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A B S T R A C T 

Exclusion zones in the cross-correlations between critical points (peak-void, peak-w all, filament-w all, and filament-void) of the 
density field define quasi-standard rulers that can be used to constrain dark matter and dark energy cosmological parameters. 
The average size of the exclusion zone is found to scale linearly with the typical distance between extrema. The latter changes 
as a function of the matter content of the universe in a predictable manner, but its comoving size remains essentially constant in 

the linear regime of structure growth on large scales, unless the incorrect cosmology is assumed in the redshift–distance relation. 
This can be used to constrain the dark energy parameters when considering a surv e y that scans a range of redshifts. The precision 

of the parameter estimation is assessed using a set of cosmological simulations, and is found to be a 4 σ detection of a change in 

matter content of 5 per cent, or about 3.8 σ detection of 50 per cent shift in the dark energy parameter using a full sky survey up 

to redshift 0.5. 

Key words: methods: analytical – methods: data analysis – methods: statistical – large-scale structure of Universe. 
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 I N T RO D U C T I O N  

he large-scale matter distribution is a valuable source of information
ecause its clustering properties are sensitive to cosmology. Indeed,
tringent constraints have been set on cosmological parameters
hanks to measurements of the baryonic acoustic oscillation (e.g.
isenstein et al. 2005 ; Perci v al et al. 2007 ; Okumura et al. 2008 ;
eutler et al. 2011 ; Dawson et al. 2013 ; Alam et al. 2021 ; Xu et al.
023 ), redshift–space distortions (e.g. Da ˆ Angela, Outram & Shanks
005 ; Marinoni & Buzzi 2010 ; Okumura et al. 2016 ; Neveux et al.
020 ), and Alcock–Paczynski effect (e.g. Blake et al. 2011 ; Li et al.
016 , 2018 ; Beutler et al. 2017 ; Zhang, Huang & Li 2019 ; Dong et al.
023 ) in the two-point correlation functions of galaxies. Ho we ver,
s the evolution of the density field becomes increasingly non-linear,
t departs from its Gaussian initial state. This causes an increasing
mount of information to be contained in statistics beyond the two-
oint functions, which can be captured by measuring three-point
orrelation functions (e.g. Peebles & Groth 1975 ; Hinshaw et al.
995 ; Nichol et al. 2006 ; Mar ́ın et al. 2013 ; Slepian et al. 2017 ;
ugiyama et al. 2023 ) or higher order moments (e.g. Fry 1985 ;
ouchet et al. 1993 ; Bernardeau 1994 ; Croton et al. 2004 ; Cappi
 E-mail: jshim@asiaa.sinica.edu.tw 

e  

J  

w  

. Published by Oxford University Press on behalf of Royal Astronomical Socie
Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whi
t al. 2015 ; Sabiu et al. 2019 ; Philcox, Hou & Slepian 2021 ; Philcox
022 ; Hou, Slepian & Cahn 2023 ). While the hierarchy typically
onv erges, each e xtra order becomes increasingly more difficult to
easure robustly. This has fostered the development of alternative

robes to obtain information beyond the simple two-point functions.
One avenue is to weigh the tracers used to compute the correlation

unctions according to their properties – such as the local density or
alaxy properties – to obtain so-called marked statistics (White &
admanabhan 2009 ; Uhlemann et al. 2017 ; Armijo et al. 2018 ;
atpathy et al. 2019 ; Massara et al. 2021 , 2023 ) or revert back to using
ne-point statistics (e.g. Bernardeau & Valageas 2000 ; Uhlemann
t al. 2016 , 2020 ; Barthelemy, Codis & Bernardeau 2021 ; Boyle
t al. 2023 ; Marques et al. 2023 ). 

On large scales, one of the most striking features of the matter
istribution is the presence of the cosmic web (Gregory & Thompson
978 ; Joeveer & Einasto 1978 ; J ̃ oeveer, Einasto & Tago 1978 ;
lypin & Shandarin 1983 ; Gott, Melott & Dickinson 1986 ; White

t al. 1987 ; Vogeley et al. 1994b ; Bond, Kofman & Pogosyan 1996 ),
omposed of voids (Zeldovich, Einasto & Shandarin 1982 ; Icke 1984 ;
e Lapparent, Geller & Huchra 1986 ; Vogeley et al. 1994a ), walls
n between them (Zel’dovich 1970 ; Novikov 1975 ; Doroshkevich
t al. 1980 ), separated by filaments (de Vaucouleurs 1953 ; Einasto,
oeveer & Saar 1980 ; Oort 1983 ; Dekel, West & Aarseth 1984 )
hich finally intersect at cosmic nodes. This has sparked interest in
© 2024 The Author(s) 
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ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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Table 1. Summary of cosmological parameter values of five cosmologies 
considered. The second-row model is the fiducial cosmology. 
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uilding alternative probes informed by the topology of the cosmic 
eb to measure cosmological parameters, such as the genus curve 

nd Euler-Poincar ́e characteristic (e.g. Gott, Melott & Dickinson 
986 ; Melott et al. 1989 ; Mecke & Wagner 1991 ; Park & Gott 1991 ;
ark, Gott & Choi 2001 ; James et al. 2009 ; Park & Kim 2010 ;
ppleby et al. 2018a , 2021 ), Minkowski functionals (e.g. Mecke, 
uchert & Wagner 1994 ; Schmalzing & Buchert 1997 ; Hikage et al.
003 ; Natoli et al. 2010 ; Junaid & Pogosyan 2015 ; Appleby et al.
018b ; Goyal, Chingangbam & Appleby 2020 ; Appleby et al. 2022 ),
ercolation (e.g. Shandarin 1983 ; Yess, Shandarin & Fisher 1997 ; 
handarin & Yess 1998 ; Colombi, Pogosyan & Souradeep 2000 ; 
hang, Cheng & Chu 2018 ) and skeleton (e.g. Sousbie et al. 2008 ;
ousbie, Colombi & Pichon 2009 ; Sousbie, Pichon & Kawahara 
011 ), or persistent homology analysis (e.g. Sousbie, Pichon & 

awahara 2011 ; Pranav et al. 2017 ), alpha-shapes and Betti numbers
e.g. Van de Weygaert et al. 2011 ; Chingangbam et al. 2012 ; Park
t al. 2013 ; Feldbrugge et al. 2019 ; Pranav et al. 2019 ). 

Recently, it has been shown that the relative clustering of critical 
oints of a density field is maintained nearly constant throughout the 
ra vitational ev olution (Shim et al. 2021 , Appendix B), and can be
easured accurately. Critical points are topological elements of a 

iven field, and their attributes including position, height, curvature, 
nd relative orientation encode the topological characteristics of 
he underlying field (Bond, Kofman & Pogosyan 1996 ; Pogosyan 
t al. 2009 ; Sousbie, Colombi & Pichon 2009 ; Gay, Pichon &
ogosyan 2012 ) and its evolution (Cadiou et al. 2020 ). One of

heir characteristic clustering features is that a pair of critical points
ith different curvatures and heights cannot be arbitrarily close. 
his exclusion zone, or the strong anticlustering region (Lumsden, 
eavens & Peacock 1989 ; Mo & White 1996 ; Sheth & Lemson 1999 ;
aldauf et al. 2016 ; Shim et al. 2021 ), appears more evidently in

he cross-correlations between critical points with the opposite-sign 
iases (Shim et al. 2021 ). Interestingly, Shim et al. ( 2021 ) showed
hat the sizes of the exclusion zones in the initial Gaussian field are
airly consistent with those measured at late time, suggesting that 
e have a theoretical handle on their cosmology dependence since 

he Gaussian expectation value can be derived from first principles. 
n the other hand, the amplitude of this exclusion zone is shown to
epend on how smooth the underlying field is (Baldauf et al. 2016 ),
ndicating a cosmological dependence which we set forth to establish 
n this paper. 

In expanding such exploration into cosmological tests, the redshift 
nvariance of topology statistics emerges as a pivotal metric, as 
rst introduced in Park & Kim ( 2010 ). Leveraging the conserved
ature of the genus amplitude in density fields smoothed on large 
cales, these authors present a method to constrain the cosmological 
odel. This involves identifying the correct expansion history of 

he Universe that minimizes the evolution of the genus amplitude 
ith redshift. Aligning with this strategy, we introduce an approach 
tilizing the exclusion radius as a standard ruler to probe cosmology 
ithout delving into specific practicalities. We measure the size 
f the exclusion zone in critical point correlation functions and 
ho w ho w it can perform as a cosmological probe. Specifically, we
ocus on cross-correlations involving peak-wall, peak-void, filament- 
all, and filament-void pairs – tracers that are oppositely biased to 
atter density fields. We rely on the suite of cosmological N -body

imulations to measure the critical point statistics. 
The outline of the paper is as follows: Section 2 describes briefly

he multiverse simulation; Section 3 introduces estimators for the 
xclusion zone; Section 4 presents our results on the �m 

-dependent 
ariations of the exclusion zone radius, and on estimating w de when 
ifferent redshifts fields are considered, while Section 5 concludes. 
ppendix Section A shows the apparent evolution of the exclusion 
adius for a larger smoothing scale, while Section B discusses the
heoretical expectation of the exclusion radius. 

 SI MULATI ON  SET  

n this paper, we rely on the multiverse simulations introduced in
ark et al. ( 2019 ) and Tone ga wa et al. ( 2020 ) which are a set of
osmological N- body simulations designed to test the effects of 
osmological parameters on the clustering of cosmic structures. This 
et of five simulations varies the cosmological parameters centered 
n a fiducial � CDM cosmology with �m 

= 0.26, �de = 0.74, H 0 =
2 km s −1 Mpc −1 , and w de ≡ p de / ρde = −1, (in alignment with
MAP5 constraints; Dunkley et al. 2009 ). The initial displacement 

nd velocity of the simulated dark matter particles are obtained by
pplying the second-order Lagrangian perturbation theory (Jenkins 
010 ). The same set of random numbers has been employed to
roduce the initial density perturbations across all simulations, 
nabling a more straightforward comparison between them without 
he confounding effects of cosmic variance. Specifically, two of these 
imulations involve an alteration in the matter density parameter by 
0.05 relative to the fiducial model, maintaining the dark energy 

quation of state (EOS) at w de = −1. The remaining two simulations,
ased on quintessence models (Sefusatti & Vernizzi 2011 ), introduce 
 deviation in w de by ±0.5 from the fiducial dark energy EOS, with
m 

consistently set to 0.26. Cosmological parameters for the five 
osmologies including the fiducial one are summarized in Table 1 . 

The power spectra are normalized such that the root mean square
f the linearly evolved matter fluctuation at z = 0 yields a value
f σ 8 = 0.794 when smoothed with a spherical top hat with
 s = 8 h 

−1 Mpc . The number of particles in each simulation is 2048 3 

nd the comoving size of the simulation box is 1024 h 

−1 Mpc . The
nitial power spectrum at a redshift z init = 99 was computed with
he CAMB package. The N -body integrator is an extension of the
riginal GOTPM code (Dubinski et al. 2004 ) which evolve particles
ccording to the modified Poisson equation 

 

2 φ = 4 πGa 2 ρ̄m 

δm 

(
1 + 

D de 

D m 

�de ( a) 

�m 

( a) 

)
, (1) 

here D de and D m 

are the linear growth factors of the dark energy
nd matter, respectively (see Sefusatti & Vernizzi 2011 for details). 

 EXCLUSI ON  Z O N E  ESTI MATO RS  

et us first briefly describe how we define and measure the size of
he exclusion zones. We refer to Shim et al. ( 2021 ) for more details.
he first step is to compute a smooth density field in real space at

he rele v ant redshifts. Density fields are calculated on 512 3 grids
y applying the Cloud-In-Cell method to the dark matter particle 
istribution. We then smooth these density fields with Gaussian 
ernel o v er 4 different smoothing scales R s = 16, 14, 10, and
MNRAS 528, 1604–1614 (2024) 
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 h 

−1 Mpc . Note that the smallest smoothing scale corresponds to
 typical size of an average density region of mass-scale around 10 15 

 �. 

.1 Critical points 

he critical points are defined as positions where the gradient of the
ark matter density field vanishes (Milnor 1963 ; Bardeen et al. 1986 ;
him et al. 2021 ). Based on the typical shape of isosurfaces in that
eighborhood, the four types are labeled according to the sign of
he Hessian’s eigenvalues: peaks ( P ) with signature −−−, voids ( V)
ith signature +++ , filament-type saddles ( F ) with signature −−+ ,

nd wall-type saddles ( W) with signature −++ . They are proxies for
he geometry of the cosmic web (Bond, Kofman & Pogosyan 1996 )
f the underlying density field, tracing respectively clusters, voids,
laments, and walls (Pogosyan et al. 2009 ; Sousbie, Colombi &
ichon 2009 ) on a mass scale rele v ant to the adopted smoothing
cale. 

.2 Finding critical points 

he detection of critical points in a smoothed dark matter density
eld relies on a second-order Taylor-expansion of the density field
ear a critical point, x c : 

 − x c ≈ ( ∇ ∇ ρ) −1 ∇ ρ, (2) 

here ρ is the density field, ∇ρ the local gradient and ∇ ∇ ρ the local
essian matrix. The detection algorithm proceeds as follows: (a) For
ach cell in the grid, compute ∇ ρ and ∇ ∇ ρ, (b) solve equation ( 2 )
iscarding solutions beyond a distance larger than one pixel, and (c)
oop o v er cells that contain multiple critical points of the same kind,
etaining for each only the critical point closest to the center of the
ell (the technique was originally introduced by one of the authors
or Colombi, Pogosyan & Souradeep 2000 ). 

.3 Computing clustering correlation functions 

e count the pairs of critical points with rarity abo v e or below
 certain threshold to quantify their clustering characteristics. We
efine the rarity of critical points as 

≡ δ/σ, with δ ≡ ρ/ ̄ρ − 1 , and σ 2 ≡ 〈
δ2 

〉
, (3) 

here δ is the o v erdensity contrast of the smoothed density field, ρ̄
he average density and σ is the root mean square fluctuation of the
eld. 
For peak and filament (respectively void and wall) critical points,

e identify points with rarity higher (respectively lower) than a given
hreshold. In this analysis, the rarities ν+ 

type and ν−
type are chosen to

race the highest and lowest 20 per cent-rarity critical points, so that 

 type ( ν ≥ ν+ 

type ) = 0 . 2 N type , N type ( ν ≤ ν−
type ) = 0 . 2 N type , (4) 

espectively, for peaks and filaments, and for voids and walls. Here,
 type ( ν ≥ ν thresh ) represents the number of critical points of a given

ype abo v e the threshold ν thresh (here 20 per cent rarest) while N type is
he total number of critical points of this type. As discussed in Shim
t al. ( 2021 ), this choice is driven by our requirement to sample
opulations that represent the same abundance for a given type of
ritical point. We then measure cross-correlation functions with the
stimator given by Davis & Peebles ( 1983 ) 

 + ξij ( r) = 

〈 C i C j 〉 √ 〈 C i R j 〉〈 C j R i 〉 

√ 

N R i N R j 

N C i N C j 

, (5) 
NRAS 528, 1604–1614 (2024) 
here C i refers to a particular catalogue i ∈ { P, F , W, V} and R i 

s a corresponding catalogue with randomly uniformly distributed
oints in the same volume. Here, 〈 XY 〉 represents the number counts
f the pairs between X and Y separated by r . The size of the sample,
 R i , of the random catalogue is a factor of 100 or larger than the size

f our simulated data sets, N C i . 

.4 Defining exclusion radii 

he exclusion zone size, denoted as R ex , is measured from the cross-
orrelation functions. Specifically, this is achieved by identifying the
inimum distance at which the cross-correlation deviates from ξ =
1. In practice, we identify the radius at which 

 + ξ ( R ex ) = ε, (6) 

ith the deviation from perfect anticorrelation set at ε = 0.01. We
ote that the exclusion radius for a particular density field depends
n the choice of rarity levels of critical points and on the choice
f ε that defines departure from perfect anticorrelation. Decreasing
arity levels tends to yield smaller exclusion radii, as the difference
n height between critical points will decrease. Conversely, it should
ncrease the number of critical point pairs, thereby providing more
eliable estimates for the exclusion radius. 

We estimate measurement uncertainties to e v aluate the statistical
ignificance of the impact of cosmological parameters on the exclu-
ion radius. We divide the simulation box into eight separate, non-
ntersecting re gions. F or each sub-volume, we compute the cross-
orrelation function using critical points within that sub-volume.

hile doing this, we accounted for edge effects by creating a random
ample within the same sub-volume. We then measure the exclusion
adii from those cross-correlation functions. The measurement un-
ertainties are represented by the standard error of the mean, which
s the standard deviation divided by the square root of the number of
ub-volumes. 

 RESULTS  

et us now turn to our main results on matter density and dark energy
quation of state estimation using exclusion zone measurements. 

.1 Exclusion radius and matter density parameter 

e first explore how the exclusion radius varies with the matter
ensity parameter. As illustrated in Fig. 1 , we measure the cross-
orrelation functions between peak/filament and void/wall critical
oints across five different cosmologies. The cross-correlations
e veal v arying exclusion zones based on the combination of critical
oints. Notably, the filament-wall combination presents the smallest
xclusion zone, while the peak-void combination showcases the
argest. This observation aligns with the understanding that the
xclusion zone expands with increasing differences in height and
urv ature, as sho wn in Baldauf et al. ( 2016 ) and Shim et al.
 2021 ). After the emergence of the exclusion zone, cross-correlations
tart to deviate from ξ = −1 and become less anticlustered with
ncreasing separation. Because peak/filament and void/wall points
re oppositely biased tracers of the underlying matter density field,
heir cross-correlations are al w ays ne gativ e, ev entually approach-
ng ξ = 0 as expected (Kaiser 1984 ) at separations larger than
 ≈ 10 R s . 

Comparing cases for different matter density parameters reveals
hat the cross-correlations show a smaller exclusion radius for a
arger matter density parameter. This implies that the exclusion radius
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Figure 1. Two-point cross-correlation functions for pairs of positively and ne gativ ely biased critical points for the five different cosmologies as labeled. 
Correlation functions for the FW , FV , PV , and PW are shown clockwise from the upper-left panel. The adopted Gaussian smoothing scale R s is 6 h −1 Mpc. 
Vertical lines represent the exclusion zone radii and shaded regions show the standard errors around the fiducial cosmology. Note that the correlation function for 
the fiducial cosmology (solid) is nearly identical to those with the different equations of state dark energy models. Ho we ver, the two-point correlation function 
depends on �m 

, see Fig. 2 . 

i
d
w  

T
s
e
r

fi  

T
i  

r
p
r
i
m  

p  

�

c
b
b
e
i

 

e
s

S

w  

f  

m  

t
b
s

i
o  

o
P  

f
l  

i  

l
s
m
c
t

 

s
r  

c
F  

t
o
w
a
t  

d
i  

w  

d
c

 

s  

l  

s
b

R
2 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/advance-article/doi/10.1093/m
nras/stae151/7550040 by guest on 25 January 2024
s impacted by the matter density. In contrast, when focusing on 
ark energy models with non-standard dark energy EOS parameters 
 de , their exclusion radii are very similar to the fiducial model.
his suggests that changes to the dark energy parameter do not 
ignificantly affect the exclusion radius. Thus, the size of the 
xclusion zone is mainly dictated by the amount of matter and 
emains largely unaffected by variations in the dark energy EOS. 

We now quantitatively compare the mean exclusion radii across 
ve different cosmologies at lower redshifts, as illustrated in Fig. 2 .
he cross-correlations involving filaments and peaks are presented 

n the top and lo wer panels, respecti vely. Dif ferent shaded bars
epresent different redshift snapshot boxes for each cosmological 
arameter set. We observe a clear �m 

-dependence of the exclusion 
adius. For instance, the exclusion zone shrinks as the matter density 
ncreases. Ho we ver, adjusting the dark energy parameter shows a 
inimal impact on the exclusion radius. This is a consequence of the

ower spectrum slope at the scales of interest becoming shallower as
m 

increases but remaining nearly invariant with w de . We discuss the 
osmological parameter dependence of the exclusion zone in detail 
elow while relating it to the theoretical expectation for the distance 
etween extrema. Finally, when focusing on the time evolution, the 
xclusion zone remains remarkably stable in the redshift ranges 
nvestigated. 

In Fig. 3 , we quantify how significant the difference in the
xclusion radius of each cosmology is from the fiducial case. The 
ignificance S is calculated as 

 ≡ R 

x 
ex − R 

fid 
ex √ 


 

2 
x + 
 

2 
fid 

, (7) 

here R 

x 
ex and 
 x represent the exclusion radius and standard error

or a particular cosmology, while R 

fid 
ex and 
 fid are for the fiducial

odel. We find that the significance values tend to be larger for
he filament–wall correlation compared to other critical point com- 
inations. Conversely, the peak-void correlation shows the smallest 
ignificance. This trend of larger (smaller) significance values when 
nvolving only saddles (extrema) arises from the differing numbers 
f critical points of each type. In a Gaussian random field, the ratio
f saddle-to-extrema is approximately 3 (see e.g. Gay, Pichon & 

ogosyan 2012 ; Shim et al. 2021 ). Consequently, the number of pairs
or the filament-wall correlation is roughly an order of magnitude 
arger than that for the peak-void case. Therefore, the standard error
s typically smaller for the case only involving saddles than extrema
eading to a larger significance value for cross-correlations involving 
addles. While the significance for one type of cross-correlation 
ight not be sufficient to distinguish between different cosmologies, 

ombining results from all four distinct measurements will enhance 
he o v erall constraining power. 

We identify critical points on a particular scale determined by the
moothing length adopted, so next we examine how the exclusion 
adius changes with the smoothing scale, as this allows us to probe the
lustering of critical points corresponding to a different mass scale. 
ig. 4 illustrates the variation of the exclusion radius measured from

he matter density field smoothed on different smoothing scales. We 
bserve a common trend that the rescaled exclusion radius decreases 
ith the smoothing scale. This is evident across different cosmologies 

nd types of cross-correlations considered. We consistently confirm 

hat the exclusion radius shows a distinct dependence on the matter
ensity on different smoothing scales. For instance, the rescaled R ex 

s al w ays larger at all smoothing scales investigated for a cosmology
ith a smaller matter density. On the other hand, when varying the
ark energy EOS parameters, the exclusion radii are remarkably 
onsistent with the fiducial case. 

Interestingly, we find that the behaviour of R ex / R s seen in Fig. 4 is
imilar to the prediction for R ∗/ R s as depicted in Fig. B2 , which
eads us to examine the relation between them. Here, R ∗ repre-
ents the typical separation between extrema points and is defined 
y 

 ∗ = 

σ1 

σ
. (8) 
MNRAS 528, 1604–1614 (2024) 
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M

Figure 2. Exclusion zone radius averaged over 8 measurements from the simulations for the five different cosmologies. We normalized the exclusion zone 
radius by the smoothing scale R s adopted since R ex linearly depends on the smoothing scale. Error bars represent the standard errors of the mean. The grey 
horizontal line marks the exclusion zone radius for the fiducial cosmology with �m 

= 0.26 and w de = −1. For this plot, we adopt the Gaussian smoothing scale 
R s = 6 h −1 Mpc. The trend of the exclusion radius with �m 

is consistent with the scaling involving n s in equation ( 11 ) if one associates R ex with R ∗, see the text 
for details. 
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he moments of the smoothed power spectrum are calculated as 

2 
i ( R s ) ≡ 1 

2 π2 

∫ ∞ 

0 
d k k 2 P ( k ) k 2 i W 

2 ( k R s ) , (9) 

here we adopt the Gaussian smoothing kernel, 

 ( kR s ) = exp 
(

− 1 

2 
k 2 R 

2 
s 

)
, (10) 

hich serves as a low-pass filter suppressing power on scales below
/ R s for the power spectrum P ( k ) weighted by varying powers of
 

2 i . As depicted in Fig. B3 , we find a linear scaling relation between
 ex and R ∗. Associating these two provides a way to connect the
easurements of exclusion radius to theoretical predictions based

n Gaussian random fields. Indeed, for a Gaussian random field
ith (locally) scale-invariant power spectra, P ( k) ∝ k n s , the rescaled

ypical distance between extrema, 

R ∗
R s 

= 

√ 

2 

n s + 5 
(11) 

s solely determined by the ef fecti ve po wer-law index of the power
pectrum, n s [ k = 1/ R s ]. The ef fecti ve slope is itself sensitive to
he chosen smoothing scale, R s , and to the matter density, �m 

, as
isplayed in Fig. B1 , bottom panel. Now, we can understand how
he rescaled R ∗ varies with respective matter density, dark energy
OS, and smoothing scale. Since the power spectrum slope either
NRAS 528, 1604–1614 (2024) 
ncreases when the smoothing scale or matter density parameter
ecomes larger (see Fig. B1 ), and hence, according to the equation
 11 ) the rescaled R ∗ will decrease with the smoothing scale and
atter density. On the other hand, R ∗/ R s does not vary with the dark

nergy EOS since it has no impact on the power spectrum slope.
onsequently, when relying on the linear relation between R ex and
 ∗ (see Fig. B3 ) the observed behaviours of R ex depicted in Figs 2
nd 4 can be qualitatively explained with the prediction made for R ∗
ased on Gaussian random fields. 

.2 Exclusion radius and dark energy EOS 

et us now describe how we can extract information on the dark
nergy parameter using the exclusion radius, even though the effect
f dark energy on the measured exclusion radius is shown to be
e gligible. Our strate gy is based on the redshift invariance of the
xclusion radius in comoving space. 

We follow the approach presented in Park & Kim ( 2010 ), Blake,
ames & Poole ( 2014 ), and Appleby et al. ( 2018a ), where matter
ensity and dark energy parameters were constrained to minimize
he apparent redshift evolution of the genus of the underlying matter
ensity field. 
Let us recall the strategy. It relies on the fact that the redshift

nvariance of the measured genus amplitude is achieved only when
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Figure 3. Significance, S, of the difference in the e xclusion radius from the fiducial cosmology as a function of redshift. F or this plot, we adopt the Gaussian 
smoothing scale R s = 6 h −1 Mpc. Note that we allow the significance to have both signs as they can indicate the direction of the difference from the fiducial case. 
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he adopted cosmology for the redshift–distance relation matches the 
nderlying true cosmology. Indeed, the genus amplitude, A , obeys 

 ∝ ( 〈 k 2 〉 ) 3 / 2 ∝ 

1 

R 

3 
0 

, (12) 

here R 0 ≡ σ 0 / σ 1 characterizes the typical separation between 
ero crossing of a density field. Hence A is expressed in terms
f the ratio of moments defined by equation ( 9 ). Again, for scale-
nv ariant po wer-spectra, the genus amplitude A only depends on 
he ef fecti ve po wer index, n s , as red( 

√ 

2 / ( n s + 3) ) 3 . Since the slope
f a power spectrum changes with R s (because the power spectrum 

s not scale invariant on the scales we are considering, the lower
anel of Fig. B1 ), if an incorrect cosmology is assumed, the adopted
moothing scale ef fecti vely corresponds to a dif ferent length-scale, 
ence A is altered. 1 

Similarly and importantly, if the wrong cosmology is adopted, 
e also expect to observe an apparent redshift evolution of R ex 

ecause it is linearly related to R ∗ (as described in Appendix B ).
e highlight that the measurements of exclusion radii in the evolved 
atter density field, which has deviated from its initial Gaussian 

ature, well align with the predictions made in the Gaussian random 

eld for R ∗. Therefore, in theory, it is indeed possible to estimate
he deviation of the exclusion radius from the reference point as a
unction of redshift by calculating the ef fecti ve smoothing scale for
n adopted cosmological model. 
 In fact, genus-based estimators are more sensitive to slope changes near n s = 

1 because R 0 ∝ 1 / 
√ 

n s + 3 , whereas R ∗ ∝ 1 / 
√ 

n s + 5 . 

s
a
b
t  
In Fig. 5 , we sho w ho w the exclusion radius for a trial cosmology
eviates from the fiducial case as a function of redshift. We observe
 redshift evolution of the exclusion radius when the trial cosmology
s inconsistent with the true underlying cosmology. For example, 
he exclusion radius monotonically grows with redshift when the 
atter density and dark energy parameters are larger than the true

alues, whereas it becomes smaller at higher redshifts in cosmolo- 
ies with smaller matter density and dark energy parameters. We 
bserve a larger departure from the reference for non-fiducial dark 
nergy models. This reflects the fact that, at low z, the distance
stimates are more strongly impacted by dark energy than matter 
ensity, in the redshift range of interest. Thus, the evolution of the
pparent exclusion radius is more sensitive to the properties of dark
nergy. 

We then calculate the potential measurement errors for an all-sky 
urv e y up to various redshifts to assess if it is possible to detect
uch redshift evolution of the exclusion radius given those survey 
olumes. We base our error estimates on the standard error achieved 
rom the simulation volume V sim 

= 1 h −3 Gpc 3 . Let us assume
hat these errors reduce by 

√ 

V sim 

/V sur , similar to the behaviour of
hot-noise, where V sur is surv e y volume. F or a surv e y with V sur 

2.5 h −3 Gpc 3 , scanning up to z = 0.3, the departure of w de -
hifted dark energy models from the fiducial cosmology can be 
etected approximately at 1.5 σ significance level. When a survey 
xtends to z = 0.5 reaching V sur ≈ 10 h −3 Gpc 3 , the detection
ignificances for the non-fiducial dark energy models can increase 
pproximately to 3.8 σ , while those for �m 

-shifted models eventually 
ecome marginal. We expect that one can more significantly detect 
he redshift variation of the exclusion radius when measuring it at
MNRAS 528, 1604–1614 (2024) 
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Figure 4. Measured exclusion zone radius as a function of smoothing scale for four different types of cross-correlations. Correlation functions for FW , FV , 
PV , and PW are shown clockwise from the upper-left panel. The symbols and lines represent the measured exclusion radius and best fit to these measurements, 
respectively. Error bars are measured as the standard error of the mean. Again the trend is consistent with theoretical expectation if one associates R ex to R ∗, as 
confirmed to the first order in Fig. B3 . 

Figure 5. Expected redshift evolution of R ex relative to the true value when 
adopting trial cosmologies with different �m 

or w de for the redshift–distance 
relation. The exclusion radius for the true underlying cosmology is shown in 
a grey dotted line and vertical error bars at redshifts z = 0.3, 0.4, and 0.5 
represent the estimated measurement uncertainties about the fiducial values, 
given the volumes surveyed up to those respective redshifts. Note that the 
true exclusion radius does not evolve with redshift. 
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igher redshifts. This is partly because the predicted amplitude of
edshift variation gradually grows with redshift. In addition, even
ith a relatively narrow redshift span, the volume scanned through
 non-full-sky survey targeting higher redshifts can be larger than
he largest comoving volume considered here, for instance, V sur =
0 h −3 Gpc 3 up to z ≈ 0.5. Therefore, a higher significance detection
hould be available from surv e ys aiming at high redshifts. Note that
e can also combine the exclusion radius measurements using four
istinct types of cross-correlations, which should yield more robust
easurements (although these measurements from the same density
eld are not strictly independent). For completeness, we also show

he expected redshift evolution of the exclusion radius for R s = 16
 

−1 Mpc with the same mock surv e ys in Fig. A1 . As expected, the
rror bars are larger. 

 C O N C L U S I O N S  &  PERSPECTIVES  

his paper advocates that the exclusion radii, R ex , define standard
ulers on multiple scales: on linear scales, they can be computed
sing Lagrangian theory (Bardeen et al. 1986 ; Shim et al. 2021 ),
hile on smaller non-linear scales they can be extracted from

osmological simulations, as was done in this paper. The value of
 ex mainly constrains �m 

(Fig. 3 ) and may also be potentially used
or measuring n s as can be done with the genus amplitude analysis
Appleby et al. 2020 ). Our results support that, at a given physical
cale, the exclusion radius is redshift-invariant at first order, which
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an be leveraged to constrain the equation of state of dark energy
 de (Fig. 5 ). More precise results could be obtained by calibrating

he scale-dependence and redshift evolution of the relation on N -
ody simulations. We find that the redshift evolution and cosmology 
ependence of R ex can be remarkably captured using the locally 
cale-invariant quantity R ∗, which we can predict from linear theory. 
his implies that the topology we measure at late time is already

mprinted in the Gaussian initial state, and is not destroyed by 
ravitational collapse. Thus, the non-Gaussian final state mostly 
reserves its Gaussian initial topology. We carried out a naive error
udget and found that the accuracy of the parameter estimation 
orresponds to a 4 σ detection of a change in matter content of
 per cent in 1 h −3 Gpc 3 , or roughly at 3.8 σ detection of 50 per cent
hange in the dark energy parameter using a full sk y surv e y up to
edshift 0.5. These numbers could be impro v ed by performing a joint
nalysis of all exclusion radii, accounting for the fact that they are
ot independent, or by exploring jointly different rarity thresholds. 
At this stage, we assumed that the linear relation between R ex and

 ∗ given in Appendix B holds for the range of redshifts considered;
nvestigating its redshift dependence is of interest as it would allow 

s to mitigate its residual effect (beyond the linear scaling shown in
ig. B3 ) on smaller scales, but is beyond the scope of the current
nalysis. Conv ersely, e xtending this investigation to higher redshift 
ould clearly be of interest given the depth of upcoming surv e ys 2 ,

nd is also postponed to later work. 
The accuracy of these standard rulers was assessed here using 

he multiverse set of simulations in a fairly idealized setting. Our 
oal was to demonstrate the potential to build such rulers out 
f the two-point correlation functions of critical points, setting 
side complications from completeness issues, tracer biases, SNR, 
nd redshift space distortions. The companion paper, Kraljic et al. 
 2022 ), investigated how Lyman α tomography can, in the context of
he WEAVE mission (Dalton et al. 2012 ; Pieri et al. 2016 ), open
ccess to the clustering of critical points and the possibility of
xclusion zone estimation. While the focus of this paper was on 
xclusion zones, Kraljic et al. ( 2022 ) showed that the position
f the maxima of the cross-correlations of critical points of the 
ame sign could also be estimated from tomography. Combining 
oth approaches could potentially allow even tighter constraints to 
e set on cosmological parameters. While more realistic, Kraljic 
t al. ( 2022 ) still only involved mock data, and should of course be
evisited with other tomographic 3D surv e ys such as PFS (Takada
t al. 2014 ), MOSAIC on ELT (Puech et al. 2018 ), MSE (The MSE
cience Team et al. 2019 ), but also with spectroscopic or photometric
edshifts galactic surv e ys, such as Euclid (Laureijs et al. 2011 ),
ESI (DESI Collaboration 2016 ), PFS, WFIRST (Roman Space 
elescope; Spergel et al. 2013 ), or LSST (Rubin Observatory; Ivezi ́c
t al. 2019 ). 

The cosmology dependence of the clustering of critical point 
hould also be investigated in 2D maps such as weak lensing maps
Laureijs et al. 2011 ; Hildebrandt et al. 2017 ), line intensity maps
CHIME Collaboration et al. 2022 ), and photometric redshift surv e ys
Dor ́e et al. 2014 ). 

It would finally be of interest to compute the autocorrelation 
unction of saddle points in redshift space, which are less subject 
o finger of god ef fects gi ven the density they probe. This would
llow for a more robust Alcock–Paczy ́nski test (Alcock & Paczynski 
979 ), as one would expect that the o v erall motion of the local cosmic
eb does not impact such correlations. 
 Euclid , LSST , WFIRST , SphereX , WEAVE , MSE , PFS , to name a few. 
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Figure A1. Same as Fig. 5 but for a smoothing scale R s = 16 h −1 Mpc. Note 
that the deviation and measurement errors increase with smoothing scale. 
F or e xample, the deviation and error are larger by factors of 1.4 and 3.5 for 
( �0 
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, w 

+ 
de ) cosmology (blue dashed) at z = 0.5. 
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Figure B1. Linear matter power spectra (upper panel) and their slope (lower 
panel) for five cosmologies considered. From left to right, the vertical ticks 
located on k = 1/ R s (grey dashed) mark wavenumbers corresponding to the 
Gaussian smoothing scales R s = 16, 14, 10, and 6 h −1 Mpc, respectively. All 
power spectra have the identical normalization amplitude σ 8 . Note that the 
power spectrum slope difference becomes larger on smaller wavenumbers 
than the smoothing lengths we consider. This implies that one can better 
constrain �m 

with a larger smoothing scale. 
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PPEN D IX  A :  PROBING  DA R K  E N E R G Y  E O S  

N  L A R G E R  SCALES  

ig. A1 reproduces Fig. 5 for a different smoothing scale, R s = 16
 

−1 Mpc. As expected, as the number of critical points decreases the
rror bars for measuring w de increases comparatively. 

PPEN D IX  B:  SCALING  R E L AT I O N S  

et us first describe how the shape of the matter power spectrum de-
ends on cosmological parameters. Subsequently, we will elucidate 
he relation between R ex and R ∗ in various cosmological models. 

The linear matter power spectra for the cosmologies considered 
re depicted in Fig. B1 . Primarily, the shape of the matter power
pectrum varies with �m 

, while its dependence on the dark energy 
quation of state w de is minimal. The �m 

-dependence of the power 
pectrum is attributed to the shift in the scale of matter–radiation 
quality as the matter density parameter changes. 

In Fig. B2 , we present the moment ratio R ∗ as a function of
he smoothing scale R s , based on the matter power spectra shown
n Fig. B1 . The normalized R ∗ decreases either with increasing 
moothing scale or larger matter density. Ho we ver, changing the 
ark energy EOS exhibits a minimal impact on R ∗. As R ∗ probes
MNRAS 528, 1604–1614 (2024) 

able B1. Slope, a 1 , and intercept, a 2 , of the linear scaling relations between 
 ex and R ∗ for FW , FV , PW , and PV for the cosmologies considered. 

osmology FW FV PW PV 

 �−
m 

, w 

0 
de ) a 1 2.54 3.12 2.77 3.27 

a 2 3.53 1.49 3.49 2.06 

 �0 
m 

, w 

0 
de ) a 1 2.35 2.85 2.70 2.97 

a 2 4.20 2.79 3.46 3.63 

 �+ 
m 

, w 

0 
de ) a 1 2.26 2.76 2.57 2.76 

a 2 4.38 2.87 3.85 4.54 

 �0 
m 

, w 

−
de ) a 1 2.35 2.85 2.70 2.97 

a 2 4.21 2.88 3.48 3.64 

 �0 
m 

, w 

+ 
de ) a 1 2.34 2.87 2.71 2.97 

a 2 4.28 2.73 3.42 3.67 

Figure B2. Gaussian prediction for normalized R ∗ as a function of smoothing 
scale R s for five different cosmologies. �m 

-shifted and w de -shifted cosmolo- 
gies are shown in red and blue lines, respectively. Note that the predictions 
for the w de -shifted models (blue) perfectly o v erlap with the fiducial case (red 
solid). Note also that the moment ratios of a given power spectrum are redshift 
independent. 
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M

Figure B3. Relation between the measured exclusion radius R ex and the predicted R ∗ for four different cross-correlation functions. Symbols from left to right 
correspond to the measurements and Gaussian predictions at smoothing scales R s = 6, 10, 14, and 16 h −1 Mpc. Best linear fits for the symbols are shown in 
lines and the coefficients of the fits are given in Table B1 . Again, error bars represent the standard errors of the mean. 
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he power spectrum slope, n s at that scale (equation 11 ), we can
nterpret its matter density dependence as follows. Because the
ower spectrum amplitude σ 8 is fixed across different cosmologies,
 power spectrum with larger �m 

has less large- and more small-
cale power, as depicted in Fig. B1 . Hence, increasing �m 

results
n a shallo wer po wer spectrum slope on scales corresponding to
he smoothing lengths considered in this analysis. Thus, R ∗, tracing
he slope, decreases with increasing �m 

. It is worth noting that the
mplitude of the power spectrum grows o v er time. The rate of growth
s influenced by both �m 

and w de . Ho we v er, R ∗ is e xpected to remain
early constant with redshifts given that the growth factors in the
oment ratio essentially cancel out. 
With both measurements and predictions available, Fig. B3 illus-

rates the relation between the measured R ex for four distinct cross-
orrelations and the predicted R ∗ in the Gaussian random field limit.
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. Published by Oxford University Press on behalf of Royal Astronomical Society. This is an 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reus
he symbols denote measurements at smoothing scales of R s = 6,
0, 14, and 16 h −1 Mpc, while the lines represent their respective best
ts. Standard errors of the mean are shown with the error bars. The
elation between R ex and R ∗ can be ef fecti vely characterized by a
inear relation, 

 ex = a 1 R ∗ + a 2 , (B1) 

ith its coefficients detailed in Table B1 . The slope of the linear
caling relation shows its dependence on the matter density parameter
ut remains unaffected by changes in the dark energy EOS. Notably,
n all cross-correlations, the slope becomes steeper with a smaller

m 
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