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The Casimir interaction and torque are related phenomena originating from the exchange of electromag-
netic excitations between objects. While the Casimir force exists between all types of objects, the material
or geometrical anisotropy drives the emergence of the Casimir torque. Here both phenomena are studied
theoretically between dielectric films with immersed parallel single-wall carbon nanotubes in the dilute limit
with their chirality and collective electronic and optical response properties taken into account. It is found that the
Casimir interaction is dominated by thermal fluctuations at submicron separations, while the torque is primarily
determined by quantum mechanical effects. This peculiar quantum vs thermal separation is attributed to the
strong influence of the reduced dimensionality and inherent anisotropy of the materials. Our study suggests that
nanostructured anisotropic materials can serve as novel platforms to uncover new functionalities in ubiquitous
Casimir phenomena.

DOI: 10.1103/PhysRevB.109.035422

I. INTRODUCTION

The discovery of layered materials has elevated the impor-
tance of van der Waals (vdW) interactions because they are
responsible for keeping their inert components together [1,2].
Advanced computational schemes have been implemented in
state-of-the-art density functional theory packages to take into
account the vdW energy when simulating various materials
properties [3–5]. The materials aspects of the Casimir force,
a retarded vdW interaction, has also generated significant
interest [6]. This ubiquitous interaction governs not only the
performance of micro- and nanomachines but also probes fun-
damental properties stemming from Dirac and topologically
nontrivial physics [7].

Another aspect of Casimir phenomena is the ability to gen-
erate Casimir torque when optically anisotropic materials are
involved [8–10]. Indeed, the misalignment of the inequivalent
optical axis of two bodies results in their relative rotation
when electromagnetic (EM) fluctuations are exchanged. This
type of motion was recently demonstrated in the laboratory
in birefringent liquid crystal systems [11], further enhancing
our possibilities to study basic physics via EM interactions.
The main ingredient for a large Casimir torque is the mate-
rial’s strong anisotropy, ensuring a substantial effect at various
separations and temperature ranges. In this context, quasi-
one-dimensional structures, in which optical and geometrical
anisotropies are combined, provide excellent conditions for
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angular dependence of the force and much enhanced Casimir
torque [11,12].

Theoretical studies of the Casimir energy and torque rely
on the Lifshitz formalism, where the relative orientation of
the optical axis of materials separated by a distance D is taken
into account in the EM boundary conditions. Typically, the
torque decays roughly as D−3, and it has the characteristic
sin(2ϕ) behavior. Also, its sign and magnitude depend on the
optical properties of the materials [13–17]. Additionally, the
angular dependence of the vdW and Casimir force has been
explored in cylindrical quasi-one-dimensional structures, for
which optical levitation of a nanorod above a birefringent
crystal has been proposed [18,19].

In order to further exploit rotations generated by Casimir
torque to manipulate micro- and nanomachines, more studies
are necessary to identify materials with strong anisotropy.
In this regard, carbon nanotubes (CNTs) and metasurfaces
containing single-wall carbon nanotubes (SWCNs) are quite
suitable due to their quasi-one-dimensionality. Such mate-
rials offer new applications in quantum electron transport,
electron energy-loss spectroscopy, and mechanical reinforce-
ment [20–22]. Ultrathin films composed of periodically
arranged nanotubes recently emerged as transdimensional ma-
terials with extraordinary optoelectronic properties [23–26].
Single-wall carbon nanotube (SWCN) films can also sup-
port plasmon, exciton, and phonon-polariton eigenmodes.
This leads to novel aspects in light-matter interactions
with nanotube chiralities, different mixtures, and dielec-
tric background materials as effective “knobs” of tunability
[27,28].

While much work has been devoted to the properties of
individual carbon nanotube films, light-matter interactions
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FIG. 1. Two identical ultrathin SWCN films separated by a dis-
tance D along the z axis. The nanotube radius is R, and the intertube
separation is �. The SWCNs are embedded in a solid dielectric layer
with thickness d ∼ 2R � D and effective background dielectric con-
stant εb. Such films can be immersed in liquid dielectric surroundings
with a dielectric constant εs or can be freestanding in air. The
relative orientation of the nanotube axis from both structures is
denoted by ϕ.

between such films have not been explored yet. Understanding
how fluctuation-induced interactions occur and the factors
that control their strength and characteristic behavior are
questions of fundamental importance. In this paper, we in-
vestigate Casimir phenomena between two identical nanotube
films using the Lifshitz formalism. By taking into account
the nanotube optical response properties and the dielectric
environment we show how the interplay between anisotropy
and quantum mechanical and thermal fluctuations affects
the ubiquitous Casimir force. The Casimir torque, a direct
consequence of the anisotropy from the nanotube quasi-
one-dimensionality, is also investigated. Due to the reduced
dimensionality and properties of the film, strong thermal fluc-
tuations are found to play a dominant role in the interaction
energy, while quantum mechanical effects are much more
pronounced in the Casimir torque in the studied nanometer-
micron separation limit.

II. PROPERTIES OF CARBON NANOTUBE THIN
FILMS IN THE DILUTE REGIME

We consider an ultrathin SWCN film composed of identical
parallel aligned SWCNs embedded in a solid dielectric layer
of thickness d with the effective background dielectric permit-
tivity εb being a real constant. Such a film can be immersed in
liquid dielectric surroundings with a dielectric constant εs, or
it can be freestanding in air. The SWCN array, schematically
shown in Fig. 1, is aligned along the y axis, and adjacent
nanotubes are separated by a distance � in the x direction
(bottom material). The basic properties of each SWCN are
captured by their chirality index (n, m), which also determines
the SWCN radius R =

√
3b

2π

√
m2 + nm + n2 (b = 1.42 Å is

the C-C interatomic distance) [29].
Since the SWCN radius R (in the nanometer range) is

much smaller than its length (typically in the micron range),
the optical response along the y direction is essentially dom-
inated by the collective longitudinal response of the array,

while the response along the x axis is entirely due to the
dielectric medium. This in-plane anisotropic SWCN film can
be treated as a quasi-two-dimensional (quasi-2D) system,
where the vertical confinement due to the film thickness
can be taken into account via an effective model using the
Keldysh-Rytova potential [30], as done in recent works for
closely packed SWCN films [27,28]. Casimir interactions in
densely packed SWCN film systems were recently studied
in Ref. [31]. The focus of our studies here is on the “di-
lute SWCN film” regime, however, defined as � − 2R �
εbd/(2εs), with d ∼ 2R. In this case, the intertube electro-
static coupling is given by a d-independent 2D Coulomb
interaction potential with a screening constant εs of the di-
electric surrounding of the film [30]. As a consequence, the
low-frequency (quasistatic) response of the SWCN array in
the y direction is predominantly due to individual SWCNs
[32], while its higher-frequency optical (dynamical) response
comes from the collective intertube exciton energy exchange
due to induced dipole-dipole interactions [28]. The former can
be represented by the properly normalized intraband surface
conductivity of the individual constituent SWCNs found in
Ref. [32]. The latter can be described by the dynamical surface
conductivity of the SWCN array obtained from its collective
excitonic response function reported recently in Ref. [28].

Taking the above into account, the total surface conduc-
tivity of the SWCN array along the y direction is (Gaussian
units)

σ array
yy (ky, ω) = 2πR

εs�
σ intra

yy (ky, ω)

+ εbd

2π

iωK (ky)σ inter
yy (ky, ω)

iω + K (ky)σ inter
yy (ky, ω)

. (1)

The first term in the above expression is the intraband surface
conductivity contribution coming from the single-tube intra-
band conductivity per unit surface,

σ intra
yy (ky, ω) = −2αcvF

π2R

iω − 1/τ

(iω − 1/τ )2 + (vF ky)2
, (2)

where ky is the absolute value of the electron quasimomentum
along the SWCN axis, α=e2/h̄c, vF =c/300 is the electron
Fermi velocity in graphene, and τ is the phenomenological
relaxation time parameter. This can be obtained by dividing
its analog per unit length from Ref. [32] by 2πR. The dimen-
sionless prefactor 2πR/� represents the surface fraction of
the aligned SWCNs in the array.

The second term in Eq. (1) is the interband surface
conductivity contribution, and it can be found from its three-
dimensional (3D) equivalence σ (ω) = [−iω/4π )][ε(ω) − ε]
that relates the conductivity per unit volume to the dynam-
ical response function of bulk isotropic material with static
permittivity ε (see, e.g., Ref. [33]). In this relationship, the
right-hand side must be multiplied by d to obtain the conduc-
tivity per unit surface, the in-plane collective optical response
ε(ky, ω) must be used for ε(ω), and εb must be used for ε. The
in-plane collective response function ε(ky, ω) in the alignment
direction of the finite-thickness periodically aligned SWCN
films was obtained in Ref. [28] using the many-particle
Green’s function formalism in the Matsubara formulation
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combined with the effective model based on the Keldysh-
Rytova potential to include nonlocal plasmonic effects due to
strong vertical confinement in ultrathin films systems [34–39].
This yields the interband contribution to the SWCN array
surface conductivity in Eq. (1), where σ inter

yy (ky, ω) is the in-
terband conductivity of the individual SWCN (metallic or
semiconducting) constituent, which can be found numerically
using the Kubo formula and (k · p) method of the electronic
band structure calculations [40], and the function

K (ky) = fCN
m∗ω2

p(ky)d

e2N2DR
, (3)

with fCN =πR2/(�d ) being the volume fraction of the
SWCNs in the film. In essence, K (ky) captures the effect of
collective oscillations of the surface electron density along the
SWCN alignment direction with nonlocal plasma frequency

ωp(ky) =
√

4πe2N2D

m∗εb d

2kyRI0(kyR)K0(kyR)

1 + 2εs/(εbkyd )
, (4)

where m∗ is the electron effective mass, N2D (=N3Dd ) is the
surface electron density, ky is the absolute value of the quasi-
momentum along the nanotube axis, and I0 and K0 are the
zeroth-order modified cylindrical Bessel functions responsible
for the correct normalization of the electron density distribu-
tion over cylindrical surfaces [35].

The conductivity component σ
array
xx along the x direction

can similarly be obtained from the 3D expression as discussed
earlier. Given that the SWCN response is negligible in direc-
tions transverse to the nanotube axis, one finds

σ array
xx (ω) = −d

iω

4π
(εb − εs). (5)

The above expression corresponds to the in-plane collective
optical response function along the x direction of the finite-
thickness periodically aligned SWCNs.

With all of the above, the two-component in-plane surface
conductivity tensor of the diluted quasi-2D SWCN array takes
the diagonal form

σ̂ =
(

σ
array
xx (ω) 0

0 σ
array
yy (ky, ω)

)
, (6)

with its individual components being defined by Eqs. (1)–(4).
In Fig. 2, we show the calculated optical conductivity along

the y axis for a film composed of (12,0) SWCNs, taken as an
example system. For the chosen values of � it is assumed that
the dilute regime εs

εb
� � 2R holds (see earlier discussion).

The optical transitions in the h̄ω > 1 eV region result from
the interband transitions of the collective excitations, as shown
in the above equations. We find that although a smaller �

moves the transitions towards smaller frequencies, the shift is
rather minor. The main role of the intertube separation is much
more pronounced in the strength of the transitions, which can
also be seen in the imaginary frequency domain. As shown in
Fig. 2(b), the larger nanotube density per unit area results in a
stronger overall response, which is important for the Casimir
phenomena, as discussed below.

FIG. 2. Optical conductivity along the y axis scaled by σ0 =
αc/4 for a carbon film composed of (12,0) SWCNs at different
separations � in (a) the real frequency and (b) imaginary frequency
domains. Here ky = 1/R, and h̄/τ = 6.61 meV, corresponding to
τ = 100 fs [41,42].

III. CASIMIR EFFECTS AT THE QUANTUM
AND THERMAL LIMITS

For the Casimir phenomena we consider two identical
SWCN films (each with thickness d = 2R) separated by a
distance D along the z axis, as displayed in Fig. 1, as each film
is composed of the equally spaced (12,0) nanotubes. In addi-
tion to the Casimir energy per unit area E , a Casimir torque
T = −∂ϕE per unit area is also possible due to the optical
anisotropy in this system set by the nanotube axis. Within
the Lifshitz formalism the interaction energy and torque are
found as

E = kBT
∞∑

n=0

′ ∫ d2k⊥
(2π )2 ln

∣∣1 − e−2D
√

κ2
n +k2

⊥R0Rϕ

∣∣, (7)

T = −kBT
∞∑

n=0

′ ∫ d2k⊥
(2π )2

× tr

[(
1e2D

√
κ2

n +k2
⊥ − R0Rϕ

)−1
R0

dRϕ

dϕ

]
. (8)

The above expressions are obtained in imaginary Matsubara
frequencies ξn = cκn = 2πnkBT/h̄, and the prime in the sum-
mation corresponds to the n = 0 term multiplied by 1/2. The
response properties of the materials, also taken in Matsubara
frequencies, are captured in the Fresnel reflection matrices
found from standard electromagnetic boundary conditions
[17],

Rϕ = 2π

δϕ

(
rxx
ϕ rxy

ϕ

ryx
ϕ ryy

ϕ

)
, (9)

035422-3



PABLO RODRIGUEZ-LOPEZ et al. PHYSICAL REVIEW B 109, 035422 (2024)

FIG. 3. Density plots in (ϕ, D) space of (a) Casimir energy E normalized to EM = − π2 h̄c
720D3 and (h) Casimir torque T = T /EM for a SWCN

film composed of (12,0) nanotubes with � = 10R. E/EM as a function of separation D for (b) � = 10R, (c) � = 20R, and (d) � = 50R for
optical axis relative orientation with ϕ = {0, π

4 , π

2 }. E/EM as a function of angle ϕ for (e) � = 10R, (f) � = 20R, and (g) � = 50R for film
separation between D = {32, 100, 316} nm. T as a function of separation D for (i) � = 10R, (j) � = 20R, and (k) � = 50R for optical axis
relative orientation with ϕ = { π

8 , π

4 , 3π

8 }. T as a function of angle ϕ for (l) � = 10R, (m) � = 20R, and (n) � = 50R for film separation
D = {32, 100, 316} nm.

rxx
ϕ = −2π

(
σϕ

yy

cλn
+ 2π

c
|σϕ|

)
,

rxy
ϕ = −2π

c
σϕ

yx,

ryx
ϕ = 2π

c
σϕ

xy,

ryy
ϕ = 2π

(
λn

σϕ
xx

c
+ 2π

c
|σϕ|

)
,

δϕ = 1 + 2π

c

(
λnσ

ϕ
xx + σϕ

yy

λn

)
+ 4π2

c2
|σϕ|, (10)

where λn =
√

k2
⊥c2/κ2

n + 1, with k⊥ = (kx, ky) being the two-
dimensional wave vector and |σϕ| = σϕ

xxσ
ϕ
yy − σϕ

xyσ
ϕ
yx. The

conductivity tensor components of the rotated film can be
obtained from σϕ = R−1

ϕ,ẑσRϕ,ẑ, where σ is taken from Eq. (6)

and Rϕ,ẑ = (cos ϕ − sin ϕ

sin ϕ cos ϕ ) is the rotation matrix around the z
axis by an angle ϕ. The Fresnel matrix R0 corresponds to
Rϕ=0.

In Eqs. (7) and (8) we distinguish between the quantum
mechanical limit, in which the summation over Matsubara
frequencies kBT

∑′∞
n=0 is replaced by the integral h̄c

2π

∫ ∞
0 dκ ,

and the purely thermal limit, found from the n = 0 Mat-
subara term. Both of these limits are examined in what
follows.

The quantum mechanical Casimir energy Eqm and torque
Tqm are calculated numerically using the Lifshitz expressions
by taking the optical response model for the SWCN films, as
discussed earlier. In Figs. 3(a) and 3(h), we show (ϕ, D) den-
sity maps with � = 10R for both properties. Clear signatures
of the nanotube anisotropy are noted in Fig. 3(a). At larger
separations, where thermal effects dominate, the interaction is
strongest when the optical films are aligned (ϕ = {0, π, 2π})
and weakest when the optical axes of the films are perpen-
dicular to each other (ϕ = {π

2 , 3π
2 }). At smaller D, however,

this trend is reversed: the strongest coupling occurs for per-
pendicular optical axes, which was also recently found for the
quantum Casimir force in densely packed SWCN films [31].
To better understand the behavior of Eqm, we further show its
dependence on distance separation for several angles ϕ and
the parameter �.
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We find that as D becomes larger and ϕ 
= {π
2 , 3π

2 }, Eqm

approaches the limit of interacting metals with the charac-
teristic 1

D3 scaling law, as shown in Figs. 3(b)–3(d). This
is not surprising since the interaction in this range is dom-
inated by the Drude-like response of the SWCN film. As
D becomes smaller, however, the energy experiences a tran-
sition to a Eqm ∼ 1

D4 , marking the onset dominance of the
interband optical response in Eq. (1). The parameter � and
the particular distance at which the scaling transition hap-
pens have a positive correlation, as shown in Figs. 3(b)–3(d).
While this is the case for ϕ = {0, π

4 }, for ϕ = π
2 the energy

is markedly different. In this case, the Eqm ∼ 1
D4 behavior

(typical for the Casimir metal-dielectric interaction in two
dimensions [43,44]) is found in the entire distance range. Such
orientation-dependent Casimir-Polder scaling laws have also
been found in systems involving anisotropic particles [45],
but to our knowledge they have not been reported in two-
dimensional anisotropic materials. The angular dependence of
the Casimir energy is also shown in Figs. 3(e) and 3(g). The
oscillatory-like features are more pronounced for SWNT films
with smaller � and smaller separations between the films.

The density plot in Fig. 3(h) shows that the Casimir torque
in the quantum mechanical regime displays the characteristic
sin(2ϕ) oscillations whose phase changes to − sin(2ϕ) at a
certain distance. This can also be seen explicitly in Figs. 3(i)–
3(k). Our results indicate that the distance at which the torque
experiences this phase change is closely related to the distance
at which the energy changes its D dependence (described
earlier). The trend that the phase change occurs at smaller
D for smaller � is also observed in the Casimir torque. It
appears that the interband-intraband terms and their relevance
at different separation regimes are the main driving factor
behind this effect. The sin(2ϕ) oscillations are explicitly given
in Figs. 3(i)–3(k), which correlate with the oscillatory features
of the energy in Figs. 3(e)–3(g). We also find that smaller
� results in larger Eqm and T qm as expected since denser
nanotube arrays have stronger response properties.

Casimir phenomena are also affected by temperature as
thermal fluctuations may become prominent even at submi-
cron separations. This is the case especially for materials
with reduced dimensions [46–51]. To capture the role of
temperature in the Casimir energy and torque of the films,
we first begin by considering the T dependence in the opti-
cal response properties. Many dielectric substances, such as
Teflon, polymers, and different types of glass, experience very
weak temperature dependence in their dielectric properties
[52–54]; thus here we assume that εb is T independent. The
intraband conductivity of the nanotube, however, is modified
according to

σ intra
yy (ky, ω, T ) = σ intra

yy (ky, ω, 0)

× kBT

h̄vF ky
ln

(
e(μ−h̄vF ky )/kBT − 1

eμ/kBT − 1

)
, (11)

where σ intra
yy (ky, ω, 0) is the intraband conductivity at T = 0

(considered in the quantum limit calculations discussed ear-
lier) and the chemical potential is taken to be μ = 0.5 eV
[55]. It is noted, however, that the dependence upon μ in
σ intra

yy (ky, ω, T ) is relatively weak. The above expression can

be obtained by using the Maldague formula [56]. On the
other hand, the interband conductivity of the nanotube film
is not significantly affected by temperature, as also shown
in [36,57], where the combined effect of temperature and
exciton-plasmon coupling in the individual nanotubes was
considered.

The T -dependent Casimir properties can subsequently be
calculated by using the Lifshitz formalism with the explicit
Matsubara summation in the energy and torque expressions
from Eqs. (7) and (8), respectively. The special n = 0 term
corresponds to the completely classical thermal regime, and
here it is also evaluated separately. We find that in this case
one has Rϕ (κn = 0) = (0 0

0 1) regardless of the relative angle
ϕ. As a result, the thermal Casimir energy is found to be ET =
− ζ (3)kBT

16πD2 . It appears that in this classical thermal regime, the
material properties (including their anisotropy) are absent, and
the Casimir energy is the same as the one for isotropic Drude
metals.

In Figs. 4(a) and 4(b), we give the (ϕ, D) density plots
of the ratio ET /E at T = 30 and T = 300 K, where E is
calculated from Eq. (7). These results show that temperature
has a very strong effect on the Casimir energy. At lower T ,
quantum mechanical effects dominate the interaction energy
at separation less than 100 nm, but for larger D thermal ef-
fects become much more prominent. At higher temperatures,
ET is much stronger even at D < 100 nm. Another feature
found here is that the strength of thermal effects compared to
the quantum mechanical interaction depends on ϕ. For ϕ =
{π

2 , 3π
2 }, quantum mechanical effects are strong at smaller D,

and thermal effects are strong at larger D, as can be seen even
at T = 30 K [Fig. 4(a)]. Not only does this transition shift
towards smaller separations at T = 300 K, but the strength
of thermal fluctuations becomes more prominent [Fig. 4(b)].
For ϕ = π , however, the following trend appears: thermal
fluctuations have a diminished role at larger D, but they ap-
pear more prominent at intermediate separations. This type of
nonuniform ϕ dependence is associated with the phase change
behavior in the energy entangled with the optical response of
the film, as discussed earlier for this particular angular axis
orientation.

These trends are shown in more detail in Figs. 4(c) and
4(d), where the Casimir energy is shown for ϕ = π/8 and π/2
at several temperatures. We can see that at small T the energy
deviates significantly from ET in the displayed separation
range for ϕ = π/8; however, for ϕ = π/2 the energy tracks
ET at larger D. As T increases, both orientations exhibit a
similar onset of thermal fluctuations as a function of distance
separation. We further find that due the weak T dependence
of the optical response of the SWCN film, the Casimir en-
ergy at any temperature can be represented simply by adding
the quantum mechanical Eqm and the n = 0 Matsubara term:
E ≈ Eqm + ET . In fact, the results shown in Figs. 4(c) and
4(d) obtained via Eq. (7) completely overlap, which makes
the Matsubara summation redundant. The distance for the
transition of quantum-thermal effects in the Casimir energy
is found by taking Eqm = ET , and it is displayed in Figs. 4(a)
and 4(b) (dashed black curves).

For the Casimir torque, we find that the classical n = 0
term vanishes, indicating the absence of classical thermal
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FIG. 4. Density plots in (ϕ, D) space of the Casimir energy ratio ET /Eqm of the (12,0) CNT films with � = 10R at (a) T = 30 K and
(b) T = 300 K. The Casimir energy ratio E/EM (obtained from Eq. (7) as a function of CNT film separation D for (c) ϕ = π/8 and (d) ϕ = π/2
at different temperatures. The dashed lines correspond to the thermal limit from the n = 0 Matsubara term. The Casimir torque ratio T = T /EM

[obtained from Eq. (8)] as a function of separation D for (e) ϕ = π/8 and (f) ϕ = π/4 at different temperatures.

fluctuations. This unusual result is directly connected to
the peculiar form of the Fresnel reflection matrix at zero
Matsubara frequency Rϕ (κn = 0). For this special term, the
anisotropy of the SWCN films is washed away, meaning that
the Casimir torque from purely thermal fluctuations is zero. In
Figs. 4(e) and 4(f), results are given for the Casimir torque as
a function of separation for ϕ = {π

8 , π
4 } obtained with Eq. (8)

for several temperatures. We find that the thermal effect is
rather different than in the case of the Casimir energy. For
small distances [D < 200 nm in Figs. 4(e) and 4(f)], the torque
is completely determined by quantum fluctuations, while for
larger distances, the torque can be approximated by the n = 1
Matsubara term, becoming exponentially suppressed (T ∝
e− kBT

h̄c D) for distances D > 200 nm and larger temperatures
[Figs. 4(e) and 4(f)].

IV. CONCLUSIONS

In this study, we have investigated the Casimir interaction
between ultrathin SWCN films in the dilute regime, reporting
on a system where materials properties, dimensionality, and
temperature have unexpected consequences. SWCN films are
inherently anisotropic: when immersed in dielectric layers
the quasi-one-dimensionality of individual nanotubes asserts
the dominance of the response along their lengths. It is thus
expected that the Casimir interaction is strongly dependent

on the relative optical axis orientation ϕ of two interacting
films, which was also recently studied in densely packed
SWCN films [31]. This giant anisotropy in composite quasi-
one-dimensional materials then leads us to the notion that
Casimir torque in quasi-2D materials is also possible.

We found that, indeed, the Casimir energy depends on ϕ,
which drives the emergence of Casimir torque. The interplay
between the optical anisotropy and temperature leads to a
peculiar separation of quantum mechanical and thermal con-
tributions in the energy and torque. It turns out that thermal
fluctuations are especially strong, dominating E at submicron
separations. The main reason is the reduced dimensionality of
the system, which also shows that the particular optical prop-
erties (especially the interband terms) play a secondary role
in the Casimir interaction. This is consistent with previous
studies which showed that the reduced dimensionality elevates
the importance of thermal fluctuations at smaller separations,
making the properties of the materials much less important
[49,51]. This is unlike the case of double-wall CNTs with
intertube separations of ∼3–4 Å, where the interaction is
quantum mechanical and controlled by the specific struc-
ture of the nanotube intra- and interband optical response
contributions [58].

While thermal fluctuations determine the energy, the
Casimir torque, on the other hand, is mostly a quantum me-
chanical phenomenon. The main reason is attributed to the
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disappearance of the special n = 0 Matsubara term in T , a
consequence of the quasi-1D anisotropy of the system. We
found that the torque in the submicron range is controlled
primarily by the intraband contributions to the SWNT optical
response and it is exponentially screened by the temperature.

Our results show that in the dilute limit the anisotropic
Drude response arising from the quasi-1D SWCN dimension-
ality is the main reason for the ϕ dependence in the Casimir
energy resulting in a relatively strong torque. Qualitatively
similar results can be found for other nanotube films with
metallic chiralities. This quantum vs thermal separation in
probing fluctuation-induced interactions is a unique feature
in metallic nanotube films. We suggest that this peculiar de-
lineation can be studied experimentally, as measurements of
the Casimir energy and torque are also possible. For exam-
ple, our calculations show that, at T = 10 K, D = 50 nm,
and ϕ = π

8 , |E | ∼ 10.89 nJ m−2 and |T | ∼ 8.49 nN m m−2,
while at T = 300 K we have E ∼ 9.19 nJ m−2 and T ∼
7.57 nN m m−2, which is achievable in the laboratory [11,59].
At smaller separations the magnitudes of the Casimir energy
and torque are expected to increase due to the scaling laws
discussed earlier, which may also be beneficial for potential
experimentation. Our study further shows that investigations
of other anisotropic systems at the nanoscale are needed to

further understand the interplay between dimensionality, tem-
perature, and material properties in Casimir phenomena.
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