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DERIVATION OF A TWO-PHASE FLOW MODEL ACCOUNTING

FOR SURFACE TENSION

H. MATHIS

Abstract. This paper addresses the derivation of a two-phase flow model

accounting for surface tension effects, by means of the Stationary Action Prin-
ciple (SAP). The Lagrangian functional, defining the Action, is composed of

a kinetic energy, accounting for interface feature, and a potential energy. The

key element of the model lies on the assumption that the interface separating
the two phases admits its own internal energy, satisfying a Gibbs form includ-

ing both surface tension and interfacial area. Thus surface tension is taken

into account both in the potential energy and the kinetic one which define the
Lagrangian functional. Applying the SAP allows to build a set of partial dif-

ferential equations modelling the dynamics of the two-phase flow. It includes

evolution equations of the volume fraction and the interfacial area, accounting
for mechanical relaxation terms. The final model is shown to be well posed

(hyperbolicity, Lax entropy).

Key-words. Two-phase compressible flows, interfacial area, thermodynamics, Sta-
tionary Action Principle, hyperbolicity
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1. Introduction

The modelling of compressible multiphase flows have been the topic of a large
literature over the past decades, notably for practical applications such as nuclear
safety of pressurized water reactor. In the context of the loss of coolant accident for
instance, the liquid water refrigerant is submitted to high pressure and temperature
condition, so that a break in the refrigerant circuit could lead to the appearance
of vapor and induce shock and phase transition waves [1]. Hence the question is
not only to capture the wave structure but also to get informations on the different
exchanges occuring at the liquid-vapor interface.

These transfers depend strongly on the area of the interfaces, even when focusing
on the large scale description. Several approaches have been proposed to establish
the evolution of the interfacial area, depending mostly of the scale of description.
When focusing on polydisperse flows, with many inclusions, bubbles or droplets,
the modelling of the bubbles pulsation requires to keep a small scale description.
For instance in [29], the author proposes a transport equation based on heuristics of
particulate suspensions, assuming that both phases evolve with distinct velocities.
Then focusing on the small scale, he proposes a second transport equation while
studying the fluctuations of a small interface element. Following this approach
several models have been proposed in a serie of works [8, 7, 6, 9], considering the
one-velocity framework. The set of bubbles/droplets is described by a probability
density function, which satisfies the so-called Williams-Boltzmann equation. The
distribution function describes then the probability of presence of a bubble at a
certain time and position, which evolves with a given velocity. It also takes into
account topological properties of the bubble/droplet such as its volume or radius.
In a recent contribution [30], the authors propose to make the density distribution
depend on topological informations of the interface as well, considering in particular
the level set of the interface and its local mean curvature. Doing so they manage
to get informations on the interfacial area and provide a full partial differential
equations (PDEs) model for the mixture dynamics, by means of Stationary Action
Principle (SAP) applied to a given Lagrangian functional. Note that the model they
get enters the class of averaged models, in the sense that it does not provide any
information on the topology of the interface, which is solely indicated by evolution
equations of 1) the void fraction of one of the two phases and 2) the interfacial area.

In the application we have in mind, a precise description of the interface topol-
ogy is not mandatory. The high heterogeneity of the flows, the strong temperature
and pressure conditions suggest to consider averaged models where the interface is
depicted implicitly. However the interface between the two phases is the locus of all
the thermodynamical exchanges, and the relaxation towards the thermodynamical
depends strongly on this area, especially the relaxation time scales. This is the
approach adopted in [3] where a convection equation of the interfacial area is cou-
pled to a barotropic three-phase flow model of Baer-Nunziato type. The equation
is endowed with a source term which cancels as soon as the Weber number (ratio
of the momentum over the surface tension) is greater than a given threshold or
when the relative velocity of the two phases is null. The interfacial area equation
is inspired by the modelling proposed in [31] for steam explosion simulations.

In the latter references the surface tension effect solely depends on geometrical
features which define the kinetic energy of the bulk and the interface. In all the



DERIVATION OF A TWO-PHASE FLOW MODEL ACCOUNTING FOR SURFACE TENSION 3

proposed derivations, the thermodynamic behaviour of the interface is not consid-
ered, and in particular, the surface tension does not affect the potential energy of
the system. This is precisely this point of vue that we are developing here.

The derivation of the averaged fluid-interface model is obtained adapting the
Stationary Action Principle as detailled in [4]. The core of our model relies on the
rigorous derivation of the potential energy involved in the Lagrangian functional,
while the kinetic energy accounts for smale scales, in the spirit of [8].

The originality of our approach is to consider the surface tension not only as a
dynamical feature but also a thermodynamics one. To do so we come back to classic
extensive thermodynamics in the sense of Gibbs [5, 27] to described as rigorously as
possible the thermodynamical behaviour of the fluid-interface system. In the case
of two phase flows, this methodology has been used for instance in [22, 21, 12, 13]
and in the quoted references, leading to thermodynamically consistent multiphase
flow models (for immiscible and miscible mixtures). The novelty here relies in
the fact that the interface is assumed to be described by an extensive internal
energy function, assuming that the interface has no mass, occupies no volume but
is characterized by its temperature and its (interfacial) area. Thus the interface is
entirely described by its internal energy which satisfies a Gibbs form involving not
only temperature/entropy but also surface tension/interfacial area variations. Note
that this characterization goes back to [28, 27] and more recently in [32] to model
(multiphase) flows in porous media.

The paper is organized as follows. The Section 2 is devoted to the thermody-
namical modelling focusing on the extensive and intensive descriptions of the two
phases and the interface. The internal energy of the fluid-system is defined and the
associated mixture temperature, pressure and chemical potential as well. Besides
the initial setting ensures that the interfacial area and the surface tension appear
naturally in the pressure. When focusing on the characterization of the thermo-
dynamical equilibrium, some interessant properties arise, especially the fact that
the mechanical equilibrium is depicted by a differential form involving the volume
fraction and the interfacial area.

In Section 3 we make use of the fluid-interface internal energy to define the
potential energy of the Lagrangian functional defining the Action. A review of
the so-called small scale kinetic energies available in the literature is presented and
motivates the choice of our kinetic energy. Then the SAP leads to the obtention of
a set of PDEs describing the dynamics of the fluid-interface system. Since the SAP
qualifies reversible processes, it guarantees the conservations of the momentum and
the total energy and the hyperbolicity and symmetrization property of the model.
Such properties are given in Section 4.

2. Thermodynamical modelling

We consider the fluid-interface system with volume V , mass M and entropy
S. It is composed of the two immiscible fluids or phases k = 1, 2 with indices
k = 1, 2, separated by an interface, with index i. At each point of this system,
local equilibrium is reached so that each part of the system is depicted by its
own Equation of State (EoS). In the present section are listed the notations and
assumptions for the fluid phases and the interface, both in extensive and intensive
variables. Then, the second law of thermodynamics allows us to characterize the
fluid-interface internal energy and the thermodynamical equilibrium of the system.
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2.1. Fluid phases. A phase k = 1, 2 of volume Vk ≥ 0, entropy Sk ≥ 0 and mass
Mk ≥ 0 is entirely described by its extensive internal energy function Ek which
complies with the following assumptions:

• (Mk, Vk, Sk) 7→ Ek(Mk, Vk, Sk) is C2 on (R+)
3,

• (Mk, Vk, Sk) 7→ Ek(Mk, Vk, Sk) is convex,
• ∀λ ∈ R∗

+,∀(Mk, Vk, Sk) ∈ (R+)
3, Ek(λMk, λVk, λSk) = λEk(Mk, Vk, Sk).

The last assumption corresponds to the extensive character of the internal energy
function : when doubling the volume, mass and entropy of the system, the extensive
internal energy is doubled as well. This homogeneity property implies that the
extensive internal energy Ek is convex but not strictly convex.

Some intensive parameters are defined as partial derivatives of Ek:

• the pressure pk(Mk, Vk, Sk) = −∂Ek/∂Vk(Mk, Vk, Sk),
• the temperature Tk(Mk, Vk, Sk) = ∂Ek/∂Sk(Mk, Vk, Sk) > 0,
• the chemical potential µk(Mk, Vk, Sk) = ∂Ek/∂Mk(Mk, Vk, Sk),

leading to the total differential form

(1) dEk = TkdSk − pkdVk + µkdMk,

referred as extensive (phasic) Gibbs form in the sequel. Since the internal energy
is extensive, its satisfies the Euler relation

(2) Ek = TkSk − pkVk + µkMk.

Some intensive variables and potentials can be defined while considering the exten-
sive ones relatively to the mass of the phase k. We introduce the specific volume
τk = Vk/Mk and the specific entropy sk = Sk/Mk of the phase k = 1, 2. Then
the specific internal energy ek(τk, sk) corresponds to a restriction of the extensive
energy:

(3) ek(τk, sk) = Ek(1, τk, sk).

The phasic pressure and temperature can be defined as functions of the intensive
variables as well (while keeping the same notations):

(4) pk(τk, sk) = −∂ek/∂τk(τk, sk), Tk(τk, sk) = ∂ek/∂sk(τk, sk).

The intensive potentials comply thus with an intensive differential (phasic) Gibbs
form:

(5) dek = Tkdsk − pkdτk.

Note that scaling the extensive Euler relation (2) with respect to the mass Mk gives
another definition of the chemical potential µk, which turns to be the Legendre
transform of the internal energy ek:

(6) µk = ek − Tksk + pkτk.

2.2. The interface. The interface separating the two phases is supposed to be
sharp and to have no volume and no mass. Adopting an extensive description, it
is thus characterized by its energy Ei, function of its entropy Si and its area Ai.
According to the first principle of thermodynamics, it holds

(7) dEi = TidSi + γidAi,
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where γi(SiAi) is the surface tension and Ti(Si, Ai) the interfacial temperature. The
internal energy Ei being an extensive quantity, its complies with the Euler relation

(8) Ei = TiSi + γiAi,

which yields, after differentiating and subtracting (7), the so-called Gibbs–Duhem
relation

(9) 0 = SidTi +Aidγi.

Since the interface has no mass, a way to deduce intensive potentials is to scale
with respect to the volume V of the fluid-interface system. This way we introduce
the interfacial density area

(10) ai = Ai/V,

while scaling the area Ai by the volume V of the mixture.
Now, scaling the extensive variables with respect to the interface area Ai defines

the interfacial intensive entropy si = Si/Ai and the interfacial intensive energy
ei = Ei/Ai. Scaling the Euler relation (8) with respect to the volume V of the
mixture, one deduces

(11) ei = Tisi + γi,

and doing so with the interfacial Gibbs relation (7) gives

(12) e′i(si) = Ti,

and

(13) d(aiei) = Tid(aisi) + γidai.

By the definition (10) of the interfacial density area ai, observe that the relation
(9) gives

(14) γ′
i(Ti) = −si(Ti).

This derivative relation is not often mentioned in the literature, but it can be found
in [28, 27] for instance.

2.3. Thermodynamical equilibrium. We now consider the fluid system with
volume V , massM and entropy S. The two immiscible phases k = 1, 2 are separated
by the interface of area Ai. Accounting for the constitutive laws of the two fluid
phases and the interface, we now turn to the characterization of thermodynamical
equilibrium of the whole system. For a given state (M,V, S,Ai) of the system,
different modelling constraints have to be set. As mentioned before, the two phases
are supposed to be immiscible and that no vacuum appears, such that the total
volume is the sum of the phasic volumes

(15) V = V1 + V2,

since the interface has no volume. As the mass conservation of the system is
concerned, it holds

(16) M = M1 +M2,

since the interface has no mass and only mass transfer can occur between the two
phases (and not with the interface). Finally the homogeneity property of the system
entropy states that

(17) S = S1 + S2 + Si.
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It is convenient to provide the intensive counterpart of these constraints while
introducing the fractions of presence of each phase, namely the volume fraction
αk = Vk/V ∈ [0, 1], the mass fraction yk = Mk/M ∈ [0, 1] and the entropy fraction
zk = Sk/S ∈ [0, 1], such that

(18) ykτk = αkτ, yksk = zks.

Then the intensive counterpart of the extensive constraints reads

(19)


1 = α1 + α2,

1 = y1 + y2,

1 = z1 + z2 + zi,

where zi = Si/S ∈ [0, 1] stands for the entropy fraction of the interface.
We now turn to the definition of the extensive energy of the whole system. It

corresponds to the sum of the energies of each part, namely

(20) E(M,V, S,Ai) = E1(M1, V1, S1) + E2(M2, V2, S2) + Ei(Si, Ai).

Using the fractions definitions, the total derivative of E reads

dE =

2∑
k=1

(
TkdSk − pkdVk + µkdMk

)
+ TidSi + γidAi

=

2∑
k=1

(
TkzkdS + STkdzk − pkαkdVk − V pkdαk

+ykµkdMk +Mµkdyk
)

+ TizidS + STidzi + γiaidV + γiV dai.

Reorganizing the terms and using the intensive constraints (19), one obtains

Proposition 1. The extensive energy satisfies

(21)

dE = (z1T1 + z2T2 + ziTi)dS − (α1p1 + α2p2 − aiγi)dV

+ y1(µ1 − µ2)dM

+ S((T1 − Ti)dz1 + (T2 − Ti)dz2)

− V ((p1 − p2)dα1 − γidai)

+M(µ1 − µ2)dy1.

As a consequence, the temperature, pressure and chemical potential of the fluid-
interface system have natural definitions in terms of the phasic and interfacial
quantities:

(22)


T := z1T1 + z2T2 + ziTi,

p := α1p1 + α2p2 − aiγi,

µ := y1µ1 + y2µ2.

In absence of the surface tension, the mixture pressure coincides with the mixture
pressure classic bi-fluid or two-phase models [25]. When accounting for surface
tension, the mixture pressure is exactly the one of the two-phase flow model, derived
in [23] by homogenization techniques. This pressure also appears in jump conditions
of Euler-Korteweg system, see [24]. The pressure we get is also close to the pressure
term derived in [8, 7] in the context of two-phase flows with surface tension.
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For a given state (M,V,E,Ai), and according to the second principle of ther-
modynamics, the thermodynamical equilibrium corresponds to a minimum of the
energy E defined in (20) under the extensive constraints (15)-(17). Thus, in the
interior of the constraint set, the derivatives of E with respect to independant vari-
ables cancel, leading to a characterization of the thermodynamical equilibrium in
terms of phasic potentials.

Proposition 2. According to the differential form (21), the thermodynamical equi-
librium is characterized by

(23)


µ1 = µ2,

T1 = T2 = Ti,

γidai − (p1 − p2)dα1 = 0.

The two first equalities of (23) are classic: they denote the thermal equilibrium
in the fluid-interface system and the mass transfer between the two fluid phases.
The last (differential) relation represents the mechanical equilibrium, and brings
out some comments:

• As γi = 0, that is for a planar interface, one recovers that the mechanical
equilibrium corresponds to the saturation of the phasic pressures p1 = p2
(see for instance [5]);

• Assume that the phase 1 occupies a spherical bubble of radius R. Then its
volume is V1 = 4πR3/3 and the interfacial area is Ai = 4πR2. On the other
hand the differential relation in (23) gives

γd

(
Ai

V

)
− (p1 − p2)d

(
V1

V

)
= 0

Expressing this latter formula in terms of the radius R, it leads to the
Young-Laplace law

p1 − p2 =
2γi
R

.

Classically the Young-Laplace law involves the mean curvature which cor-
responds here to the inverse of the radius. When the radius tends to +∞,
the surface becomes planar and one recovers the equality of the phasic
pressures.

2.4. Another characterization of the thermodynamical equilibrium using
free energies. In the context of two-phase flows in porous media, Smäı proposed
in [32] to minimize the free energy of the mixture instead of minimizing the en-
ergy. The advantage is that the free energy of the mixture (also called canonical
grand potential in the porous media framework) is solely a function of the mixture
temperature and the phasic pressures.

In the extensive framework, the free energy Ωk of the phase k = 1, 2 is defined
as the (total) Legendre transform of the energy Ek:

(24) Ωk = Ek − TkSk − µkMk.

Differentiating (24) and using the Gibbs relation (1) give

(25) dΩk = −pkdVk − SkdTk −Mkdµk.
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In order to introduce intensive potential, it is convenient to scale with respect to
the volume Vk to define the intensive (volumic) free energy ωk = Ωk/Vk. Then
using the definitions (18), it holds

αkωk =
ek
τk

αk − Tk
sk
τk

αk − µk

τk
αk,

from which one deduces the following differential form

(26) d(αkωk) = −pkdαk − αksk
τk

dTk − αk

τk
dµk,

using the intensive relations (5) and (6).
As the interfacial potentials are concerned, the free energy is defined as a partial

Legendre transform of the energy Ei, namely

(27) Ωi = Ei − TiSi.

Using the interfacial Gibbs relation (7), it yields

(28) dΩi = −SidTi + γidAi.

The appropriate intensive free energy is deduced by scaling with respect to the
interfacial area: ωi = Ωi/Ai. Hence the intensive free energy reads

(29) aiωi = aiei − Tiaisi,

whose differential is

(30) d(aiωi) = aisidTi + γidai,

according to (13).
For the fluid-interface system, the extensive free energy corresponds to the sum

of the phasic and interfacial free energies

Ω = Ω1 +Ω2 +Ωi,

whose intensive formulation is

(31) ω = α1ω1 + α2ω2 + aiωi.

According to the differentials (26) and (30), it yields

(32) dω = −(p1 − p2)dα1 + γidai − α1dp1 − α2dp2 + aisidTi,

since α1 + α2 = 1.
At thermodynamical equilibrium, the phasic and interfacial potentials agree with

(23). As a consequence the thermodynamical equilibrium has to comply with an
equation of state compatible with

(33) dω = −α1dp1 − α2dp2 + asidT.

This differential implies that the equation of state of the fluid-interface system can
be expressed in term ω, seen as a function of T and pk, k = 1, 2, such that

asi =
∂ω

∂T
(T, p1, p2), αk = − ∂ω

∂pk
(T, p1, p2).

The idea of Smäı is to take advantage of this alternative description of the thermo-
dynamical equilibrium to get rid of the complex description of the interface: from
the equation of state ω(T, p1, p2), one recovers all the information relative to the
interface, without explicitly computing the interfacial area.

This approach is not developed here since we precisely want to derive an evolution
equation of the interfacial area.
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2.4.1. Potential energy candidate. We can now turn to the definition of the poten-
tial energy which will be used in the Lagrangian formulation. A natural proposition
would be to consider the intensive mixture internal energy when scaling the exten-
sive energy (20) by the total mass M . Then for a given intensive state (τ, s, ai),
accounting for the intensive constraints (19), the intensive energy would read

(34) e(τ, s, ai, (yk)k, (αk)k, (zk)k, zi) = y1e1(τ1, s1) + y2(τ2, s2) + aiτei

(zi
a

s

τ

)
,

with notations (18) of the phasic quantities.
However it turns out that this choice of variables is not appropriate. Indeed it is

not clear how the entropy fractions zk evolve along trajectories when applying the
Stationary Action Principle whereas specific entropies are conserved along trajec-
tories, according to [20, 16]. Hence it is more convenient to express the intensive
fluid-interface internal energy as a function of the intensive entropies s and sk,
k = 1, 2 rather than using the entropy fractions zk.

In the sequel, we choose to express the intensive energy as a function of

(35) B̃ = {ρ, s, s1, s2, ai, y, α},
where ρ = 1/τ denotes the mixture density and y := y1 and α := α1. It reads then

(36)

e(B̃) =ye1

(
α

yρ
, s1

)
+ (1− y)e2

(
1− α

(1− y)ρ
, s2

)
+

ai
ρ
ei

(
s− ys1 − (1− y)s2

ai
ρ

)
.

Observe that one makes use of the extensive relation (17) on the entropies to express
the interfacial entropy si as a function of s, s1 and s2, namely

(37) s = ys1 + (1− y)s2 +
ai
ρ
si.

Remark 1. In [6, paragraph 2.1.3.3], the author points out the importance of the
choice of variables on which the Lagrangian functional depends. This is also em-
phasized in the work of Gavrilyuk [15]. Indeed if specific entropies are convenient
variables for computations, the fact that they are conserved along trajectories pro-
hibits any interaction between the phases. The fluid-interface entropy will also be
conserved since only reversible processes can be depicted by the SAP. However it is
possible to add relaxation source terms a posteriori, in agreement with the second
law of thermodynamics. See [9, Paragraph 3.5] for a presentation of the method
when dissipation is due to pulsating behaviour of bubbles in two-phase flows.

3. Derivation of the evolution equations by means of Stationary
Action Principle

Accounting for the previous characterization of the thermodynamical equilib-
rium, we now turn to the modelling of the fluid dynamics. The objective is to
derive the Euler-type equations satisfied by the fluid-interface system using the
Stationary Action Principle, following the serie of works [20, 17, 10, 8, 7, 9, 30].

We focus on homogeneous two-phase flows, in the sense that the two phases
evolve with the same velocity field u ∈ R3. Note that considering distinct velocities
is possible as in [17].

The variational approach and the Hamilton’s principle of stationary action rely
on the definition of an appropriate Lagrangian L. This Lagrangian is the difference
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of a kinetic energy and a potential energy. The potential energy we propose to
consider has been derived in the previous section, see (36). As far as the kinetic
one is concerned, a small review of recent models is given in Section 3.1, focusing
on the so-called two-scale kinetic modelling brought forward in [10, 6].

In Section 3.2 are stated the main lines of the SAP as well as the additional
assumptions we make (total and partial mass conservations for instance). As a
result is presented the final set of equations, in its rough form.

3.1. A non-exhaustive review of kinetic energy. Recent references takle the
derivation of the kinetic energy, motivated by the initial works of Gavrilyuk and
coauthors [20, 17]. In the latter propositions, the kinetic energy Lkin is composed
of a classic bulk energy linked to the translational motion of the fluid and a small
scale contribution Tpulse. For instance in [17], considering distinct velocities for
both the phases k = 1, 2 and the interface, it yields

Lkin =

2∑
k=1

ρk
|uk|2

2
+ Tpulse,

where uk stands for the velocity field of the phase k and

Tpulse =
m

2

(
Diα

Dt

)2

,

where
Di·
Dt

is the material derivative associated to the velocity of the interface ui,

namely
Di·
Dt

= ∂t ·+ui · ∇x·.
According to the authors, the second term is a pulsation kinetic energy, where

the coefficient m and the interfacial velocity ui are given by appropriate closure
laws. Considering a one-velocity model, Drui proposes in [10] to consider Tpulse =
1

2
ν(α)|Dtα|2. The function ν corresponds to the inertia associated with the motion

of the interface which depends on the volume fraction α only. Another improvement
is introduced by Cordesse [6, 8], where the function ν is a function of the interfacial

area, namely Tpulse =
1

2
m
|Dtα|2

a2i
. Here and in the sequel, the material derivative

is defined using the common velocity field u

Dt· = ∂t ·+u · ∇x · .

This last expression of Tpulse is derived from geometrical considerations: when the
interface is subjected to a small displacement, the interfacial area ai and the volume
fraction α vary as well, and the relationships between these quantities involve the
local curvature of the interface and the surface tension parameter, see [6, Chapter
3] for more details. Finally in [9] the function ν is no longer an explicit function of
α or ai. The pulsating energy reads

Tpulse =
1

2
ν(α, ai)|Dth|2,

where h is the local deformation of the interface, which satisfies differential relations
involving the interfacial area, the local curvature and the volume fraction.

Among all the propositions, what is mandatory is to make the kinetic energy Lkin

depends on Dtα, otherwise there will we be no hope to get an evolution equation on
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α. For the same reason and because we want an evolution equation of the interfacial
area density, we propose to consider also a term involving Dtai:

(38) Lkin =
1

2
ρ|u|2 + m

2
|Dtα|2 +

ν

2
|Dtai|2,

where m and ν are constants (with the appropriate dimensions, namely m[kg ·m−1]
and ν[kg ·m]). Doing so ensures to get an evolution equation of the interfacial area
density, without considering any additional quantities as local curvature or interface
displacement as in [6, 8].

3.2. The Lagrangian functional and additional assumptions. We introduce
the vector of variables B

(39) B := {ρ, s, s1, s2, ai, y, α,u,Dtα,Dtai},

which corresponds to the vector B̃, defined in (35), completed by the variables
involved in the kinetic energy Lkin, that are u, Dtα and Dtai.

The Lagrangian L, function of B, is the difference of the kinetic and the potential
contribution

(40) L(B) = Lkin − Lpot,

where Lkin(B) is defined in (38) and Lpot(B) = ρe(B̃), with e(B̃) defined in (36).
Before going further with the variational method, we make additional assump-

tions that govern the fluid-interface system. First we assume masses conservation,
in the sense that

(41)
∂tρ+ divx(ρu) = 0,

Dty = 0.

One emphasizes that although the modelling presented in Section 2.3 allows mass
exchange between the two phases, it is not the case here. This is due to the fact that
SAP is valid for reversible processes only. For the same reasons, we also assume
that the specific entropies are conserved along trajectories

(42) Dts = 0, Dtsk = 0, k = 1, 2,

following [20, 17, 6]. Notice that, since the specific phasic entropies are conserved,
the interface intensive entropy (which is relative to the interfacial area Ai and not
to mass M) is not conserved along trajectories but satisfies

Dt(siaiτ) = 0,

that is to say, using extensive variables, siaiτ = Si/M is constant along trajectories.

3.3. Variational principle. This paragraph recalls the classic lines of the Sta-
tionary Action Principle, whose application to the two-phase flow modeling has
been the subjects of numerous works, including [11, 2, 18, 19, 4]. See also [9] for a
synthetic presentation of the method and an overview of the technic in the two-fluid
framework.

Consider a volume ω(t) ∈ R3 occupied by the fluid-interface system for time
t ∈ [t1, t2] and denote Ω = {(t,x) ∈ ×[t1, t2]×Rd| x ∈ ω(t), t1 ≤ t ≤ t2}. Following
Section 3.2, we assume the flow to be fully characterized by the quantities (t,x) 7→ B
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and by the constitutive constraints (41)-(42). We now define the Hamiltonian
Action as the space-time integral of the Lagrangian functional (40)

(43) A(B) =

∫
Ω

L(B)(x, t)dxdt,

and apply the Stationary Action principle. If (t,x) 7→ B̄ is a physically relevant
transformation of the system, it is the solution of a variational problem leading to
a PDE system. The methodology is to consider a family of perturbation (t,x, ζ) 7→
Bζ of B̄, parametrized by ζ ∈ [0, 1] such that

• the physical path is obtained when ζ = 0:

Bζ(t,x, ζ = 0) = B̄(t,x),

• Bζ satisfies the conservation constraints (41) and (42) for all ζ ∈ [0, 1],
• Bζ(t,x, ζ) = B̄(t,x) for (t,x, ζ) ∈ ∂Ω× [0, 1].

The Stationary Action Principle states that B̄ is physically relevant if it is a sta-
tionary point of ζ 7→ A(Bζ), that is

(44)
dA(Bζ)

dζ
(0) = 0.

This stationary condition yields the governing set of PDEs of motion without dis-
sipative process. For b ∈ B̄, denoting

δζb(t,x) =

(
∂bζ
∂ζ

)
|t,x

(t,x, ζ = 0)

a family of infinitesimal transformations, the identity (44) reads

(45)
dA(Bζ)

dζ
(ζ = 0) =

∫
Ω

∑
b∈B

∂L

∂b
δζbdxdt.

Infinitesimal variations are related through the conservation principles (41) and
(42) (see [14] and [4] for detailed computations)

• variation of density

(46) δρ = −divx(ρδx),

where δx denotes the infinitesimal displacement (t,x) 7→ δx around the
physical path, which complies with δx|t=t1 = δx|t=t2 = 0 and δx|∂ω(t) = 0.

• variation of velocity

(47) δu = Dt(δx)−∇xu · δx,

• conservation along trajectories of the fluid specific entropies and the mass
fraction

(48) δb = −∇xb · δx, for b ∈ {s, y, z1, z2}.

We now list all the contributions in (45).

• Density contribution: using the mass conservation (41), one has

(49)

∫
Ω

∂L

∂ρ
δρdxdt = −

∫
Ω

∂L

∂ρ
divx(ρδx) dxdt

=

∫
Ω

ρ∇x

(
∂L

∂ρ

)
· δx dxdt,
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by integration by parts. In order to make the partial Legendre transform
of L with respect to ρ (written here as a function of B)

(50) L∗,ρ(B) = ρ
∂L

∂ρ
− L(B)

appear, one develops

(51)

∫
Ω

∂L

∂ρ
δρdxdt

=

∫
Ω

[
∇x

(
ρ
∂L

∂ρ

)
− ∂L

∂ρ
∇xρ

]
· δx dxdt

=

∫
Ω

[
∇x

(
ρ
∂L

∂ρ
− L

)
+∇xL− ∂L

∂ρ
∇xρ

]
· δx dxdt

=

∫
Ω

∇xL
∗,ρ +

∑
b∈B
b ̸=ρ

∇xb
∂L

∂b

 · δx dxdt.

• Velocity contribution: according to (47), it holds

(52)

∫
Ω

∂L

∂u
δu dxdt =

∫
Ω

∂L

∂u
(Dt(δx)−∇xu · δx) dxdt.

By definition of the material derivative Dt· and using an integration by
part, it holds

(53)

∫
Ω

∂L

∂u
δu dxdt

=

∫
Ω

∂L

∂u
[∂t(δx) + u · ∇x(δx)−∇xu · δx] dxdt

=−
∫
Ω

(
∂t

(
∂L

∂u

)
+ divx

(
u
∂L

∂u

)
+

∂L

∂u
∇xu

)
· δx dxdt.

• Contributions of conserved quantities along trajectories: using (48), it holds
for b ∈ {s, s1, s2, y}

(54)

∫
Ω

∂L

∂b
δbdxdt = −

∫
Ω

∂L

∂b
∇xb · δx dxdt.

• Contributions in α and ai: the variation of the volume fraction α is not sub-
jected to any constraint. Doing so ensures to get an evolution equation on
α. Therefore the variation δα, involved with the family of transformations
of the medium, is arbitrary. The same holds for the interfacial area den-
sity ai. Besides, the fact that they evolve independently will yield separate
equations for the volume fraction and the interfacial area density.

• Contributions in Dtα and Dtai: the variations of Dtα (resp. Dtai) is related
to the variation of α (resp. ai). According to [26], it holds, for any functions
f and g, it holds

(55)

∫
Ω

g δ(Dtf) dxdt =−
∫
Ω

(
∂tg + divx(ug)

)
δf dxdt

−
∫
Ω

[(∂tg + divx(ug))∇xf + g∇x(Dtf)] · δx dxdt.
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Thus using (55) with g =
∂L

∂(Dtα)
=: M and f = Dtα gives

(56)

∫
Ω

∂L

∂(Dtα)
δ(Dtα) dxdt

= −
∫
Ω

(∂tM + divx(Mu))δα dxdt

−
∫
Ω

((∂tM + divx(Mu))∇xα+M∇x(Dtα)) · δx dxdt.

Analogously it holds with g =
∂L

∂(Dtai)
=: P and f = Dtai

(57)

∫
Ω

∂L

∂(Dtai)
δ(Dtai) dxdt

= −
∫
Ω

(∂tP + divx(Pu))δai dxdt

−
∫
Ω

((∂tP + divx(Pu))∇xai + P∇x(Dtai)) · δx dxdt.

Finally gathering (51), (53), (56) and (57) gives∫
Ω(0)

[Aαδα+Aaiδai +Auδx] dxdt = 0.

where

(58)


Aα = ∂tM + div(Mu)− ∂L

∂α
, with M =

∂L

∂(Dtα)
,

Aai
= ∂tP + div(Pu)− ∂L

∂ai
, with P =

∂L

∂(Dtai)
,

Au = ∂tK + div(Ku)−∇L∗,ρ, with K =
∂L

∂u
.

Note that to express the term C, one makes use of the terms A and B.
Since one assumes the infinitesimal displacement and the variations of volume

fraction and interfacial area density to be independent, the SAP applied to the
Lagrangian energy L yields the equations of motion given by

Aα = 0, Aai
= 0, Au = 0.

4. Final system and properties

As a result of the Stationary Action Principle, one obtains the following set of
equations describing the time evolution of the fluid-interface system governed by
the Lagrangian L. It reads

(59)


∂tM + div(Mu)− ∂L

∂α
= 0,

∂tP + div(Pu)− ∂L

∂ai
= 0,

∂tK + div(Ku)−∇L∗,ρ = 0,

where L∗,ρ the partial Legendre transform of L defined in (50), and it is completed
by the mass conservation laws (41) and the entropies evolution equations (42).
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Actually the SAP ensures conservation principle (as a consequence of the Noether’s
theorem, see [4]). Let E be the partial Legendre transform of the Lagrangian L with
respect to the kinetic variables u, Dtα and Dtai. It reads

(60) E(ρ,K,M,P, α, ai, s, s1, s2, y) = uK +DtαM +DtaiP − L(B)

or analogously

(61) E(B) = Lkin(B) + Lpot(B),

with notations (40). If the latter formula is more classic, the definition (60) has the
advantage of simplifying the following computations.

Proposition 3 (Hyperbolicity). The energy E, defined by (60), satisfies the addi-
tional scalar conservation equation

(62) ∂tE + div((E − L∗,ρ)u) = 0.

If the energy E(ρ,K,M,P, α, ai, s, s1, s2, y) is convex, then the system (41)-(42)-
(59) is hyperbolic and it is symmetrizable.

Proof. Using that E is the partial Legendre transform of the Lagrangian L with
respect to the kinetic variables, it holds (dropping the dependency of E and L for
readability)

DtE = Dt

 ∑
b∈{u,Dtα,Dtai}

b
∂L

∂b
− L


=

∑
b∈{u,Dtα,Dtai}

(
Dtb

∂L

∂b
+ bDt

(
∂L

∂b

))
−DtL.

Using the notations K,M and P , given in (58), and the transport of the specific
entropies (42) and of the mass fraction (41), it holds

DtE = uDtK +DtαDtM +DtaiDtP − ∂L

∂ρ
Dtρ−

∂L

∂α
Dtα− ∂L

∂ai
Dtai.

Then using the evolution equations (59), it yields

DtE = u · (−Kdivx(u) +∇xL
∗,ρ) + Dtα

(
−Mdivx(u) +

∂L

∂α

)
+Dtai

(
−Pdivx(u) +

∂L

∂ai

)
− ∂L

∂ρ
Dtρ−

∂L

∂α
Dtα− ∂L

∂ai
Dtai

= −divx(u)

(
Ku+MDtα+ PDtai − ρ

∂L

∂ρ

)
+ u · ∇x

(
ρ
∂L

∂ρ
− L

)
.

Using the definition (60) of E , it gives

DtE = −divx(u)

(
E + L− ρ

∂L

∂ρ

)
+ u · ∇xL

∗,ρ

= −divx(u) (E −∇xL
∗,ρ) + u · ∇xL

∗,ρ,

which coincides with (62). Now if E is supposed to be convex with respect to the
variables (ρ,K,M,P, α, ai, s, s1, s2, y), then it is a Lax entropy of the system which
can be symmetrized in the sense of Godunov-Mock. □

Note that the sufficient criterion is quite restrictive since the potential energy
Lpot(B) = ρe(B̃) is not necessarily strictly convex.
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4.1. Extended final set. We explicit in this paragraph the three equations using
the definition (40) of the Lagrangian functional.

4.1.1. Momentum equation. By the definition (50), the Legendre transform of L
with respect to the density L∗,ρ is

(63) L∗,ρ(B) = −
(m
2
|Dtα|2 +

ν

2
|Dtai|2 + p

)
,

with

(64) p = αp1 + (1− α)p2 − aiγi,

is the fluid-interface pressure derived first in (22). Here one uses p1 := p1

(
α

yρ
, s1

)
and p2 := p2

(
1− α

(1− y)ρ
, s2

)
. Then the equation on K = ∂L/∂u = ρu gives the

momentum equation, namely

∂t(ρu) + divx(ρu
⊤u) +∇x

(
p+

m

2
|Dtα|2 +

ν

2
|Dtai|2

)
= 0.

This equation is similar to the one obtained in [10] or [8], except that, in this
latter reference, the pressure term accounts for∇xα. When dropping the small scale
terms Dtα and Dtai, one recovers the momentum flux derived in [23] for bubbly
flows using an homogenization approach. The pressure term p comes from the
potential energy Lpot which defines the pressure term in the momentum equation.

4.1.2. Evolution equations on α and ai. Since M = mDtα and P = νDtai, the
equations on M and P involve second order derivatives in time on α and ai respec-
tively. Using the definition (40) of L, and relations (11)-(12), direct computations
give

(65)
∂L

∂α
= p1 − p2,

∂L

∂ai
= γi,

which lead to

(66)

∂t(Dtα) + divx(uDtα) =
p1 − p2

m
,

∂t(Dtai) + divx(uDtai) =
γi
ν
.

Following [10, 8], the idea is to decompose these second order equations into a
pair of two first order derivative in time equations, while introducing additional
unknowns.

For the equation on M = mDtα, we fix

(67) Dtα =
ρyw√
m

,

where w is a new unknown. Then it holds

(68)


∂tα+ u · ∇xα =

ρyw√
m

,

∂tw + u · ∇xw =
1√
mρy

(p2 − p1).

Doing so for the equation on P = νDtai, we introduce the unknown n satisfying

(69) Dtai =
ρyn√
ν
,
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and it yields

(70)


∂tai + u · ∇xai =

ρyn√
ν
,

∂tn+ u · ∇xn =
γi√
νρy

.

According to [8, 6, 9], the equations on the quantities w and n, defined in this way,
refer to small scale momentum equations. In that sense the equations on α and ai
connect small and large scales.

4.1.3. Energy equations. The transport equations of the specific entropies are not
convenient, especially for numerical computations. We replace them by energy
equations using the Gibbs relations given in Section 2.

The total energy equation E = Lkin + Lpot has already been given in (62), see
Proposition 3, and its developed form reads

(71) ∂tE + divx((E + p)u) = 0,

where p refers to the fluid-interface pressure (64).
For sake of completness, we provide the phasic (nonconservative) internal energy

equations which read, for k = 1, 2,

(72)
∂t

(
αkρk

(
ek +

|u|2

2

))
+ divx

((
αkρk

(
ek +

|u|2

2

)
+ αkpk

)
u

)
= αkpkdivxu− yku · ∇xp̃− pk

ρyw√
m

,

where p̃ = p+
m

2
|Dtα|2 +

ν

2
|Dtai|2.

Now using the transport equations of the specific entropies (42) and the mass
conservation equations (41), one deduces that the interfacial entropy complies with

(73) ∂t(aisi) + divx(aisiu) = 0.

Then combining (13) and (11) leads to the following interfacial energy evolution
equation

(74) ∂t(aiei) + divx(aieiu)− aiγi∇x · u = γi
ρyn√
ν
.

4.1.4. Summary. Using the definitions (67) and (69) the final set of equations reads

(75)



∂tρ+ divx(ρu) = 0,

∂t(ρy) + divx(ρyu) = 0,

∂t(ρu) + divx

(
ρu⊤u+

(
p+

m

2
(ρyw)2 +

ν

2
(ρyn)2

)
Id

)
= 0,

∂tα+ u · ∇xα =
ρyw√
m

,

∂tai + u · ∇xai =
ρyn√
ν
,

∂tw + u · ∇xw =
1√
mρy

(p1 − p2),

∂tn+ u · ∇xn =
γi√
νρy

,

Dts = Dts1 = Dts2 = 0.
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4.2. Hyperbolicity. To finish we investigate the eigenstructure of the system (75),
focusing on its one-dimensional version (with velocity u).

For that purpose, let consider the vector B̂ = (y, α, ai, w, n, s, s1, s2)
⊤ ∈ R8 and

write the system (75) in the following quasilinear form

(76) ∂t

ρ
u

B̂

+C(ρ, u, B̂)∂x

ρ
u

B̂

 = R,

where R = (0, 0, 0,
ρyw√
m

,
ρyn√
ν
,

1√
mρy

(p1 − p2),
γi√
νρy

, 0, 0, 0)⊤ ∈ R10, and the ma-

trix C is given by

(77) C(ρ, u, B̂) =

 u ρ 01×8

p̂

∂ρ
u

1

ρ
∇B̂p̂

08×1 08×1 uI8×8

 ,

with

p̂(B̂) = αp1

(
α

yρ
, s1

)
+ (1− α)p2

(
1− α

(1− y)ρ
, s2

)
+

m

2
(ρyw)2 +

ν

2
(ρyn)2.

The eigenvalues of C are

(78) λ1,2 = u± ρ
√

yc21 + (1− y)c22 +m(yw)2 + ν(yn)2, λ3,...,10 = u,

where c2k =
∂pk
∂ρk

(ρk, sk) is the speed of sound of the phase k = 1, 2. All the

eigenvalues are real and the right eigenvectors of C constitute a basis of R10. This
proves again the hyperbolicity of the system.

As mention in Remark 1, the SAP depicts reversible processes only. Hence
relaxation has to be set a posteriori according to the second principle. For instance
one may use source terms presented in [17] or [9] to enforce damping due to bubble
pulsation. One could also make use of the paragraph 2.3 to design dissipative phase
transition source terms in agreement with the thermodynamical equilibrium given
in Proposition 2.

This work has received the financial support from the CNRS grantDéfi Mathéma-
tiques France 2030. The authors would like to thank S. Kokh and N. Seguin for
the fruitful discussions.
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[32] F. Smäı. A thermodynamic formulation for multiphase compositional flows in porous me-
dia. working paper or preprint, September 2020. URL: https://hal.archives-ouvertes.fr/

hal-02925433.
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