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We conducted experiments to study the stability of a ferrofluid cylinder in an azimuthal magnetic field. The ferrofluid
cylinder is formed on a current-carrying wire for creating the azimuthal magnetic field and is surrounded by a non-
magnetic fluid of the same density to neglect the gravitational effect. Experiments were performed for different wire
and cylinder radii. Data were analysed to extract the growth rate and the wavelength of the perturbation characterising
the ferrofluid cylinder. The influence of the wire radius on the cylinder stability is used to respond to an issue, recently
raised, in relation to the growth rate data obtained by the first experimental work. The results of the experiments
confirm the theoretical predictions, namely a decrease in the growth rate when the ratio between the wire radius and
the ferrofluid cylinder radius increases. However, the isothermal theory overpredicts the growth rate observed in this
experiment and sources of this discrepancy are explored. In particular, a theoretical model considering a thermocapillary
effect is developed and it is shown that this non-isothermal theory can explain the observed discrepancy.

I. INTRODUCTION

Ferrofluids are electrically non-conducting magnetic lig-
uids composed of solid magnetic nanoparticles dispersed in
a carrier liquid phase. They are encountered in various ap-
plications in printing, medicine, computer science, robotics,
aeronautics and electrical engineering. Due to their magnetic
properties, they are influenced by magnetic fields. Depend-
ing on the shape of the magnetic field, a perturbation of the
ferrofluid may or may not be stabilised.

In this paper, we focus on the stability of a ferrofluid cylin-
der subjected to a magnetic field and surrounded by a non-
magnetic fluid. The azimuthal magnetic field shape, which
is stabilising', is explored here because it is simple to gener-
ate experimentally. A rectilinear wire, with an electrical cur-
rent passing through it, is placed in the centre of the ferrofluid
cylinder. In this way, an azimuthal magnetic field can be cre-
ated. The presence of the wire influences the cylinder stability.
It is therefore important to look at the effect of the wire radius
on this stability.

Arkhipenko ef al. > conducted experiments on this case by
decreasing the current traversing the wire from a stabilis-
ing to a destabilising value. The experimental data reported
in their study indicate an increase in the growth rate of the
most unstable perturbation when the ratio between the wire
radius and the cylinder radius increases. However, the op-
posite behaviour was predicted by the theory based on lin-
ear stability analysis under isothermal conditions (figure 1)
of: Arkhipenko et al.> who took into account the density
of the surrounding fluid, Canu and Renoult? who considered
the viscosity of the ferrofluid, Canu and Renoult* who took
into account the viscosity of the surrounding fluid; and Fergu-
son Briggs and Mestel®> who considered an inhomogeneous
magnetic permeability. Bourdin, Bacri, and Falcon © also con-
ducted experiments on a ferrofluid cylinder coating a wire but
with forced perturbations and at high currents so as to be in a
stabilising situation (see Canu and Renoult? for more details
of the wire effects on stable modes). Nevertheless, these ex-

Growth rate
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FIG. 1: Schematic representation of the issue regarding the
effect of the wire radius. Discs correspond to the
experimental data taken from Arkhipenko et al. > and solid
lines correspond to the theoretical predictions of Canu and
Renoult*. The two colours represent the two different ratios
between the wire radius and ferrofluid cylinder radius (0.357
in grey and 0.476 in black).

periments did not solve the issue. New experiments are there-
fore necessary to conclude on the effect of modifying the wire
radius on the cylinder stability.

It has to be noted that the experiments on ferrofluid cylin-
ders are assumed to be conducted under isothermal conditions.
But some thermal effects have been reported in the literature,
in particular by Arkhipenko et al.” who noticed the influence
of the thermocapillary effect on heated ferrofluid cylinders.
The thermocapillary effect has been studied for many con-
figurations such as annular pools®~'!, liquid bridges'?, liquid
layers'3-1¢ and liquid films on inclined planes'”-'8. Regard-
ing liquid columns, which are the configuration of interest of
this paper, Xu and Davis '° showed that the capillary breakup
of a liquid jet with an axial temperature gradient is retarded
for small Prandtl numbers and large Biot numbers. Hu and
Imaishi?® studied an annular liquid column around a solid
fiber and noticed an influence of the thermocapillary mech-
anism on the liquid radius. Finally, Ryzhkov and Shevtsova 2!
observed that a liquid column with an axial temperature gradi-
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FIG. 2: Top view of the experimental setup. Liquid (1)
corresponds to the ferrofluid and liquid (2) corresponds to
the surrounding glycerol solution.

ent can be stabilised if the liquid is surrounded by a gas flow-
ing in the opposite direction than the thermocapillary flow.
Except for the study of Arkhipenko et al.”, the thermocapil-
lary effect has not been regarded for the case of a ferrofluid
cylinder under a magnetic field. Furthermore, Arkhipenko
et al.” have only investigated this case in the limit of a thin
layer of ferrofluid and without taking into account the wire
cooling and the Joule effect.

In this paper, experiments are performed to investigate the
effect of modifying wire radius on the stability of a ferrofluid
cylinder subjected to an azimuthal magnetic field. Firstly, the
methodology is described: experimental set-up, data acqui-
sition and image analysis. Then, the results are shown with
regard to the wavelength and growth rate. The experimental
values are compared to the theoretical predictions from the
isothermal model that considers the viscosity of the fluids*
and to a new model developed here that considers a thermo-
capillary effect. The results allow us to conclude about the
issue raised in a previous work and the necessity of better con-
trolling the wire cooling.

Il. EXPERIMENTS AND METHOD

The experimental set-up, schematised in figure 2, is com-
posed of a hydromagnetic part and a separate optical part.

A rectangular cuvette of length L. = 30 cm, width [, =4 cm
and height i, =4 c¢m is used to contain the liquids. The upper
face is open to allow the insertion of liquids. The smaller lat-
eral faces are drilled in their centre to allow for the passage of
a hollow cylindrical copper wire of inner radius R,,;, outer ra-
dius R,, and length L,, = 50 cm. Two pairs of values (R,;,R,)
are used for the radii: (0.8,1.0) mm and (1.0,1.5) mm. The
wire is connected to two parallel generators delivering a vari-
able current / to create an azimuthal magnetic field. The hol-
low cylinder can cool the wire by passing cold water through
it using a tap in order to dissipate the heat created by the Joule
effect.

The ferrofluid used in this experiment is the EMG 905

ferrofluid from the Ferrotec company. The density p; =
1170 kg -m~3 and the viscosity 11 = 7.5 x 1073 Pa -5 are re-
spectively measured by weighing a given volume and using
a rotational rheometer (Anton Paar MCR 302¢). The relative
magnetic permeability u, = 4.52 is given by Ferrotec. The
surrounding fluid is an aqueous solution with a 77% glycerol
concentration. The density p, = 1199 kg -m~> is measured
with a densimeter (Anton Paar DMA 35) and the viscosity
M2 =40 x 1073 Pa- s is given by tables. The interfacial ten-
sion between the ferrofluid and the glycerol solution can only
be measured using our tensiometer (Lauda TVT 2) up to a
glycerol concentration of 20%. Indeed, for higher glycerol
concentrations, the density difference between both liquids
was too small for the drop volume method used by the ten-
siometer. To obtain the value for a concentration of 77%, the
data were extrapolated using a logarithmic evolution. This
logarithmic law was found using five data points with a mean
error of 1%. For the interfacial tension, ¢ = 0.026 N-m ! is
retained. The ferrofluid and the glycerol solution have approx-
imately the same density, like in the Plateau tank technique, to
neglect the gravity effect.

Regarding the optical part of the experimental set-up, a light
source and diffusion screen are placed behind the cuvette to
illuminate it. Two cameras (LaVision Imager Pro X 4M) are
used to film the experiment with a frequency f; = 13.4666 Hz
and a spatial resolution f, = 13.44 px-mm™~'. They are linked
to a programmable timing unit to synchronise them. The data
are acquired using the DaVis software.

To perform the experiment, the cuvette is filled with the
glycerol solution. The hollow wire is linked to the tap to allow
cold water to flow inside. Then, the generators are switched
on with a high current (/ = 40 A) to reproduce the conditions
of cylinder stability. The ferrofluid is deposited on the wire
with a pipette. The length of the ferrofluid column is there-
fore equal to the cuvette length L. = 30 cm (60% of the wire
length). This percentage along with the small aspect ratio of
the wire A,, = R,,/L,, (0.002 < A,, < 0.003) allows us to de-
termine the azimuthal magnetic field intensity assuming an in-
finite wire length (see Canu and Renoult? for more details). A
picture of the ferrofluid column is taken using the DaVis soft-
ware when it is stable to measure the column radius Ry using
image analysis. The current delivered by the generators is then
rapidly decreased manually until the desired value is reached.
The ferrofluid column is destabilised and the destabilisation
process, which leads to the formation of a drop-on-wire struc-
ture, is captured using the DaVis software until the system
reaches a state of equilibrium. The current is then increased to
I =40 A to stabilise the column once again. The experiment,
performed at room temperature (7 = 22 °C), is repeated for
different current values (I = {0;3;5;8;10;13;15;17} A), two
wire radii (R,, = {1;1.5} mm) as well as different ferrofluid
column radii Ry.

After performing the experiments, the data are analysed. To
do this, the images obtained from the DaVis software have to
be processed with filters in order to be exploitable. The differ-
ent steps of the image processing are as follows. The spectrum
of the image is first stretched to obtain a better contrast (see
figure 3 (top)). An image of the cuvette without the ferrofluid
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FIG. 3: Case R, = 1| mm and I = 3.1 A. (Top) Image of the
drop-on-wire structure with a stretched spectrum before
processing. (Middle) Image after processing in the region of
interest. (Bottom) Image before processing with edge
detection.

and wire is taken to remove the background of the processed
image. Then, the image is cropped in the region of interest to
remove the part of the column close to the cuvette wall which
is attracted by capillarity and to remove the elements of the
experimental setup. A smoothing filter is used to decrease
the noise and a Sobel filter is employed to detect the edge of
the ferrofluid column. The image is binarised and the column
is filled to obtain an image with the ferrofluid in black and
the surrounding fluid in white. Finally, the image is added to
that obtained after using the Sobel filter to obtain a grey-level
gradient at the edge of the column. The final image after pro-
cessing is shown in figure 3 (middle). Another python script
is used to extract the coordinates of all the points of the fer-
rofluid column edge (see figure 3 (bottom)). In the first image
of each experiment, when the column is still stable, the col-
umn radius Ry is determined by dividing the number of pixels
in the radius by the spatial resolution f;.

To obtain the growth rate of the perturbed surface, two
methods are used. The first is based on the temporal evolution
of the maximum of each peak of the perturbation. The ampli-
tude a of the perturbation is proportional to ¢* in which « is
the growth rate and ¢ is the time. Therefore, tracing the loga-
rithm of the amplitude as a function of time, a linear regime is
observed whose slope represents the growth rate. The retained
value is the average of the growth rates of all the peaks along
the ferrofluid column.

The second method involves the temporal evolution of the
interface length. In the linear regime of the perturbation,
namely for short times, the relation /n (AL) = 2at + C is ob-
served with AL being the difference between the interface
length L at time ¢ and the interface length L at the initial time
when the column is not deformed, and C being a constant (for
more details on the methodology, see Renoult ef al. 22).

A typical example for the two methods is shown in figure
4 where the linear regime is well observed. In this figure, the
limits are also plotted. The lower limit of 2 pixels shows that
the spatial resolution of the camera is sufficient to well capture
the linear regime. The upper limits show that the values of the
amplitude and the interface length difference are weak enough

for using a linear stability analysis. These limits are chosen in
order to have a small amplitude compared to the wavelength
A of the perturbation and a small interface length difference
compared to Ly/4. This second limit can be found using the
methodology of Renoult ef al. ?2. The length of a curve y(x)
(here, the interface) in a plane xOy is

m s
_ k 4
L,/O 1+(ax) dx (1

with k the wavenumber and n an integer number. Here y corre-
sponds to the amplitude of the perturbation a = agcos(kx)e™
with qg the initial amplitude. Initially, the length is Lo =
27n/k. Considering small 7 and ag (linear analysis), the in-
terface length difference can be approximated by

2
AL ~ nﬂkao ezm

@
To obtain this expression, kza%ez"" << 1 has been assumed.
Making appear this inequality in the AL expression, it follows
that 2kAL/(nm) << 1. Recognizing the expression of Ly, the
condition AL << Ly/4 is obtained.

For the two methods, the first time taken into account for the
growth rate calculation is chosen so that all the peaks observed
when the perturbation is fully developed are detected by the
script at this time for the first time.

Finally, the wavelength of the perturbation is deduced from
the position of the maxima of each peak. The retained value
is the spatial average when the ferrofluid column seems to be
at an equilibrium state.

In the next section, the experimental measurements of the
wavelength and the growth rate are compared with the theoret-
ical predictions obtained by Canu and Renoult* under isother-
mal conditions. The equations of the problem were made di-

mensionless by using the Rayleigh time |/p;R3 /0, Ro, 6/Ro,
the magnetic field intensity Hy = I/27Ry and the perme-
ability of free space Lo as characteristic time, length, pres-
sure, magnetic field and magnetic permeability, respectively.
The growth rate values depend on six dimensionless num-
bers: density ratio p, = pa/p1, viscosity ratio 1, = 12/11,
relative magnetic permeability u,, dimensionless wire radius
8, = Ry/Ro, Ohnesorge number Oh; = 1;/1/p16Ry, and
magnetic Bond number N, » = (o (1, — 1)12) / (471726R0).

In the experiments presented here, three of these numbers
are set as follows: p, = 1.025, 1, = 5.33 and u, = 4.52. The
three other numbers (5,,, Ohy and Np, ;) vary. Because the
aim of this study is to investigate the influence of the dimen-
sionless wire radius on the stability of a ferrofluid cylinder
under an azimuthal magnetic field, several series of experi-
ments are performed where R,, and Ry vary, which thus mod-
ify the 8,, value. For each configuration of radii, the current
I is varied, thus modifying Np, ,,. Three runs are performed
for each I. In the experiments, it is preferable to change ,, by
modifying R,, because Ry also appears in Oh; whose modifi-
cation is not desired in this study. However, Ry is not accu-
rately controllable in the experiment and its value changes in
the different series of measurements. Nevertheless, the Oh
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FIG. 4: Calculation of the growth rate with the two methods
for the configuration R, = 1 mm, Ry =2.12mm and I =0 A.
Top: natural logarithm of the amplitude a of the perturbation
for one peak as a function of time with a blow-up of the
linear regime. Bottom: natural logarithm of the interface
length difference AL as a function of time. Circles
correspond to the calculated a (top) and AL (bottom). Grey
straight lines correspond to the linear regression of the linear
regime of the curve whose slope is respectively the growth
rate o = 0.863 s~ ! (top) and twice the growth rate
o = 1.818 s~! (bottom). Black dashed lines correspond to
the limits.

variation is very slight and does not avoid the comparison be-
tween the different experimental series. It should be noted
that the ferrofluid cylinder is stable for all perturbation wave-
lengths if Np,,, > 1. The experiments are conducted in the
unstable case, thus for Np, ,, < 1. Some of the acquired data
were not exploitable either because the initial moments were
not always captured on camera or because some peaks merged
with others. Furthermore, some data were not provided when
the growth rates obtained with the two methods deviated by
more than 40%. It was the case for the configuration shown
in figure 4 even if it illustrates well the methodology used for
growth rates calculation.

TABLE I: Dimensional values for the current /, the
theoretical growth rate ¢, (isothermal model of Canu and
Renoult*), the experimental growth rate obtained with the
first method (peak maximum) ¢, the experimental growth
rate obtained with the second method (interface length) oy,

the theoretical wavelength A, and the experimental

wavelength A. The first, second and third series of
measurements are in the first, second and third data block
respectively.

L@A) au(s™) (™) (s  Ay(em) A (cm)

2.9 4.424 1.627 1.774 2.10 232
3.0 4.429 1.449 1.656 2.07 2.07
7.9 3.722 1.047 1.367 2.25 2.44
8.1 3.689 1.073 1.500 2.28 2.68
8.2 3.657 1.157 1.203 222 242
13.1 2.519 0.769 0.548 2.68 2.58
13.1 2.492 0.780 0.595 2.64 2.68
13.2 2.449 0.779 0.757 2.63 2.64
3.1 4.419 2422 1.808 1.99 2.28
32 4.407 1.576 1.566 2.00 2.28
32 4.407 1.430 1.570 2.00 2.28
52 4.170 2.148 1.779 2.04 2.26
8.0 3.661 1.067 1.205 2.12 223
8.2 3.617 1.643 1.645 2.13 2.24
10.0 3.205 0.520 0.612 223 2.50
10.0 3.181 0.889 0.837 2.21 2.52
10.1 3.156 0.995 1.079 2.21 2.89
12.9 2.405 0.750 0.632 2.45 2.61
13.1 2.328 0.275 0.350 2.46 2.78
13.1 2.318 0.646 0.447 2.45 2.79
15.0 1.737 0.222 0.176 2.69 3.28
15.1 1.723 0.208 0.197 2.71 3.27
0.0 2.706 0.443 0.279 2.69 2.58
7.8 2312 0.457 0.550 2.78 2.64
8.2 2277 0.424 0.424 2.80 2.92
8.4 2.260 0.361 0.318 2.82 2.83
8.5 2.231 0.377 0.307 2.80 2.68
9.9 2.075 0.461 0.400 2.86 3.10
10.0 2.073 0.512 0.445 2.87 3.15
10.4 2.018 0.501 0.450 2.89 3.15
13.0 1.671 0.412 0.308 3.05 3.16
13.1 1.648 0.360 0.266 3.05 3.19
17.0 1.068 0.217 0.162 3.52 3.50

Ill.  RESULTS: COMPARISON WITH ISOTHERMAL
THEORY

In figures 5 and 6, the dimensionless wavelength and the
growth rate of the perturbation are shown as a function of the
magnetic Bond number for three series of data. The corre-
sponding dimensional values are reported in table I. For the
first series (light grey), R,, = 1 mm and Ry = 2.254 mm on av-
erage, leading to 8,, = 0.444 and Oh; = 0.029. For the second
series (intermediate grey), R,, = 1 mm and Ry = 2.126 mm on
average, leading to 8,, = 0.470 and Oh; = 0.029. For the third
series (black), R,, = 1.5 mm and Ry = 2.861 mm on average,
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FIG. 5: Value of A as a function of Np, ,,. The viscous theory
of Canu and Renoult* is represented by solid lines. Circles
correspond to the experimental data. Light grey corresponds
to the first series of measurements (8,, = 0.444 on average),

intermediate grey to the second series (8,, = 0.470 on
average) and black to the third series (8,, = 0.524 on
average).

leading to 8,, = 0.524 and Oh; = 0.025. The theoretical pre-
dictions shown on the figures and calculated with the isother-
mal theory of Canu and Renoult*, are not smooth because the
Ry value varies slightly during the experiments and thus so
does 6,,.

Firstly, the wavelength of the perturbation is examined to
see if the experimentally observed perturbation corresponds
to the theoretically most unstable one. In figure 5, the wave-
length of the perturbation (divided by 27, A = 1/k with k as
the dimensionless wavenumber) measured experimentally is
compared with the theoretically most unstable one. For the
first, second and third series of measurements, the discrep-
ancies between theory and experiment are 6.4%, 14.6% and
4.9% on average respectively. The experimentally observed
perturbations are quite similar to the most unstable mode that
is weakly dependent on §,,, showing that the experiments are
in the free cylinder configuration as in Arkhipenko et al.?.
In the following, the experimental growth rate measurements
will thus be compared to the theoretical growth rate of the
most unstable mode.

In figure 6, the tendency of the experimental data confirms
the theoretical predictions: for the same Np, ,; value, the di-
mensionless growth rate of the most unstable mode decreases
when §,, increases. This is more visible when comparing the
first and third series because the difference between their 6,
value is more significant.

In a previous work*, the comparison between theory and the
experimental data of Arkhipenko et al. > revealed an inversion
in the influence of the wire radius on the growth rate. This
could be due to a typo in the legend of the figure illustrating
these results. Thus, these new experiments allow us to resolve
an issue raised in the literature about the effect of modifying

le—2

Npo,m[~]

FIG. 6: Value of « as a function of Np, ,,. The viscous theory
of Canu and Renoult* is represented by solid lines with
symbols. Crosses correspond to the experimental data
obtained using the first method (peak maximum). Circles
correspond to the experimental data obtained using the
second method (interface length). Dotted lines correspond to
the trend curves of the experimental data. Light grey
corresponds to the first series of measurements (8, = 0.444
on average), intermediate grey to the second series
(8, = 0.470 on average) and black to the third series
(8, = 0.524 on average).

the wire radius on the cylinder growth rate measurements.

However, in these experiments, a discrepancy is observed
between the growth rate predictions and the associated mea-
surements. The predicted growth rate is about 3-4 times
higher than the measured growth rate, thus indicating dissi-
pation in our system. In previous experiments, the difference
between our predictions and the measurements of Arkhipenko
et al.? was between 10% and 20% on average. The sources
for this discrepancy are examined in the following.

Firstly, the cooling of the wire was performed with a con-
stant flow rate of water for all experiments for which the Joule
effect may be of different intensity. A temperature gradi-
ent, which is not taken into account in the theory, may be
present in the ferrofluid and the surrounding fluid, leading
to inhomogeneous values of densities, viscosities, interfacial
tension and magnetic permeability, or homogeneous values at
a different temperature than the room temperature. However,
the temperature-related uncertainties on the values of densi-
ties, viscosities, interfacial tension and magnetic permeabil-
ity were shown, thanks to a sensitive analysis of the isother-
mal theory, not to entirely explain the discrepancy observed in
the prediction of the growth rate. Nevertheless, heat transfers
could be a source because of the possible temperature gradi-
ent in the fluids, as already mentioned above, and the possi-
ble unsteady temperature due to the current variations during
the passage from stable to unstable configuration. Therefore,
a theory that considers these heat transfers should be used.
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FIG. 7: Cross section of the studied system with water in
blue, wire in brown, ferrofluid in black and surrounding fluid
in grey.

For the case of a thin layer of ferrofluid, Arkhipenko ez al.”
have developed a theory that includes a thermocapillary effect.
They showed an influence of this mechanism on the growth
rate when the cylinder is heated. They also showed a modifi-
cation of the stability condition Np, ,, > 1, as observed in the
present experiments.

To verity if this mechanism could be the source of the dis-
crepancy, a thermal balance is performed in the next section
to complete the description of the experiment and a disper-
sion relation taking into account the thermocapillary effect is
derived.

IV. RESULTS: NON-ISOTHERMAL MODEL

As in the work of Canu and Renoult?, an incompressible
Newtonian ferrofluid cylinder of infinite length surrounded
by an infinite incompressible Newtonian non-magnetic fluid
is considered. At the centre of the ferrofluid cylinder, a
wire, with an electric current / passing through it, generates
a steady axisymmetric azimuthal magnetic field (see figure
7). Gravity is ignored. Contrary to Canu and Renoult*, the
wire is hollow and a cold water flows inside. The conditions
are no longer isothermal and temperature is supposed to be
only r dependent. Only interfacial tension is assumed to be
dependent on temperature. Finally, only thermal conduction
is considered in the ferrofluid and the convection is neglected.
Contrary to Arkhipenko et al.”, no assumptions are made on
the size of the ferrofluid layer and the cylindrical geometry
is taken into account. Furthermore, a thermal balance of the
experiment is performed.

This thermal balance is realised for a stable and not de-
formed ferrofluid cylinder. In the wire, at steady state, con-

duction is balanced by thermal production of energy:

// K, VT -ndsS = ///PdV 3)

with T, the temperature in K, &, the thermal conductivity
of wire in W -m~!-K~!, P, the energy production by Joule
effect in W - m—3, n, the normal to the wire surface, S, the
wire surface, and V, the wire volume. Equation 3 leads to

AT =—— @)

Considering that T is only dependent on the radial coordinates
r, the previous equation 4 gives the temperature profile in the
wire

P,
T=-— +Aln B 5
i) (r+ Q)
with A and B, constants. A is determined with the boundary
condition at the inner wire radius R,,;

aT

7nger ‘nS = ¢'im‘ at r=Ry; (6)
with § = 27R,,;L,,, the inner wire surface and ¢y, the
heat flux exchanged with the water flowing inside the wire.
Oint = Opo (Twar, — Twar;) With Q the water mass flow rate in
kg5, cp,. the water heat capacity in J-kg ™' - K~!, Tyyq, the
water temperature at the wire inlet and 7, the water temper-
ature at the wire outlet. At r = R,,;, n = —e,.. Furthermore,
the mass flow rate and the energy production are expressed

. 2
a5 0= Puar (L /o) TR, and P = po, 1/ |2 (R~ R, ) ] :

with p,,, the density of water, f;, the needed time for the wa-
ter to cover the wire length, I the current, and p,,,, the wire
resistivity in Q- m. With the temperature profile 5, we obtain

2p2 2 .
A— pé‘wl Rw,i + pW‘”Rw,iCPwat (Twur,, - Twat,) (7)
- 2 .
2%, 2 (Ra —R? ) 2K tio

w,i

Because a steady state is considered and because there is no
energy production in the ferrofluid and surrounding fluid, the
linear external heat flux ¢y in W - mis given by

aT

¢ext = —Kw F] 27R, at r=R, ®

r

where n = e,. has been considered at r = R,,. Using relations
Sand7,

(Twat,, - Twa!,' )

P ()]

2
Pe, ! 2
q)exl = - ) - ”Pwasz,;C Pwat

n (Rgv -R%,;

Then, the temperature profile in the ferrofluid is expressed
as a function of @,y. In the same way than for the wire and
considering no energy production inside the ferrofluid, the
temperature profile is expressed as

T :Afln(r)+Bf (10)
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with 77 the temperature in the ferrofluid, and Ay and By two
constants determined with the boundary conditions. Consid-
ering pure thermal conduction in the ferrofluid, pure thermal
convection in the surrounding fluid and using thermal resis-
tances in cylindrical coordinates, the temperature profile in
the ferrofluid is given by

a1

with 75 ., the ambient temperature, k; the ferrofluid thermal
conductivity in W -m~' - K~ and h; the surrounding fluid
convective coefficient in W-m=2- K~

To obtain the dispersion relation taking into account ther-
mocapillary effects, the same methodology as for the isother-
mal case of Canu and Renoult* is employed. Only jump con-
ditions of the momentum at the interface are modified

H 1
H1+uo/0 MdHJrE[JOMlznf(n»rl)»n a2

=Pp—(n-m)n+ocV-n at r=Ry+¢

n-n)xn—(n-1)xn=Voxn at r=Ry+{ (13)

with IT; the pressure in the ferrofluid modified by the mag-
netostrictive pressure, M the magnetisation, H the magnetic
field, P> the pressure in the surrounding fluid, 7; the viscous
stress tensor in the fluid i, » the unit normal vector, ¢ the
interfacial tension, and { the surface perturbation. Index 1
refers to ferrofluid and index 2 refers to the surrounding fluid.
The grey terms are the modifications brought by the thermo-
capillary effect. Equation 12 is the same as in the isother-
mal case but ¢ is no longer constant and is expressed as 0 =
0200 — Oc(T — Th,) With 05 .. interfacial tension at 7 = T5 o
and o, the interfacial tension gradient in N -m~'- K~

In the following, the relations are made dimensionless using
’/le?J/O—zﬂ"" Ry, O-QVM/R(), 02,005 1200, Hy = I/ZJTR() and the
permeability of free space Ly as characteristic time, length,
pressure, interfacial tension, temperature, magnetic field and

magnetic permeability, respectively. Developing and linearis-
ing the equations, relations 12 and 13 become at first order

d du 02
I — {Npown — 200 S 42000, 22 — P+ (+ %
ar ar dz
0%¢ )0,
7(7,(;)()Ly7(5,-('3()(, E’(T,(;)f()',é(, 0 =0 at r=1
7 072 ar
(14)
duyy | Jdup duyy | Jduy
Tlr< Jz + ar )\ oz * ar (15)
o, d0 90 I —0 at 1
om\az " ar )70 * 7T
with 71, = mp/m the viscosity ratio, Ngom

(1o (ur —1)1?) / (4720,,.Ry) the magnetic Bond number,

1, the relative magnetic permeability, Oh; = 11/,/p102..Ro
the Ohnesorge number, 0, = OcTre/020, and
® = (T — D«)/Trw, a modified temperature. Index 0
refers to the basic state. @ corresponds to the modified tem-
perature at basic state and is given by making dimensionless
expression 11

1
®0:¢cxt <m71n(}’)> (16)

with Nu = hyRy/x; the Nusselt number, and @, the dimen-
sionless external heat flux given by

2
¢ _ pewl 2 P WWRW‘[CPwat (Twal,, - Twal,»)
ext — -
2K T 002 (Rﬁ — R)Zv,i) 2K1 1200 tio
a7

Then, to solve equations 14 and 15, the temperature inside
the ferrofluid has to be known at first order. Neglecting the
convective term, the temperature equation becomes

— = —A®=0 (18)

with Pr=1jcp, /K the ferrofluid Prandtl number, and ¢, the
ferrofluid heat capacity. The solution of this equation 18 is

© = [Aly(nr) 4+ BKo(nr)] e* e (19)

with n a modified wavenumber such as n? = k> + o(Pr/Ohy).
Two boundary conditions are needed to determine the con-
stants A and B. They are

®=0 at r=34, (20)

-VO-n=Nu® at r=1+¢ 21

The first condition means that the temperature is not perturbed
at the wire surface. The second relation comes from the equal-
ity at the interface between the conduction and the convection
that occur in the ferrofluid and the surrounding fluid respec-
tively. At first order, this second condition becomes

%7?+Nu®+§¢ext(17Nu):0 a r=1 (22

and the temperature has the following expression

_ % [Ko(naw)[o(nr) - lo(néw)’(o(nr)] e"k;(;o;t)

with £} such as § = §1e*“+% B and B, are defined in the list
of notations below.

Finally, following the methodology of Canu and Renoult*, the
dispersion relation with thermocapillary effect is obtained:

(S]
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o+ azprszi?(k) +20hy otk
Ip(k) — b1 Ko (k)

by (kKo (k) + K1 (k) 4 ba (Ko (L) + K1 ()

+r To(k)—hrKo(k)

L(k) +éy (Llo(lr) = I (1)) — by (kKo(k) + K1 (k) — by (1Ko (1) + Ky ()
Ko(k

,k<<l,

Li(k)+aihi () + bi Ky (k) + b1 K (1)

Io(k) = b1 K
O Pext 2
G-

)

=0.

. ﬁn\"llfﬁj
— 01 Qex o — N o,m
T B BN

with the following notations

a = klo(k8,)K1 (11 8,) + i1y (k8,) Ko (118,,)

b=11Io(116,)K1(110w) + 1111 (11 6,) Ko (11 6w)
¢ = kKo(k6,,)K (11 6,) — 11 K1 (k&) Ko (11 6y)

d= Dbl (k)K] (l] Sw) — bl (kSW)K] (l])
e = lzK] (k)K] (ll 6»,) - lzKl (k(SW)Kl (11 )
f=hl (l])K] (lléw) — Ll (116”,)[(1 (11)
g = klo(k)Ky (1 8,) + 11 Iy (k8,) Ko (1)
h=1K;(ké,)Ko(l1) — kK (116,)Ko (k)
j: Wo(h)Ki (L 6y) + 111 (1164) Ko (1)
= lzKo(lz)Kl (k) — kK1 (L) Ko (k)
[51 = nl; (n)Ko(nd,) +nk, (n)lp(nd,)
Bo = Nuly( ‘n,ku(u&‘ ) — NuKy(n)lp(nd,)
610t BiNu+ B
- oOhy (B1+ P2)Nu
q=(2+Cr)n (kK (1 8,)
—((1+Cr)R®+1B) L (k8,)Ki1 ()
w= (24 Cr)k®K, (k)K; (1 8,)
= ((1+Cr)i? +17) Ky (k8,)K (1)
( 1+Cr) k2+12) 11(11)K1(118w)
(1+Cr)R®+B) (1L 8,)Ki ()

Io(k) — b Ko (k)

7 = (K = B) K (k) (K1 (L) (cg +ah) + Ko (L) (cd + ae)) 1

P = (K —B5) K (k) (Ki (L) (cj+bh) + KoL) (cf +be)) I

(
(
(
+ (k +l%)m(cd+ae)
(
(

+ (K +13)m(cf +be)
(cq+aw)mly — 7

a“= (ex+bw)ml, —
51 _ a+dab
c
B B cl (kéw) +ak; (kSW) +dy (CI] (l] 6w) + bK, (kﬁw))
' cKi(16y)
5, — Ki(l) (cg+ah) +Ko(lp) (cd +ae)
y =

cemK, (11 6,)

4 GulKi(B) (cj+bh) + Ko((la) (cf + be)]

ch1(115 )

24

(cd +ae)m e (cf+be)m
lezK] (lz)K] (l] Sw) llezKl(lz)Kl(l] Sw)
_ [Ki(B) (cg +ah) + Ko(L) (cd + ae)] K, (k) >

lezKl (lz)K] (11 )
_a [Ki (L) (cj+bh) +Ko(b) (cf +be)] Ki (k) lx
lezK] (lz)K] (l] 5‘,,)

S<

y =

Again, the terms modified by thermocapillary effect are
coloured in grey. Four additional dimensionless parameters
appear: the Nusselt number Nu, the Prandtl number Pr, the
dimensionless interfacial tension gradient o,, and the dimen-
sionless external heat flux ¢,,,. Here, external heat flux means
the heat flux directed from the wire towards the surrounding
fluid. In figure 8, solutions of this dispersion relation are plot-
ted for Pr =56, Nu=1.7, 0, = 2.27 and ¢,,x = 0.057. Even
if these values are realistic and based on what is encountered
in the literature, no measurements of thermal parameters were
performed in the experiment. These values were chosen to
show that the discrepancy observed between theoretical pre-
dictions and experimental data can be explained by the ther-
mocapillary effect. Furthermore, the flux value indicates that
a heating from within (that means a heated wire) is necessary
to stabilise the ferrofluid cylinder which is in contradiction
with the comments of Arkhipenko ef al.” .

Another possible source of discrepancy could be the side
effects, which are not modelled by the theory, at the cuvette
walls to which the ferrofluid was attracted by capillarity. To
verify these speculations, new experiments are necessary in
which these parameters would be better controlled.

V. CONCLUSIONS

Experiments were performed to study the effect of modify-
ing the wire radius on the stability of a ferrofluid cylinder in
an azimuthal magnetic field. The ferrofluid is deposited on a
hollow copper wire with an electric current running through
it to create the azimuthal magnetic field. The ferrofluid is
surrounded by a glycerol solution of approximately the same
density to neglect the gravity effect. The ferrofluid cylinder
is destabilised by passing from a high to a lower magnetic
field intensity. Experimental data were analysed to extract the
growth rate a and the wavelength A of the deformation of the
interface between the ferrofluid cylinder and the surrounding
fluid. Several experiments were performed while varying the
current /, the wire radius R,, and the ferrofluid cylinder radius
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le—-2

FIG. 8: Value of « as a function of Np, ,,. The viscous theory
of Canu and Renoult* is represented by solid lines with
symbols. Crosses correspond to the experimental data
obtained using the first method (peak maximum). Circles
correspond to the experimental data obtained using the
second method (interface length). Dashed lines correspond to
the theory taking into account thermocapillary effect with
Pr =56, Nu=1.7, 6, =2.27 and ¢, = 0.057. Light grey
corresponds to the first series of measurements (8,, = 0.444
on average), intermediate grey to the second series
(8, = 0.470 on average) and black to the third series
(6, = 0.524 on average).

Ry to study the influence of the dimensionless wire radius 6,
on the cylinder stability and respond to an issue raised in a
previous paper*. The results confirm the theoretical predic-
tions of Canu and Renoult* based on linear stability analysis
under isothermal conditions, namely a decrease in the growth
rate when §,, increases. However, this theory does not pre-
dict our experimental data for the growth rate as effectively
as with the experimental data of Arkhipenko ez al.?. Even if
uncertainties exist regarding the values of the fluid properties
due to the thermal conditions of the experiment, they cannot
entirely explain the discrepancy between the theoretical and
experimental data. That is why an extended theory consider-
ing a thermocapillary effect has been developed. It was shown
that this non-isothermal model can explain the discrepancy
observed, by assuming realistic heat transfers in the present
experiment. All models and our experiments agree with the
fact that when &, increases, the growth rate decreases. These
new experiments on this subject allowed us to resolve an issue
raised by our previous study on the effect of the wire on the
ferrofluid column stability.

Other experiments are still necessary with a better control
on the fluid properties, wire cooling and other side effects,
which can be sources of the observed discrepancy between
the isothermal theory and the experiments. Several ferrofluids
and surrounding fluids could also be used to study the effect
of the fluids viscosity.
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