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Analytic and conformal scattering in
general relativity

Jean-Philippe NICOLAS1

This paper is about two important trends of scattering theory in general relativity: time
dependent spectral analytic scattering and conformal scattering. The former was initiated by
Jonathan Dimock and Bernard Kay in the mid 1980’s and is based on spectral and functional
analysis. The latter was proposed by Roger Penrose in 1965 and then constructed for the first
time by Gerard Friedlander in 1980 by putting together Penrose’s conformal method and another
analytic approach to scattering: the Lax-Phillips theory due to Peter Lax and Ralph Phillips.
We shall review the history of the two approaches and explain their general principles. We shall
also explore an important question: “can the tools of one approach be used to obtain a complete
construction in the other?”.

Keywords. Scattering theory, general relativity, black holes, conformal compactification,
null infinity.
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1 Introduction

A complete scattering theory provides precise information on the asymptotic behaviour of
solutions to a field equation for large times and, in addition, proves that the knowledge of the
asymptotic behaviour is equivalent to that of the solution itself. It entails the existence of a
scattering operator, that maps the asymptotic behaviour in the past to the one in the future
and is an isomorphism between well-chosen function spaces. We shall consider two important
approaches to scattering theory in general relativity: spectral analytic time dependent scattering
and conformal scattering. Our purpose is to present the essential features of each approach
illustrated on simple examples, then to explore the links between them. We shall focus on linear
massless fields on Ricci-flat spacetimes, in which case the conformal boundary is made up of null
hypersurfaces.

Time dependent scattering theory in general relativity has been a very active research area for
several decades now. It was initiated in the mid 1980’s by the works of John Dimock and Bernard
Kay on the scattering of scalar fields on the Schwarzschild metric [21, 22, 23, 24]. Then Alain
Bachelot and his group developed systematically the analysis of scattering on the Schwarzschild
metric, these efforts culminating in a rigorous proof of the Hawking effect in this framework
[1, 2, 3, 4, 5, 6, 45, 46, 52]. In the early 2000’s, the research moved towards the Kerr metric and
the techniques used changed and got more involved, with Mourre theory and positive commutator
methods, a detailed account of which can be found in the book by Yan Dereziński and Christian
Gérard [20]. Mourre theory is inspired by quantum mechanics in Heisenberg’s formalism; the
idea is to construct, for the hamiltonian of the evolution equation under consideration, a so-called
conjugate operator that resembles a position operator or a generator of dilations and is increasing
along the evolution. This last property, derived locally in energy by means of pseudo-differential
cut-offs, entails among other things a weak version of the Huygens principle (a minimal velocity
estimate) that is essential for the construction of the scattering theory. There has been a very
important activity in this direction, starting with works by Dietrich Häfner, at first on his own
and then with the author,[33, 36, 34, 30, 31, 32, 16]. Recently, Nicolas Besset studied the
scattering of charged scalar fields on charged backgrounds using resonance methods [13, 14, 15].
Moreover, the time dependent scattering of Dirac fields in the interior dynamical regions of black
hole spacetimes such as Reissner-Nordström and Kerr has been investigated in the last few years
by Dietrich Häfner, Mokdad Mokdad and the author [35] as well as Mokdad Mokdad with Rajai
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Nasser and Milos Provci [50, 51]. The main principle of time dependent scattering theory is to
compare a physical evolution with a simplified one in order to show that a field obeying the
physical evolution approaches asymptotically a solution to the simplified comparison equation.
In adequate situations (stationary spacetimes for instance) this comparison can be performed
using spectral analysis; this is the case of most of the works cited above and this is the trend
that we shall describe in this paper.

There was also earlier work by Lax and Phillips, in particular their remarkable book published
in 1967 simply entitled “scattering theory” [40], that was already an example of scattering in
relativity, but in the flat case. The topic was a scattering theory for the wave equation in the
presence of an obstacle.The approach was different from the trend we first mentioned. It is not
a time dependent approach but uses a decomposition of the field on generalised eigenfunctions
of the Hamiltonian of the wave equation. The part of their work that concerns the behaviour of
the wave away from the obstacle is in itself very interesting and was to provide a major incentive
for development of the first conformal scattering theory.

Conformal scattering was originally proposed for the full gravity by Roger Penrose in 1965
in his beautiful paper on the asymptotic behaviour of zero rest-mass fields [55]. The idea was
to use the conformal method to set data for the Einstein equations on past null infinity and
to evolve the solution right up to future null infinity. The first actual construction was due to
Gerard Friedlander in 1980 [28], for the wave equation on a static asymptotically flat spacetime
with a complete smooth compactification. There are no such solutions to the Einstein vacuum
equations apart from Minkowski spacetime, but Friedlander was not assuming that his spacetime
was Einstein. His motivation came from his earlier study of radiation fields [25, 26, 27] — that are
the restrictions at the conformal boundary of the rescaled field and can be seen, equivalently, as
the leading order of the asymptotic behaviour of the physical field along outgoing null geodesics
— and from the Lax-Phillips theory in which the main object is a “translation representer” that
is constructed by stationary spectral methods but is a posteriori re-interpreted as being exactly
the radiation field. His idea was then to use the conformal technique to recover the translation
representer without using spectral analysis. He assumed the spacetime to be static in order to
ensure that the radiation field behaves as a translation representer (we shall see later on, that this
behaviour requires merely stationarity). His idea was then extended to nonlinear equations by
John Baez and his collaborators but still on static backgrounds [7, 8, 9, 10, 11]. The fundamental
idea of conformal scattering is what was initially proposed by Penrose, that a complete scattering
theory can be understood exactly as the well-posedness of the Goursat problem at the conformal
boundary of the spacetime. This makes sense naturally for conformally invariant equations. For
gravity, one would expect to use Helmut Friedrich’s conformal Einstein equations (see for example
[29]). In 2004 Lionel Mason and the author [42] used Lars Hörmander’s simple resolution of the
Goursat problem [37] based on energy estimates and weak convergence methods and adapted
it to construct a conformal scattering theory for zero rest-mass fields of spin 0, 1/2 and 1 on
asymptotically simple spacetimes with a smooth timelike infinity. Such spacetimes have an
almost complete conformal compactification, the only singularity in the conformal boundary
being at spacelike infinity, and they can be generically time dependent. This construction has
been extended to a nonlinear Klein-Gordon equation by Jérémie Joudioux [38, 39], to Maxwell
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fields on Schwarzschild-de Sitter-type spacetimes and to Dirac fields inside a Reissner-Nordström
spacetime by Mokdad Mokdad [49] and to Maxwell potentials on asymptotically flat spacetimes
by Grigalius Taujanskas and the author [54].

The paper is organised as follows. In Section 2 we present the principles of spectral analytic
time dependent scattering, detailing the cases with one and two Hilbert spaces with explicit
examples. Section 3 is devoted to a brief description of the Lax-Phillips theory in the case where
there is no obstacle. Conformal scattering is then the object of Section 4 with again a description
of the main ideas and some concrete examples. Finally, in Section 5, we explore the analogies
of structure between the various approaches and describe some transversal constructions, i.e.
methods that use the tools of one approach to infer the results of another.

2 Spectral analytic time dependent scattering theory

The principle of time dependent scattering theory is to describe the asymptotic behaviour of
a field in a given asymptotic region as a solution to a simplified equation. Let us first consider
the very simple example of the wave equation in 1 + 1 dimensions

∂2
t φ− ∂2

xφ = 0 , (2.1)

as an evolution equation on the real line with respect to the time parameter t. In this case we
have two asymptotic regions corresponding to x→ ±∞ and we may wish to study the asymptotic
behaviour of solutions in the distant past or future. We know from D’Alembert [18] that the
solutions to (2.1) on R2

(t,x) are the functions (this extends trivially to distributions) of the form

φ = F (x+ t) +G(x− t) . (2.2)

The functions F (x+ t) and G(x− t) satisfy the simpler equations

(∂t − ∂x) (F (x+ t)) = 0 , (2.3)
(∂t + ∂x) (G(x− t)) = 0 . (2.4)

The asymptotic behaviour of (2.2) at −∞ as t→ +∞ and at +∞ as t→ −∞ is described by the
function F (x+ t) solution to the simplified equation (2.3). Similarly, the asymptotic behaviour
of (2.2) at +∞ as t→ +∞ and at −∞ as t→ −∞ is described by the function G(x− t) solution
to the simplified equation (2.4). The initial data for solutions to the simplified equations, i.e.
the functions F (x) and G(x), are called the scattering data for (2.2). More precisely, F is the
future scattering datum at −∞ as well as the past scattering datum at +∞ and G is the future
scattering datum at +∞ as well as the past scattering datum at −∞. The knowledge of the
solution (2.2) is equivalent to that of the scattering data F and G.

Although this is a completely trivial example, it shows clearly the basic features of a complete
time-dependent scattering theory, that we shall recognise in the simplest situation where only
one function space is involved.
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2.1 The one-space scattering

We start by considering a time-dependent scattering theory obtained by comparing two op-
erators that are self-adjoint on the same Hilbert space. In the next subsection, we explain the
main ingredients of the theory in an abstract setting; this is classic material that can be found
in many advanced functional analysis books, for instance M. Reed and B. Simon [57], Volumes
1 and 3. Then we move on to a concrete example of such a situation, for which we shall explore
more precisely the methods used to construct the scattering theory.

2.1.1 Abstract principle

Let us consider a separable Hilbert space H, two self-adjoint (usually unbounded) operators
H0 and H, as well as the associated evolution equations

dφ

dt
+ iHφ = 0 , (2.5)

dψ

dt
+ iH0ψ = 0 , (2.6)

where the unknowns φ and ψ are functions on R with values in H. The operator H will be
referred to as the full dynamics and H0 as the simplified dynamics.

We denote by D(H) and D(H0) the natural domains of the two operators, they are dense in
H. The propagators for both equations, e−itH and e−itH0 , are strongly continuous one-parameter
groups of unitary operators on H, which means that they satisfy the following properties (ex-
pressed here only for e−itH)

1. for any t ∈ R e−itH is a unitary operator on H,

2. for all t, s ∈ R, e−i(t+s)H = e−itHe−isH and e−i0H is the identity of H,

3. for any φ0 ∈ H, e−itHφ0 ∈ C0(Rt ; H),

4. for any φ0 ∈ D(H), e−itHφ0 is differentiable on R with values in D(H) and we have

d

dt
(e−itHφ0) = −iHe−itHφ0 ∀t ∈ R .

The way one usually implements the comparison of the two dynamics for large times is to
define the so-called wave operators.

Definition 2.1. The direct and inverse wave operators, if they exist, are defined as the following
strong limits of unitary operators

W± := s− lim
t→±∞

eitHe−itH0 ,

W̃± := s− lim
t→±∞

eitH0e−itH .
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If in a certain sense the operators H and H0 are asymptotically close, then one can establish
the following type of result

Theorem 2.1. The direct and inverse wave operators exist, are isometries on H and satisfy

W̃± = (W±)−1 = (W±)∗ . (2.7)

Remark 2.1. Note that the framework we are presenting here is valid in a relatively simple
case where the spectra of both H0 and H are purely absolutely continuous. When this is not the
case, the definition of the wave operators requires to apply first a projector onto the absolutely
continuous spectrum of the first operator.

The existence of the direct and inverse wave operators is all there is to prove, their unitarity
then follows automatically from the definition and the unitarity of the propagators. Equation
(2.7) also follows directly since for t ∈ R

eitHe−itH0eitH0e−itH = IdH .

The existence of the inverse wave operators is usually referred to as ‘asymptotic completeness’.

2.1.2 The Weyl equation with short-range potential

We now move on to a slightly less simple case: the Weyl neutrino equation on Minkowski
spacetime with a time-independent short-range skew potential

∂tφ+ σ1∂x1φ+ σ2∂x2φ+ σ3∂x3φ+ iP (x)φ = 0 , (2.8)

P ∈ C∞(R3 ; M2(C)) , tP̄ = P , P (x) = O(|x|−1−ε) , ε > 0 , (2.9)

where x = (x1, x2, x3) and

σ1 =

(
1 0
0 −1

)
, σ2 =

(
0 1
1 0

)
, σ3 =

(
0 −i
i 0

)
,

are the Pauli matrices2. We consider (2.8) as an evolution equation on R3. There is only one
asymptotic region and we wish to compare the behaviour for large times of solutions to (2.8)
with that of solutions to the free Weyl equation

∂tψ + σ1∂x1ψ + σ2∂x2ψ + σ3∂x3ψ = 0 . (2.10)

To do so, we can express the two equations in the form of Schrödinger equations: for (2.10), we
get

∂ψ

∂t
= −iH0ψ , H0 = −iσ1∂x1ψ − iσ

2∂x2ψ − iσ
3∂x3ψ (2.11)

2It would probably be much better to express the equation in 2-spinor form, but for our present purpose, it is
more convenient to express it through a choice of spin-frame as an equation on a complex vector.
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and for (2.8),
∂φ

∂t
= −iHφ , H = H0 + P (x) . (2.12)

A usual and fairly natural way of expressing the property that solutions to (2.8) behave for large
times as solutions to (2.10) is to show that direct and inverse wave operators can be constructed.
The operators H and H0 are self-adjoint on L2(R3 ; C2) with domain H1(R3 ; C2). Given data
φ0 ∈ L2(R3 ; C2), (resp. ψ0 ∈ L2(R3 ; C2)), φ(t) := e−itHφ0 (resp. ψ(t) := e−itH0ψ0) is the
unique solution to (2.8) (resp. (2.10)) such that φ(0) = φ0 (resp. ψ(0) = ψ0). We have the
following theorem.

Theorem 2.2. The direct and inverse wave operators

W± := s− lim
t→±∞

eitHe−itH0 , (2.13)

W̃± := s− lim
t→±∞

eitH0e−itH , (2.14)

are well-defined and are isometries of L2(R3 ; C2). Moreover, we have

W̃± =
(
W±

)∗
=
(
W±

)−1
. (2.15)

The result is then easily interpreted as describing the asymptotic behaviour of solutions to
(2.8). Indeed, for φ0 ∈ L2(R3 ; C2), put

ψ±0 := W̃±φ0 . (2.16)

Then we have

lim
t→±∞

∥∥e−itHφ0 − e−itH0ψ±0
∥∥ = lim

t→±∞

∥∥eitH0e−itHφ0 − ψ±0
∥∥ =

∥∥∥W̃±φ0 − ψ±0
∥∥∥ = 0 , (2.17)

where we have used the unitarity of e−itH0 and its group properties. Equality (2.17) shows that
solutions to (2.8) behave for large times as solutions to the free equation (2.10). The data ψ±0
for the free equation defined by (2.16) are called the past and future scattering data.

Definition 2.2. The scattering operator is defined by

S := W̃+W− . (2.18)

It summarises the whole evolution of the field by transforming the past scattering data into the
future scattering data.

The proof of Theorem 2.2 is entirely based on a simple argument called Cook’s method. We
shall now describe Cook’s method and then explain how we can use it to prove the theorem.
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2.1.3 The basic tool: Cook’s method

Cook’s method is quite systematically used in the construction of wave operators. It is
based on a sufficient condition for the existence of a limit at infinity of a C1 function on R: the
integrability of its derivative. We shall simply apply this condition in our case and derive a
condition that corresponds to Cook’s method. For the general result, see Theorem XI.4 from
Reed and Simon’s Volume 3 [57].

Let ψ0 ∈ C∞0 (R3 ; C2) which is a dense subspace of H1(R3 ; C2) = D(H0) = D(H) and of
L2(R3 ; C2). We put Ψ(t) := eitHe−itH0ψ0. Then Ψ ∈ Ck(Rt ; Hs(R3 ; C2)) for all k, s ∈ N, in
particular

Ψ ∈ C1(Rt ; L2(R3 ; C2))

and
Ψ′(t) = ieitH(H −H0)e−itH0ψ0 = ieitHP (x)e−itH0ψ0 . (2.19)

Similarly, let φ0 ∈ C∞0 (R3 ; C2) and put Φ(t) := eitH0e−itHφ0. Then

Φ ∈ C1(Rt ; L2(R3 ; C2))

and
Φ′(t) = ieitH0(H0 −H)e−itHφ0 = −ieitH0P (x)e−itHφ0 . (2.20)

Equations (2.19) and (2.20) show that if we can prove that P (x)e−itH0ψ0 and P (x)e−itHφ0 are
in L1(R ; L2(R3 ; C2)), then we can infer the existence of the strong limits (2.13) and (2.14) for
ψ0, φ0 ∈ H1(R3 ; C2). This in turn entails that the direct and inverse wave operators are well
defined using the boundedness of the propagators and the density of C∞0 (R3 ; C2) in L2(R3 ; C2).

2.1.4 The essential role of the Huygens principle

We obtain first the integrability of Ψ(t) which will yield the existence of the direct wave
operators. This is easier than the existence of the inverse wave operators because the free
equation satisfies the Huygens principle. More precisely, given ψ0 ∈ C∞0 (R3 ; C2), there exists
R > 0 such that ψ0 ≡ 0 in {|x| ≥ R} and this entails that

e−itH0ψ0 ≡ 0 for |x| ≤ |t| −R . (2.21)

Consequently, for |t| > R, we have

‖P (x)e−itH0ψ0‖L2 ≤ ‖P (x)‖L∞({|x|>|t|−R})‖e−itH0ψ0‖L2

= ‖P (x)‖L∞({|x|>|t|−R})‖ψ0‖L2

and thanks to the assumptions on P , ‖P (x)‖L∞({|x|>|t|−R}) = O(|t|−1−ε) and this proves that
P (x)e−itH0ψ0 ∈ L1(Rt ; L2(R3 ; C2)).
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2.1.5 A weak version of the Huygens principle

Because of the presence of the potential P , Equation (2.8) does not satisfy the Huygens
principle. In order to be able to transform the decay in space of P into the decay in time of
P (x)e−itHφ0, we must find an approximate version of the Huygens principle.

Trace-class perturbation techniques can be used to establish the existence of the inverse wave
operators. The idea is essentially to understand the integrability on the spectral level, which is
in a sense akin to a Fourier transform approach. The case of a potential V ∈ L1(R3), which is
a little more restrictive than the situation we are considering here, is treated by such methods
in the book by Baumgärtel and Wollenberg [12] Section 16.3.2. In the fully general short range
case, a proof of the asymptotic completeness by the non-stationary phase method can be found
in Thaller’s monograph [58] Section 8.3.1. The drawback of both approaches is that they do
not provide an intuitive geometrical understanding of a mechanism that replaces the Huyghens
principle. Mourre theory offers a different spectral approach to scattering that is much more
technical but also much more flexible and powerful than, say, trace-class methods. One of its
many advantages is an explicit version of a weak Huygens principle, the so-called minimal velocity
estimate. In our case, we have the following result that is due to Daudé ([19] Proposition 4.1)
and is valid for long-range potentials and in particular applies in the short-range case.

Proposition 2.1. For any δ ∈]0, 1[ and any χ ∈ C∞0 (R) such that χ ≡ 0 in a neighbourhood of
0, we have for all φ ∈ H∫ +∞

1

∥∥∥∥1[0,δ[

(
|x|
t

)
χ(H)e−itHφ

∥∥∥∥2

H

dt

t
≤ C‖φ‖2H .

Note that the integral in time of the squared norm is an integral on the whole spacetime of a
quadratic form in ψ. The cut-off function 1[0,δ[

(
|x|
t

)
simply restricts the integral to the interior

of the narrow cone
{
|x|
t < δ

}
and the operator χ(H) is a localisation in energy. The constant C

depends only on χ and on δ. Since the function 1/t, that is the measure density in the integral, is
not integrable near infinity, the above estimate says in a weak sense that the integrand (without
the density) tends to zero as t→ +∞. In fact one can prove a stronger convergence, namely

s− lim
t→+∞

1[0,1−δ[

(
|x|
t

)
χ(H)e−itH = 0

which is also proven by Daudé in the same paper (and in the same proposition). So although
we do not have the strong Huygens principle, we see that at least locally in energy, the solution
asymptotically vanishes within any narrow cone

{
|x|
t < δ

}
. This is enough to establish the

existence of inverse wave operators using Cook’s method on smooth and compactly supported
data.

The proof of the above proposition is quite technically involved. However, in order to get
an idea of the method, we can consider the simple case of a 1 + 1-dimensional version of the
Weyl equation with a short-range potential, for which it is possible to obtain a minimal velocity

9



estimate using similar arguments, with neither energy cut-offs nor conjugate operator (in this
case, a natural conjugate operator would be A = γx). The equation is

∂tφ+ iHφ = 0 , H = −iγ∂x + V 12 (2.22)

where

γ =

(
1 0
0 −1

)
, 12 =

(
1 0
0 1

)
, V (x) = O(|x|−1−α) , α > 0 .

We consider a function f ∈ C∞0 (R) such that, for 0 < ε < 1 given, suppf ⊂ [−1 + ε, 1− ε], and
we define the function F by

F (t) =

∫ t

−∞
(f(s))2ds .

Next, we introduce the observable
Φ(t) := F

(
γ
x

t

)
.

Then
d

dt

(
eitHΦ(t)e−itH

)
= eitHDΦ(t)e−itH

where DΦ(t) is the Heisenberg derivative of Φ:

DΦ(t) =
dΦ

dt
+ i [H,Φ] .

This can be expressed explicitly as follows

DΦ(t) =
dΦ

dt
+ γ

dΦ

dx

= γ
1

t

(
γ − x

t

)
f2
(
γ
x

t

)
=

1

t

(
1− γ x

t

)
f2
(
γ
x

t

)
.

Given the support of f , it follows that as a quadratic form,

DΦ(t) ≥ ε

t
f2
(
γ
x

t

)
.

Using this inequality, we obtain for T > 0∫ T

1

∥∥∥f (γ x
t

)
e−itHφ

∥∥∥2 dt

t
=

∫ T

1

〈
f2
(
γ
x

t

)
e−itHφ , e−itHφ

〉 dt

t

≤ 1

ε

∫ T

1

〈
DΦ(t)e−itHφ , e−itHφ

〉
dt
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and ∫ T

1

〈
eitHDΦ(t)e−itHφ , φ

〉
dt =

d

dt

∫ T

1

〈
eitHΦ(t)e−itHφ , φ

〉
dt

=
(〈
eiTHΦ(T )e−iTHφ , φ

〉
−
〈
eiHΦ(1)e−iHφ , φ

〉)
.

It follows that ∫ T

1

∥∥∥f (γ x
t

)
e−itHφ

∥∥∥2 dt

t
≤ 2

ε
‖Φ‖L∞(R ; L(H))‖φ‖2 (2.23)

with
‖Φ‖L∞(R ; L(H)) = ‖F‖L∞ = ‖f‖2L2 .

Taking the limit of (2.23) as T → +∞ and using the fact that the bound depends only on the
L2 norm of f and the localisation of its support, we obtain a minimal velocity estimate : for any
ε ∈]0, 1[ there exists C > 0 such that for all φ ∈ H,∫ +∞

1

∥∥∥1[−1+ε,1−ε]

(
γ
x

t

)
e−itHφ

∥∥∥2 dt

t
≤ C‖φ‖2 . (2.24)

2.2 The two-space scattering

In the previous paragraphs, we were working with two Hamiltonians that were self-adjoint on
the same Hilbert space. This is far from being a general situation. Usually, the two Hamiltonians
that we try to compare are self-adjoint on different Hilbert spaces and there may not even be a
natural embedding of one space into the other. In this case, we need an identification operator
that is a bounded operator from one space into the other that ideally realises an “approximate
embedding”, by which me mean that at least for a large class of functions in the first space,
the identification operator should transform them into elements of the second space with as
little modification as possible, which, as we shall see on an example below, can still mean non
trivial changes. We first formulate the general principles of two-Hilbert-space scattering, again
this can be found in more details in many books (see for instance [57] Volumes 1 and 3), then
describe explicitly the example of massless scalar fields on the Schwarzschild spacetime. We
observe in particular that there may be several natural choices of comparison dynamics for a
given equation and explore the consequences of these choices concerning the description of the
asymptotic behaviour.

2.2.1 General principles

Let us consider two separable Hilbert spaces H and H0 and two (usually unbounded) op-
erators H and H0 that are self-adjoint respectively on H and H0. Let J ∈ L(H0 ; H) be an
identification operator. We consider the same equations (2.5) and (2.6) as before and the asso-
ciated propagators e−itH0 and e−itH that are now strongly continuous one parameter groups of
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unitary operators on H0 and H respectively. We aim to define direct and inverse wave operators
as follows

W± := s− lim
t→±∞

eitHJ e−itH0 , (2.25)

W̃± := s− lim
t→±∞

eitH0J ∗e−itH , (2.26)

where the adjoint of J is defined by

〈J φ, ψ〉H = 〈φ,J ∗ψ〉H0 , ∀φ ∈ H0 , ψ ∈ H .

The interpretation of the asymptotic behaviour of solutions to the full equation will then depend
of the nature of J . We shall now consider an explicit example for which these abstract notions
will become more concrete.

2.2.2 The wave equation on the Schwarzschild metric

The Schwarzschild metric in Schwarzschild coordinates (t, r, ω) is expressed as

g = F (r)dt2 − 1

F (r)
dr2 − r2dω2 , F (r) = 1− 2M

r
, (2.27)

where dω2 is the Euclidean metric on the round 2-sphere. We work outside the black hole in the
region {r > 2M}. The d’Alembertian operator associated with g has the form

�g =
1

F

∂2

∂t2
− 1

r2

∂

∂r
r2F

∂

∂r
− 1

r2
∆S2 . (2.28)

Introducing the Regge-Wheeler tortoise coordinate

r∗ = r + 2M log(r − 2M) , (2.29)

which satisfies
dr∗
dr

=
1

F
,

modifies the expression of the d’Alembertian into

�g =
1

F

(
∂2

∂t2
− ∂2

∂r2
∗
− 2F

r

∂

∂r∗

)
− 1

r2
∆S2 . (2.30)

The first order term remaining in the d’Alembertian is not very pleasant in the sense that it has
a slow fall-off at spacelike infinity, it is a long-range term as opposed to the short-range potential
that we dealt with for the Weyl equation. However, a simple rescaling by r replaces it with a
short range potential. Indeed, we have

r�g
1

r
=

1

F

(
∂2

∂t2
− ∂2

∂r2
∗

+
FF ′

r

)
− 1

r2
∆S2 , (2.31)
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where the left-hand side is to be understood as the composition of three operators, not as r times
the d’Alembertian of 1/r. Hence the wave equation outside a Schwarzschild black hole can be
expressed on the unknown

φ̂ = rφ (2.32)

as follows (
∂2

∂t2
− ∂2

∂r2
∗

+ F

(
−∆S2

r2
+
F ′

r

))
φ̂ = 0 , on Rt × Rr∗ × S2

ω , (2.33)

which is notably simpler than the equation satisfied by the unrescaled field φ.

Remark 2.2. This rescaling appears here as an innocent trick that allows to get rid of an
annoying first order term in the equation, however the same rescaling will appear in the conformal
scattering construction for the wave equation on the Schwarzschild metric as a consequence of
the conformal compactification of the geometry. As we shall see shortly, this allows to compare
the full equation with the wave equation on Minkowski spacetime in a simple manner and also
to introduce an even simpler comparison dynamics that would not be accessible if the first order
term remained.

The Hamiltonian for Equation (2.33) is

H = i

(
0 1

∂2
r∗ − F (

−∆S2

r2
+ F ′

r ) 0

)
. (2.34)

There are two asymptotic regions, the horizon (r∗ → −∞) and infinity (r∗ → +∞), and we
need to introduce a comparison dynamics for each. At the horizon, the function F falls-off
exponentially fast in r∗. As a consequence a natural comparison dynamics in this region is given
by

H0 = i

(
0 1
∂2
r∗ 0

)
. (2.35)

At infinity, two approaches can be adopted. The first one consists in considering that the
region is asymptotically flat and it is therefore natural to chose the Hamiltonian for the wave
equation on Minkowski spacetime as a comparison dynamics. There is however a freedom in the
manner in which we choose to glue Minkowski spacetime onto the Schwarzschild geometry in the
neighbourhood of infinity; this can be expressed in a simple manner as a choice of coordinates
on Minkowski spacetime in terms of the coordinates on Schwarzschild’s spacetime. We choose to
use the coordinates (t, r∗, ω) as spherical coordinates in flat spacetime. We obtain the following
comparison dynamics

H1 = i

(
0 1

∂2
r∗ +

∆S2

r2∗
0

)
. (2.36)

Using the spherical symmetry, this can be understood as a short range perturbation of ∂2
r∗ . This

is done by decomposing the field on the basis of spherical harmonics. For each given angular
dependence the perturbation reduces to a short-range scalar potential. The eigenvalue l(l + 1)
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of the spherical Laplacian appears as a factor in the potential, as a reminder of the fact that
∆S2 is not a bounded operator. The unitarity of the propagators allows to recombine the full
solution and to infer the existence of the strong limit. Note that using r instead of r∗, however
natural it may seem, would lead to an artificially long range perturbation that would make the
scattering theory much more complicated and less meaningful. Another approach is to say that
since the perturbation F (

−∆S2

r2
+ F ′

r ) is short-range at infinity, we can choose H0 defined above
in (2.35) as the comparison dynamics at infinity. Both the choices (2.35) and (2.36) are valid and
they provide two different and in a sense inequivalent descriptions of the asymptotic behaviour
of massless scalar fields on Minkowski spacetime. This is because the two Hamiltonians H0 and
H1 are self-adjoint on two different Hilbert spaces, namely

H0 = Ḣ1(R;L2(S2))× L2(R× S2) , (2.37)
H1 = Ḣ1(R3)× L2(R3) , (2.38)

that are the completion of C∞0 (R× S2)2 (resp. C∞0 (R3)2) in the respective norms

‖(f, g)‖2H0
=

∫
R×S2

(
|∂r∗f(r∗, ω)|2 + |g(r∗, ω)|2

)
dud2ω , (2.39)

‖(f, g)‖2H1
=

∫
R3

(
|∂r∗f(r∗, ω)|2 +

1

r2
∗
|∇S2f(r∗, ω)|2 + |g(r∗, ω)|2

)
dr∗d

2ω . (2.40)

The corresponding wave operators take into account the existence of the two asymptotic regions
and can be defined as follows for j = 0, 1 depending on the comparison dynamics chosen at
infinity

W± :=

(
s− lim

t→±∞
eitH

←
J0e

−itH0 , s− lim
t→±∞

eitH
→
Jje−itHj

)
, (2.41)

W̃± := s− lim
t→±∞

eitH0
←
J0

∗
e−itH + s− lim

t→±∞
eitHj

→
Jj
∗
e−itH , (2.42)

where the identification operators J0 ∈ L(H;H0) and J1 ∈ L(H;H1) are defined using cut-off
functions

←
χ∈ C∞0 (R) ,

←
χ (x) ≡ 1 for x ≤ −R ,

←
χ (x) ≡ 0 for x ≥ R ,

→
χ∈ C∞0 (R) ,

→
χ (x) ≡ 1 for x ≥ R ,

→
χ (x) ≡ 0 for x ≤ ε

and the operators

µ :=

(
−∂2

r∗ + F (
−∆S2

r2
+
F ′

r
)

)1/2

,

µ1 :=

(
−∂2

r∗ −
∆S2

r2
∗

)1/2

,

µ0 :=
(
−∂2

r∗

)1/2
,
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by

←
J0 := µ-1 ←χ µ0⊕

←
χ=

(
µ-1 ⊗ 1

) ←
χ (µ0 ⊗ 1) , (2.43)

→
Jj = µ-1 →χ µj⊕

→
χ=

(
µ-1 ⊗ 1

) →
χ (µj ⊗ 1) . (2.44)

The proof of the existence and completeness of the wave operators for the comparison dynamics
H1 at infinity has been established by Dimock in [21]. The proof with the choice H0 is not
explicitly present in the literature in the exact form given here but an equivalent result is proven
by the author in [53].

The idea of the construction by Dimock is very clearly explained in his paper. On would
naturally like to use mere cut-off functions as identification operators, but they are not bounded
operators between the various energy spaces. However they are bounded at the level of the
corresponding L2 spaces. So one composes

←
χ or

→
χ with the operators or their inverses

µ⊗ 1 ∈ L
(
H;L2(R× S2, dr∗d

2ω)2
)
,

µ0 ⊗ 1 ∈ L
(
H0;L2(R× S2, dr∗d

2ω)2
)
,

µ1 ⊗ 1 ∈ L
(
H1;L2(R3,dr∗d

2ω)2
)
,

that are isometries. The existence of the wave operators then translates into the comparison
between solutions to evolution equations associated to H and H0 or H1 seen through these
isometries. Considering Φ ∈ H0 for instance and putting Ψ := s − limt→+∞ e

itH
←
J0e

−itH0Φ, we
have

0 = lim
t→+∞

∥∥∥eitH (µ-1 ⊗ 1
) ←
χ (µ0 ⊗ 1) e−itH0Φ−Ψ

∥∥∥
H

= lim
t→+∞

∥∥∥(µ-1 ⊗ 1
) ←
χ (µ0 ⊗ 1) e−itH0Φ− e−itHΨ

∥∥∥
H

= lim
t→+∞

∥∥∥(µ⊗ 1)
(
µ-1 ⊗ 1

) ←
χ (µ0 ⊗ 1) e−itH0Φ− (µ⊗ 1) e−itHΨ

∥∥∥
L2(R3;dr∗d2ω)

= lim
t→+∞

∥∥∥←χ (µ0 ⊗ 1) e−itH0Φ− (µ⊗ 1) e−itHΨ
∥∥∥
L2(R3;dr∗d2ω)

.

3 Another spectral analytic approach to scattering: the Lax-
Phillips theory

The Lax-Phillips theory [40] is a spectral analytic scattering theory for the wave equation
with an obstacle on Minkowski spacetime. We present it here in the trivial case where there is no
obstacle. What we are interested in is the construction of the so-called “translation representer”
that is the scattering data for the free wave equation. The main idea is inspired by a spectral
construction for finite dimensional differential systems. We explain the finite dimensional case
first, then move on to the wave equation on Minkowski spacetime.
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3.1 Finite dimensional case

Consider the equation for a time-dependent vector in Cn :

∂tV (t) = iAV (t)

where A is an n × n hermitian matrix A. For the sake of simplicity, we assume that A has n
distinct eigenvalues σ1, ..., σn. Let {e1 , ... , en} be an orthonormal basis of eigenvectors of A.
A vector V ∈ Rn can be described as the function Ṽ from R to itself that is zero everywhere
except for

Ṽ (σi) := 〈V, ei〉 , i = 1, 2, ..., n.

The vector AV is then simply represented as the function σṼ (σ), i.e. the action of A is rep-
resented as the multiplication by the spectral parameter σ. Similarly, the unitary group eitA is
described as the multiplication by eitσ. This is a spectral representation of the matrix A and its
associated unitary group.

A Fourier transform in σ then gives naturally a translation representation of the group :

Fσ(ẽitAV )(r) = Fσ(eitσṼ )(r) = ˆ̃V (r − t) .

Remark 3.1. Of course for it all to make sense, the Fourier transform must be understood on
L2(R ; dµ) where µ is the sum of Dirac measures on the σ′js.

3.2 The wave equation

Now consider the wave equation on Minkowski spacetime :

∂2
t φ−∆φ = 0 . (3.1)

As a Schrödinger-type equation, this takes the form

∂tU = iAU , U :=

(
φ
∂tφ

)
, A = −i

(
0 1
∆ 0

)
.

The operator A is self-adjoint on H = Ḣ1(R3)×L2(R3), completion of C∞0 (R3)×C∞0 (R3) in the
norm

‖U‖2 :=

∫
R3

(|∇u1|2 + |u2|2)d3x , U =

(
u1

u2

)
.

In order to mimic the construction in the finite dimensional case, we look for the eigenvalues of
A, i.e. for σ ∈ R such that AU = σU . This equation is equivalent to{

u2 = iσu1 ,
∆u1 = iσu2 = −σ2u1 .

(3.2)
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This has no finite energy solution, however there are obvious solutions

eσ,ω(x) =

(
e−iσx.ω

iσe−iσx.ω

)
, ω ∈ S2 . (3.3)

This means that H has no eigenvalues. In fact, its spectrum is purely absolutely continuous and
for each spectral value σ ∈ R, we have generalised eigenfunctions given by (3.3). So instead of
a finite orthonormal basis of eigenvectors, we have a continuous family of generalised eigenfunc-
tions. We now proceed exactly as in the finite dimensional case : consider U ∈ C∞0 (R3)×C∞0 (R3),
we project it on a given generalised eigenfunction, in spite of the apparently obvious obstacle
that eσ,ω is not an element of H:

Ũ(σ, ω) :=
1

(2π)3/2
〈U, eσ,ω〉H

=
1

(2π)3/2

∫
R3

(∇u1∇e−iσx.ω + u2iσe−iσx.ω)d3x

=
1

(2π)3/2

∫
R3

(u1(−∆e−iσx.ω) + u2iσe−iσx.ω)d3x

=
1

(2π)3/2

∫
R3

(σ2u1 − iσu2)eiσx.ωd3x

= σ2û1(−σω)− iσû2(−σω).

It turns out that, although the intermediate calculations do not, the final formula extends to H
and the map that to U associates Ũ extends as an isometry from H onto L2(Rσ × S2).

This provides a spectral representation of A and its propagator :

ÃU = σŨ , ẽitAU = eitσŨ .

Just as in the finite dimensional case, we take the Fourier transform in σ. Denoting

RU(s, ω) := Fσ(Ũ(., ω))(s) , (3.4)

we have
R(eitAU)(s, ω) = (RU)(s− t, ω) . (3.5)

The representation (3.4) is of course also an isometry from H onto L2(R× S2) and it provides,
as shown by (3.5), a translation representation of the propagator for (3.1).

The translation representation R can be expressed using the Radon transform of R3. Recall
that the Radon transform is defined for a smooth compactly supported function f on R3 by

Rf(s, ω) =

∫
x.ω=s

f(x)d2σ(x) .

It has an inverse transform valid for smooth functions on R× S2

R∗ψ(x) =

∫
S2

ψ(x.ω, ω)d2ω .
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It is easily seen that

RU =
1

4π
(−∂2

sRu1 + ∂sRu2) .

Using the inverse Radon transform, one can construct a converse map to R given by

Ik =
1

2π
(R∗k , −R∗∂sk) .

Lax and Phillips then use this converse map to establish the asymptotic profile property which is
the geometric reinterpretation of the translation representer as the radiation field of the solution.
More precisely, denoting k(s, ω) = RU(s, ω), we have

k(s, ω) = − lim
r→+∞

r∂tφ(r, (r + s)ω) . (3.6)

4 Conformal scattering theory

4.1 Main principle and general structure of the construction

The fundamental idea of conformal scattering is that a complete scattering construction is
equivalent to solving the Goursat problem at the conformal boundary. A simple and rigorous
way of doing this was proposed by Hörmander in 1990 [37] for first order perturbations of the
wave equation on spatially compact globally hyperbolic spacetimes. Given the finite propagation
speed and the fact that first order symmetric hyperbolic systems also satisfy a perturbed second
order wave equation, the results of [37] are valid for a large class of linear equations on fairly
general globally hyperbolic spacetimes. Based on Hörmander’s method, the conformal scattering
construction proposed by Mason and the author in 2004 [42] is done in three steps.

Consider a globally hyperbolic spacetime (M, g) and its conformal compactification (M̂, ĝ),
ĝ = Ω2g. We study a linear conformally invariant field equation on (M, g). Using its conformal
invariance, we transpose it on (M̂, ĝ) and perform the whole construction on the compactified
spacetime. The important geometrical objects at this point are

• a Cauchy hypersurface Σ0 for (M, g),

• the future and past components of the conformal boundary that we shall here simply denote
by I ± but which may contain also horizons when working outside a black hole.

Step 1. We construct so-called “trace operators” T± that map smooth and compactly supported
initial data on Σ0 (φ̂0 ∈ C∞0 (Σ0)) to the restrictions φ̂± at I ± of the solution φ̂ to the
Cauchy problem for our equation. The quantities φ̂± have been intensively studied in the
literature, particularly by Friedlander [25, 26, 27] and are usually referred to as radiation
fields. They represent the leading order of the asymptotic behaviour of the field along
outgoing null geodesics. The existence of such restrictions or traces is ensured by the
global hyperbolicity of the spacetime (M, g), the hyperbolicity of the equation and general
results for hyperbolic equations due to Leray [41]. There are technical details at this
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point associated with the fact that the conformal boundary is usually not closed and
admits singularities. Using the finite propagation speed for the equation, we can excise
the singularities and extend our mutilated compactified spacetime to a globally hyperbolic
spacetime without singularities, on which Leray’s results can be applied.

Step 2. We define natural Hilbert spaces H on Σ0 and H± on I ± and extend the trace oper-
ators T± as bounded operators from H to H±. This is done by means of energy estimates.
They are performed for solutions associated with smooth and compactly supported initial
data. The basic energy fluxes on Σ0 and I ± define non-negative quadratic forms with re-
spect to which we complete C∞0 (Σ0) to obtain our Hilbert spaces. We then obtain estimates
both ways between the norms on Σ0 and I ±

‖φ̂±‖H± ≤ C‖φ0‖H , (4.1)

‖φ0‖H ≤ C‖φ̂±‖H± , (4.2)

that are uniform on the considered family of solutions. These allow to extend uniquely
our trace operators by density, we still denote them by T±. Moreover, because of the two
converse estimates, the operators T± are one-to-one and with closed range.

Step 3. We prove that T± are isometries from H onto H±. All that is left to prove at this
stage is the surjectivity of T±. Since we already know that their range is closed, we
merely need to establish that Ran(T±) is dense in H±. For this, we consider data φ̂± in
a dense subspace of H±, typically, smooth and compactly supported funtions. For such
data, following Hörmander, we construct a solution to the Goursat problem as a limit to
solutions of the Cauchy problem for a modified equation with slowed down propagation
(for which I ± are now spacelike hypersurfaces).

The property that the operators T± exist and are isometries between Hilbert spaces H on Σ0 and
H± on I ± is a precise statement of the well-posedness of the Goursat problem at I ± with an
explicit functional framework and therefore provides a complete scattering theory. The Cauchy
hypersurface Σ0 can be considered as an intermediate technical tool that can then be dropped
when considering the scattering operator

S := T+
(
T−
)−1

. (4.3)

This construction has the advantage of being insensitive to time dependence in general. However,
when a singularity is present at timelike or even spacelike infinity, a complicated time dependence
may make the proof much trickier.

We now give additional details about the construction on an explicit example.

4.2 The wave equation on the Schwarzschild spacetime

This case is the object of a paper by the author [53] to which we refer the reader for more
detailed explanations. We work on the exterior (r > 2M) of Schwarzschild’s spacetime (2.27)
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and we consider the wave equation
�gφ = 0 . (4.4)

This is also the conformal wave equation since the Schwarzschild metric is Ricci flat. We then
perform the following conformal compactification

ĝ := Ω2g , Ω = R :=
1

r
, Scalĝ = 12MR . (4.5)

We express the metric ĝ in three different coordinate systems: the Schwarzschild coordinates
with the Regge-Wheeler radial variable (t, r∗, ω), the outgoing Eddington-Finkelstein coordinates
with inverted radial variable (u = t − r∗, R = 1/r, ω) and the incoming Eddington-Finkelstein
coordinates with inverted radial variable (v = t+ r∗, R, ω):

ĝ =
r − 2M

r3

(
dt2 − dr2

∗
)
− dω2 , (4.6)

= R2(1− 2MR)du2 − 2dudR− dω2 , (4.7)
= R2(1− 2MR)dv2 + 2dvdR− dω2 . (4.8)

The compactified Schwarzschild exterior acquires future and past null infinities

I + ' Ru × {R = 0} × S2 , I − ' Rv × {R = 0} × S2 , (4.9)

as boundary. With our choice of conformal factor Ω, spacelike infinity and timelike infinities
remain at infinity and are not part of the boundary. They could be brought back to finite
distance with a different choice of conformal factor, but they are conformal singularities and the
rescaled metric would in any case not be regular there. The complete boundary is therefore made
up of I ± and of the future and past horizons H ± as well as their crossover Sc (see Figure 1
for a Penrose diagram of the Schwarzschild exterior). An interesting feature of the conformal
rescaling we have chosen is that the vector field ∂t remains Killing for ĝ. Moreover, it is timelike
and future oriented in the bulk of the compactified spacetime and extends to the boundary as a
null vector field (as can be seen easily from (4.7)-(4.8) using the fact that in coordinates (u,R, ω),
∂t is ∂u and in coordinates (v,R, ω), it is given by ∂v) that only vanishes at Sc.

The conformal wave equation on the compactified spacetime is

�ĝφ̂+ 2MRφ̂ = 0 . (4.10)

The energy estimates described in step 2 in Subsection 4.1 are obtained by choosing first a stress-
energy tensor for Equation (4.10). The usual stress-energy tensor for the wave equation is not
conformally invariant and therefore does not yield a conserved stress-energy tensor for (4.10).
It is easy in our case to choose simply the stress-energy tensor for the wave equation on the
compactified spacetime

Tab := ∇̂aφ̂∇̂bφ−
1

2
〈∇̂φ̂, ∇̂φ̂〉ĝ ĝab .
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Figure 1: Penrose diagram of the exterior of a Schwarzschild black hole with the level hypersur-
faces of t and r represented by dotted lines.

This is symmetric but not conserved since

∇̂aTab =
(
�ĝφ̂

)
∇̂bφ̂ = −2MRφ̂∇̂bφ̂ when φ̂ satisfies (4.10).

We also need to choose an observer, i.e. a timelike vector field, with which to contract the stress-
energy tensor in order to obtain an energy current. A natural choice on the rescaled spacetime
is ∂t =: K. The corresponding energy current

Ĵa = KbT̂ab (4.11)

is not conserved either,
∇̂aĴa = −2MRφ̂∂tφ̂ , (4.12)

however the right-hand side of (4.12) is an exact divergence

V := MRφ̂2∂t , 2MRφ̂∂tφ̂ = ∇̂aV a .

As a consequence, the modified energy current

J̃a := Ĵa + V a (4.13)
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is conserved. The associated energy flux across an oriented hypersurface is defined in terms of
the Hodge dual of the 1-form J̃a. We adopt the conventions of Penrose and Rindler [56] whereby
for a 1-form αa,

(∗α)abc = eabcdα
d ,

where eabcd is the volume form for ĝ, which we also denote dVolĝ. Given an oriented hypersurface
S, the flux of J̃a through S is then given by

ÊS = −4

∫
S
∗J̃adxa =

∫
S
J̃an̂

a l̂ydVolĝ , (4.14)

where l̂ is a vector field transverse to S and compatible with the orientation of the hypersurface,
and n̂ is the normal vector field to S such that ĝ(l̂, n̂) = 1. The energy fluxes across the Cauchy
hypersurface Σ0 := {t = 0}, I + and H + are given by

ÊΣ0(φ̂) =
1

2

∫
Σ0

(
(∂tφ̂)2 + (∂r∗ φ̂)2 +R2F |∇S2 φ̂|2 + 2MFR3φ̂2

)
dr∗d

2ω ,

ÊH +(φ̂) =

∫
H +

(∂v(φ̂|H +))2dvd2ω ,

ÊI +(φ̂) =

∫
I +

(∂u(φ̂|I +))2dud2ω .

Note that these are really all integrals on R × S2 but for the sake of clarity, we have preferred
to indicate the geometrical localisation of the integration. We define the corresponding energy
spaces on Σ0 and on the future boundary H + ∪I + as follows:

• H is the completion of C∞0 (Σ0)2 in the norm defined by ÊΣ0 ;

• H+ is the completion of C∞0 (H +)× C∞0 (I +) in the norm

‖(f1, f2)‖2H+ = ÊH +(f1) + ÊI +(f2) .

We have a similar construction of an energy space H− at the past boundary H − ∪I −.
Since the current J̃ is conserved, we obtain the following energy identities for finite energy

solutions
ÊΣ0(φ̂) = ÊH +(φ̂) + ÊI +(φ̂) = ÊH −(φ̂) + ÊI−(φ̂) , (4.15)

which, at the end of the three-step construction, will entail the following theorem

Theorem 4.1. The trace operators T± that to smooth compactly supported initial data (φ̂0, φ̂1)

for Equation (4.10) associate the restrictions
(
φ̂|H ± , φ̂|I±

)
of the rescaled solution at H ±∪I ±,

extend as isometries from H onto H±.
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There are two difficulties in the proof of (4.15) that are related to the conformal singularities
at i0 and i± and that prevent us from applying directly the divergence Theorem. Such difficulties
are not present when working on Minkowski spacetime for which the conformal boundary has no
singularity; the singularity at i0 appears as soon as we work with a spacetime containing energy
and the one at i± is caused by the presence of the event horizon (future and past). We explain in
the next subsections how to deal with them in the case of the wave equation. The constructions
are described towards the future, the exact same thing can be done towards the past.

4.3 Strategy for a singular spacelike infinity

In a compactified spacetime where the only singularity is at spacelike infinity, the finite
propagation speed is enough to dealt with the difficulty. The idea is to work with a dense
family of initial data that have compact support, typically smooth and compactly supported.
For such data, the finite propagation speed will entail that the support of the solution remains
away from spacelike infinity (see Figure 2). This means that we can use the divergence Theorem

Figure 2: Avoiding the singularity at i0

to obtain energy estimates both ways between a Cauchy hypersurface and the future boundary
I +. Moreover, provided we have some adequate approximate symmetry near i0 yielding an
approximate conservation law, the constants in the estimates will be independent of the size
of the support of the data; in [42], this is taken care of by assuming that the spacetime is
diffeomorphic to the Schwarzschild metric in a neighbourhood of i0. Then, by density of the
family of smooth compactly supported functions in the energy space, the inequalities will be
valid for all finite energy data, whether their support is compact or not. When timelike infinities
are also singular, as is the case for the Schwarzschild metric, the strategy is still valid but must
be used in combination with the method described in Subsection 4.4.
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When solving the Goursat problem for smooth compactly supported scattering data on I +

in step 3 in Subsection 4.1, the difficulty occurs again but this time, the support of the solution
has no reason to remain away from i0. One can still use the finite propagation speed but the
method is a little more subtle in this case. We consider a spacelike hypersurface S that lies in
the past of the support of the data on the future boundary, which may be made of I + and H +,
see Figure 3. The solution to the Goursat problem can be obtained from Hörmander’s theorems

Figure 3: The choice of hypersurface S in the backwards Goursat problem.

[37] in the future of S and the restriction φ̂|S of the solution φ̂ to S has finite energy. Moreover,
φ̂|S vanishes at the intersection of S and the boundary. This implies, just like smooth compactly
supported functions are dense in H1

0 of an bounded open set of Rn, that φ̂|S can be approached in
energy norm by smooth compactly supported functions on S, where compactly supported means
that they are supported away from the boundary. The same is true for the restriction of the time
derivative of φ̂ to S as it lies in L2 in which smooth compactly supported functions are dense.
We can therefore approach the full data on S by a sequence of smooth compactly supported data
for which we can solve the Cauchy problem towards the past between S and Σ0. The solutions
remain supported away from i0 and we obtain energy estimates both ways between S and Σ0 for
them, with constants independent of the element of the sequence considered. Taking the limit
shows that the restriction of φ̂ to Σ0 has finite energy. In this construction, the hypersurface S
plays the role of an intermediate technical tool for a given set of data.

4.4 Dealing with timelike infinities

When timelike infinities are singular, unless we work in a spacetime for which the Huyghens
principle is valid, solutions associated with compactly supported initial data will not remain
supported away from i± and finite propagation speed therefore cannot help us. In this case, we
start by working away from timelike infinity. We consider a family of spacelike hypersurfaces
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{ST }T≥T0 that are transverse to the future boundary and accumulate on i+ as T → +∞. We
denote by H +

T and I +
T the parts of H + and I + located in the past of ST (see Figure 4).

Using the strategy explained in the previous subsection for dealing with the singularity at i0,

Figure 4: Dealing with a singular i+

we can obtain energy estimates both ways between Σ0 and the union H +
T ∪ ST ∪ I +

T . In the
Schwarzschild case with the current J̃ , these estimates will be identities since the current is
conserved. Then we need to prove that when T → +∞ the energy on ST tends to 0. This is
a global decay result on the physical spacetime in the future of a family of hyperboloids that
are pushed further and further into the future. For the wave equation on the Schwarzschild
metric, such results have been obtained by Dafermos and Rodnianski [17]. On the exterior of
a Reissner-Nordström-de Sitter black hole for the Maxwell field, Mokdad established the decay
estimates near i± [48] and used them to infer the conformal scattering construction [47].

4.5 Freedom of choice of observer

For the wave equation on the Schwarzschild spacetime, we have chosen the observer associated
to the timelike Killing vector field ∂t. Since it becomes null at the boundary, the norms on the
energy spaces for scattering data give a fairly weak control, namely Ḣ1(R;L2(S2)). We could
choose an observer that is transverse to the boundary, this would give us a full Ḣ1 control on
the scattering data with some weights at timelike infinities and spacelike infinity depending on
the behaviour of the vector field there. On Minkowski spacetime, the two types of choices can
be made and two inequivalent scattering theories are obtained. First, one can work on the fully
compactified spacetime that is embedded in the Einstein cylinder, using the conformal factor

Ω =
2√

1 + (t+ r)2
√

1 + (t− r)2
.
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Then the conformal wave equation on the Einstein cylinder is the Klein-Gordon equation with
mass 1 which has a conserved stress-energy tensor. Choosing the observer associated to the time
translation along the Einstein cylinder gives a conserved energy current whose flux across I
and {t = 0} provides a full H1 control on both hypersurfaces. The control at the boundary
is even stronger than Ḣ1 because of the choice of stress-energy tensor, which is natural here
since the scalar curvature does not vanish at I . Alternatively, we can compactify Minkowski
spacetime using the conformal factor Ω = 1/r and choose the observer ∂t. Then the compactified
spacetime is Ricci flat and the conformal wave equation is the usual wave equation which also has
a conserved stress-energy tensor. The conserved energy current we obtain gives an Ḣ1(R;L2(S2))
control on the boundary.

On Schwarzschild’s spacetime, no conformal scattering theory has been constructed using an
observer transverse to the boundary. However, the Morawetz vector field is such an observer and
it has been used by L. Mason and the author in [43, 44] to study the peeling for various zero
rest-mass field equations. It would be interesting to see whether the decay estimates of Dafermos
and Rodnianski are enough to establish a complete scattering theory for the wave equation using
the Morawetz vector field as an observer.

5 Transversal constructions

In spite of the fundamentally different approaches, there are many analogous structures that
appear between the spectral analytic time dependent and conformal scattering constructions.
First of all the wave operators and the trace operators seem to play similar roles, the trace
operators corresponding to the inverse wave operators rather than the direct ones. Note that
they also seem to enjoy analogous properties inherited from the symmetries of the background.
For instance for the wave equation on the Schwarzschild metric, both are isometries between
well-chosen Hilbert spaces. Also, there are freedoms of choices for both approaches that are of a
different nature but entail in the complete theory remarkably close changes. For time-dependent
scattering, the freedom in the choice of comparison dynamics is translated in the function space
in which the scattering data live. For conformal scattering, it is the choice of observer that has
an effect on the energy space of scattering data. Moreover, we have exhibited natural choices
in both frameworks that entail exactly the same function spaces for the scattering data: for the
wave equation on the Schwarzschild metric, the choice of H0 for a comparison dynamics and the
choice of ∂t as an observer produce the same function spaces Ḣ1(R×L2(S2))⊕ Ḣ1(R×L2(S2))
for the scattering data, whereas the choice of H1 and of an observer transverse to the boundary
change the function space at infinity into Ḣ1(R×S2) with possibly different asymptotic weights
depending on the choice of behaviour of the observer near i0 and i±. The two approaches seem to
differ the most in the way they consider their scattering data; in the spectral construction, they
live in a different space to the solutions and the link is made by sometimes obscure identification
operators, whereas in the conformal picture, the scattering data are geometrically localised at
the boundary of the spacetime and are the radiation fields. However, the function space of
scattering data can often be made sense of geometrically as an asymptotic simplification of the
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finite energy space for the complete equation. For the comparison dynamics H0 in the case of
the wave equation on the Schwarzschild metric, the geometric interpretation is very natural, the
propagator e−itH0 plays the role of the principal null geodesic flow, the scattering data at infinity
are exactly the restrictions at I of the rescaled field, i.e. the radiation fields, and the inverse
wave operators are naturally identified to the direct trace operators, modulo an identification of
I ± with the congruence of outgoing/incoming principal null geodesics.

These analogous structures raise a natural question: can one use the ingredients of one ap-
proach to infer the final result in the other? This is what we call a transversal construction.
The theories themselves are of course not equivalent since their main ingredients, in order to be
available, impose some constraints on the type of background and field equation considered and
these constraints are different for each approach. For instance, the conformal method requires
to work on manifolds that can be conformally compactified with a sufficiently smooth boundary
and with field equations that are conformally invariant, or at least that change in a well con-
trolled manner under a conformal rescaling. For the time-dependent method, whether it is based
on spectral analysis or not, stationary frameworks are well adapted, but also time dependent
situations with a strong and uniform time decay, see for example the time-dependent scatter-
ing theory for Dirac fields in the interior of a Reissner-Nordström black-hole established by D.
Häfner, M. Mokdad and the author [35]. As for the Lax-Phillips theory, it has been constructed
on Minkowski spacetime and its extensions obtained using the conformal method by Friedlander
[28] and then J. Baez and its collaborators [7, 8, 9, 10, 11] are only in static situations. In spite
of these differences, we would argue that the question at the beginning of the paragraph is a
valid one, to which some partial answer has already been given. In a sense, conformal scattering
itself is a transversal construction. It was initially constructed by Friedlander [28] after years of
studying Penrose’s conformal method and radiation fields and also discovering in the Lax-Phillips
theory that the translation representer and the radiation field are the same thing. His purpose
was to reconstruct the whole Lax-Phillips theory using the conformal method to start from the
radiation field instead of recovering it in the end. Several other transversal constructions have
been obtained in the recent years.

1. Conformal scattering entails time-dependent scattering. This is a fairly gen-
eral result established in [42] for asymptotically simple spacetimes and in [53] for the
Schwarzschild metric. In the Schwarzschild case, we use the comparison dynamics H0 and
the fact that the different connected components of the conformal boundary can be iden-
tified with the congruences of outgoing or incoming radial null geodesics (these happen
to be the so-called principal null geodesics, that are generated by the double null eigen-
vectors of the Weyl tensor; for the Kerr metric, we have similar double null eigenvectors
and associated geodesics with a non trivial twist). The restrictions of the rescaled field
at the conformal boundary can then be understood as fields propagating in the spacetime
according to this comparison dynamics. We recover a time dependent scattering theory
that could also be constructed using spectral analysis. For asymptotically simple space-
times with smooth timelike infinities, the idea is to construct a comparison dynamics that
resembles H0 in the Schwarzschild case and can be understood as the flow of a congruence
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that can be used to define the conformal boundary. There is a lot of flexibility in this
construction and one recovers a time-dependent scattering — in the sense that we can
define wave operators that compare two different dynamics — that is not based on spectral
analytic methods. There are two natural possibilities to construct the congruences that
will support the comparison dynamics. The first method consists in constructing a null
congruence in the neighbourhood of the future boundary (resp. the past). We cannot
in general extend it to the whole spacetime since caustics will occur, but outside a large
world-tube that is compact in space in the physical spacetime, such a congruence can be
constructed (see the first image in Figure 5). It can then be extended as a global causal
congruence as shown in the second image in Figure 5. Alternatively, we can choose a global
timelike congruence (see the third image in Figure 5) defined for instance by the integral
lines of the gradient of a global time function. The two congruences shown in the second
and third images can both be used to define a comparison dynamics; the parameter along
the flow can for instance be defined by a global time function on the physical spacetime,
whose level hypersurfaces accumulate at the boundary.

Figure 5: A null congruence near the future boundary, its extension as a global causal congruence
and a global timelike congruence.

2. In stationary situations, conformal scattering entails the Lax-Phillips theory.
In such cases, we have a global timelike Killing vector field K in the bulk of the spacetime
that becomes null at the conformal boundary. Choosing a time function t such thatKt = 1,
we can consider the evolution by a time t of the rescaled field as an active action on the
whole spacetime, including the field, of the flow ΦK(−t) of K. The resulting effect on the
restriction at the conformal boundary of the rescaled field is a translation of time −t along
the integral lines of K that are the null generators of the boundary. Hence, the radiation
field is a translation representer, which is the fundamental object of the Lax-Phillips theory.

On the exterior of a Kerr black hole, that is only locally stationary, we have a Killing
vector (∂t in Boyer-Lindquist coordinates) that is timelike near infinity but not near the
horizon. In this case, the future (resp. past) radiation field at infinity will behave like
a translation representer but it does not contain the whole information of the field. The
remaining information consists of the restriction of the field on the future (resp. past)
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horizon. There ∂t is tangent to the horizon but spacelike because of the rotation. The
scattering data at the horizon, under the evolution of the field, will undergo a translation
of −t along the null generator of the horizon as well as a rotation at the rotation speed of
the horizon.

3. Time dependent scattering does not entail a conformal scattering theory in
general. This is because in general a time-dependent scattering is not geometrical, it relies
on equations on one or two Hilbert spaces and there may not be a natural background
spacetime let alone a conformal boundary. In some explicit situations, time-dependent
scattering has been shown to entail a conformal scattering theory. This was done on a case
by case basis by re-interpreting the direct wave operators as solving the Goursat problem at
the conformal boundary, for instance by A. Bachelot for Maxwell fields on the Schwarzschild
spacetime [1] and by D. Häfner and the author for Dirac fields outside a Kerr black hole
[36].

The third point is worth investigating further. When the geometrical ingredients (a spacetime and
its conformal compactification) are present, one may wonder whether a minimal velocity estimate
may be enough to entail a conformal scattering theory. It would be extremely interesting if such
estimates could provide alternatives to stronger uniform decay results that require a precise
understanding of the local geometry of null geodesics, in particular the trapping sets and their
nature. First steps must be done in well controlled situations with some explicit symmetries, but
this is a fascinating question and a possible opening of a wide research area.
Acknowledgments. The author would like to thank the Royal Society for financial support on
the occasion of the conference “At the interface of asymptotics, conformal methods and analysis
in general relativity”.
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