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Abstract:  

Fuel cladding tubes, made of zirconium alloys are subjected, in-reactor, to a complex 

loading history under nominal operating conditions. Furthermore, they exhibit a complex 

deformation behavior resulting from irradiation induced growth, irradiation creep and 

thermal creep. For design and safety requirements, empirical models are usually used. To 

have robust physically based mechanical simulations, a self-consistent polycrystalline 

model has been developed. This model takes into account the various phenomena 

occurring at the grain scale, such as irradiation induced growth and irradiation creep. 

Moreover, this model takes into account the crystallographic texture of the material and 

the mechanical interactions between grains, depending on their orientation. 

Furthermore, this model is able to handle complex mechanical loading. This model is first 

shown to reproduce well an experimental database of in-reactor deformation of 

zirconium alloys. Thanks to the polycrystalline nature of this model, the effect of grain 

shape and creep mechanisms at the grain scale on the simulated data have been studied 

in detail. Next, this polycrystalline model has been introduced into a 1D Finite Element 

Method code, allowing the computation of stress and strain gradients through a thin 

cladding tube during a complex mechanical loading. This approach opens the way to 

physically based mechanical calculations at the component scale. 
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1. Introduction 

Zirconium alloys are used in the nuclear industry as fuel rod cladding tubes in pressurized 

water reactors. During nominal operating conditions, the cladding experiences 

simultaneous neutron irradiation and complex biaxial loading history1. First, the cladding 

tube exhibits a creep down towards the pellet due to the pressure of the primary water 

that is only partially balanced by the internal pressure inside the fuel rod. After an initial 

phase of densification, the pellet swells. Then, when the pellet and the cladding are in 

contact, the pellet swelling leads to the biaxial straining of the cladding tube. These 

complex deformations must be well characterized and predicted for safe and efficient in-

reactor operation. The in-reactor deformation of zirconium alloy cladding tubes is the 

result of three different phenomena: thermal creep, irradiation creep and irradiation 

induced growth2,3. Thermal creep is the usual creep occurring even in the absence of 

irradiation and is often considered negligible during in-reactor deformation under low 

applied stress. Irradiation creep is a specific deformation phenomenon that occurs under 

an applied stress and is activated by the fast neutron flux4. Irradiation induced growth is 

a special deformation phenomenon because it occurs under fast neutron flux without any 

applied stress5,6. Several authors7,8 have proposed empirical macroscopic models to 

account for the in-reactor deformation of zirconium alloys. In those models, the 

polycrystalline nature of the material is not taken into account. However, it was early 

recognized9 that the polycrystalline character of the material and the interactions 

between grains can play a significant role on the macroscopic behavior. This work has 

been followed by the development of several self-consistent polycrystalline models. One 

can distinguish the models aiming to estimate only the steady-state creep response10,11 

and the models aiming to also describe the transient response resulting from the coupling 

between elasticity and (nonlinear) viscosity12,13,14. The latter essentially rely on hereditary 

integral approaches using Laplace-Carson transforms. 

During the past several years, a renewed interest in the modelling of in-reactor 

deformation of zirconium alloys has arisen with the development of multiscale 

approaches from the single crystal to the structure component that couples a viscoplastic 

self-consistent model with a finite element code15,16. Recently, full-field simulations, 

based on the Fast Fourier Transform method, have also been applied to the in-reactor 

behavior of recrystallized Zircaloy-4 guide tubes17. Despite the large body of work done 

on this subject during the past 30 years, the influence of a complex loading history on the 

in-reactor polycrystalline response of the material has not yet been evaluated in detail. 

In the present work, we propose to implement a polycrystalline non-ageing linear 

viscoelastic (i.e. elastic and irreversible viscous behavior) self-consistent model with an 

internal variables formulation18. This approach offers a convenient framework to describe 

the mechanical response for a complex loading history of aging nonlinear viscoelastic 

materials19,20. Following early works10,12,13,21, the local behavior of the crystalline grains is 

chosen as empirical without considering explicitly the detailed deformation mechanisms. 

However, the physics of the mechanical interactions between grains is taken into account 

as accurately as possible. This model has been implemented in the MFront code 



generation tool22 allowing a straightforward coupling with finite element codes for 

structure computation. This model has been applied to the in-reactor behavior of cold-

work stress relieved and recrystallized Zircaloy-4 thin tubes. 

This approach provides for the first time a self-consistent polycrystalline model able to 

describe the transient resulting from the visco-elastic coupling at the local scale and a 

model able to handle complex loading history such as changing the stress or strain state. 

This model also allows a straightforward coupling with finite element computation at the 

component scale. 

First, the two materials and the mechanical tests are described. Then, the principle of the 

polycrystalline model is presented and the parameter fitting procedure is described. 

Finally, the simulation results are shown and discussed. 

Eventually, in the last section, the polycrystalline model is coupled with a 1D finite 

element code and its response to a complex loading history, mimicking the in-reactor 

nominal condition, is described. 

 

2. Materials and mechanical test data base 

The two materials studied in this work are made of a zirconium alloy called Zircaloy-4 and 

noted Zy-4. Its chemical content, given in weight % is the following: 1.30% Sn, 0.21% Fe, 

0.10-0.12%Cr, 0.125-0.128%O. 

This alloy is studied in two different metallurgical states: the cold-worked stress-relieved 

metallurgical state, also referred to as stress relief annealed (SRA), and the recrystallized 

metallurgical state, referred to as recrystallization annealed (RXA). These two materials 

differ due to the last heat treatment conducted after the last cold working step. The SRA 

alloy has been heat treated at temperatures around 475°C and the RXA alloy has been 

heat treated at temperatures23 in the range of 530 to 600°C. The resulting microstructure 

of these two materials is very different. 

The SRA alloy exhibits long elongated grains, with a length of about 20 µm along the 

rolling direction, which corresponds to the axial direction of the tube, and a typical width 

of 2 µm along the two other directions. These elongated grains are further subdivided by 

low angle boundaries into smaller cells, typically 0.2 µm wide. This alloy also contains a 

high dislocation density, especially <a> dislocations but also many <c+a> dislocations. 

Concerning the RXA material, the grains are equiaxed24 with a typical size of 5 µm. The 

grains contain very few dislocations, only some <a> dislocations but no <c+a> dislocations. 

These two material exhibit similar crystallographic textures23,25. The <c> axis of the grains 

is tilted 30-40° away from the radial direction of the tube, toward the hoop direction 

(circumferential). After cold-rolling the 〈1010〉 direction is parallel to the rolling direction, 

and the 〈1210〉 direction is being tilted about 30° from the �-axis. During the 



recrystallization heat treatment, a 30° rotation occurs around the <c>-direction, and the 

rolling direction is then aligned with the 〈1210〉 direction for most of the grains. 

In the following, the � direction corresponds to the axial direction of the tube, the � 

direction corresponds to the hoop or circumferential direction of the tube (often referred 

to as �) and the 	 direction corresponds to the radial direction of the tube (often referred 

to as 
). 

The in-reactor behavior of these two materials has been studied by Gilbon et al.26, and 

Soniak et al.27. These authors conducted irradiation creep tests at 350°C under internal 

pressure in the CEA material testing reactors Siloé and Osiris using pre-pressurized 

cladding tube specimens. Furthermore, stress free samples have also been irradiated in 

the same conditions to measure the irradiation induced growth strain. To obtain the 

target hoop stress, the tubes were pressurized with an internal pressure (�) such that at 

irradiation temperature, the hoop stress is given by the following approximated formula28 

Eq. 1.  

� ≈ ������2�  (1) 

In Eq. 1 � is the initial cladding thickness and �����  is the initial mean diameter given by ����� = ������� − �, with (������� =9.5 mm and �=0.6 mm).  

Because of the closed end of the tube, an axial stress also arises that is approximately 

equal to half the hoop stress (��� ≈ � 2⁄ ). The creep tests have been conducted on SRA 

Zy-4 using three different hoop stresses (60, 90 and 120 MPa) and on RXA Zy-4 using two 

hoop stresses (90 and 120 MPa). From the database provided in this work, all the tests 

conducted at 350°C under a fast neutron flux (� > 1 MeV) close to 1.7×1018 n.m-2.s-1 have 

been selected. In the following, a mean flux of 1.7×1018 n.m-2.s-1 is considered for all the 

experiments. Because the hoop strain remains small during the test, the change of 

internal pressure is considered to remain negligible. The initial external diameter 

(�����0�) and length (��0�) are measured before irradiation at room temperature and 

under an applied stress, and the diameter (�������) and length (����) of the samples are 

regularly measured at room temperature and under an applied stress, in a hot cell, for 

both creep and growth samples, by taking the samples out of the reactor. From these 

measurements, the mean axial and hoop creep strain or growth strain are computed 

using the formula Eq. 2 and Eq. 3, where ���0� = �����0� − �. 



 � = ln !1 + ������� − �����0����0� # (2) 

 ��� = ln !1 + ���� − ��0���0� # (3) 

3. Description of the self-consistent polycrystalline model 

An estimation of the linear viscoelastic response of the polycrystal is derived on the basis 

of the use of the correspondence principle together with the self-consistent model. We 

take advantage of the internal variables formulation proposed by Ricaud and Masson18,19 

to implement this homogenization model for textured 3D polycrystals in the MFront code 

generation tool22. This allows a straightforward coupling with a finite-element code to 

describe the mechanical response of fuel cladding tubes during nominal operating 

conditions. 

3.1 Local problem 

Let us consider a polycrystalline material with volume $ containing grains with % different 

crystalline orientations �&�. The set of all grains with the same orientation represents the 

constitutive phase �&� occupying the volume $' with volume fractions ('. The polycrystal 

is subjected to homogeneous conditions of stress ���� or strain histories )��� on the outer 

boundary *$. The time-dependent stress and strain fields are thus solutions to the 

following local problem described in Eq. 4. 

 

div��	, �� = 0,          curl - curl.)�	, ��/0 1 = 0,        ∀	 ∈ $
)�	, �� = 4 5�'��

6 �� − 7�: �9 �	, 7�du + )6�'����,     ∀	 ∈ $'  �& = 1, ⋯ , %�
���� = ⟨��	, ��⟩,     )��� = ⟨)�	, ��⟩

 (4) 

 

〈∙〉 denotes the average over the volume $. 5�'���� and )6�'���� represent respectively 

the local viscoelastic compliance tensor and the stress-free strain which are uniform 

within each constitutive phase �&�. The local behavior is assumed to be Maxwellian, 

meaning that it follows Eq. 5. 

5�'���� = 5��'� + �5>�'�
 (5) 



where 5��'�
 and 5>�'�

 the elastic and viscous compliance tensors respectively.  

The assumption of a linear dependence of irradiation creep with stress can be justified by 

considering that the rate controlling process of irradiation creep deformation is the point 

defect diffusion towards dislocations or grain boundaries. 

In addition, the stress-free strain )6�'���� describes the irradiation growth of each phase. 

The local strain rate )9�	, �� can be expressed as Eq. 6. 

)9�	, �� = )9��	, �� + )9>�	, �� + )96�'����= 5��'�: �9 �	, �� + 5>�'�: ��	, �� + )96�'����,        ∀	 ∈ $' 
(6) 

Note that, except for the irradiation growth, the strain rates vary within each phase �&�. 

It must also be pointed out that this constitutive equation (Eq. 6) assumes uncoupled 

creep and growth deformation processes. This is probably not true considering that both 

processes result from point defect diffusion and dislocation climb. However, the results 

given by Gharbi et al.29 suggest a very limited effect of an applied stress on breakaway 

growth thus partly justifying our uncoupled approach.  

 

3.2 Overall behaviour and phase-averaged fields 

The polycrystal is subjected to loading time functions consisting of the overall stress ���� 

and the prescribed growth strains )6�'���� which are continuous functions of time (i.e no 

time discontinuities). The overall constitutive law can be expressed as a Stieltjes 

convolution product (Eq. 7). 

)��� = 4 5?�
6 �� − 7�: �9 �7�d7 + )6̃��� (7) 

where 5? ��� the effective creep function and )6̃��� the time evolution of the overall 

irradiation growth strain. The latter is given by equation 8. 

 

)6̃��� = A ('
B

'CD 4 0�
6 E�'��� − 7�: )96�'��7�F7 

 

(8) 



where E�'���� represent the time evolution of the stress localization tensor averaged 

over phase �&� with volume fraction ('.  

In addition, the phase-averaged stress �'��� and strain )'��� fulfill the following 

interaction law (Eq. 9). 

)'��� − )��� = − 4 G�
6 �� − 7�: -�9'�7� − �9 �7�1 F7 (9) 

where G is the interaction tensor defined in equation 10. 

 

3.3 Internal variables formulation 

The self-consistent estimate of the macroscopic behaviour and the average local fields is 

derived by approximating the tensors 5? ���, E�'���� and G��� by Dirichlet series 

expansions as follows (Eq. 10): 

5? ��� ≈ 5? � + �5? > + A 5? �
BH

�CD I1 − �J�KL M
G��� ≈ G� + �G> + A G�

BH
�CD I1 − �J�KL M

E�'���� ≈ E��'� + A E��'�BH
�CD I1 − �J�KL M ,       �& = 1, … , %�

 (10) 

The tensors (5? �, G� , E��'�
) and (5? >, G>) are respectively obtained from the self-

consistent estimate for the purely elastic and viscous heterogeneous problems. The 

unknown tensors 5�, G�  and E��'�
 are classically determined by the collocation method 

which makes use of the correspondence principle30. It requires arbitrarily to choose %O  

collocation times P�. In this work, we chose five collocation times distributed on a 

logarithmic scale between 1×106 s and 1×109 s. Following Ricaud and Masson18, an 

internal variables formulation of the overall constitutive law Eq. 7 and the interaction law 

Eq. 9 is obtained by incorporating the approximations Eq. 10 into the hereditary integral 

relations. The effective constitutive law now reads (Eq. 11): 



)��� = 5? �: ���� + Q��� + A R�
BH

�CD ���STTTTUTTTTVWXY���
+ A (' Z 0E��'�: )6�'���� + A [��'�BH

�CD ���\B
'CDSTTTTTTTTTTTUTTTTTTTTTTTVWX]���

 
(11) 

where )̃>��� denotes the time evolution of the macroscopic viscous strain. Q��� 

represents its steady-state part while the sum ∑ R�� ��� is the contribution of the transient 

regime. The effective growth strain )6̃��� contains an elastic part and a contribution of 

the viscoelastic coupling with the sums ∑ [��'�� ���, ∀& = 1, … , %. The evolution equations 

of these internal variables are given by equation 12. 

Q̇��� = 5? >: ����,         Q�0� = 0,P�R`̇��� + R���� = 5? �: ����,        ∀a ∈ b1; %Od,            R��0� = 0,P�[̇��'���� + [��'���� = 0E��'�: )6�'����,   a ∈ b1; %Od,   ∀& ∈ b1; %d,   [��'��0� = 0 (12) 

The interaction law can also be written as Eq. 13. 

)'��� − )��� = −G�: -�'��� − ����1 − e'��� − A f��'�BH
�CD ��� (13) 

with the following evolution equations defining the internal variables e'��� and f��'���� 

(Eq. 14): 

e'̇��� = G>: -�'��� − ����1 ,     ∀& ∈ b1; %d,       e'�0� = 0
P�f9��'���� + f��'���� = G� : -�'��� − ����1 ,  ∀a ∈ b1; %Od,  ∀& ∈ b1; %d,  f��'��0� = 0 

(14

) 

3.4 Crystallographic and morphological texture 

The various crystallographic phases that constitute the polycrystalline aggregate are 

taken into account in the model by a discrete crystallographic orientation file that 

contains the three Euler’s angles and the corresponding volume fraction for each phase. 

The file used here contains 240 orientations representative of the crystallographic texture 

of zirconium alloy thin rolled tubes31. The g0002h and g12i10h pole figures corresponding 

to the RXA Zy-4 are shown Fig. 1. As an indication, the corresponding Kearns factors are j� = 0.565, j = 0.359 and j� = 0.076, the last value being lower than the experimental 

one which is close to j� = 0.1. 



 

Figure 1: Discretized (a) {0002} and (b) {1210} pole figures representative of the texture of 

the RXA Zy-4. 

The crystallographic textures of SRA and RXA Zy-4 are very similar. When comparing the 

two textures, the crystal is only rotated by an angle of 30° around the <c> axis. Because 

this rotation does not influence the transversely isotropic single crystal symmetry, the 

same texture file has been used. 

The grain shape is taken into account in the modelling through the shape of the inclusion 

used in the self-consistent scheme. For RXA Zy-4, the inclusion is considered as a sphere 

with aspect parameters of the ellipsoid qD = qr = qs = 1. 

Concerning SRA Zy-4, the inclusion is first considered as a sphere to separate the effect of 

the grain shape and the effect of the local behavior on the effective response of the 

polycrystal. Then, to highlight the effect of grain shape, an elongated ellipsoid is 

considered with the aspect ratio qs along the tube axial (�) direction set to 10 and the 

other two remaining equal to one. Simulations using these two shapes are reported in the 

following. 

 

3.5 Implementation of the polycrystalline model in MFront 

For a given time step, most mechanical solvers search the increment of displacement 

satisfying the equilibrium by an iterative process derived from the Newton-Raphson 

algorithm. At each equilibrium iteration, an estimation of the strain increment is 

computed by the current estimate of the displacement increment at each quadrature 

point. This strain increment is used to integrate over the time step the ordinary system of 

differential equations formed by the constitutive equations Eq. 12 and Eq. 14. This 

provides a new estimate of the internal state variables of the material .Q, R� , [�', e', f�'/ 



at the end of the time step and a new estimate of the macroscopic stress �. This 

macroscopic stress is used to estimate whether equilibrium is satisfied. If this is not the 

case, a new estimate of the displacement increment is proposed. 

In this work, the behaviour integration is performed using an explicit Runge-Kutta-

Fehlberg32 scheme with automatic sub-stepping and is implemented using the 

opensource MFront code generator22. The implementation closely follows this 

document33. The mechanical tests are simulated using the simulation tool, referred to as 

MTest, delivered with the opensource software MFront. 

It is worth noting that the current implementation of the polycrystalline model does not 

provide the exact consistent tangent operator but only the effective elastic stiffness. This 

may lead to linear convergence of the equilibrium algorithm, unless acceleration 

algorithms are used, which is the case in the MTest simulations used in this work34. 

 

4. Local behavior, parametrization method and simulation results 

4.1 Local behaviour 

4.1.1 Elastic behavior 

In this paper, all the tensors mentioned are written using Kelvin-Voigt notation35. The 

local elastic behavior is characterized by the transversely anisotropic elastic compliance 

tensor (5��'�
) or stiffness tensor (t�'�). The five independent coefficients of the local 

stiffness tensor at 350°C obtained from the work of Fisher and Renken36 are given in the 

following: uDD = 127800 MPa, uDr = 79300 MPa, uDs = 65800 MPa, uss = 154300 

MPa, uxx = uyy = 55200 MPa, and uzz = uDD − uDr. 

4.1.2 Irradiation creep behavior 

The irradiation creep deformation mechanisms are still not well known4. In the case of 

zirconium alloys, it has often been considered that glide enhanced by climb can explain 

irradiation creep deformation3. However, several authors have also suggested that 

anisotropic diffusion of point defects under stress toward grain boundaries could explain 

irradiation creep deformation, at least for very small grains size37. In this work, we have 

chosen to adopt the same approach as in the references10,12,13 which assumes that the 

irradiation creep is linear with stress. This can be justified by considering that irradiation 

creep is the result of dislocation glide assisted by climb where the rate limiting process is 

the point defect diffusion. 

Due to the HCP symmetry of the crystallographic phases, the irradiation compliance 

tensor ({>) is transversely isotropic. The irradiation creep deformation being isochoric, 

only three independent coefficients (which are in fact eigenvalues of the tensor) are 

necessary to define it. This coefficients are noted (|} , |� , |~) and correspond to |} = |D, |� = |r and |~ = |s used by Tomé et al.10. Thanks to this approach, strong assumptions 



on microscopic deformation processes are avoided. However, assuming transverse 

isotropy implies that the local behavior is only related to the crystal symmetry and that 

the shape of the grains (if it is not transversely isotropic) has no impact on the local 

behavior of the crystal. 

The irradiation creep compliance tensor can then be written as a linear combination of 

orthogonal tensors as Eq. 15. 

5> = |}�} + |��� + |~�~  (15) 

These tensors are expressed in the crystal frame, with the third unit vector aligned with 

the <c> axis, as Eq. 16.  

�} =
⎝
⎜⎜
⎜⎜
⎜⎛

16 16 − 13 0 0 016 16 − 13 0 0 0
− 13 − 13 23 0 0 00 0 0 0 0 00 0 0 0 0 00 0 0 0 0 0⎠

⎟⎟
⎟⎟
⎟⎞

�� =
⎝
⎜⎜
⎜⎜
⎛ 12 − 12 0 0 0 0

− 12 12 0 0 0 00 0 0 0 0 00 0 0 1 0 00 0 0 0 0 00 0 0 0 0 0⎠
⎟⎟
⎟⎟
⎞

�~ =
⎝
⎜⎜⎛

0 0 0 0 0 00 0 0 0 0 00 0 0 0 0 00 0 0 0 0 00 0 0 0 1 00 0 0 0 0 1⎠
⎟⎟⎞

 (16) 

 

The sum of these tensors is equal to the isotropic projector | which extract the deviatoric 

part of a tensor. When applied to a given stress tensor �, |}  returns a traceless tensor 

containing its axial component, whereas |�  and |~  extract respectively its transverse and 

longitudinal shear components. 



4.1.3 Irradiation growth behavior 

Previous studies38,39,40 have proven that the volume change of zirconium alloys under 

irradiation remains small, resulting in a very limited swelling under irradiation. Studies5,41 

have also shown that the zirconium single-crystal exhibits a shortening along the <c> axis 

under irradiation and an expansion in the basal plane. As a result, the local growth strain 

is taken into account as an isochoric eigenstrain that increases linearly with time. Due to 

the HCP crystal’s symmetry, this tensor is transversely isotropic. As a first step, a simple 

linear irradiation growth has been chosen for this model that is suitable for a low 

irradiation dose before growth breakaway. More complex approaches such as the one 

developed by Barashev et al. 42 and Patra et al.43 could be implemented in future works. 

The growth strain rate tensor is then expressed in the crystal frame as Eq. 17:  

)96�'� = |6 �1 2⁄ 0 00 1 2⁄ 00 0 −1� (17) 

The local constitutive behavior is thus characterized by only four adjustable material 

parameters: |6, |} , |�  and |~. These parameters have been identified for a fixed flux of 

1.7×1018 n.m-2.s-1. As a consequence, the dependence with neutron flux of local creep and 

growth behaviors does not appear explicitly in the formula. 

 

4.2 Parametrization method 

In this section we describe the procedure used to determine a set of four parameters (|6, |} , |� , |~) to numerically reproduce the experiments presented earlier. Among the 

available experimental data, only the irradiation creep test conducted with an internal 

pressure equivalent to an applied hoop stress of 90 MPa has been retained for the fitting 

procedure. Unlike the other tests it was conducted during a longer period of time and 

allows a correct measurement of the steady state creep rate along both hoop and axial 

directions. The procedure is divided in three steps. In the first and second steps, 

irradiation creep and growth are identified separately. As a consequence, when 

considering creep behaviour, the growth parameter is set to zero. On the other hand, 

when considering growth, the macroscopic stress is set to zero, but not the local ones, 

allowing creep and relaxation to occur within the phases. Finally, with both irradiation 

creep and growth mechanisms active, the simulated macroscopic irradiation creep 

behavior is compared to the experiments and possibly slightly adjusted again to obtain 

the best fit of the experimental data. 

 

 

 



4.2.1 Parametrization of irradiation creep anisotropy 

During the irradiation internal pressure creep test conducted under a hoop stress of 90 

MPa, the steady state is reached27 for a fluence of about 3×1025 n.m-2, which corresponds 

to 1.7×107 s for a neutron flux of 1.7×1018 n.m-2.s-1. As a consequence, the set of 

experimental points used to calculate the steady strain rate has been reduced by 

considering only the points above 1.5×105 s. Linear regressions have been performed for 

both irradiation creep and growth experimental curves and for both hoop and axial 

strains. Then, assuming additivity of the macroscopic creep and growth, the steady state 

creep rate alone is obtained by subtracting the growth rate from the total strain rate. The 

ratio (����) between the steady state creep strain rate along the axial direction (�) with 

respect to the strain rate along the hoop direction (�) is then computed.  

���� = -)9��O����1���-)9O����1���
= )9�� − )9��'�����

)9 − )9'�����  (18) 

In the considered numerical model, during the steady regime and in absence of growth, 

the macroscopic strain rate depends solely on the purely viscous effective creep 

compliance tensor {?>.  

)9 ��� = 5? >: ���� (19) 

The ratio between the creep strain rates along the axial and hoop directions is computed 

and compared with the experiment. During an internal pressure test with closed ends, 

the macroscopic stress tensor applied is actually triaxial. For a thin tube ([ = � �����⁄ =0.067) it has been shown by Onimus et al.28 that a good approximation of this stress 

tensor (second order approximation) is given by Eq. 20: 

 

� = ������2� �−[ 0 00 1 − [ 00 0 1 2⁄ − [� (20) 

This definition has been used in our simulations. Considering the stationary creep rate, 

the ratio between the strain rate along the axial direction and the strain rate along the 

hoop direction can be then expressed as Eq. 21: 



�sim = -)̇��O����1
sim-)̇O����1
sim

= −[{?>���� + �1 − [�{?>��� + -12 − [1 {?>����
−[{?>��� + �1 − [�{?>�� + -12 − [1 {?>��� (21) 

The relative error (�D) between the simulated steady state strain rate ratio (����) and the 

experimental steady state strain rate ratio (����), defined as Eq. 22, has been computed 

for various couples (|}/|�, |~/|�) with constant |�  value. Because the irradiation creep 

compliance tensor is positive definite, only positive values for |} , |�  and |~  are 

investigated. Adequate parameters are obtained for an error below 1%. 

�D = ��sim − �exp���exp�  (22) 

Simulations have been conducted for the RXA Zy-4 using aspect ratios for the inclusion 

equal to qD = qr = qs = 1. For SRA Zy-4, there are two types of inclusions: a spherical 

and an elongated with aspect ratios qD = qr = 1 and qs = 10. 

The sets of optimal points (i.e. satisfying the criteria �D < 1%) are displayed on Fig. 2 for 

both alloys using spherical and ellipsoidal shapes (in the SRA Zy-4 case). For the 

recrystallised alloy, parameters (
����, 

���� ) proposed in the literature12,13 are also shown. 

One can notice that the optimal sets are not unique but are spread along a curve. The 

under-determination of optimum parameter sets is explained because in the 

experimental database, only internal pressure tests are available. Using numerical 

simulations, we have been able to check that knowing the behavior for axial creep tests 

would lead to the determination of a single couple of parameters. This shows that for 

modeling requirements it is important to know both the creep behavior for internal 

pressure and for axial tension creep tests. 

It is interesting to note that the loci of adequate parameters are very different for the two 

materials. This results from their different anisotropic behaviour. As discussed further 

below, this can be interpreted in terms of differences in deformation mechanisms at the 

local scale. 

Furthermore, it can be noticed that by changing the shape of the inclusion from sphere 

to elongated ellipsoid, the optimum parameter locus is slightly shifted towards higher 
���� 

values. The influence of the inclusion shape is investigated in the following. 

All the points (
����, 

���� ) shown on the locus (2a, 2b) provide adequate steady state creep 

anisotropic behavior. However, depending on the parameters chosen, the transient 

behavior is different, for creep and growth. This has been explored by testing various 



points from the optimum locus and comparing the predicted creep behavior with 

experimental data. Based on these simulations one adequate point on the locus has been 

selected for each material. 

 

 

Figure 2: Representation of optimal points (i.e. �D < 1%) for (a) RXA and (b) SRA Zy-4 

alloys. 

 

4.2.2 Parametrization of the magnitude of creep rate 

Once suitable |}/|�  and |~/|�  ratios have been found, the parameter |�  can be 

determined from the steady state creep rate along the hoop direction (�). As done 

previously, the steady state irradiation creep rate is computed by subtracting the growth 

rate to the total strain rate. The steady state creep rate is then computed by the 

polycrystalline model and compared to the experiment. The parameter |�  is chosen such 

that the corresponding error, defined in Eq. 23, is below 1%. 

�r = �-)9O����1
sim

− -)9O����1
exp

�
�-)9O����1

exp
�  (23) 

 

4.2.3 Parametrization of the irradiation growth parameter 

In this last step, the experimental growth tests are now considered. The steady state 

growth rate is simulated for various values for the parameter |6, and compared to the 

experimental steady state growth rate. The adequate value for the parameter |6 is 



obtained when the relative error between simulation and experiment, defined in Eq. 24, 

is below 1%. 

�s = �-)9��'�����1
sim

− -)9��'�����1����
�-)9��'�����1����  (24) 

4.3 Simulation results 

The internal pressure creep test is finally simulated with the four parameters found 

previously. In that case, local irradiation growth also occurs simultaneously with local 

irradiation creep. The simulated behavior, for both internal pressure creep test and 

irradiation growth test is compared to the experiments on Fig. 3. The final chosen 

parameters for each case are given in Table 1. 

 

Table 1: Sets of chosen parameters for the two materials. 

 |}  

(MPa-1.s-1) 

|� 

(MPa-1.s-1) 

|~  
(MPa-1.s-1) 

|6 

(s-1) 

RXA Zy-4 spheres 9.41×10-13 9.6×10-12 1.67×10-12 3.55×10-11  

SRA Zy-4 (spheres) 1.68×10-12 2.85×10-12 6.25×10-11 1.3×10-10 

SRA Zy-4 (elongated 

ellipsoids) 

9.6×10-13 1.62×10-12 7.07×10-11 1.3×10-10 

 

Concerning irradiation growth of RXA Zy-4 (3a), it can be seen that the steady state growth 

rate is well predicted, as expected. However, the model is not able to reproduce the small 

growth transient at the beginning of the irradiation. On the contrary, the model predicts 

a slightly slower growth rate at the beginning of irradiation although a local linear growth 

strain has been introduced. This is explained by the local creep or relaxation of the phases 

caused by the inter-phase stresses. Several parameter sets, corresponding to the 

optimum locus, have been tried to improve the transient of the growth strain, but none 

of them were able to give better agreement. The prediction of a more rapid transient 

growth rate at the beginning of irradiation would require modifying the local growth 

constitutive equations by introducing an evolution with irradiation dose. It can also be 



noticed that although the strain along the �-direction has not been used for the 

optimization of the parameters, it is well predicted by the model. 

Concerning the creep behavior of RXA Zy-4, it can be noticed that the steady state strain 

rate along both � and � directions are well predicted by the model (Fig. 3c). However, the 

primary creep is not predicted by the model. 

The model, using both spheres or elongated ellipsoid, is able to nicely reproduce the 

growth behavior of the SRA Zy-4 along the �-direction (Fig. 3b). Along the �-direction, the 

model also predicts an adequate growth rate, considering the experimental uncertainty 

for this measurement. It is interesting to note that changing the inclusion from sphere to 

ellipsoid does not affect the growth behavior. 

The steady state creep rates of SRA Zy-4 along the � and � direction are correctly 

reproduced, as expected (Fig. 3d). The model is able to predict a slight transient. This is 

due to the visco-elastic coupling that is taken into account thanks to the collocation 

method. However, it can be noticed that the transient predicted for the SRA Zy-4 is not 

as pronounced as in the experiments. 

The fact that the creep transient cannot be correctly reproduced by the model proves 

that the primary creep cannot be attributed to the visco-elastic coupling but is due to the 

microstructure evolution at the beginning of irradiation. It must also be mentioned that 

the thermal creep, which is not taken into account here, could play a role in the primary 

creep. Its contribution in this regime could progressively decrease as the radiation 

damage builds up. 

 



 

Figure 3: Simulations of (a), (b) irradiation induced growth and (c), (d) irradiation creep 

under internal pressure (90 MPa target hoop stress) and comparison with experiments, 

for RXA Zy-4 (3a,3c) and SRA Zy-4 (3b,3d) with either spherical (solid and dashed lines) and 

elongated (dotted lines) grain shape. 

 

Figure 4: Simulations of irradiation creep under internal pressure for (a) RXA Zy-4 with 120 

MPa target hoop stress, (b) SRA Zy-4 with 60 and 120 MPa target hoop stress (considering 

either spherical inclusions represented by solid lines or elongated ellipsoidal inclusions 

represented by dotted lines). The simulations are compared with experiments. In the axial 

direction the results coincide for both grain shapes. 



 

The polycrystalline model has been used to compute the internal pressure creep tests 

conducted with lower or higher applied stresses. 

It can be seen that for RXA Zy-4 and SRA Zy-4 under a hoop stress of 120 MPa, the model 

predicts a lower creep rate than in the experiment. This suggests that the stress exponent 

for irradiation creep is higher than 1. Concerning the creep test done on SRA Zy-4 under 

a hoop stress of 60 MPa, the prediction of the model is in good agreement with the 

experiment (Fig. 4b). 

 

5. Discussion 

5.1 Discussion on the influence of grain shape 

Following the work done by Tomé et al.10, the influence of the shape of the inclusion used 

in the self-consistent model has been investigated. 

This parameter aims at representing the shape of the crystalline grains of the considered 

material, at least from the self-consistent theory point of view. However, it must be kept 

in mind that it does not take into account the effect of grain boundaries on the 

deformation mechanisms such as dislocation motion or point defect diffusion. For this 

study, the growth term was set to zero. The ratio between the axial and hoop irradiation 

creep strain rate in the steady regime, referred to as ���� and defined in Eq. 21, was then 

computed for various inclusion shapes. 

First the parameters for the SRA Zy-4 obtained for spherical inclusions have been used. 

The optimum value for ����, the closest to ����, is obtained for qs = 1. Then the aspect 

ratio qs has been modified, from 1 up to 100, keeping qD = qr = 1 (Fig. 5). It is observed 

that the value ���� decreases only slightly when the ellipsoid is elongated along the �-

direction up to qs = 5. When the ellipsoid is further elongated the influence of the grain 

shape is very low. In a second step, the parameters for the SRA Zy-4 obtained for 

elongated ellipsoidal inclusions (qs = 10 and qD = qr = 1) have been used (see Table 1). 

In that case, the optimum value for ����, the closest to ����, is obtained for qs = 10. A 

curve, similar than the one obtained with the first parameter set is obtained (Fig. 5). 

 



 

Figure 5: Evolution of the irradiation creep strain rate ratio with the shape of the phases. 

 

5.2 Discussion on the irradiation creep deformation mechanisms 

It can be noted that the macroscopic irradiation creep rate is always higher for the SRA 

Zy-4 than for the RXA Zy-4. This can also be seen at the local scale, when comparing the 

values of the coefficients |} , |�  and |~. The coefficient |~  is more than one order of 

magnitude higher for SRA Zy-4 than for the RXA Zy-4. This explains the higher creep rate 

during internal pressure creep tests. On the other hand, the coefficient |}  is similar for 

both alloys and the coefficient |�  is smaller for SRA Zy-4 than for RXA Zy-4. This higher 

creep rate for SRA Zy-4 could be due to the presence of a higher dislocation density than 

for RXA Zy-4. These numerous dislocations, with <a> and <c+a> Burgers vectors, can glide 

or climb, or both, under simultaneous irradiation and applied stress leading to a high 

strain rate. The elongated grains, in the axial direction, with small transverse dimensions 

for SRA Zy-4, especially the small sub-grains, could also induce a higher creep rate, as 

suggested by Walters et al.37. The local anisotropic behavior is also significantly different 

between the two alloys. Again, this could be due to the difference in the dislocation 

microstructure and grain shape, or both. 

It is difficult to analyze these differences more precisely without a clear idea of the active 

deformation mechanisms. Thanks to the tests conducted with various applied stresses 

(Fig. 4), it has been shown that the irradiation creep behavior is not exactly linear with 

stress, but seems to exhibit a stress exponent higher than 1. This suggests that the 

behavior is partly controlled by glide based mechanisms. Assuming that irradiation creep 

deformation of zirconium is explained by glide enhanced by climb2,4, the anisotropic 

irradiation creep compliance tensor can be analyzed in terms of slip systems. 

By assuming dislocation glide with a linear stress dependence, the creep compliance 

tensor 5> can be expressed as a linear combination of the orientation tensors of the 

different slip systems (prismatic <a>, basal <a> and pyramidal <c+a>) (Eq. 25).  



5> = |�� A ����s
�CD ⊗ ���� + |�� A ����s

�CD ⊗ ���� + |� A ���Dr
�CD ⊗ ���

 (25) 

with ��• the Schmid tensor of the ath slip system of the • family. The expression of the 

three eigenvalues of 5> (|~, |�, |}) as a function of the viscous compliances of the slip 

systems (|��, |��, |�) are given in Appendix. The ratios between the coefficients |�� |�⁄  and |�� |��⁄  give the relative potential facility for the activation of the 

pyramidal and basal slip systems with respect to the prismatic. These ratios have been 

computed for several points of the locus of the optimum irradiation creep parameters. 

On the Fig. 2a and Fig. 2b several zones have been identified depending on the parameter 

values. In the case of RXA Zy-4, the prismatic slip is always more easily activated than the 

other slip systems. The pyramidal slip is the most difficult system to activate except for 

the small zone on the bottom right of the plot (between the blue and green dotted lines). 

Concerning the SRA Zy-4, the pyramidal slip is also the most difficult system to activate. 

However, for this material, it is the basal slip that is the easiest slip system to activate. 

This approach then suggests that under irradiation, basal slip is an easy slip system for 

SRA Zy-4 whereas it is the prismatic slip that is the easiest slip system for RXA Zy-4. 

 

6. Application: monodimensional finite element simulation of a pipe using MTest 

Following a similar approach as the one developed by Montgomery et al.15 and Patra and 

Tomé16, the polycrystalline model has been coupled to the pipe module of the 

MTest solver delivered with the opensource software MFront. This module allows the 

simulation of a 1D finite element calculation on pipes using the axisymmetrical 

generalized plain strain hypothesis classically used in mono-dimensional fuel 

performance codes44. Only the three diagonal components of the stress and strain tensors 

are thus considered. The evolution of stresses and strains along the radius of the tube can 

be computed for simple tests or for complex non-monotonic loading. These simulations 

can be seen as a preliminary step towards the coupling of the polycrystalline model with 

fuel performance codes. 

The finite element simulations of growth and internal pressure creep tests are compared 

with the material point simulations results presented above. The values of stresses and 

strains computed in the middle of the tube are in very good agreement with the values 

obtained for the material point simulations (1% relative discrepancy for radial and hoop 

strains and 1% relative discrepancy for hoop and axial stresses). Furthermore the mean 

hoop creep strain defined as Eq. 2 (approximated for small strains) is also computed. This 

mean hoop strain is 6% (relative discrepancy) below the value computed at the middle 

radius showing that this formula is an approximated estimation of the hoop strain at the 

middle radius of the tube. 



Finally, the 1D finite element pipe module is used to compute a complex non-monotonic 

loading. The dimensions of the inner and outer radius are of 4.15 mm and 4.75 mm 

respectively. The mesh is constructed with five quadratic elements (3-node linear 

elements with quadratic shape function) along the thickness of the tube. An internal 

pressure of 0.7 MPa and an outer pressure of 15.5 MPa have been applied to the tube, 

mimicking the effect of the primary coolant and the inner pressure in the tube. In 

addition, a swelling perfectly rigid mandrel is introduced inside the tube. The initial radius 

of the mandrel is equal to 4.1 mm. The mandrel progressively swells (isotropic strain 

tensor) with a strain rate equal to 10JD6 sJD. This mandrel aims at mimicking the swelling 

of the pellet that occurs in-reactor. In this approach no thermal expansion and no 

densification of the pellet are taken into account. 

Because the mean fast neutron flux considered for pressurized water reactor (PWR) equal 

to 9.18×1017 n.m-2.s-1 is lower than the one used in the previous experiments (1.7×1018 

n.m-2.s-1), the identified parameters (|6, |} , |�  and |~) have been multiplied by a factor 

equal to 0.54 for consistency with the typical PWR fast neutron flux. It must be noted that 

even if the simulation is not fully representative of in-reactor loading history it 

demonstrates the ability of the numerical tool to conduct complex finite element 

simulations with a polycrystalline model at each Gauss point. The simulations have been 

conducted for both RXA Zy-4 (with spheres) and SRA Zy-4 (with elongated ellipsoids). The 

results are shown on Fig. 6. 

 

 

Figure 6: Macroscopic stress and strain responses to 1D Finite Element simulation of a 

complex loading for RXA Zy-4 (a,b) and SRA Zy-4 with elongated grains (c,d). 



 

Figure 6a shows that for RXA Zy-4, the hoop strain starts to decrease due to unbalanced 

pressure conditions between the internal and external sides of the pipe. In the meantime, 

the axial strain increases because of both anisotropic creep and axial growth. At time 

t=6.1×107 s the contact between the pipe and the mandrel occurs, resulting in an increase 

of both axial and hoop strains. The evolution of the stress components Fig. 6b shows a 

significant increase of the axial and hoop stress components when the contact is 

established. 

For SRA Zy-4, the inward creep of the tube happens faster because of its higher creep rate 

(Fig. 6c). The contact with the mandrel thus occurs earlier (at t =2.0×107 s). From that 

point forward, both hoop and axial strains increase as well as hoop and axial stress 

reaching lower stress values than for RXA Zy-4 (Fig. 6d). This can be explained by the 

higher creep rate of the SRA Zy-4 that leads to a significant stress relaxation during the 

swelling of the mandrel. 

It must be pointed out that because the model does not take into account non-linear 

thermal creep, the creep deformation is underestimated by the model especially 

considering the high stresses reached in the case of RXA Zy-4. In a future study, the model 

will be improved to be able to handle ageing non-linear elasto-visco-plastic behaviours, 

especially thermal creep, taking advantage of the internal variable formulation used18. 

 

7. Conclusions 

In this work, a self-consistent visco-elastic polycrystalline model has been developed to 

reproduce the in-reactor behaviour of fuel cladding tubes made of zirconium alloys, 

focusing on linear and non-aging irradiation creep and growth. An internal variable 

formulation of the polycrystalline model has been adopted and implemented in the 

MFront behaviour generation tool. This model is able to accurately describe the visco-

elastic coupling occurring at the local scale. Thanks to both the chosen formulation and 

the numerical tool used, 1D Finite Element simulations have been performed on a pipe 

with complex non-monotonic loading. This is the first time that such a polycrystalline 

model has been coupled with Finite Element simulations. 

An experimental database of in-reactor deformation for RXA and SRA Zy-4 has been 

analyzed. The anisotropic strain response during internal pressure creep tests and stress 

free growth tests has been used to determine the parameters of the local constitutive 

law. It is found that, for a given material, the parameters set is not unique. This brings to 

light that in order to fully determine the local behavior of the material under irradiation, 

additional mechanical tests are required (for instance, axial creep tests). 

The origin of the irradiation creep transient has been studied by considering the visco-

elastic coupling at the local scale. For the RXA Zy-4 alloy, it has been shown that the model 

does not correctly reproduce the pronounced transient regime. This study proves that the 



transient response is not only due to the visco-elastic coupling occurring at the local scale 

but also results from microstructural evolutions under irradiation. For the SRA Zy-4 alloy, 

it has been observed that the morphological texture greatly influences the transient 

regime. Nevertheless, concerning the steady state creep, it has only a small effect on the 

creep anisotropy, when the representative inclusion is an elongated ellipsoid. 

Concerning the deformation mechanisms, it has been assumed that irradiation creep 

deformation is due to dislocation glide enhanced by climb. With this assumption, the 

analysis of the anisotropic behavior shows that for RXA Zy-4, prismatic slip is easily 

activated whereas for SRA Zy-4 it is the basal slip that is the most easily activated slip 

system. The pyramidal <c+a> slip system is always the hardest slip system. 

Finally, a complex non-monotonic loading, mimicking the in-reactor deformation of fuel 

rods, has been simulated. On one hand, the results showed that because of the rapid 

creep of SRA Zy-4, the contact between the clad and the pellet occurs early, but the stress 

level remains relatively low. On the other hand, for RXA Zy-4, the lower creep rate leads 

to a delayed contact between the pellet and the clad, but the stress level is significant. 

Further improvements of the polycrystalline model are required to be able to handle non-

linear aging behaviours such as thermal creep. 
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Appendix: Decomposition of the viscous compliance tensor 5� 

By assuming that irradiation creep can be approximated by (linear) dislocation glide on 

slip systems, the viscous strain rate )9> reads (Eq. 26): 

)9> = A f9 �� �� = A |�
� ���: ���� = A |�

� ��� ⊗ ���STTTTUTTTTV5Y
: � 

(26) 

with �� the Schmid tensor of slip system ���. By considering prismatic, basal and 

pyramidal slip systems, the viscous compliance tensor can thus be written as Eq. 27 and 

Eq 28. 

5> = |�� A ����s
�CD ⊗ ���� + |�� A ����s

�CD ⊗ ���� + |� A ���Dr
�CD ⊗ ���

 (27) 

With 

A ����s
�CD ⊗ ���� = 34 |� , A ����s

�CD ⊗ ���� = 34 |~and A ���Dr
�CD ⊗ ���

= �|� +  |~ + 92 �|} . (28) 

The coefficients � and   are functions of the ( q⁄  ratio of the hexagonal close-packed 

structure following Eq. 29. 

� = 3�( q⁄ �r
-�( q⁄ �r + 341 ��( q⁄ �r + 1� and  = 3 -�( q⁄ �r − 341r + -341r

-�( q⁄ �r + 341 ��( q⁄ �r + 1� (29) 

For zirconium crystalline structure, we have ( q⁄ = 1.593. Identification between 

relations Eq. 15 and Eq. 27 gives Eq/ 30. 

|~ = 34 |�� +  |�, |� = 34 |�� + �|�and|} = 92 �|� . (30) 

It is remarked that, as the viscous compliances .|�� , |�, |��/ must be positive definite, 

the positive eigenvalues �|} , |~ , |~� must satisfy the following constraints (Eq. 31): 



|} |�⁄ < 92 and |~ |�⁄ > 2 9� |} |�⁄  (31) 

Furthermore, using Eq. 30, several domains can be determined. 

In the case where |�� > |� 

 

|}|� < 6�1 + 43 � (32) 

If |�� > |�  

|~|� > 29 I34 +  M 1� |}|�  (33) 

Finally, if |�� > |��, then we have the following inequality : 

 

|~|� > 29 I � − 1M |}|� + 1 (34) 
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