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Potential flows away from stagnation
in infinite cylinders *

Francois Hamel  and Aram Karakhanyan P

& Aix Marseille Univ, CNRS, I12M, Marseille, France
b School of Mathematics, University of Edinburgh,
James Clerk Maxwell Building, The King’s Buildings, Peter Guthrie Tait Road, Edinburgh EH9 3FD, UK

Abstract

Steady incompressible potential flows of an inviscid or viscous fluid are considered
in infinite N-dimensional cylinders with tangential boundary conditions in any di-
mension N > 2. We show that such flows, if away from stagnation, are constant and
parallel to the direction of the cylinder. This means equivalently that a harmonic
function whose gradient is bounded away from zero in an infinite cylinder with Neu-
mann boundary conditions is an affine function. The proof of this rigidity result uses
a combination of ODE and PDE arguments, respectively for the streamlines of the
flow and the harmonic potential function.

Keywords: Euler equations, Navier-Stokes equations, stagnation, potential flows,
rigidity.
Mathematics Subject Classification: 35B53, 35Q30, 35Q31, 76D05.

1 Introduction and main results
We are firstly concerned with steady incompressible flows solving the Euler equations

v-Vvo+Vp = 0 in ),
dive = 0 in €, (1.1)
v-n = 0 on 0L,

in an infinite cylindrical domain

O=RxwcRY
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of any dimension N > 2, with bounded connected open section w C RV~! of class C!
and outward unit normal n. The main results also apply to the steady incompressible
Navier-Stokes equations

pwAv+v-Vo+Vp = 0 in(,
dive = 0 in Q, (1.2)
v-n = 0 on 0,

with kinematic viscosity i > 0. The unknown pressure p is assumed to be of class C1(Q, R)
and the unknown velocity field v is assumed to be of class C1(2,RY) N C(Q,RY). The
Navier-Stokes equations are then a priori understood in a weak sense, the velocity field v
belonging to VVf’p (Q,RY) for all p € [1,00), from standard elliptic estimates.

oc

Main results

We consider potential flows, that is, there exists a C%(Q2,R) N C*(Q, R) function 9 such
that B
v=Vy in (), (1.3)

and we assume that the flows are away from stagnation, that is,

inf |v] > 0. (1.4)
0

Throughout the paper, we call x + |z| the Euclidean norm in RV, and (z,y) — =z -y
the Euclidean inner product in RY. We refer the reader to the books [7], 38, [41] for more
discussion on the Euler and the Navier-Stokes equations, as well as various applications.

Theorem 1.1. Let (v, p) be a solution of the steady incompressible Euler or Navier-Stokes
equations (L.1)) or (1.2), such that v is a potential flow away from stagnation. Then v is
constant and parallel to the cylinder. More precisely, there is a € R* such that

v =(a,0,---,0) in Q, (1.5)
and p is constant in Q.

For potential flows, the incompressible Euler and Navier-Stokes equations
and are equivalent, since Ad,,v» = 0 in Q for all ¢ € {1,--- N} if AYp = 0 in Q.
Actually, the Navier-Stokes equations are usually supplemented with no-slip boundary
conditions, for which the normal part of the fluid velocity at a boundary point vanishes
(as it is also usually assumed for the Euler equations) and its tangential part equals the
velocity of the solid boundary point. Therefore, for an incompressible potential flow away
from stagnation and obeying the Navier-Stokes equations in an infinite cylinder with no-
slip boundary conditions, Theorem shows that the tangential part of the velocity at
the boundary is necessarily constant, non-zero, and parallel to the direction of the cylin-
der. For the Navier-Stokes equations , the case of vanishing tangential part of the
velocity at the boundary is incompatible with . However, even with no-slip boundary
conditions and vanishing tangential part of the velocity, in the regime of small kinematic
viscosities u, there typically exist boundary layers where the tangential components of the
fluid velocity vary rapidly from 0 to non-zero values, whereas the normal component does
not vary much, and thus stays close to 0. In that spirit, the Navier-Stokes system (|1.2)
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with the hypothesis can be viewed as an approximation of a model for a viscous flow
away from stagnation away from a thin boundary layer.

As a matter of fact, Theorem is not only valid for the Euler or Navier-Stokes
equations, even if these two systems are the motivation of our work: Theorem is
based on the structural assumptions — on the velocity field v, in addition to its
incompressibility and the tangential boundary conditions. Namely, the following theorem
holds.

Theorem 1.2. Let v be an incompressible C1(,RY) N C(Q,RY) vector field satisfying
v-n=0 ondQ and (1.3)-(L.4)). Then there is a € R* such that (1.5 holds.

Theorem clearly implies Theorem Conversely, if v is an incompressible
CHQ,RMNC(Q,RY) vector field satisfying and v-n = 0 on 0f, then v obeys the Eu-
ler and Navier-Stokes equations and with pressure p = —|v|?/2 = —|V¢|?/2 up
to additive constants (the Bernoulli function p + |v|?>/2 is constant). Thus, Theorems
and are equivalent, and are therefore equivalent to the following result of indepen-
dent interest reformulated in terms of harmonic functions (despite the simplicity of the
statement, we are not aware of such a result in the literature, up to our knowledge):

Theorem 1.3. Let 1 be a C?(,R) N C'(Q,R) harmonic functio such that Vi -n =0
on 0 and infg |V¢| > 0. Then there are a € R* and b € R such that

Y(x)=ax,+0b forallx=(x1, - ,2n) € Q.

We point out that Theorems[I.IHI.3|hold in any dimension N > 2. In dimension N = 2,
it turns out that the conclusions of Theorems could also be derived independently
from [26, Theorem 1.1]. Indeed, first of all, under the assumptions of Theorems
in dimension N = 2, the vector field v is of class C*®(Q, R?), see Section . Then, even
without the condition ([1.3]), [26] Theorem 1.1] implies that v is a parallel flow, that is,
v(21,22) = (v1(22),0) for all (z1,25) € Q, and the assumption ((1.3)) finally entails that v
is constant. As a matter of fact, for the specific case of dimension N = 2, we provide in
Section [4] an alternate proof of Theorems|1.111.3] which does not use [20] and is completely
different from the proof given in Sections below for the general case N > 2.

In any dimension N > 2, if w is simply connected, that is, if {2 is simply connected,
the Schwarz theorem and Poincaré lemma entail that the assumption is equivalent
to say that the vorticity of the flow v (the antisymmetric part of the Jacobian matrix
of v) identically vanishes, that is, the velocity field is irrotational. Therefore, in a simply
connected infinite cylinder 2 in dimension N = 3, Theorems [L.141.2] equivalently mean
that any incompressible C'* (€, R*)NC(Q, R?) vector field v away from stagnation satisfying
v-n =0 on dQ and curlv = (0,0,0) is necessarily identically equal to (a,0,0) in Q for
some a € R*.

Lastly, an interesting corollary of the main results is that any unbounded potential flow
v e CHQ,RY)NC(Q,RY) of the Euler or Navier-Stokes equations or (1.2)), or more
generally any unbounded incompressible potential vector field v € C*(Q, RY) N C(Q,RY)
satisfying v - n = 0 on 9, must have a stagnation point in Q or at infinity, in the sense
that infg |v| = 0.

!'Notice that from its harmonicity, the function v is actually real-analytic in €.



Counter-examples without the main assumptions

The conclusions of Theorems do not hold in general without the assumptions —
(1.4) or without the incompressibility condition dive = 0. Let us explain why in more
details in the following paragraphs.

First of all, one can not get rid of the condition (|1.4) on infg |v| > 0 in Theorems
(notice nevertheless that v is never assumed to be bounded, even if the conclusion
implies that it is so!) or the condition infg |[Ve| > 0 in Theorem [I.3} Assume for instance
that w is of class C? and consider any eigenfunction ¢ € C*(w,R) N C'(@w,R) of the
Laplace operator in w with Neumann boundary conditions, that is, A¢ + A¢ = 0 in w
with V¢ - n = 0 on Ow, associated with a positive eigenvalue A > 0 (notice that the
function ¢ is therefore non-constant and that the C? smoothness of w guarantees that ¢
is necessarily of class W%P(w,R) for all p € [1,00), and thus at least of class C! up to the
boundary). Setting

Y(x) = (a1, -+ ,xNn) := cosh (:Cl\/X) O(za, -+ ,xN),

the vector field v := Vi is then a non-constant C>(Q,RY) N C(Q, RY) solution of (L.1])-
(L.2), with pressure p := —|v|?/2, such that [v(0,2’)| = 0 for any critical point 2’ € @ of ¢
(such a critical point 2’ € W necessarily exists, take for instance a maximal point z’ of ¢
in w: if ' € w, then |V¢(2')| = 0 and if 2/ € Ow, then the tangential derivatives of ¢ at 2’
are all zero, as is the normal derivative by definition of ¢, hence |V¢(z')| = 0). We point
out that the condition infg [v| > 0 can not be relaxed into |v| > 0 in Q either: for instance,
in Q :=R x (0,1), the vector field v := Vi, with potential (z1,xs) := €™ cos(mxsy), is
a non-constant C* (€2, R?) solution of (L.I)-(L.2), with pressure p := —|v|?/2, such that
infg |v| = 0 and |v| > 0 in 2.

Similarly, the conclusions of Theorems [1.1 clearly do not hold in general without
the incompressibility condition divv = 0, and Theorem clearly does not hold in general
without the harmonicity of ¢. For instance, for any o € (—1, 1), the vector field v := V1),
with

Y(1,- - on) =2+ aln(@d + 1),

is a non-incompressible and non-constant C*(€2,RV) solution of the Euler equations
v-Vo+Vp =0inQand v-n = 0 on 9, with pressure p := —|v|?/2, such that
infg |v| = 1 — |a| > 0, that is, (1.3)-(1.4) hold. Furthermore, it is easy to cook up to some
counter-examples which depend on the variables (z3, - - - , zx) as well. For instance, assume
that w is of class C?, and consider a bounded and locally Holder-continuous function f
with zero average over w, and let ¢ be the unique C?(w) N C'(w) solution of A¢ = f in w
with V¢ -n = 0 on dw and zero average over w. Then, for all € > 0 small enough, the
vector field v, := V). with

Vo (2) =21 +aln(z] + 1) +ep(ag, -, xN)

is a non-incompressible and non-constant C*(Q,RY) N C(Q, RY) solution of the Euler
equations v, - Vo, + Vp. = 0 in Q and v, -n = 0 on 99, with pressure p, := —|v.|?/2, such
that infg |ve| > 0. However, as follows from Section 2 below, we point out that, for any
function p € C?(,R) N CH(Q,R) such that Vi -n = 0 on 92 and infg |[Ve| > 0, then
necessarily either p(z) — 00 as £7 — £00, or p(z) — Foo as 1 — 00, uniformly with
respect to (22, ,xy) € W, even if ¢ is not harmonic (that is, even if the vector field V¢
is not divergence-free).



The assumption saying that v = V1 is a potential flow can not be relaxed either.
For instance, say in 2 := R x (0,1) in dimension N = 2, for any non-vanishing and non-
constant function v; € C1((0,1), R)NC([0, 1], R), the incompressible non-constant parallel
flow

v(xy, z2) = (v1(x2),0) (1.6)

is a C1(Q,R?) N C(22,R?) solution of with constant pressure, that fulfills but
not (its scalar vorticity is not identically zero, as vy is not constant). Let us provide
another counter-example, in dimension N = 3, with ) := R x D, where D is the unit
Euclidean disk of R? centered at the origin. The incompressible helicoidal flow v defined
by

v(xy, e, 23) := (1, —x3, T9)

is a C>(Q,R?) solution of (L.1)-(1.2) with pressure p(z1, 2, 73) = (22 + 22)/2, that
fulfills ((1.4]) but not (1.3)) (its vorticity is equal to the non-zero vector field (2,0,0)), and v
is not constant and it is not parallel to the direction x; either.

Remark 1.4. We point out that the conclusions of Theorems do not hold in general
if the cylinder 2 = R X w has an unbounded section w. For instance, consider the case of
the whole space @ = RY with N > 3, and the vector field v := Vi) € C=(RN RY), with

() = z20 + 23

for all x € RN. The vector field v solves (L.1)-(L.2)) with pressure p := —|v|*/2, it satis-
fies —, but it is not constant, and is even not a parallel flow. This example holds
in dimensions N > 3. In R?, the vector field v := V1 with (x) := x129 does not ful-
fill (L.4). Actually, in dimension N = 2, if a C*'(R?, R?) vector field satisfies or
together with (1.3)-(1.4)) (then it is automatically of class C*°(R? R?) since each of its com-
ponents is harmonic) and if it is further assumed to be bounded, namely v € L*°(R? R?),
then it follows from [28, Theorem 1.1] that v is a shear flow, that is, there is a C*(R,R)
function V and a unit vector e = (e1,es) such that v(z) = V(z -et)e for all z € R,
with et := (—eq, e1), and condition finally gives that v is constant.

Comments on rigidity and Liouville-type results for the Euler or Navier-Stokes
equations in the literature

In infinite cylinders, the first rigidity result showed that the solutions v = (v, vs) of
in the two-dimensional strip © = R x (0, 1) satisfying v; # 0 are necessarily parallel flows
of the type [34]. The same conclusion also holds for the Euler equations
under the non-stagnation condition (1.4)) [26], and for the Boussinesq equations [§] and
the hydrostatic Euler equations [39]. The uniqueness of Poiseuille flows such that |v| =0
on 002 = R x {0,1}, v(z1,x2) — (22(1 — 23),0) as 21 - —o0 and v; > 0in Q@ =R x (0,1)
was proven in [40], namely such flows are identically equal to (z2(1—x5),0). The uniqueness
of Euler flows satisfying a prescribed upstream value as x; — —oc is valid more generally
in non-straight infinite two-dimensional nozzles [40] (but non-empty stagnation regions
can occur without the condition vy > 0 [40]) and in three-dimensional axisymmetric noz-
zles [14]. Rigidity and non-rigidity results for shear flows in two-dimensional domains have
been obtained for the steady or unsteady Euler and Navier-Stokes equations [11, 25] (for
further stability results of Euler or Navier-Stokes shear flows with monotone profiles, see
e.g. [3, 4L 10, 24] B2, 35, 47]). Rigidity results for parallel flows of the Euler equations under
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the non-stagnation condition also hold in two-dimensional half-planes [26, 27] and in
the whole plane [28]. On the other hand, bounded non-parallel flows such that [v| > 0 in Q
but infg [v| = 0 exist in the plane, a half-plane or a two-dimensional straight strip [12].
Furthermore, if a flow v satisfying some growth condition at infinity in R? is not parallel,
then the set of its directions v(x)/|v(z)| is necessarily equal to the unit circle S' [25], and
this set can also be equal to the half-positive or the half-negative unit circle if the flow
is defined in the half-plane R x [0,400) or in the strip R x [0,1] [25]. The rigidity of
flows depending only on the radial variable in the class of axisymmetric flows set in hol-
lowed out three-dimensional cylinders R x w with two-dimensional annular sections w has
been shown in [§], together with flexibility results on the existence of non-shear flows in
infinite two-dimensional cylinders with approximately straight boundary or non-radially-
symmetric flows in hollowed out three-dimensional cylinders with two-dimensional nearly
annular sections. Notice that almost all the rigidity results in the references mentioned in
this paragraph are concerned with flows in dimension N = 2, or in some three-dimensional
specific domains with symmetries.
In bounded two-dimensional annuli

Qup:={z e R?*:a < |z| <b}

with 0 < a < b < oo, Euler flows have been proved to be circular flows, that is, their
streamlines are concentric circles, provided they have no stagnation point in m [29] or
just in Q4 [46]. The same radial symmetry conclusion holds in complements of disks with
some conditions at infinity and the punctured plane with some conditions at the center
and at infinity [29], and in punctured disks with some conditions at the center [29] or
in disks with only one interior stagnation point [46] (in a bounded convex domain, the
uniqueness of the interior stagnation point is satisfied if the flow is stable in the sense of
Arnold [42]). Stability results of circular Euler flows in annuli have been shown in [4§].
Lastly, the structure of the set of flows without stagnation point and whose vorticity has
no critical point in general doubly connected sets has been analysed in [6].

For the time-dependent version of the Navier-Stokes equations in the whole plane R?,
it has been proved in [37] that the ancient solutions defined {(t,z) : t < 0, z € R?}
with bounded velocity are necessarily independent of x. The same conclusion holds for
the bounded axisymmetric solutions without swirl in (—oo,0) x R*® [37]. In particular,
solutions of with bounded vorticity in R?, or bounded axisymmetric solutions without
swirl in R3, are necessarily constant. In the slab 2 = R? x (0,1), then the solutions
of the steady Navier-Stokes equations with no-slip boundary conditions v = 0 on
0% are trivial if the Dirichlet integral [, . _p o ., [Vv|* does not grow too fast as
R — +o00, or if |v| and its radial component do not grow too fast as |(x1,x2)| — +oo [2.
In the slab R? x T with periodic boundary conditions in the variable x3, the solutions
of the steady Navier-Stokes equations are constant parallel to the xs-axis if the radial or
swirl components are axisymmetric with respect to the x3-axis, or if the radial component
decays faster than 1/|(xq,x2)| as |(z1,22)] = 400, and the solutions are also constant if
10| | 2xm) < 27 [2]. The triviality of steady Navier-Stokes flows v in RY \ {0} such
that |v(z)| = O(1/]z|) in RN \ {0} is shown in [I] if N > 4. As an example of a result on
the asymptotic dynamics for the unsteady Navier-Stokes equations, we just mention here
the large-time convergence in self-similar variables to the Oseen’s vortices in R? for a large
class of initial conditions [20].

Rigidity can also refer to situations where the domain 2 itself is not given a priori, or



when the support of a solution defined in R" is not known a priori. Rigidity results for the
domain Q C R?, namely its radial symmetry, with overdetermined boundary conditions
(such as |v| constant on each connectivity component of ) has been shown for the Euler
equations , in doubly connected domains without interior stagnation point, or in
simply connected domains with only one interior stagnation, [29] 44l [46] (the conclusion in
simply connected domains does not hold in general without the uniqueness of the interior
stagnation point [45]). The radial symmetry of a compactly supported flow v € C*(R?, R?)
solving in R? has also been proved if the open set {z : |v(z)| > 0} is assumed to
be doubly connected [44] (however non-circular compactly supported Lipschitz-continous
or C*(R?) flows whose supports are close to radially symmetric annuli exist [15] [16]). For
the vorticity patch problem for which the, scalar, vorticity is assumed to be the indicator
function of a set D C R? then D is necessarily a disk and the flow is circular [19, 23]
(see also [23] 30}, BI] for symmetry results of rotating patches). The flow v : R? — R? is
also circular if its vorticity is smooth, nonnegative and compactly supported [23], but the
conclusion is false in general for sign-changing vorticity [22]. In dimension N = 3, Beltrami
flows (for which v x curlv = 0) of the Euler equations in R? are necessarily 0 if they
have compact support [43] or if they have finite energy or decay fast enough at infinity [5].
This Liouville-type conclusion also holds for axisymmetric flows with finite energy, no swirl,
trivial limit at infinity and constant pressure at infinity [33]. Nevertheless, there still exist
non-trivial compactly supported, and axisymmetric, flows in R?® whose support is a torus
with almost circular section [9, 13 21]. Actually, the structure of steady Euler flows in R?
can be in general quite complex, and, even for Beltrami flows, thin vortex tubes of any
link and knot type exist in general [17, [18].

Elements of the proofs and outline of the paper

The proofs of Theorems rely first on the study of the geometric properties of the
streamlines of a potential flow v = Vi under the assumption . Namely, we show in
Section [2, with ODE-type arguments, that these streamlines all go from one end to the
other end of the cylinder 2 = R xw, and that either ¢(x;, ) — +o00 as z; — +oo uniformly
in @, or ¥(x1,-) = Foo as x; — oo uniformly in @W. Section [3|is based on PDE-type
arguments, comparison with suitable auxiliary affine functions, maximum principles and
the Harnack inequality, using this time the incompressibility condition of v, that is, the
harmonicity of . We underline that the proofs hold in any dimension N and do not
use any symmetry or topological properties (such as simple or double connectivity) of the
section w. However, we provide in Section [4] a completely different proof based on PDE
arguments only, in the particular case of dimension N = 2.

2 Properties of the streamlines

We assume here that v = Vi is a C1(Q, RY) N C(Q, RY) vector field satisfying v-n = 0
on 9 and infg|v| > 0 (but here we do not assume the incompressibility condition).
For z € ), we denote &, the solution of

{&2(7) = v(&(7)),
&(0) = =



From the Cauchy-Lipschitz theorem and the tangential boundary condition v -n = 0
on 09, each &, is defined in a maximal open interval I, := (7,,7}) C R with
—o00 <7, <0< 7/ <+oo. Furthermore, the streamlines

are pairwise disjoint, and =, C Q (resp. =, C 0Q) if x € Q (resp. = € 0Q). It is also
known that the streamlines are analytic curves [36].

The first auxiliary lemma shows the divergence to infinity of every streamline =, at its
ends.

Lemma 2.1. Let v = V) be a C1(Q, RY)NC(Q, RY) vector field satisfying v-n = 0 on O
and
n = inf |v| > 0.
Q

Then, for each x € Q,
1&.(T)| = 400 as T — 7, and as T — 7.,

and (&,(T)) — oo as T — 7.

Proof. Consider any z in Q. Let us prove that |£,(7)] — +oo as 7 — 7, (the limit
as 7 — 7, can be handled similarly). Assume by way of contradiction that the conclusion
does not hold. There exist then a sequence (7,)nen in I, = (7,,7) and a point £ € Q
such that

o = 7, and &.(m,) — & asn — +oo.

Observe that the real-valued function g, defined in I, by

92(7) = (&(7)) (2.1)

is of class C''(I,) and satisfies

(1) = Vip(&(7)) - &(7) = Jo(&()]* >’

for all 7 € I,, hence g¢,(r) — —oo0 as 7 — 7, if 7, = —oo. But since
9z(Tn) = ¥(&(mn)) — ¥(&) and 7, — 7, as n — —+o0, one infers that 7, # —oo, that
is, 7, € (—00,0). Now, from the Cauchy-Lipschitz theorem, there are ¢ > 0 and r > 0
such that

[—0,0] C I, for all y € Q such that |y — &] < r.

In particular, |7, — 0,7, + o] C I, for all n large enough (for which |£,.(7,) — £| < r), due
to the maximality of the interval I, = (.7, 7,5). Hence, 7, — 0 > 7, for all n large enough,
and the limit as n — 400 contradicts the finiteness of 7, and the positivity of 0. As a
consequence,

|£.(T)] = 400 as 7 — 7, (and as 7 — 7,7, similarly).
Now, since ¢, (1) = [v(&(7))|? > n|€.(7)| for every T € (7,7, 7,"), one gets that

) 'x

/

BE(T)) = B(ET) = gal) — gulr) 2 1 / e ds >
- 7]|§r 3:( )|

ds

(2.2)



for every 7,7 < 7 < 7' < 7. It then follows from the previous paragraph that
(& (T)) — oo as T — TI,

completing the proof of Lemma [2.1} O

Remark 2.2. The fact that each function g, = ¢ o &, defined by (2.1)) is increasing in
I, = (r,;,7)) implies that the map & : I, — =, is one-to-one, for each v € Q. In

T 'x

particular, each streamline =, is a simple curve.

The following lemma shows that the streamlines =, all go from the same end to the
other end of the cylinder €2, and that 1) converges to opposite infinities at the ends of the
cylinders. In the sequel, we call

er :=(1,0,---,0)
the first vector of the canonical basis of RY.

Lemma 2.3. Under the assumptions of Lemma[2.1], then either
£.(7)-ep — *o0 as T — 7 for all x € Q,
or B
£(T) ey = Foo as T — 7 for all x € Q.
Furthermore, in the former case, then
Y(xy, ) — o0 as x1 — too uniformly in ©,
while
(xq,-) = Foo as x1 — £oo uniformly in W
in the latter case.
Proof. For each x € €, it follows from Lemma and the continuity of the map &, : I, — Q
that either £,(7)-e; — +ooas T — 75, or &,(7) e — —occ as T — 7, or £,(7) -e; — o0
as 7 — 7, or &(7) - e; — Foo as 7 — 7. Therefore, by defining
Q= {xeﬁzfx(T)-el — 400 as¢—>7§},
Qy 1= {%65:&6(7’)-81—)—00 as7’—>7’f},
Qy:={2re€Q:&(1) e » tooas T — 75},
Q= {xeﬁzéx(r)'el—>$oo as T — T |,
there holds _
Q=0 UQUQ3UQ,. (2.3)

The sets €;’s (for i = 1,--- ,4) are clearly pairwise disjoint. Let us now show that they
are all open relatively to Q. It will then follow by connectivity of Q that Q will be equal
to one of the €;’s, and we will next rule out the cases Q = Q; and Q = Q.

Let us first show that the set Q) is open relatively to Q. Let us define

M = max 14(0, -)]. (2.4)



Pick any x in €;. From Lemma and the definition of €y, there are s < s* in the
interval (7., 7,5) such that

£(s)-e1 >0 and P(&(s7)) < —M < M < (&(sT)).

From the Cauchy-Lipschitz theorem, there exists » > 0 such that, for every y € ()
with |y — x| < r, one has

[s7, st C (1, 7)), &(s7)-e1 >0, and §(&(s7)) <=M < M <(&(sh)).

Y

For each such y, Remark [2.2] entails that

Y(&y(T)) < =M forall T € (1,,57],
Y(&y(r)) > M forall 7€ [st,7,).

Together with the definition of M and the continuity of &,, one infers that

&(T)-e1 >0 foral 7€ (Ty_, s7]U [3+7Ty+)’

and Lemma finally gives that &,(7)-e; — +o00 as 7 — Ty:t. In other words, any point y
in 2 such that |y —z| < r belongs to ;. The set Q; is thus open relatively to Q. Similarly,
so is the set )5.

Let us then show that the set €3 is open relatively to Q. Pick any in 3. From
Lemma [2.1] and the definition of 23, there are ¢~ < ¢ in the interval (7, , 7)) such that

(o) e1<0<&(0)ep and Y(&(07)) < —M < M < (& (c™)).

From the Cauchy-Lipschitz theorem, there exists p > 0 such that, for every y € ()
with |y — x| < p, one has

[07,0"] C (T;,T;), &(07)e1<0<E(oh) e

and
P(Ey(o7)) < =M < M < (& (™).

As in the previous paragraph, for each such y, one has (&, (7)) < —M for all 7 € (7,7,07]
and (&, (7)) > M for all 7 € [0",7,7), hence

§(r)-er <Oforall 7€ (r,,07] and §,(7)-e; >0forall 7€ [0, 7).

One gets from Lemma that £,(7) -e; - foo as 7 — Tyi, that is, y € 25. The set (23 is

thus open relatively to €. Similarly, so  is the set £2y.
From ([2.3) and the connectivity of €2, it follows that there is i € {1,2, 3,4} such that

Q=0

Assume by way of contradiction that ¢ = 1. Consider any x € Q such that 1 = z-e; < 0.
Owing to the definition of €, there are 6~ € (7,,0] and 6% € [0,7,7) such
that £,(0%) - e; = 0. From the definition of M in (2.4) and a calculation similar to (2.2),
one gets that

0 ot
o] [ en| [ asa
0- 0
= 0 (fr = &) + e - &09)]) 2 2]

Vv
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The limit as 2y — —oo leads to a contradiction. Therefore,  cannot be equal to €.
Similarly, 2 can not be equal to 5. As a consequence,

either Q = Q3 or Q= Q.

This provides the first part of the conclusion of Lemma [2.3]

To show the last part of the conclusion, we only consider the case Q = 3 (the
case ) = € can be handled similarly). One has to show that ¢(x1,-) — 400 as x; — Fo0,
uniformly in @. For any z € Q such that z; > 0, since we are in the case Q = Qg, there
is then ¥~ € (7,,0] such that &, (97)-e; = 0. A similar calculation as in the previous
paragraph then gives

(@) + M = ¢(&:(0) = 0 (&(07) Z nle = &(W07)] = na.

Thus, ¥ (x1,-) = 400 as 1 — +o0, uniformly in @. The limit

lim (mwaxgb(xl, )> = —00

Tr1—>—00

holds similarly, and the proof of Lemma [2.3] is thereby complete. ]

3 Proof of Theorems 1.1H1.3

We consider a vector field v = V4 satisfying v - n = 0 on 99, for a C?(Q,R) N C*(Q, R)
function ¢ such that Ay = 0 in Q and infg |[v| = infg|Ve)| > 0. From Lemma [2.3] up to

changing 1 and v into — and —wv, one can assume without loss of generality that

Y(xy,-) = £oo as x; — Foo, uniformly in @. (3.1)
Denote
mjn@D(xl, )
a:=liminf =—— € [0, +00].
xr1—+00 xTq

We shall show that a € (0, +0c) and that there is b € R such that ¢(z) = ax; + b for all
x= (21, - ,zn) € Q.
To do so, consider first any « € (—o0,a) (thus, a € R, even if a were equal to +00).

Consider M € R as in (2.4). Since o < a, there is A > 0 such that
Y(z) > —M + axy for all z € [A, +00) X w.

Since the function  — —M + ax; is harmonic, below ¥ on ({0} x @) U ([A, +00) x @)
and since it satisfies Neumann boundary conditions on 92 = R x 0w (as it is independent
of the variables (x9,- -+ ,xy)), the maximum principle and the Hopf lemma entail that

Y(z) > =M+ azy in [0, B] X @, (3.2)

for every B > A. Indeed, for B > A, if the harmonic function ¢ : z — ¥(z) — (=M + az;)
reaches its minimum in [0, B] X @ at an interior point z,, € (0, B) X w, then the strong
interior maximum principle implies that @Z is constant, hence it is nonnegative as it is so on
{0, B} x @; on the other hand, if @Z reaches its minimum at a point y,, lying on (0, B) X 0w
without having any interior minimum point, then the Hopf lemma implies that V@Z n <0
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at y,, a contradiction; therefore, there always holds min[O,B]XEQZ = min{oﬁg}mi > 0,
yielding (3.2)). Therefore, the limit as B — +o0 yields

W(z) > —M + axy for all x € [0, 4+00) X W.
Since « is arbitrary in (—oo, a), it follows that a € R, thus 0 < a < 400, and
P(x) > —M + azy for all z € [0, +00) x W. (3.3)
Now, since the harmonic function ¢ defined by
¢(x) = p(x) — (=M + axy)

satisfies the Neumann boundary conditions on 02 and is nonnegative in [0, +00) X @, one
infers from the Harnack inequality that there is a constant C' € [1, +00) such that

o(x1,y) < Co(x1,y’) forall zy > 1 and y,y € w.

Consider any € > 0. Owing to the definition of a, there is a sequence (s,)nen in [1, +00)
diverging to +oo such that ming ¥ (s,, ) < (a + €) s,, hence

min ¢(s,, -) < es, + M

for all n € N. Therefore,
max ¢(s,, ) < C(es, + M)
for all n € N, that is,

max (s, ) < (a +Ce) s, + (C —1)M.
As in the previous paragraph, the maximum principle and the Hopf lemma imply that
(@) <M+ (a+Ce)xy+ (C—1)M foralln € Nand z € [0,s,] x @

(the additional constant M in the right-hand side guarantees the comparison on {0} x @).
Since s, — +00 as n — +0o and £ > ( was arbitrary, one gets that

Y(x) < CM + azy for all z € [0, +00) X @.

Together with (3.3)), this means that the function z +— 1 (x)—ax; is bounded in [0, +00) X @.
Similarly, remembering (3.1)) and calling

max ¥ (xy, -)
a” :=liminf —— € [0, +00],
xr1—>—0o0 5171
one can show that a~ is actually a real number, in [0,+00), and that the function
x +— Y(x) — a1z is bounded in (—o0, 0] X w.

Assume now by way of contradiction that a= # a. Assume first that a= < a, and pick
any (3 such that a= < f < a. From the conclusions of the previous two paragraphs, one
knows that

Y(x) — fry = 400 as 1 — oo uniformly in @.
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Therefore, by calling v the minimum value of the function = +— ¥ (x) — Sxq, the function
x + (z) — By — v is then nonnegative in Q and vanishes somewhere in €. Since it is
harmonic in €2 and satisfies Neumann boundary conditions on 0f2, the maximum principle
and the Hopf lemma imply that

Y(z) — Bry —y =0 forall z €Q,

which is clearly impossible since (z) — fx; — 400 as 1 — Foo uniformly in @. As a
consequence, a~ can not be less than a. Similarly, if a= were larger than a, by putting
above 1 some functions of the type x — dx; + p with § € (a,a™) and some p € R, one gets
a similar contradiction. In other words,

a” = a,
and the harmonic function ¢ defined in Q by
p(x) == p(x) — axy,

is bounded in QP
It is now quite standard to conclude that ¢ is constant in €. For the sake of complete-
ness, let us briefly sketch one elementary proof. So, let Y € @w be such that

b= ming(0, ) = p(0,Y).

For any € > 0, there is A. > 0 such that ¢(z) > b — ex; for all x € [A.,+00) X W and, as
above, it follows from the maximum principle and the Hopf lemma that ¢(z) > b—ex; for
all B> A, and z € [0, B] x @, hence

o(x) > b forall x € [0,400) x W

by passing to the limits B — +o0o and then ¢ — 0. Similarly, one gets that ¢(x) > b for
all z € (—00,0] x w. Therefore,

() >b=(0,Y) forall z €.

Since ¢ is harmonic in €2 and satisfies Neumann boundary conditions on 0f2, the maximum
principle and the Hopf lemma imply that ¢ is constant in €2, that is,

Y(r) = ax; +b forall z € Q.

As infg V)| > 0 by (1.3)-(1.4), the real number a is not zero. Lastly, since v = V1) is
constant, so is p necessarily, and the proof of Theorems [1.1H1.3|is thereby complete. Il

2Another way to conclude that a~ = a would be to integrate the equation Ay = 0 over (s1,s2) X w,
for arbitrary s; < ss in R, to get that the map x; — fw 0z, (x1, ) is equal to a constant ¢ € R. Hence,
J. ¥(x1,-)/z1 — ¢ as x1 — £oo, implying that ¢ = a = a~, because the functions = — ¥ (z) — ax; and
x> Y(x) —a”x1 are bounded respectively in [0, +00) X @ and (—o0, 0] x @.
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4 An alternate proof of Theorems in dimen-
sion N =2
Consider in this section a two-dimensional strip
Q=R x (a",a") C R?

with a= < at € R, and a vector field v = V4 satisfying v-n =0 on 02 =R x {a™,a™},
for a C*(Q,R) N Cl(Q R) function ¢ such that Ay = 0 in © and infg [v] = infg VY| > 0.
First of all, let ¢ be the function defined in Q := R x (20~ — a*,2a" — o) by

(w207 —x9) f 207 —at <xy < a”,

P(z) = @Z(‘Tlaf@) = (1, 72) if o= <ay <at,
Y(xy, 20T —x9) if at < a9 <20t —a”.

Since Vip-n = 0 on 02 = Rx {a~,a™}, the function ¢ is of class C1(€2, R), and it is also a
weak harmonic function, that is, [ Vip-V =0 for all ¢ € Cl(Q R). Then ¢ is harmonic
in Q, hence ¢ is of class C™(Q, R)Land in particular of class C? up to the boundary o).
Consider now the function ¢ : 2 — R given by
1
(021 9)? + (02,9)*

From the previous paragraph and the assumption infg V| > 0, ¢ is a positive bounded
function of class C*(€2,R). Using the identities

(%mlw + 8332127/} = Aw = Aaxlw = Aawa =0 in ﬁ,

¢:=|Vy| 7 =

one finds after a straightforward calculation that ¢ satisfies
Ap=2¢" > (Onah)’ >0 in Q. (4.1)
1<i,j<2

Furthermore, since 9,,v(x1,a*) = 0 and then 9,,,,% (2, a®) = 0 for all ; € R, one gets
that

ax2¢(xl> ai) =-2 ¢(5171, ai)2 (ax1¢(x1> O‘i)axlxzw(xla ai) + 5@@0@17 ai)8x2x21/1(931> ai))
=0

for all z; € R, that is,
V¢-n=0 on 00. (4.2)

Now, for any s; < s in R, integrating the inequation A¢ > 0 over (s1, 82) X (@™, a™) leads
to

ot at
0 S // Agb([El, .172) dl’l dl’g = / @clgb(sQ, [Eg) dl’g — / 8351@5(81, [Eg) dZEQ,
(s1,82) X (a—,a™T) a— a—

hence the function z; — f;f O, (21, 22) dzo is nondecreasing and has two limits *
in [—oo,+00] as ;1 — 4o0o. One then infers from the boundedness of ¢ that (= =
Therefore,

at
/ &Elqb(xl, 172) dCL’Q =0
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for all 1 € R, which in turns implies that ff(51 s2)x (0 at) A¢ = 0 for all s; < s9. From (4.1))

and the positivity of ¢, one gets that 9,,,,0 = Oy 0y? = Opyat = 0 in Q. In particular,
the function 0,,v is constant in Q and, since it vanishes on 9€2, it is identically 0 in €.
Therefore, v is a function of the variable z; only and, since 0,,,,% = 0 in €, there exist two
real numbers a and b such that ¥(z) = az; +b for all z € Q. The condition infg V| > 0
gives that a # 0, completing the proof. O

Remark 4.1. One uses the fact that N = 2 to derive , that is, V¢ -n = 0 on 0S2.
This property does not hold in general in dimension N > 3. For instance, let D be the
open Euclidean disk in R* centered at the origin and with radius R > 0, let (r,0) be the
usual polar coordinates in R, and let 1) be a C*(R x D,R) harmonic function satisfying
Vi -n =0 on R x dD. In other words, 0,9 (x1,R,0) = 0 for all (x1,0) € R?, by
calling V(xy,r,0) = ¥(x1,7cosl,rsind) for (x1,r,0) € R x [0, R] x R. Then the positive
bounded function ¢ = |V|~? satisfies

2 (¢(x1, Reos O, Rsin0))? (0¥ (x4, R, 0))? -0
R3 -

for all (z1,0) € R?, that is, Vo -n >0 on R x D, and this nonnegative sign would make
the arguments following (4.2]) ineffective.

(Vo -n)(xy, Rcosh, Rsinf) =

References

[1] J. Bang, C. Gui, H. Liu, Y. Wang, C. Xie, Rigidity of steady solutions to the Navier-Stokes equations
in high dimensions and its applications, arziv.org/abs/2306.0518/.

[2] J. Bang, C. Gui, Y. Wang, C. Xie, Liouville-type theorems for steady solutions to the Navier-Stokes
system in a slab, J. Fluid Mech., forthcoming (https://arxiv.org/abs/2205.13259).

[3] J. Bedrossian, P. Germain, N. Masmoudi, Stability of the Couette flow at high Reynolds numbers in
two dimensions and three dimensions, Bull. Amer. Math. Soc. (N.S.) 56 (2019), 373-414.

[4] J. Bedrossian, N. Masmoudi, Inviscid damping and} the asymptotic stability of planar shear flows in
the 2D Euler equations, Publ. Math. Inst. Hautes Etudes Sci. 122 (2015), 195-300.

[5] D. Chae, P. Constantin, Remarks on a Liouville-type theorem for Beltrami flows, Int. Math. Res. Not.
(2015), 10012-10016.

[6] A. Choffrut, V. Sverdk, Local structure of the set of steady-state solutions to the 2D incompressible
Euler equations, Geom. Funct. Anal. 22 (2012), 136-201.

[7] A. J. Chorin, J. E. Marsden, A mathematical introduction to fluid mechanics, Springer-Verlag New
York, 1979.

[8] P. Constantin, T. D. Drivas, D. Ginsberg, Flexibility and rigidity in steady fluid motion, Commun.
Math. Phys. 385 (2021), 521-563.

[9] P. Constantin, J. La, V. Vicol, Remarks on a paper by Gavrilov: Grad-Shafranov equations, steady
solutions of the three dimensional incompressible Euler equations with compactly supported velocities,
and applications, Geom. Funct. Anal. 29 (2019), 1773-1793.

[10] M. Coti Zelati, T. M. Elgindi, K. Widmayer, Enhanced dissipation in the Navier-Stokes equations
near the Poiseuille flow, Commun. Math. Phys. 378 (2020), 987-1010.

15



[11] M. Coti Zelati, T. M. Elgindi, K. Widmayer, Stationary structures near the Kolmogorov and Poiseuille
flows in the 2d Euler equations, Arch. Ration. Mech. Anal. 247 (2023), 12.

[12] F. De Regibus, D. Ruiz, Monotone heteroclinic solutions to semilinear PDEs in cylinders and appli-
cations, arxiv.org/abs/2407.04546.

[13] M. Domingez-Vézquez, A. Enciso, D. Peralta-Salas, Piecewise smooth stationary Euler flows with
compact support via overdetermined boundary problems, Arch. Ration. Mech. Anal. 239 (2021),
1327-1347.

[14] B. Duan, Z. Luo, Three-dimensional full Euler flows in axisymmetric nozzles, J. Diff. Equations 254
(2013), 2705-2731.

[15] A. Enciso, A. J. Ferndndez, D. Ruiz, Smooth nonradial stationary Euler flows on the plane with
compact support, arxiv.org/abs/2406.04414.

[16] A. Enciso, A. Ferndndez, D. Ruiz, P. Sicbaldi, A Schiffer-type problem for annuli with applications
to stationary planar Euler flows, arziv.org/abs/2309.07977.

[17] A. Enciso, D. Peralta-Salas, Knots and links in steady solutions of the Euler equation, Ann. Math.
175 (2012), 345-367.

[18] A. Enciso, D. Peralta-Salas, Existence of knotted vortex tubes in steady Euler flows, Acta Math. 214
(2015), 61-134.

[19] L. E. Fraenkel, An introduction to maximum principles and symmetry in elliptic problems, Cambridge
Univ. Press, 2000.

[20] T. Gallay, C. E. Wayne, Global stability of vortex solutions of the two-dimensional Navier-Stokes
equation, Commaun. Math. Phys. 255 (2005), 97-129.

[21] A. V. Gavrilov, A steady Euler flow with compact support, Geom. Funct. Anal. 29 (2019), 190-197.

[22] J. Gémez-Serrano, J. Park, J. Shi, Existence of non-trivial non-concentrated compactly supported
stationary solutions of the 2D Euler equation with finite energy, Memoirs Amer. Math. Soc., forth-
coming.

[23] J. Gémez-Serrano, J. Park, J. Shi, Y. Yao, Symmetry in stationary and uniformly-rotating solutions
of active scalar equations, Duke Math. J. 170 (2021), 2957-3038.

[24] E. Grenier, T. T. Nguyen, F. Rousset, A. Soffer, Linear inviscid damping and enhanced viscous
dissipation of shear flows by using the conjugate operator method, J. Funct. Anal. 278 (2020), 108339.

[25] C. Gui, C. Xie, H. Xu, On a classification of steady solutions to two-dimensional Euler equations,
arziv.org/abs/2405.15327.

[26] F. Hamel, N. Nadirashvili, Shear flows of an ideal fluid and elliptic equations in unbounded domains,
Comm. Pure Appl. Math. 70 (2017), 590-608.

[27] F.Hamel, N. Nadirashvili, Parallel and circular flows for the two-dimensional Euler equations, Sémin.
Laurent Schwartz EDP Appl. 2017-2018, exp. V, 1-13.

[28] F. Hamel, N. Nadirashvili, A Liouville theorem for the Euler equations in the plane, Arch. Ration.
Mech. Anal. 233 (2019), 599-642.

[29] F.Hamel, N. Nadirashvili, Circular flows for the Euler equations in two-dimensional annular domains,
and related free boundary problems, J. Europ. Math. Soc. 25 (2023), 323-368.

[30] T.Hmidi, On the trivial solutions for the rotating patch model, J. Fvol. Equations 15 (2015), 801-816.

16



[31] T.Hmidi, J. Mateu, J. Verdera, On rotating doubly connected vortices, J. Diff. Equations 258 (2015),
1395-1429.

[32] A.D. Ionescu, H. Jia, Nonlinear inviscid damping near monotonic shear flows, Acta Math. 230 (2023),
321-399.

[33] Q. Jiu, Z. Xin, Smooth approximations and exact solutions of the 3D steady axisymmetric Euler
equations, Commun. Math. Phys. 287 (2009), 323-349.

[34] H. Kalish, Nonexistence of coherent structures in two-dimensional inviscid channel flow, Math. Model.
Nat. Phenom. 7 (2012), 77-82.

[35] L. Kelvin, Stability of fluid motion: rectilinear motion of viscous fluid between two parallel plates,
Phil. Mag. 24 (1887), 188-196.

[36] H. Koch, N. Nadirashvili, Partial analyticity and nodal sets for nonlinear elliptic systems,
arziv.org/abs/15006.0622.

[37] G.Koch, N. Nadirashvili, G. A. Seregin, V. Sverdk, Liouville theorems for the Navier-Stokes equations
and applications, Acta Math. 203 (2009), 83-105.

[38] P. Lemarié-Rieusset, The Navier-Stokes problem in the 21st century, CRC Press, Boca Raton, FL,
2016.

[39] W. S. Leung, T. K. Wong, C. Xie, On the characterization, existence and uniqueness of steady
solutions to the hydrostatic Euler equations in a nozzle, arziv.org/abs/2301.10402.

[40] C.Li, Y. Lii, H. Shagholian, C. Xie, Analysis on the steady Euler flows with stagnation in an infinitely
long nozzle, arziv.org/abs/2203.08575.

[41] C. Marchioro, M. Pulvirenti, Mathematical theory of incompressible nonviscous fluids, Springer-
Verlag, New York, 1994.

[42] N. Nadirashvili, On stationary solutions of two-dimensional Euler equation, Arch. Ration. Mech.
Anal. 209 (2013), 729-745.

[43] N. Nadirashvili, Liouville theorem for Beltrami flow, Geom. Funct. Anal. 24 (2014), 916-921.

[44] D. Ruiz, Symmetry results for compactly supported steady solutions of the 2D Euler equations, Arch.
Ration. Mech. Anal. 247 (2023), 40.

[45] D. Ruiz, Nonsymmetric sign-changing solutions to overdetermined elliptic problems in bounded do-
mains, J. Furop. Math. Soc., forthcoming.

[46) Y. Wang, W. Zhan, On the rigidity of the 2D incompressible FEuler equations,
arziv.org/abs/2307.00197.

[47) C. Zillinger, Linear inviscid damping for monotone shear flows, Trans. Amer. Math. Soc. 369 (2017),
8799-8855.

[48] C. Zillinger, On circular flows: linear stability and damping, J. Diff. Fquations 263 (2017),7856-7899.

17



	Introduction and main results
	Properties of the streamlines
	Proof of Theorems 1.1-1.3
	An alternate proof of Theorems 1.1-1.3 in dimension N=2

