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Abstract

This article considers Savage’s theorem in a configuration relaxing the tech-
nical axioms P6 and P7 that ensure a continuum nature on the set of states.
With the only enrichment on fundamentals being the connectivity of the out-
comes set, we show that a weakened version of the Independence property is
sufficient to establish a utility function, a subjective probability, and an ex-
pected utility behavior. The proof does not require the existence of a pair
event, an idea initiated by Ramsey (1931) and applied by Gul (1992).
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1 Introduction

1.1 Motivation and result

After seven decades since the publication of “The foundation of Statistics,” (Savage
(1954)) and scholars continue to admire this tour de force, calling it a “crowning glory
of decision theory”.! Based on a list of seven axioms, this legendary contribution
reconciled the ideas of de Finetti (1937) about subjective probability and those of
von Neumann and Morgenstein (1947) about expected utility behavior. The proof of
Savage does not rely on the mathematical structures of de Finetti or von Neumann
- Morgenstein, which are crucial for using the separate theorem in convex analysis.
Besides the famous and perhaps most discussed Savage axiom, the sure-thing
principle, the structure of Savage’s world also relies on "technical axioms” P6 and
P7 which ensure a continuum nature on the set of states. This continuum property
allows Savage to divide the set of states by two equal parts and, then by four, eight,
sixteen and so on. We can therefore measure every event by passing through the
limit a sequence of events with probabilities in the form 2%, with 0 < k < 2.2
Naturally, efforts have been done to extend the result of Savage to configurations
that encompass the possibility of atoms, events that can not be divided into smaller
non-null ones. It is not surprising that we must make a trade-off between the richness
of the set of states and the set of outcomes. The existence of atoms is problematic.
The seminal contribution of Gul (1992) proposes an idea initiated by Ramsey
(1931), assuming the existence of a pair event, an event that the decision maker be-

lieves has the same chance to occur as its complementary one. This choice is clearly

1See Kreps (1988).
2The proof of Savage is long and complicated. For a more simple proof and better explainations,

see Gilboa (2009), chapter 10, and Abdellaoui and Wakker (2020).



intuitive: if a subjective probability exists, the probability of this event should be
%. Gul (1992) followed the approach by Ramsey (1931) rather than Savage and de-
fines the probability of an event through a utility function. Instead of the sure-thing
principle, Gul (1992) assumed an Independence property, which states that combin-
ing two acts with a third one using a non-null event does not alter the comparison
between them.

This article is a studiy of Savage’s theorem in a configuration where the continuum
property of the set of states may not be satisfied. We proposed a weaker condition
used in the literature with three considerations. First, there is no restriction on
the set of states. It may be finite or infinite, contain atoms or not, countable or
continuum. Second, we present a weakened version of Independence axiom, requiring
its verification with one special non-null event. Third, we do not assume the existence
of a pair event.

The main idea of our approach is as follows. Given every two outcomes x and
y, using the event in Independence axiom, we construct an outcome that can be
considered their midpoint, or equivalently, an outcome that represents the an equi-
probability of % to x and y. Following the construction midpoints between x, y and
their midpoint, and so on, we can find the equivalent outcome of every distribution
that attributes a probability of the form 2ﬁn tox and 1 — 2% to y. For a given event,
a lottery that wins x if that event occurs and y if not, is equivalent to the limit of a
sequence of midpoints. Hence, the probability of that event can be determined. We
can then prove the existence of an expected utility representation of the comparison

between acts.



1.2 Related literature

For a finite number of states, Kraft et al. (1959) and Scott (1964) considered can-
cellation as a necessary and sufficient condition for the existence of a probability
measure. Kraft et al. (1959) also gave a counterexample to prove that the additivity
is not strong enough for positive answer when the number of states is bigger than or
equal to 5.

For an infinite number of states, Chateauneuf and Jaffray (1984) and Chateauneuf
(1985) considered the problem under the Archimedean property and prove that this
condition is sufficient for the establishment of a probability measure. The curious
readers can refer to the excellent reviews of Fishburn (1986, 1989) and Mackenzie
(2019).

The article by Gilboa and Schmeidler (1989), a “second Big Bang after Sav-
age (1954),”% opens a huge body of literature for the configurations where Savage’s
famous sure-thing principle is not satisfied, and paves the way for numerous contem-
poraneous developments of the ambiguity literature. For a survey, see Etner et al.
(2012).

To the best of our knowledge, the idea of establishing a midpoint without passing
through a pair event appeared first in Ghirardato et al. (2003) and is in application
after by Ghirardato and Pennesi (2020). In these two contributions, the authors
used an essential event to determine a midpoint of two given outcomes, which they
called a preference average. Applying this idea to an order that represents biseparable
references, the midpoints serve to construct probability mixtures of acts. They can
therefore enjoy a rich structure similarly to Anscombe and Aumann (1962) and

Gilboa and Schmeidler (1989).

3See Karni et al. (2022).



Without relying on the continuum nature of the set of states neither of the set
of outcomes, Mackenzie (2019, 2020) studied different atoms swarming properties to
establish probabilistic beliefs. His results did not require the usual conditions such
as no atoms, cancellation, or solvability. In our opinion, atoms swarming conditions
may be considered a beautiful bridge linking the configurations with discrete and
continuum states.

Adding a continuity property may allow us to change some conditions’ statements
from “for every” to “exists,” as shown in the weakened Independence property of this
article. An interesting discussion about this situation may be found in the article by

Segal (2023).

1.3 Organization

The article is organized as follows. Section 2 presents the fundamental notions. Sec-
tion 3 describes the establishement of the sujective probability and expected utility
behavior. All proofs are given in the Appendix.

2 Fundamentals

Let S be the set of states and A an algebra of events on S. The set S can be a
continuum, discrete, atomless, or hybrid type which contains continuum subsets and
atoms. For each event A € A, let A° be its complementary event: A°= S\ A.

The set of outcome X is endowed with a topology 7. Denote by Fy the set of

measurable finite-value acts from S with algebra A to X.

Fo=A{f:S5 — X such that f is measusable and f(S) is finite} .



For a measurable partition Ay, As,..., A, of S, outcomes 1, xs,...,z, in X, de-
note by 1 4,22 4, - . . Tn 4, the act that obtains outcome zj, for s € A;. For example,
x ayae denotes the act that takes value z if s € A and value y otherwise. In the same
spirit, for every acts f and g, faga- denotes the act that is equal to f(s) on A and
g(s) on A°.

Let Py be the set of finite support probability distributions on X. For py, ps, ..., px
belonging to the interval [0, 1] such that > 7 pp = 1 and xy,29,...,2, € X, let
(p1: T1,p2 : T, ..., Py & T,) be the random distribution on X which takes value z
with probability py.

The comparison between acts is defined by an order >=. The strict and equivalent
comparisons are denoted by > and ~, respectively. Before establishing some fun-
damental properties on order >, let us define some notations. An event A is called
a null-event if for every outcomes z and y, act h, we have xqhac ~ yahae. The
outcomes set X can be considered the set of constant acts and a subset of F.

For a given sequence of outcomes {x,}22, we use the notion convergence in >
to an outcome z, in the sense that for every y > x > z, there exists /N such that for
n >N,y > x, =z We use this notion to distinguish the convergence with respect
to the topology 7 of X. Throughout this work, when we say that some sequence

converges to some outcome, we always refer to the convergence in >.
Axiom F1. Fundamental

i) Completeness, transivitity, monotonicity and non-triviality For every f, g € Fo,
either f = gorg>=f. If f = g and g = h, then f = h. For every non-null

even A
x =y if and only if xagac = Yagac.

There exist Z,2 € X such that Z > z.



ii) Weak comparative probability For any A, B € A and z > y, 2’ > v/,
Tayae = xype if and only if ¥'yy'se = Tgype.

iii) Continuity For any © € X, the sets {y € X such thaty = z} and {y €
X such that x = y} are closed with respect to the T—topology. Moreover, the

space (X, T) is connected and separable.*

Conditions (i) and (i7) are standard in literature and are presented in the contri-
bution by Savage (1954). Condition (iii) assumes a continuum property on the set
of outcomes.

Thanks to Weak comparative probability property, we can define an order on the

set of events as follows, A =, B if there exists x > y such that

TAYAe = TBYBe.

The comparison using >, does not depend on the choice of outcomes z and y.°

3 Expected utility representation

3.1 Independence axiom and the determination of the mid-
point
The first purpose of this section is to provide a mixture of acts that replaces the lack

of linear structure being in use in Anscombe and Aumann (1962), and Gilboa and

Schmeidler (1989).

4We can not split X into two disjoint closed subsets, and there exists a countable and dense

subset of X.
5See Gilboa (2009), Chapter 10.



Definition 1. For every acts f,g € Fo, a non-null event H, define the mixture of

f and g through H an act f satisfying: for any s € S,
f(s) ~ f(s)mh(s)ne.

We denote by Hf + H¢g a mixing act of f and g through H. One must avoid
confusing H f + H¢g with fygy.. The former can be considered as a convexr combi-
nation act of f and g with weighted parameters defined using the event set H, while
the latter is an act equal to f on H and to g on H¢. From now on, we always assume

axioms Fundamental and Independence on the order .

Axiom A1l. Independence There exists an event H such that both H and H¢ are
non-null and for all acts f,g,h € Fy,

f=gifand only if Hf + H°h = Hg + H°h.

Mixing f and g with h using event H does not change the comparison between
f and g. The intuition is clear once a probability measure p on the set of events is
established. The mixing act between f and g through H is the act u(H)f + pu(H¢)g
that corresponds each state s to a lottery that gives f(s) with probability pu(H) and
g(s) with the probability 1 — u(H). The independence axiom condition therefore
requires that f > ¢ if and only if pu(H)f + p(H)h = pw(H)h + p(H)h. A more
detailed intuition is presented in Gul (1992). It is worth noting that here we require
Independence for only one event H, instead of every non-null event.

The relation between the independence axiom and the sure-thing principle is an
important question. In Gul (1992), where the states space S is finite, independence
implies the sure-thing principle. Proposition 1 states the same conclusion for a

general set of states S.



Proposition 1. The sure-thing principle is satisfied. For every non-null event A,
acts f7 9, h7 iL7
fAhAC t gAhAC Zf and only ’Lf fAilAc t gAiLAc.

Under Independence, using event H, we can determine the midpoint of two out-
comes x and y, which can be considered an equivalent outcome of uniform distribu-
tion. This allows us to overcome the lack of a pair event, as proposed in Ramsey

(1931), and used by Gul (1992) in a configuration where the set S is finite.

Lemma 1. For events x and y, define sequences {x,}>2 and {y,}>>, as follows.

Let xg = x and yo = y. For everyn > 0, let

Tpt1 ~ T, HYn He ONA Yptp1 ~ Yp HTn, He-

Then both {x,}2, and {yn}:>, converge to an outcome z that we denote as

11
z~ = —1Y.
p" WY

Let us present some intuition for the definition of the midpoint and the result of
Lemma 1. Assume for an instance that a subjective probability has been established.
Let p be the probability of event H. For every n, outcomes x,, and y, are equivalent
correspondingly to distributions (p, : x, (1 — p,) : y) and ((1 — @,) : z,q, : y), with
po =1, go = 0 and for n > 0,

Pnt1 =P X Pp+ (1 —D) X ¢n,

qn+1 = (1_p) X Pn+ D X G-

Assume that x > y and H >, H¢. By induction, x,, = y,, pn > ¢, and p,, + g, = 1

for every n. Since {p,}>2, is decreasing and {¢,}5°, is increasing, they converge

respectively to p* and ¢* and p* > ¢*. This implies p* = ¢* = % Hence, the



sequences {z,}22, and {y,}22, have the same limit, that is an equivalent outcome

of distribution (% w, % : y) and this outcome can be considered a midpoint of x and
y. The cases H® =y H or y = x are similar.

We can therefore work with distributions of the form (% s, % : y) without relying

on a pair event set. Following Debreu (2015),° Theorem 1, chapter 9, as Gul (1992),

we obtain a utility function u that represents the comparison between these special

distributions.

Lemma 2. There exists a utility function u such that for every x,y,x’',y € X,

1 1 1 1 1
—x@®-y= 2P §y’ if and only if §(u(a:) +u(y)) >

2" V¥ =3 (u(2’) + uly)).

| —

The function u is unique up to a strictly increasing transformation.

3.2 Expected utility representation

We use midpoint z as an equivalent outcome of distribution (% L, % : y) The con-

struction of equivalence of distributions on the set {z,y} is intuitive. Using %x &) %z,

we obtain an equivalent outcome of the distribution (3 : z, § : y). Similarly, 32 ® 3y

represents (i : x,% : y), and so on. Continuing with this line of reasoning, we can

create equivalent representations of every distribution of the form (2% L, 2;;’“ : y),

for 0 < k < 2", Taking the limits when n converges to infinity, we construct the rep-
resentation of every distribution which takes at most two values: (p cx, (1—p): y),

with z,y € X and 0 < p < 1. Moreover, if z is equivalent to (p cx, (1—p): y), then

u(z) = pu(z) + (1 = p)u(y).

6This is a posthumous publication of the article “Topological methods in cardinal utility theory”

by Gerard Debreu, Mathematical Methods in the Social Sciences, 1959.

10



Proposition 2. There exists a unique probability measure p and a utility function u

such that for every events A, B and outcomes x,y,x',y', xayac = T'gYpxe is equivalent

to
p(Au(z) + (1= p(A))uly) > p(B)u(a') + (1 — u(B))uly).
Once the subjective probability has been established, an act f = 214,22 4, . . - Tn 4,
with a partition Ay, Ay, ..., A, S, can be considered an equivalence of the distribu-

tion (u(Aq) @ x1, u(A2) = xa, ..., u(Ay) @ x,). Therefore, the comparison of distribu-
tions can be realized through equivalent outcomes. We obtain Savages’s theorem in

a new context without relying on the continuum nature of the set of states.

Theorem 1. There exists unique finitely additive probability measure p and unique
utility function u (up to a strictly increasing affine transformation) such that for

every acts f and g belonging to Fy:

f =g if and only if / u(f(5)) ulds) > / u (9(s)) u(ds).

4 Appendix

4.1 Proof of Proposition 1

Consider a non-null event A. Assume that for acts f, g, h, we have fihae = gahae.
We want to prove that for every h € Fo, fahac = gahae.
First, we prove the following claim: if there is some h € Fy such that for every
ses,
iL(S) ~ h(S)HiL(S)HC,
then fahae = gahae if and only if fahe = gahae.

This claim is a direct consequence of the following two:

11



i) fahac = gahac if and only if

fAiLAc t (Hg+ HCf)A ilAc.

11) fAiLAc > gAilAc if and only if
fahae = (Hg+ Hef) , hae.
First, we prove (i). Indeed, from Independence axiom, fahae = gahac if and only if

H (fahae) + H (fAiLAC) > H (gahae) + H (fAiLAC) ,

which is equivalent to

fAilAc i (Hg+ Hcf)A }NlAc.

Now, consider (ii). Using once again the Independence axiom, fahae = gahae if

and only if
H (fAﬁAc> +HC (fAﬁAc) ~ H (gAiLAc> +HE (fAﬁAc) ,

which is equivalent to

fAiLAc t (Hg+ HCf)A i:LAc.

Hence fahac = gahae if and only if fAiLAc > gAizAc. The claim is proven.

Fix outcome x such that z > z > 2. We will prove that
fAhAC i gAhAC if and only if fAI‘Ac t JgAT Ac.
Indeed, consider the sequence of acts h, ht,... h", ... € Fy defined as

h° = h,

h"t = Hh™ + Hezx for n > 0.

12



Using the same arguments as the case h = Hh + HCiAL, we have fihae = gahae is
equivalent to fahli. = gahl., which is equivalent to f4h%. = gah?. and so on. By
induction, for every n, fahae > gahae is equivalent to fah’j. > gah’.. The sequence
of acts {h"}52, converges to x, in the sense that for every y = x > z, there exists N
such that forn > N, s € S,

y > h"(s) > z.
Let n be sufficiently big,
R (8)uyZpe > x = h"™(8)z e,
for every s € S. This implies the existence of h* € F; such that for every s € S,
h™(s)gh*(s)pe ~ x.

This is equivalent to Hh"™ + H°h* ~ z. Hence fah'ic = gah'ic is equivalent to
fazae = gazae. Applying the same arguments for h, we get fahae = gahae if and
only if fA'TAC i JAT Ac.

The sure-thing principle is proven.

4.2 Proof of Lemma 1

Consider the case H =, H® and x > y. Then we have
ToZT1Z o 2T 2 Z Y Z Y1 = Y1 2 Yo

Let Z be the set of outcomes z such that z, = z for every n > 0. This set is closed
with respect to the topology 7 of X. Let Z° be the close envelope of the open set
Z¢. The connectivity of X implies that ZN Z° # 0. Fix z € Z N Z°. This outcome

is found on the boundaries of Z and Z¢. We will prove that z can be considered

13



as an infimum of the sequence {z,}°,, in the sense that for every outcome y > z,
there exists n such that y > z, > z. Indeed, the contrary implies that z belongs
to the interior of the set Z: a contradiction. Using the same argument, we prove
the existence of an outcome z’ that can be considered a supremum of the sequence
{yntno-

To finish the proof, we must prove z ~ z’. Assume the contrary, z = z’. Then
2 = zpZye = Z'. The continuous nature of the set of outcomes X ensures the
existence of y = z and 2z’ > ¢ such that z > yyyy. > 2. For n sufficiently big,
Y= T, = 2= 2 =y, =y, with a direct consequence that z = T, g¥yn ge ~ Tpi1: a
contradiction. Hence, both {x,}2, and {y,}5°, converge to z.

In the case H® =, H and x > y, we use the same arguments, with the only
observation that the sequences {2, }5°, and {ya,41}5°, are decreasing, the sequences
{Ton+1}52 and {y2, 22, are increasing. They converge all to a midpoint of 2 and y.

The case y = x now becomes trivial. It is obvious that %x &) %y ~ %y &) %x for

every x and y.

4.3 Proof of Lemma 2

The proof of Lemma 2 is long and will be presented in two steps.

(1) Step 1: We prove that for every outcomes z,y, 2, y’, we have

S E TS T O VIR TP £ B S D S i o "
—|zz® = |z =zy )|~ | z2xd -2 —lzy®=y).
2\ 2" Y)Y\t ¥V | Y5 3"V, 5 \2Y V%Y

(2) Step 2: We prove that for every outcomes x1, xa, 3, Y1, Y2, y3, if

1 1 1 1 1 1 1 1
5:62 &) 53/1 ~ 5361 @ §y2 and 5373 S 53/2 = 5372 b 51/37 (2)

then
1 1

1 1
- Zu > = Z .
2$3@ 291 =~ 2$1 b 2y3

14



The proof of Step 1 requires two preparation statements. First, consider z,y, 2,1/, z, 2/

such that
2z~ xgyge and 2’ ~ 2y,
Fix w,v,t € X satisfying:

W~ Ty,

/
UV~ YHYHe

t ~ WHVUEeC.

Then we have t ~ zp 2.
Indeed, by Independence axiom, the mixture of acts xgyy. and 2’yyy. using H

is equivalent to the mixture between z and z’ using H. We obtain:

t~ WHVUHCe
~ H(xpyme) + H (0 ye)
~ Hz+ HY

~ 2 2.

Second statement: consider x,y, 2',1/, 2, 2’ such that

1
z o~ 53:69 Y and 2’ ~ ix’@ §y’.

Fix w,v,t € X satisfying:
W~ T,

/
U~ YHaYHes

f om0 @~
TR

15



Then we have t ~ zg2}..

Let xg =z, 2y = 2/, yo = ¥y, Yy = Y, wo = w, and vy = v. Consider sequences

{zn}nZo: 20 30Z0, {Un}nZo: {Untnto, {wnlilo, {vn}ilo being defined as:

Tyt ~ T, HYn, e a0d Ypi1 ~ Yp HTn, He,
/ / ! / / !
xn+1 ~ wn,Hyn,HC and yn+1 ~ yn,Hmn,HW

Wpg1 ~ Wy, {Vp e ANd Upyq ~ Up gWp, fe.
Let sequence {t,}°, be defined as
t, = Wn,HUn, He,

for every n.

Using the first statement, by induction, we have, for every n,

/
Wy, ~ .Qmeﬂfn,Hc,

/
Un ™~ Yn,HYn e

Let n goes to infinity, we have x,, and y,, converge to the midpoint z of z and y, 2/,

and y/, to the midpoint 2’ of 2’ and ¢/, and w,, and v,, to the midpoint ¢ of w and wv.
Hence, t ~ zg2je.

We finish Step 1 in the proof. Consider x,y, 2,9/, z, 2’ such that

1 1 1 1
zwix@ﬁy and z’ng’@éy'.
Fix w,v,t € X satisfying:

oL

we~ —x® =1
2 27
o1

vy D=
2y an



We will prove that ¢t ~ 12 @ 12/
b 2 2
Let wg = z, wj, = 2/, vog = y, vi, =V, 20 = 2z, 2z, = 2. Consider sequences

o0 [ee] ] / oo 3 .
{wn}n:m {Un}n:07 {Zn}n:(]7 {zn}nzo belng deﬁned as:
/ d / /
Wp1 wn,Hwn’HC and w4 ~ mewn,HCa
/ d ! /
Unt1 Un,HUn,Hc an UnJrl ~ vn,HUn,Hcv

!/ / /
Znt1 ™ Zn,HZp e and z, | ~ Zp 1 n He -

Let

1
by ~ Wy O Vg
2! @Y

Since w,, and v,, converge respectively to w and v, t,, converges to t ~ %w &) %v. By

the second statement and induction, we have

/
t, ~ Zn,HZp, fe-

Since z, and z/, converge to a midpoint of z and 2/, ¢,, converges to t ~ %z & %z’ . The
claim in Step 1 is proven.

Now, we begin Step 2.

Assume (2). Consider the case where we can ”decrease” y; and ”increase” y3 such
that the comparisons in (2) become ”equivalent”. Precisely, assume the existence of
outcomes y; and y4 such that y; = y; and vy = ys, satisfying

1 @1, 1 @1 dl @1 1 @1,
—T —Yy ~ =T —1yo and —x —Yg ~ =T — Y.
5 2 23/1 5 1 23/2 5 3 23/2 5 2 21/3

SRS I DS S TR AT & £ SRS T OIS 4 B o
g3 Wl W g2 Wl |~ 5 (gt W ol W5 T2 W ol )

By (1), we obtain

NERUS AVE NN NERUS AUE NN
— | zx3® = | =z ® = T e R — | =z ® = :
g \ 2Tt W\ T2l ] ™o | gt Wols | o {92 ol

17
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Since two sides of this equivalence relation share the common term %@ & %y2,
11, 1 1,
"t g g
Recall that y; > y; and y4 > y3. We obtain
%333 D %yl = %351 D %ys- (3)
Consider the general case with (2). Fix z such that Z > x > z. For every outcome
w € {1, T2, 3, Y1, Y2, Y3}, let the sequence {w(n)}22, be defined as: w(0) = w, and
for every n > 0,

1 1
w(n+1) = §w(n) ® 5T

By induction and using the result in Step 1, we can prove that (2) is equivalent to

1 1 1 1 1 1 1 1
51'2(”) S 5%(") - 51'1(”) S 592(”) and 555'3(”) @ 53/2(“) = 555'2(") D §y3(”)a

for every n > 0.
Since when n tends to infinity, six sequences all converge to z, there exists n
sufficiently big such that when we replace y;(n) by z and y3(n) by Z, the comparisons

are reversed:
1 1 1 1 1 1 1 1

5;1:1(71) &) §yg(n) — 53:2(71) &) §§ and §x2(n) &) §z - 5.%’3(71) &) §y2(n)

This implies the existence of ] (n) and y5(n) such that y;(n) = y;(n), y4(n) = ys(n),
and

1 1 1 1 1 1 1 1
556'2(”) D 5?11(”) ~ 5551(”) D 5312(”) and 555'3(") D §y2(”) ~ 555'2(”) ® —ys(n).

Then we have
3(n) @ () = 2a(n) © Sualn)
2333 n 2y1 n) = 2331 n 23/3 n),
which is equivalent to (3). The claim in Step 2 is proven. By Theorem 1, chapter 9
in Debreu (2015), there exists a utility function u such that jz @ sy = 32’ @ 2y if

and only if u(z) + Ju(y) > su(z’) + Ju(y).

18



4.4 Proof of Proposition 2

Consider a construction of the following sequence {z“n }, withn > 0and 0 < k < 2™,

For n = 1, fix outcomes z%2, 22 and 2?2 as:

=y,
11

1,2

2~ P =
57 @Y

22’2:17.

Forn>1,0< k < 2" fix the elements z"2""" € X as:

SR2TE K2 e = ok with 0 < K < 27,

n ]_ / n ]_ ! n
LN 52% 2" @ Ez% L2 =2k + 1, with 0 < &' < 2" —1.

The following assertions are intuitive and can be proven by induction. Assume

that = > .

a) For every 0 < k < n,

n__ n n
2" —1,2 Zk+1,2 2

Tz = — 202 e = 2 ey

b) For every 0 < k < n,

2ﬁnu<x> + (1 - ;) uly).

c) For any event A € A and n, there exists unique k,(A) such that:

U (zk’zn) =

kn(A)+1,27 ),2™

z = TAYAc zk”(A

Fix an event A € A and outcomes z > y, consider the sequence {(k,(A4),2")}2,

such that for every n,

fon (A)+1,27

z = T AYAc = 2Hn(4),2%

19



kn(A)

Observe that the sequence { o } is increasing in respect to n. We may
n>0

define the probability measure of A using outcomes = and y as

p?(A) = lim kn(A)

n—oo 2N

However, the sequence {(k,(A),2")}22, and the limit may depend on the choice of
x and y. Under the Independence axiom, we can discard this possibility and prove
that the value of y™¥(A) is independent with respect to the choice of = and y.

Now, we begin the main part of the proof of this Proposition. First, we prove the
independence of p*¥(A) with respect to the choice of x,y.

Fix any z*,y* € X such that z* = y*. Consider an event A € A. Let p =
p® v (A), with the same construction of p®¥", using the sequences of {z’“vzn}.

K’ ,2m

k2" and y ~ 2F2" with

First, we prove that under any other choice of z ~ 2
k> k:
HEI(A) = i (4),

The proof will be given by induction. Consider first the case n = 1. Consider z!?

and 292, Let 2/ = 212, and i = 2%2 = y*. Let p = p* ¥ (A) and p/ = u® ¥ (A).
Recall that,

u(rayac) = pu(x”) + (1 — p)u(y®),

u(wyyye) = plu(@’) + (1 - p'luly’)

/

_ %(u(x) +u(y)) + (1= pu(y)

p * p *
=2 1-£ .
2u(:v)+( 2)u(y)
Since ¢y = y*, using the first statement in the proof of Lemma 2, we get

1
/ / *
T AY e 2(flfAyAe) D 7Y

20



This implies
(w(zayac) + u(y”))

(@) + (1 - pu(y")) + 2u(y’)

2
u(x™) + (1 — g) u(y®).

—~
3
£

N[ N =D =

Hence p = p/, or p® ¥ (A) = p®¥(A).

For the case of the choice z and 22, we use the same arguments. The conclustion
is immediate for x = z*,y = y*.

Now assume that the assertion is true for any number n. We will prove that it

is also true for n + 1. Consider any 0 < k' < k < 2"*!. By the construction of the

sequence {2"2"}°  there exist z,2,y,y' € {zk’2n}in:0 such that x > y, 2’ = v/ and

1 1

k,2nt1 /

2% ~—x® =x
2 @ 2
/ 1 1

k' 2ntl ~ = o

¥ 3

k’2n+1 k/ 72n+1

Let t ~ 2" 230, 0~ Tayse, w~ 2'yy.. Applying the first step in the proof of

Lemma 2, the equivalence t ~ %w & %v is satisfied. Hence

£
—~
~+
~—
I

(u(w) + u(v))
pu(x) + (1 = p)u(y) + pu(z’) + (1 = p)u(y’))

/ 1 /
(u(a) +u) ) + (=) (5 (0lo) + 00) )

zk’2n+l> + (1 —p)u (zkl’ZnH) :

N~ DN

—

I

3
N P
- NN

I
3

This implies

n+1 7 on+1
k.2 K2

T ) = () = e (4),
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0 and

Consider now any x,y such that z* = =z > y > y*. Let {an,Q”}

{Zk;,zn}zozo be sequences that converge correspondingly to x and y. Then

. kn,2™ _k;,,2™
wlwavs) = Jim u (55

= pu(z) + (1 = p)u(y),

which is equivalent to

For any x > y and 2/ > ¢/, fix * and y* such that * > z,2’ and v,y = y*, we

have

Hence the choice of value p(A) does not depend on the choice of x,y.
Now, we prove that p is a finitely countable probability. We will prove that for
every events A and B such that AN B =0,

(AU B) = u(A) + u(B).

Define C' = (A U B)C. Let © = y. Since xaxpuc = TauBYc = TaYBuc, there

exists outcome w such that
LTAXBYC = LAUBYC ~ TAWBUC-
Applying the sure-thing principe by replacing x by y on the event A, we get
TBYAUC = YATBYC ~ YAWBUC-
From zaupyc ~ zawpuc and xpyauc ~ yawpuc we get

(AU BYu(a) + (1 - p(AUB)) uly) = p(Au(a) + (1 - p(A) u(w), (1)

p(B)u(x) + (1 = p(B)) uly) = p(Auly) + (1 = p(A)) u(w).  (5)
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Taking (4) minus (5), we obtain

(u(z) —u(y)) (AU B) = (u(z) —u(y)) (u(A) + u(B)).

Hence,

(AU B) = p(A) + u(B).

4.5 Proof of Theorem 1

By Proposition 2, there exists unique probability measure p and a utility function
such that for every events A, B € A, outcomes z,y,z’,y € X, the comparison

TAYae = Tyl is equivalent to:

p(A)u(x) + p(A)uly) = p(B)u(a’) + (B )u(y').

Suppose that the assertion of the theorem is true for the acts which take almost
n—1 different values, with some n > 2. We will prove that it is verified for n different
values.

For a partition {Ay}}_, of S, let f = 21 4,294, ... Tp a,, with {A;}7_, a partition
of S. Fix a constant outcome v € X. For 1 <k < n, let pr, = u(Ag).

We will prove that

f = v if and only if Zpku(xk) > u(v).
k=1

Fix w € X such that

T1,A1 12,493, Ag - - - Tn,Ap ~ T1,A,WUP_, Ay -

By the sure-thing principle property, replacing x; by xo, this implies

L2,41T2,4 -+ - Tn Ay ~ T2,4,Wun_, Ay

23



which is equivalent to

pru(z2) + pou(xs) + psu(zs) + ... + ppu(e,) = pru(z2) + (p2 +ps + ... + po)u(w).
Hence

u(w) = pru(xy).
Zk 2 Pk Z

This allows us to deduce the value of f:

U(%,AlwugﬂAk) p1U 5101 <Z pk)
= Zpku(a:k)
k=1

We have f = v if and only if 2, A Wur_, A, 7 U, which is equivalent to

n

Z pru(zy) > u(v).

k=1
For every acts f = 1 4,224, - .- Tn.a, a0d ¢ = Y1.B,Y2.B, - - - Ym,B,,, Py considering

v such that v ~ g, one has

f = gifand only if > p(Ag)u(zy) > > pu(Bi)u(ys).

k=1 k=1

The proof is completed.
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