of figure 3, shows
an inflexion point of |F pu˚q| close to 2u˚

min. Note that, according to the computation in appendix 6.3, the inflection
point w˚ goes to 0 if |δα| goes to 0, and then the equivalent problem considering an interface with zero thickness
would be well-posed. Theorem 4.2 highlights the role of boundary layer parameterization and uniqueness issues
appears for low values of u˚. Indeed, by asymptotics, if u˚ Ñ u˚

min the parametrization at the interface which gives
ν “ κu˚z ` νmα is not consistent with the parametrization in the ocean or atmosphere domains ν Ñ νmα and the
boundary layer becomes more important than the turbulent layer. Non-uniqueness issues is consequently inherent
to the nature of the KPP viscosity profile with fixed boundary layer thickness. Therefore, from a mathematical
point of view, we can solve the problem by assuming that the buffer zone varies as a function of u˚. Under these
conditions, we can show that the problem is generally well posed for viscosity profiles compatible with KPP viscosity
profiles.

Theorem 4.3 Uniqueness for non-fixed buffer zone : Let consider (37) and suppose δα “ βhα for a constant
β ă e´1 « 0.3. Then, there exists an unique solution to (37) in u˚ P ru˚

min, u
˚
maxs if

u˚Buναpδα, u
˚q

ναpδα, u˚q
ď 2 `

κ

2
?
CD

|ln pβq ` 1|
´1

(51)

As an example with β “ 1{4 we have
κ

2
?
CD

|ln pβq ` 1|
´1

« 12

Proof. Replacing δα by βhα in the equation (56) then asymptotic (48) remains true. The proof given in
appendix 6.3 shows that Bu|F | ą 0 for all u˚ in this case.

To illustrate theorem 4.3, the profile of
ˇ

ˇ

“

ϕg
‰a

o

ˇ

ˇ “ |F pu˚q| considering δa “ minpha{4, 10q is drawn in grey in
figure 3 right panel for the two examples να,1 and να,2. Graphs illustrate that, indeed, |F pu˚q| is monotoneous on

19



I˚. Adapting the thickness of the buffer zone to the thickness of the turbulent layer is thus a solution to guaranty
the well-posedness of the stationary problem. However, in numerical models the buffer zone size in fixed by vertical
grid and this assumption could not be directly applied in practice. Nevertheless this example shows that buffer
zone parameterizations have a significant impact on the well-posedness of the problem for low values of u˚ and that
adapting these parameterizations could solve the uniqueness issue encountered with KPP viscosity profiles.

5 Conclusion

To summarize, we constructed here a global OA coupled model considering realistic boundary conditions and taking
into account the numerical strategy used by the actual implemented models. Our coupled model can be described as
a non-local Ekman boundary layer problem with parameterized turbulent viscosity profiles and nonlinear interface
conditions. The non-local property lies in the dependency of the turbulent viscosities to the jump of the solution
around the interface. The interface is described by a buffer zone where solutions are parametrized as it is done in
realistic OA numerical models. The existence of solutions has been proved on a close problem in the stationary
case, and it was shown that the uniqueness of the solution is possible only for viscosity profiles with low variations.
We adapted this method, based on a fixed-point problem, to our model and discussed on the application in the OA
context. A criteria on viscosity profiles that ensure well-posedness in the stationary and non-stationary cases was
given. This criteria implies that the uniqueness of the solution can be ensured for viscosities with slow variations,
which it is not relevant in the OA framework. For the stationary problem, when it is possible to solve the main
equation, we gave a sufficient and necessary well-posedness criteria that ensures existence and uniqueness of a
solution. We first applied this criteria to the problem without Coriolis force leading to a well-posedness criteria for
every parameterized turbulent viscosities. Finally, we applied this well-posedness criteria considering the Coriolis
effect and KPP viscosity profiles. We show that there is non-uniqueness of the solution for an interval of physically
relevant solutions. This non-uniqueness is valid not only for a specific viscosity profile but for a general viscosity
profile which follows the hypothesis imposed in OA context. This uniqueness issue was solved by adapting the
thickness of the interface buffer zone.

This paper is a synthetic work on the well-posedness properties on a simplified but somewhat realistic OA
coupled problem. It confirms that, even in a simplified model, the regularity issues involved by the non-local
behavior of the problem remain valid, both for the stationary and the non-stationary cases. By giving a sufficient
condition on the viscosity profiles to ensure the well-posedness, it highlights that the naive resolution based on a
fixed-point problem is not adapted to the OA framework. Indeed the regularity of the viscosity profiles considered
in this framework does not satisfy the given necessary condition. Also, on the stationary problem where some more
precise computation can be made, results show that the consideration of the Coriolis effect is indispensable and can
change the nature of the solution. The non uniqueness issues are also relevant for viscosities derived from oceanic
and atmospheric models. This issue does not concern only the coupled model but could also appear if we consider
one domain with this interface condition (e.g. the atmosphere forced by the ocean). The non-uniqueness of solution
is related to the combination between the viscosity profiles, the interface condition and the parametrisation in the
interface zone, as used in the realistic OA coupled models. Generally speaking, the non-uniqueness issues appear
because of a incompatibility between the boundary layer parametrisation and the parametrised viscosity profile
when the turbulent layer is small. In this paper, we have tried to stay within the hypotheses considered close to
the realistic models, but improve the compatibility between the viscosity profile and the interface parametrisations
would be a key to ensure the well-posedness of the non-local OA coupling model.
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6 Appendix

6.1 Existence of solution of the stationary weak formulation

Well-posedness of the stationary weak formulation of the local problem, proof of property 3.1 We
define V :“ Va Y Vo such that Vα :“

␣

v P H1pΩαq,vpZ8
α q “ 0

(

and we define pVmqmě0 the increasing sequence of
finite-dimensional Hilbert subspaces such that V “ Y

mě0
Vm and the continuous mapping Φm : Vm Ñ Vm such that

xΦmprumq,vmy “ x
?
νrum,

?
νvmyOA ` f

@

ruK
m,vm

D

OA
` CD

ˇ

ˇ

“

um

‰a

o

ˇ

ˇ

“

um

‰a

o
¨
“

vm

‰a

o
` xBzg, BzvmyOA (52)

with um “ rum ` g The existence of solution rum of Φmprumq “ 0 is proved using a monotonicity method, see
[Evans, 2022] chapter 9 for more details. We need to prove that there exists r ą 0 such that xΦmprumq, rumqy ě 0
for }rum} “ r. We first minimize xΦmprumq, rumy trace theorem we have

Φmprum, rumq “
›

›

?
νBzrum

›

›

2

OA
` CD

ˇ

ˇ

“

um

‰a

o

ˇ

ˇ

3
` xνBzg, BzrumyOA ´ CD

ˇ

ˇ

“

um

‰a

o

ˇ

ˇ

“

um

‰a

o
¨
“

g
‰a

o

ě
›

›

?
νBzrum

›

›

OA

`›

›

?
νBzrum

›

›

OA
´
›

›

?
νBzg

›

›

OA

˘

` CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

2 `ˇ
ˇ

“

ru ` g
‰a

o

ˇ

ˇ ´
ˇ

ˇ

“

gm

‰a

o

ˇ

ˇ

˘

Taking rum “ g then
ˇ

ˇ

“

ru
‰a

o

ˇ

ˇ “ 2
ˇ

ˇ

“

g
‰a

o

ˇ

ˇ and xΦmpgq,gqy ě 0. Applying the Brouwer’s fixed point, there exists a
solution in rum P Vm such that }rum}OA ` }Bzrum}OA ď }g}OA ` }Bzg}OA.

Existence of solution of the non local stationary problem, proof of theorem 3.1 We use the same step
that the proof of the well-posedness of the local problem above, with the additional constraint u˚ “

?
CD

ˇ

ˇ

“

ru
‰a

o

ˇ

ˇ.

Let us note Ψm : Vm ˆ R Ñ Vm ˆ R with Vm Ă V and given by Ψmprum, u
˚q “

`

Φm,u˚ prumq, u˚ ´
?
CD

ˇ

ˇ

“

rum

‰a

o

ˇ

ˇ

˘

and such that Ψmprum, u
˚q ¨ pvm, v

˚q “
@

Φm,u˚ prumq,vm

D

` v˚pu˚ ´
?
CD

ˇ

ˇ

“

rum

‰a

o

ˇ

ˇqq with Φm,u˚ is Φm by (52) with
να “ ναpu˚q. Then using same bounding than previous proof we have:

Ψmprum, u
˚q ¨ prum, u

˚q ě
›

›

?
νBzrum

›

›

OA

`
›

›

?
νBzrum

›

›

OA
´
›

›

?
νBzg

›

›

OA

˘

` CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

2 `ˇ
ˇ

“

ru ` g
‰a

o

ˇ

ˇ ´
ˇ

ˇ

“

g
‰a

o

ˇ

ˇ

˘

` u˚
´

u˚ ´
a

CD

ˇ

ˇ

“

rum ` g
‰a

o

ˇ

ˇ

¯

with να “ }να}8 Taking ru “ g then first term in the r.h.s is zero and so second term in the r.h.s is positive. Also

taking u˚
max “

?
CD

ˇ

ˇ

“

g
‰a

o

ˇ

ˇ. then Ψmpg, u˚
maxq ¨ pg, u˚

maxq ě 0. Thus there exists a solution Ψmprum, u
˚
mq “ 0 with

Vm ˆ r0, u˚
maxs and such that }rum}H1 ď }gm}H1 .
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Recall step to prove existence in the neighborhood of stationary state (theorem 3.3) We adapt from
[Chacón Rebollo et al., 2014] the method to our non-local problem and briefly recall the steps:

1. Suppose a stationary solution pue, u˚
e q P H1pΩq ˆ R` for a source term ue,g

2. Define

Ψpu, u˚q “

$

&

%

Btuα ` fuK
α ´ BzpνpzqBzuαq, uαpt “ 0q ´ ue

α, uαpZ8
α q ´ ue

αpZ8
α q

λ2νaBzuapδaq ´ νoBzuopδoq,

νapδaqBzuapδaq ´ CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

u
‰a

o
, u˚ ´

?
CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

,

.

-

then Ψ is continuous from X :“ L2
`

0, T ; H2pΩq
˘

XH1
`

0, T ; L2pΩq
˘

ˆL2p0, T q to Y :“ L2
`

0, T,L2pΩq
˘

,ˆH1pΩqˆ

L2 p0, T q
4
and differentiable, noted DΨpue, u˚

e q.

3. Prove that

DΨpue, u
˚
e qpv, v˚q “

$

’

’

&

’

’

%

Btvα ` fvK
α ´ Bzpναpz, u˚

e qBzvα ` v˚ν1
αpz, u˚

e qBzu
e
αq,vαpt “ 0q,vαpZ8

α q,
λ2νaBzvapδaq ´ νoBzvopδoq ` v˚pν1

apu˚
e qBzu

e
apδaq ´ λ2ν1

opu˚
e qBzv

e
opδoqq,

νapδaqBzuapδaq ` v˚ν1
apu˚

e qBzu
e
apδaq ´

?
CDu

˚
e

``“

v
‰a

o
¨ eτ

˘

eτ `
“

v
‰a

o

˘

,

v˚ ´
?
CD

ˇ

ˇ

“

v
‰a

o

ˇ

ˇ ¨ eτ

,

/

/

.

/

/

-

with uτ “
“

ue
‰a

o
{
ˇ

ˇ

“

ue
‰a

o

ˇ

ˇ and ν1 “ Bu˚νpu˚q, is continuous and invertible from X to Y

4. Use the inverse theorem to obtain the existence of the solution around pue, u˚
e q.

Finally, we have to show that the differential of Ψ is continuous and invertible from X to Y. To ensure the continuity
of DΨ we have to suppose ν1

α{να P L8pΩq that is given by hypothesis. To show the invertibility of DΨ, we have to
prove that the linear model given by (24a) is well-posed.

6.2 Well-posedness of the local weak formulation

We prove here the propertye 3.3. Suppose first g P H1p0, T ; H1pΩq, and ru0 P H1pΩq and ν P C1pΩˆ r0, T sq. Because
we suppose Ω is one-dimensional space, during all the proof we will use that g P CpΩˆr0, T sq and gαpδαq P H1p0, T q

for α P to, au. We prove the existence of solution for the weak formulation:

xBtru,vyOA ` f
@

ruK,v
D

OA
` xνBzru, BzvyOA ` CD

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

u
‰a

o
¨
“

v
‰a

o
“ ´ xνBzg, BzvyOA ´ xBtg,vyOA

with u “ ru ` g. Using Galerkin method, we can prove that there exists a unique solution of the weak formulation
ru P Cpr0, T s; L2pΩqq X L2p0, T,Vq and rupt “ 0q “ ru0. We define pVmqmě0 the increasing sequence of finite-

dimensional Hilbert subspaces such that V “ Y
mě0

Vm. Suppose rum “ p
ř

ckptqek,
ř

dkptqekqT P Vm with ek and

orthogonal basis of Vm. Then the weak formulation becomes a nonlinear ODE on ck and dk. Since all terms
are continuous, by Cauchy-Lipschitz theorem, there exists a set of solutions with ck, dk P Cr0, T s. Let us suppose
rum P Vm is a solution of the weak formulation. Taking v “ rum, integrating on s0, tr, and applying Cauchy-Schwarz,
Young inequality and Poincaré inquality on each term on the r.h.s , we finally have the apriori estimate:

}ru}
2
OA ptq `

1

2

ż t

0

›

›

?
νBzru

›

›

2

OA
`
CD

3

ż t

0

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

3
ď
CD

3

ż t

0

ˇ

ˇ

“

g
‰a

o

ˇ

ˇ

3
`

ż t

0

›

›

?
νBrg

›

›

2

OA
` 4

ż t

0

}Btg}
2
OA `

›

›

ru0
›

›

2

OA
(53)

Since g P H1p0, T ; H1pΩqq using Morrey inequality we have gαpδαq P Cr0, T s. According to (53), rum P L8p0, T ; L2pΩqqX

L2p0, T ;Vq and Btrum P L2p0, T ; H´1pΩqq. Using Sobolev embedding convergence results, there exists ru P L2p0, T ;VqX

C0pr0, T s; L2pΩqq with Btru P L2p0, T ; H´1pΩqq and a X P L3{2p0, T q such that

• rum converges weakly to ru in L2p0, T,Vq

• Btrum converges weakly to Btru in L2p0, T ; H´1pΩqq

•
ˇ

ˇ

“

rum

‰a

o

ˇ

ˇ

“

rum

‰a

o
converges weakly to X in L3{2p0, T q

• rum converges to ru in L2p0, T ; L2pΩqq.
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To prove that ru is the solution of the weak formulation, we have to prove that X is the term CD

ˇ

ˇ

“

ru
‰a

o

ˇ

ˇ

“

ru
‰a

o
. Because

we are in 1D, ru P L2p0, T,C0pΩqq and then rumpδq converges to rupδq in L2pr0, T sq. It implies that
ˇ

ˇ

“

um

‰a

o

ˇ

ˇ

“

um

‰a

o

converges weakly to
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

“

u
‰a

o
in L3{2pr0, T sq. Finally, since νptq is continuous and bounded ru is a solution of the

weak formulation with rupt “ 0q “ ru0. The proof of the uniqueness of the solution is based on the same argument

than in the stationary case to treate the non-linear terms (see (14)). Now, we want a bound for }
?
νBzru}

2
OA in

L8p0, T q that will be necessary for theorem 3.4. Taking v “ Btrum in the weak formulation:

}Btrum}
2
OA ` f xrum, BtrumyOA `

@?
νBzrum, Bz,trum

D

OA
` CD

ˇ

ˇ

“

um

‰a

o

ˇ

ˇ

“

um

‰a

o
¨
“

Btum

‰a

o

“ CD

ˇ

ˇ

“

um

‰a

o

ˇ

ˇ

“

um

‰a

o
¨
“

Btgm

‰a

o
´ xνBzg, Bz,trumyOA ´ xBtg, BtrumyOA

The term in f will disappear after integrating in time, indeed
şt

0

@

ruK
m, Btrum

D

OA
“
@

ruK
m, rum

D

OA
ptq´

@

ruK
m, rum

D

OA
pt “

0q ´
şt

0

@

Btru
K
m, rum

D

OA
“ ´

şt

0

@

Btru
K
m, rum

D

OA
and by symmetry

şt

0

@

ruK
m, Btrum

D

OA
“

şt

0

@

Btru
K
m, rum

D

OA
so the term is

null. Also using

ż t

0

`

Bt
“

um

‰a

o

˘

¨
“

um

‰a

o

ˇ

ˇ

“

um

‰a

o

ˇ

ˇ “

„

1

3

ˇ

ˇ

“

um

‰a

o

ˇ

ˇ

3
ȷt

0

and 2

ż t

0

xBtBzrum, νBzrumy “

”

›

›

?
νBzrum

›

›

2

2

ıt

0
´

ż t

0

xBzrum, BtνBzrumy

it gives:

ż t

0

}Btrum}
2
OA `

1

2

›

›

?
νBzrum

›

›

2

OA
ptq `

CD

3

ˇ

ˇ

“

um

‰a

o

ˇ

ˇ

3
ptq “ A0 `

ż t

0

xBzrum ` Bzg, BtνBzrumyOA `

ż t

0

xνBt,zg, BzrumyOA

`CD

ż t

0

ˇ

ˇ

“

rum

‰a

o

ˇ

ˇ

“

rum

‰a

o
¨
“

Btg
‰a

o
´ xBtg, BtrumyOA ´ xBzg, νBzrumyOA

with A0 “
1

2
}
?
νBzru0}

2
OA `

CD

3

ˇ

ˇ

“

u0

‰a

o

ˇ

ˇ

3
. We introduce the notation µ “ Btν{ν. Using Cauchy-Schwarz inequality

and Young inequality on terms on the right hand side, there exist C2 ą 0 such that :

ż t

0

}Btrum}
2
OA `

›

›

?
νBzrum

›

›

2

OA
`
CD

3

ˇ

ˇ

“

rum

‰a

o

ˇ

ˇ

3
ď

ż t

0

}µ}
2
L8pΩq

›

›

?
νBzrum

›

›

2

OA
` C2

ˆ

}g}
2
OA `

ż t

0

›

›

?
νBz,tg

›

›

2

OA

`CD

ż t

0

ˇ

ˇ

“

Btg
‰a

o

ˇ

ˇ

3
`A0 `A1

˙

(54)

with A1 the r.h.s of (53). By hypothesis ν P C1pΩ ˆ r0, T sq then }µ}L8pΩq P C0pr0, T sq and g P H1p0, T ; H1pΩqq,

if we had the hypothesis Btg P L3p0, T ; H1pΩqq so all term in the r.h.s exist. By Gronwall Theorem, we have

}
?
νBzru}

2
OA P C0r0, T s and ru P L2p0, T ; H2pΩqq X L8p0, T ; H1pΩqq X H1p0, T ; L2pΩqq. To obtain better regularity on

Btru, we suppose ru0 P H2pΩq and g P H2p0, T,H1pΩqq. We proceed in a similar way by first deriving the equation
w.r.t. t, then potentially problematic terms are the term in ν and the boundary term. Using BtBzuBtpνBzuq “

νpBtBzuq2 `
1

2
BtνBtzuBzu and BtuBtp|u|uq “ Bt|u|

1

2
Btpu

2q ` |u|pBtuq2 “ pBt|u|q2|u| ` |u|pBtuq2 we have:

1

2
Bt }Btru}

2
OA `

›

›

?
νBtBzru

›

›

2

OA
`
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

´

`

Bt
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

˘2
`
ˇ

ˇ

“

Btu
‰a

o

ˇ

ˇ

2
¯

“
@

B2
t g, Btru

D

OA
`
@?

νBzru, µ
?
νBtBzru

D

OA

`
“

Btg
‰a

o

`

Bt
“

u
‰a

o

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

˘

´
@?

νBzg, µ
?
νBtBzru

D

OA
´
@?

νBzBtg,
?
νBtBzru

D

OA

We integrate on r0, ts and apply Young’s inequality on all r.h.s terms, especially

ż t

0

ˇ

ˇ

“

Btg
‰a

o
Bt
`“

u
‰a

o

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

˘
ˇ

ˇ “

ż t

0

ˇ

ˇ

ˇ

ˇ

“

Btg
‰a

o

b

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

b

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

`

Bt
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ `
ˇ

ˇ

“

Btu
‰a

o

ˇ

ˇ

˘

ˇ

ˇ

ˇ

ˇ

ď

ż t

0

ˇ

ˇ

“

Btg
‰a

o

ˇ

ˇ

2 ˇ
ˇ

“

u
‰a

o

ˇ

ˇ `
1

2

ż t

0

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

´

`

Bt
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

˘2
`
ˇ

ˇ

“

Btu
‰a

o

ˇ

ˇ

2
¯

ď

ż t

0

2

3

ˇ

ˇ

“

Btg
‰a

o

ˇ

ˇ

3
`

ż t

0

1

3

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

3
`

1

2

ż t

0

ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

´

`

Bt
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

˘2
`
ˇ

ˇ

“

Btu
‰a

o

ˇ

ˇ

2
¯
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We conclude there exist constant C3 such that

}Btru}
2
OA ptq `

ż t

0

›

›

?
νBtBzru

›

›

2

OA
`

ż t

0

ˇ

ˇ

“

ru
‰a

o

ˇ

ˇ

´

`

Bt
ˇ

ˇ

“

u
‰a

o

ˇ

ˇ

˘2
`
ˇ

ˇ

“

Btu
‰a

o

ˇ

ˇ

2
¯

ď

ż t

0

}µ}
2
L8pΩq

´

›

›

?
νBzru

›

›

2

OA
`
›

›

?
νBzg

›

›

2

OA

¯

`A2

`C3

ˆ
ż t

0

›

›B2
t g

›

›

2

OA
`

ż t

0

ˇ

ˇ

“

Btg
‰a

o

ˇ

ˇ

3
`

ż t

0

›

›

?
νBz,tg

›

›

2

OA
` }Btru}

2
OA pt “ 0q `A0 `A1

˙

(55)

withA2 the r.h.s of (54). Since ν is bound there exist a C4 ą 0 such that }Btru}
2
OA pt “ 0q ď C4

´

}Bt,zg}
2
OA `

›

›

ru0
›

›

H2pΩq

¯

(see [Evans, 2022], chap. 7 for details). We obtain (using bound (55)) in particular Btru P L2p0, T ; H1pΩqq and
B2
t ru P L2p0, T ; H´1pΩqq that gives Bt

“

u
‰a

o
P C0r0, T s.

6.3 Computations for the stationary problem with KPP viscosity profiles

Proof of property 4.3

Resolution of the equation on each subdomain Considering the equation in the proof of property 4.3, to
have C1pΩαq regularity, especially in h˚

α, we have to add the constraints:

Cα,l “
Aα,tPαprαphαqq `Bα,tPαp´rαphαqq

eςαhα ´ eςαp2Z8
α ´hαq

Bα,t “ ΠαCα,t

Πα “
Gαprαphαqq ´ βαPαprαphαqq

Gαp´rαphαqq ` βαPαp´rαphαqq
βα “

ςα
tanhpςαpZ8

α ´ hαqq

hα
?
1 ` 4µα

Xαξαpξα ` 1q

Finally:

φαpzq “ Cα,t rPαprαpzqq ` ΠαPαp´rαpzqqs

Bz pφαpzq “
Xαξαpξα ` 1q

h˚
α

?
1 ` 4µα

rGαprαpzqq ´ ΠαGαp´rαpzqqs

noting η “ rphq “ ´rp0q, P` “ P pηq and P´ “ P p´ηq:

ναpδαqSα “ Xα
hα

?
1 ` 4µα

ξαp1 ` ξαq

pG´
α ` βαP

´
α qP δ

α ` pG`
α ´ βαP

`
α qP´δ

α

pG´
α ` βαP

´
α qGδ

α ´ pG`
α ´ βαP

`
α qG´δ

α

(56)

with Xa “ 1, Xo “ ´1, and

ηα “ Xα

˜
d

1 `
4νmα

h2α|Kα|

¸´1

ξ “ ´
1

2

´

1 `
a

1 ` if{Kα

¯

βα “
ςα

tanhpςαpZ8
α ´ h˚

αqq

h˚
α

ηαξαpξα ` 1q
ζ “

a

if{νmα

P˘
α “ 2F1pξ ` 1,´ξ, 1, p1 ´ ˘ηq{2q G˘

α “ 2F1pξ ` 2, 1 ´ ξ, 2, p1 ´ ˘ηq{2q

where 2F1 is the hypergeometric function (see [Olver, 2010]).

Asymptotics on hypergeometric function Considering KPP viscosity profiles as in definition 2.1 and approx-
imation (47), we get the order of magnitude:

• 4µ “
4νmα

h2α|Kα|
«

4νmα |h´ δ|

h2ακu
˚

! 1.

•
|f |

|Kα|
«
f |hα ´ δα|

κu˚
ă 4 for reasonable value of f ă 7 ˆ 10´5 s´1 or u˚ not too close from u˚

min. Then we can

pose ξα « ´1 ` ϵα with ϵα P C and |ϵα| ă 1.
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The first inequality allows to write ηα « ´Xα p1 ´ 2µαq and rαpδαq “ ´ηαp1´
2δα
hα

q. We focus on the computation

on the oceanic part; by symmetry the atmospheric part follows the same principle. In the rest of the proof, indices

o are omitted. We can use the following asymptotic taken from [Olver, 2010] and [Barton, 1965] :

P` “ F p1 ` ξ,´ξ, 1, µq « 1 ´ ξp1 ` ξqµ P´ “ F p1 ` ξ,´ξ, 1, 1 ´ µq «
σ ´ lnpµq

Γpξ ` 1qΓp´ξq

P δ “ F p1 ` ξ,´ξ, 1, 1 ´ δ{hq «
σ ´ lnpδ{hq

Γpξ ` 1qΓpξq
P´δ “ F p1 ` ξ,´ξ, 1, δ{hq « 1 ´ ξp1 ` ξq

δ

h

G` “ F p2 ` ξ, 1 ´ ξ, 2, µq « 1 ` p1 ´ ξqp2 ` ξq
µ

2
G´ “ F p2 ` ξ, 1 ´ ξ, 2, 1 ´ µq «

Γp2q

µΓpξ ` 2qΓp1 ´ ξq

Gδ “ F p2 ` ξ, 1 ´ ξ, 2, 1 ´ δ{hq «
hΓp2q

δΓpξ ` 2qΓp1 ´ ξq
G´δ “ F p2 ` ξ, 1 ´ ξ, 2, δ{h˚q « 1 ` p1 ´ ξqp2 ` ξq

δ

2h

with σ “ 2Ψp1q ´ Ψp1 ` ξq ´ Ψp´ξq and Ψ the digamma function. The second inequality implies |ξ| ! 2 thus term
Γpξ ` 2q, Γp1 ´ ξq and σ in the order of magnitude of 1. The term

`

µ´1 ` βξpξ ` 1qplnpµq ´ σq
˘

pσ ´ ln pδ{hqq is
much more bigger than p1 ´ βq p1{pξp1 ` ξqq ´ δ{hq, so terms with pG´ ` βP´q are much more bigger than terms
with pG` ´ βP`q. Finally

φpzq

Bzφpzq
« h

a

1 ` 4µ
δ

h
plnpδ{hq ´ σq « δ plnpδ{hq ´ σq

Using the properties from [Olver, 2010] and Ψp1 ` ξq “ Ψpϵq “ Ψp1 ` ϵq ´ ϵ´1, Ψp´ξq “ Ψp1 ´ ϵq and Ψp1 ` ϵq “
8
ř

k“2

p´1qkζpkqpϵqk´1 we can simplify σ as:

σ “ 2Ψp1q ` ϵ´1 ´ Ψp1 ` ϵq ´ Ψp1 ´ ϵq “ ϵ´1 ` 2
8
ÿ

k“1

ζp2k ` 1qϵ2k

which gives the asymptotic σ « p1 ` ξq
´1

.

Proof of theorem 4.2 and 4.3

Research of an inflexion point We pose Yα “
4Kα

f
then ξα « ´1 ´ iY ´1

α ´ Y ´2
α , with and σα « ´1 ` iYα.

According to the well-posedness criteria (41), we are searching for a solution of

ˇ

ˇ

ˇ

ˇ

Bu

ˆ

u2
´

a

CD

´1
´NaXa ´NoXo

¯2

` u2 pNaYa `NoYoq
2

˙
ˇ

ˇ

ˇ

ˇ

“ 0 (57)

with Xα “ lnpδα{hαq ` 1, Na “ u˚|δa|{νδa and No “ λ2u˚|δo|{νδo where νδα “ ναpδαq. By definition of Kα we
have Yα “ 4

`

νδα ´ νmα
˘

{pfδpδ ´ hαqq. By hypothesys νmα ! νδα and we neglect νmα from the computation. Then
NaYa “ 4u˚{pfpδa ´ haqq and NoYo “ ´4λ2u˚{pfpδo ´ hoqq. The derivative on u˚ gives u˚N 1

α “ NαRα with

Rα “ 1 ´ u˚
`

νδα
˘1

{νδα, X
1
α “ ´1{u˚ and u˚ pNαYαq

1
“ NαYα p1 ` hα{pδ ´ α ´ hαqq.

Equation (57) can be rewritten as Bu˚

`

pu˚q2X2 ` pu˚q2Y2
˘

“ 0 with X “

b

C´1
D ´ NaXa ´ NoXo, and

Y “ NaYa `NoYo. Then we look for a solution of X pX ` uX1q ` Y pY ` uY1q “ 0. We have

X ` u˚X1 “

b

C´1
D ´NaXa `Na p1 ´XaRaq ´NoXo `No p1 ´XoRoq

and Y ` u˚Y1 “ NaYa

ˆ

2 ´
ha

ha ´ δa

˙

`NoYo

ˆ

2 ´
ho

ho ´ δo

˙

First remark that the sign of f does not impact the sign of Y pY ` uYq. It comes Y pY ` uYq ą 0 if hα ą 2δα and
negative if hα ă 2δα for α P to, au. Because of the scale λ2 ! 1 on No, the root of Y`uY is close to 2δa{ca “ 2u˚

min

. We will show that, under assumption that u˚is not too large, the order of magnitude of X pX ` u˚X1q is much
more small compare to the order of magnitude of Y pY ` u˚Y1q. And so there exist a root close to the root of
Y ` u˚Y1 that is in the order of magnitude of 2u˚

min.

26



• The order of magnitude of |NaYa| “ 4u˚|ha ´ δa|´1|f |´1 P r24,8r. Especially, when u˚ is not too large, the
order of magnitude of |NaYa| (for example, ha ă Z8

a {2 gives |NaYa| ą 103).

• We have Xα P r1 ` lnpδ{Z8q, 1s «s ´ 5, 1r and Nα « κ´1 for reasonable value of u˚ so X ą 0.

• we haveX`u˚X1 “

b

C´1
D `Na p1 ´Xap1 `Raqq`No p1 ´Xop1 `Roqq andXαp1`Rαq ă 0 thenX`u˚X1 ą

0. If Xα ă 0 (i.e hα ą 3δα) and 1 ` Ra ă 0 then a condition to have positivity would be 1 ` Rα ě
`

2
?
CDNα

˘´1
lnpδα{Hαq´1 « ´1.7. If 0 ă Xα ă 1 and 1 ` Rα ą 0, a condition to have positivity would be

1 ´Xαp1 `Rαq ě ´Rα ě ´
`

2
?
CDNα

˘´1
« ´5.8 . These gives conditions (50)

No inflexion point for buffer zone with variating thinckness Suppose δα “ βhα with β ă e´1 a constant.
Then using previous notation we would haveXα “ lnpβq`1 ă 0 that is constant, u˚N 1

α “ Nα pRα ` 1q, and NαYα “

4{pfcαpβ ´ 1qq is constant. Thus Bu
`

u2X2 ` pu˚q2Y2
˘

“ 0 has an inflexion point for roots of X pX ` u˚X1q ` Y2.
In the order of magnitude of OA framework, order of magnitude of Y2 compare to the order of magnitude of X and
X1 and it would be enough to obtain X pX ` u˚X1q ` Y2 ą 0 for a large possibility of viscosity profile. Generally

speaking, we have X ą 0 because Xα ă 0. Using the same king of argument than previously, X`u˚X1 “

b

C´1
D ´

XaNap2 `Raq ´XoNop2 `Roq ą 0 if to guaranty the uniqueness we should impose 2 `Rα ą
`

2
?
CDNαXα

˘´1
.
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