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ABSTRACT. In this paper, stabilization of a Rayleigh beam with collocated
piezoelectric sensor/actuator is studied. With a linear output feedback law,
several stability results are achieved. The stability of the closed-loop system
depends on the location of the actuator. The sufficient and necessary conditions
for strong stability are provided. For almost all choices of the ends of the
actuator, the energy of the system decreases to zero in a polynomial way and
the explicit polynomial decay rate is obtained. Finally, the system is never
exponentially stable for any choice of the ends of the actuator.

1. Introduction and main results.

1.1. History. The stabilization problem of flexible structures has attracted much
attention in last few decades in the context of beam equation. Boundary control
and interior control are two major topics in stabilization problem. Boundary sta-
bilization of Rayleigh beam with only one control feedback was considered in [23]
using a compact perturbation method. And [12] investigated the Riesz basis prop-
erty for the same equation. In [13], boundary stabilization of an Euler—Bernoulli
beam with the external disturbance was solved. Dynamic boundary stabilization
of an Euler-Bernoulli beam was considered in [15]. Concerning interior stabiliza-
tion, [2] studied the pointwise feedback control of Euler-Bernoulli beam with two
different boundary conditions and obtained the lack of exponential stability when
the beam is hinged at both ends. In [18, 19], the output feedback stabilization of
Euler-Bernoulli beam with a piezoelectric actuator was considered.
For pointwise feedback control problem of Rayleigh beam, one can refer to [1]

which considered the following equations.

Wit (2, 1) — Waptt (T, 1) + Wapaa (@, 1) + wi (€, )0 — wm(@t)%ég =0, O<z<m,
w(0,t) = w(m, t) = Wy (0,t) = Wee(mw,t) = 0.

(1)
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It is showed that the exponential stability depends on the location of the control
point. Indeed, the exponential stability holds if and only if £ lies in a countable
set. After this work, [25] redesigned a collocated output feedback control that leads
to the exponential stability and the result does not depend on the position of the
control point. The control system in [25] is

W (X, 1) — QW (X, 1) + Wogee (z,t) =U(2,t), 0<z <,
w(0,t) = w(m,t) = Wy (0,1) = Wy (m,t) =0,

(2)
where the control consists of a pointwise control and a distributed one,

U(z,t) = *UO(t)%%(I) — u14(t)[ade (x) + b(2)].

Here, ug and uy are the two (scalar) input signals and

=il
A

1 1\ 'r—2z
(54—71__5) T—ﬁ’ for x > &.

The feedback control is designed according to [10] which focuses on the exponential
stabilization of a linear abstract evolution system.

Concerning stabilization problem for PDEs, Lyapunov method and frequency
domain approach are common methods to use. In [5], Lyapunov method was widely
used to study boundary stabilization of one dimensional hyperbolic systems. As for
frequency domain approach, we express the linear evolution PDEs as an abstract
system and then apply some classical results on stability of linear Cy-semigroups.
A classical criteria for exponentially stable semigroup was established in [16, 22].
After that, [3] concerned strong stability of one-parameter semigroups. Several
years later, [6, 21] were devoted to estimate the polynomial decay rate of solutions
to linear evolution equation. A sufficient condition for polynomial stability of linear
abstract evolution equation on Hilbert space was proposed in [21] and there were
logarithm terms in the decay rate. Then [6] improved the results in [21]. The criteria
in [21] was proved to be sufficient and necessary for polynomial stability of linear
evolution equation on Hilbert space and the logarithm terms could be removed.

, for x <&,

b(z) =

N 8

1.2. Problem under consideration and main results. In this paper, we con-
sider the control problem modelling the transverse deflection of a Rayleigh beam
which is subject to the action of an attached piezoelectric actuator. If we suppose
that the beam is hinged at both ends, the equation of Rayleigh beam can be written
as (see, for instance, [8, 11])

(3)

Wit (T, 8) — QWaztt (T, 1) + Wagae (T, 1) = u(t)%[én(x) —de(x)], O0<z<m,
w(0,t) = w(m, t) = Wer(0,1) = Wye(mw,t) =0,
w(z,0) = w’(z), w(x,0) = w'(z).

In the equations above w represents the transverse deflection of the beam, o > 0 is
a physical constant, £ and 7 stand for the ends of the actuator (0 < & < n < m),
and d, is the Dirac mass at the point y. The control input is given by wu.

Here we are interested in the stabilization of system (3). The control u is ex-
pressed as a function of the output w,(n) — w,(§). This corresponds to the sit-
uation where the output comes from a piezoelectric sensor located on the same
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interval (£,7n) as the actuator. In order to choose the feedback control function wu,
we introduce a suitable Hilbert space and a energy function. Let inner product
of V := H?(0,m) N H§(0,7) be (w',w?)y = [ wlw2,dz and inner product of
H := H}(0,7) be (v',v?) g = [ v'v2 +aviv2dz. Then H =V x H, endowed with
the usual product norm, is a complex Hilbert space. Energy function corresponding
to the Hilbert space is

E(w(t), w(t)) = ;/Oﬂ(ﬂh(%t)lQ +alwee (2, ) + Jwee (2,))dz. (4)

For every sufficiently smooth solution of (3), we have

E(U}(t), Wt (t)) = / (wtwtt + QW Wyt + wmvwxxw)dx
0

= / (Wewe — QW Wzt + WiWagpe)dx
0

- /Tr wy(x, t)u(t)%[én(x) — d¢(z)|d
0

= —’u,(t) (wzt('f], t) — Wyt (57 t))

Inspired by this calculation, we choose feedback control u(t) := k(wzt(n,t) —
wet(€, 1)), where k > 0 is a constant.
Then we focus on the following closed-loop system, for 0 < = < m,

Wit (2,1) — QWaatt (T, 1) + Wazea (T,1) = K(we (1, 1) — wee (€, t))%[(sn(x) - 55@)]7

w(0,t) = w(m,t) = Wy (0,1) = Wy (m, t) =0,
w(z,0) = w’(z), wi(z,0) = w'(z).
()

Then we are interested in the asymptotic stability of closed-loop system (5). In
order to state the main results, we give several definitions of stability.

Definition 1.1. We say that (5) is strongly stable in H, if for any (w° w!) in H
we have that

(), we(t)) = g I w(t), wi ()} 0, a5t - +oo. (6)

In Section 2, we express system (5) as an abstract Cauchy problem for operator
A, and the definitions (14) and (15) of the operator A and the domain D(A) of A
are precisely given.

Definition 1.2. We say that (5) is polynomially stable, if there exist two constants
C > 0 and [ > 0 such that for any (w°, w') in D(A) and any ¢ > 0,

1(w(t), we())ll2 < Ot (w0, wh)llpa)- (7)

Definition 1.3. We say that (5) is exponentially stable in H, if there exist two
constants C' > 0 and 6 > 0 such that for any (w®, w') in # and any t > 0,

I(w(®), we()llae < Ce™|(w®, w") - (8)

Note that the norm on the right-hand of (7) can not be the H-norm. Otherwise,
by the semigroup properties, as mentioned in [21], (7) implies (8). Then we state
the main results of this paper.
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Theorem 1.4. The system (5) is strongly stable in H if and only if kK > 0 and "Qif
and "2—;5 are irrationals.

Theorem 1.5. Lete > 0. There exist a constant C' > 0, an uncountable set A with
Lebesgue measure 0 and a set B. with Lebesque measure 1 (A and B, are defined
in Section 2), such that for any (w°,w') in D(A) and for any t > 0, the solution
(w(t), we(t)) of (5) satisfies

1. For any & and n with % and "2—;5 belong to A, (7) holds for | = 4.

2. For any £ and n with % and "2—;5' belong to B., (7) holds for | = 4 + 4e.

Theorem 1.6. For any & and n in (0,7), the system (5) is not exponentially stable
in H, and the polynomial stability (7) does not hold for 0 <1 < %

These three theorems are the main results of this paper which provide the full
analysis for stability of the system (5). Theorem 1.4 gives the necessary and suffi-
cient conditions for strong stability. Theorem 1.5 admits some sufficient conditions
of polynomial stability. For the ends of the piezoelectric actuator in an uncountable
zero measure set A, we have a decay rate of t—'/4. For almost all choices of the ends
of the piezoelectric actuator (in a set with Lebesgue measure 1), we have a slower
decay rate than the rate of t—1/4. Note that the polynomial stability holds for all
initial data lying in more regular spaces. Theorem 1.6 shows that the system (5)
is never exponentially stable and is not polynomial stable with high decay rate no
matter where the piezoelectric actuator is located.

Remark 1.7. These three stability results all highly depend on the location of
the piezoelectric actuator. This phenomenon is common in pointwise control and
piezoelectric control. As for stabilization problem, one can find similar phenomenon
in [1, 2, 18]. As for controllability problem, the results in [4, 9, 24] also depend on
the location of the piezoelectric actuator.

Remark 1.8. As we see above, different from the lack of exponential stability
in Theorem 1.6, references [1, 25] considered the pointwise or collocated feedback
control for Rayleigh beam equation and obtained exponential stability. The reason
they obtained the exponential stability is that they apply stronger feedback control.
There are two feedback control in (1) but there is only one feedback control in (5).
In control system (2), there are also two input signals and the input signal u; acts
on the whole beam by function b. However the control in (5) only acts on two points
of the beam. Another work [10] considered the exponential stabilization of a linear
abstract system. However the theory of [10] can not apply to our system, since
the exact controllability in the natural energy space of the corresponding open-
loop system is necessary but the study in [4] shows that system (3) is not exact
controllable in the natural energy space H.

1.3. Sketch of the proof and outline. The methods to prove Theorems 1.4
and 1.5 are inspired by the methods used in [18, 19] which studied the output
feedback stabilization of Euler-Bernoulli beam with a piezoelectric actuator. We
use frequency domain approach to obtain some estimation of the resolvent on the
imaginary axis. In the proof of polynomial stability, we use the multiplier method
and we provide a careful computation of the first derivative value at x = m of
the solution to a special linear system (40). Based on the calculation and some
results from the theory of Diophantine approximation, we obtain an estimation of
polynomial decay rate. As for Theorem 1.6, the lack of exponential stability and
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the lack of polynomial stability with high decay rate, we prove two results together.
In detail, due to well-known results (see [6, 16, 22]), we are necessary to prove the
resolvent estimate

sup |87 (i8 — A) 7! = oo (9)
181=1

for 0 <1 < % Indeed, to prove Theorem 1.6, we succeed to find an increasing
sequence {5, tnen+ € R such that for 0 <1 < %

1Bu| 74138 — A) Y| = 00, as n — oo

This fact implies the lack of exponential stability and the lack of polynomial stability
with high decay rate.

To summarize, the complete asymptotic behavior of the system (5) is obtained.
The location of the piezoelectric actuator dominates the asymptotic behavior of the
system. Especially, under this choice of control function, the exponential stability
and the polynomial stability with high decay rate do not hold no matter where the
piezoelectric actuator is located.

There is a gap in polynomial stability. The polynomial decay rate (7) with
% <l < 4 is still an open problem. Whether exponential stability can be obtained
using a different feedback control is an open problem. Stabilization for other types
of beam equation with piezoelectric actuator, such as Timoshenko beam equation,
is also a challenging open problem since coupled structure in Timoshenko beam
equation brings new challenges and difficulties.

The paper is organized as follows. In Section 2 we give some preliminaries on
Diophantine approximation and the well-posedness of the closed-loop system. The-
orems 1.4, 1.5 and 1.6 are proved in Sections 3, 4 and 5 respectively.

2. Preliminaries.

2.1. Preliminaries on Diophantine approximation. We need some results
from the theory of Diophantine approximation (see [7, 17]). For a real number
p, we denote by ||p||z the difference, taken positively, between p and the nearest
integer, i.e.,

lellz = min |p — n].

Let us denote by A the set of all 1rrat10nals p in (0,1) such that if [0,a1,...,an...]
is the expansion of p as a continued fraction, then {a,}°; is bounded. Its Lebesgue
measure is equal to zero (see [7]). The following property of this set is essentially
useful in our work (see [17]).

Proposition 2.1. A number p is in A if and only if there exists a constant C' > 0
such that for all strictly positive integer Q,

1Qpllz > g (10)

The next proposition, which is proved in [7], shows that an inequality slightly
weaker than (10) holds for almost all points in (0,1). This proposition is the defi-
nition of set B..

Proposition 2.2. For any € > 0 there exists a set B. C (0,1) having Lebesgue
measure equal to 1 and a constant C > 0, such that for any p in B. and for all
strictly positive integer @,

C
1Qpllz = W (11)
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The following proposition on simultaneous approximation (see [7]) used in [24]
is quite important to prove Theorem 1.6.

Proposition 2.3. Let p1,...,pr be k irrationals in (0,1). Then there exists a
strictly increasing sequence of natural numbers Q,, such that

1 k
Q% i:Illlf}fk(\\QnP1||Z, o Qupillz, - - | @uprllz) < Pl Vn > 1.

2.2. Well-posedness of (5). Now we express system (5) as an abstract Cauchy
problem. Let us introduce some notions which are also used in [18]. If w is a
function in H(0,b) N H'(b, ), we define {w,} in L?(0,7) by
wP' O (z) if 2 € (0,b),
wP O™ (2) if x € (b, 7),
where wxD/(O’b) (respectively wID /(b’w)) denotes the distributional derivative %—i’ in
D'(0,b) (respectively in D'(b,)). Let [w], := w(b™) —w(b™). It follows that

wy = {wy} + [w]pdp in D'(0, ).
Denote R := (I —ad,,)~!. It is well-known that operator R is an isomorphism from

V' to L?(0,7) and an isomorphism from H~'(0,7) to H by Lax-Milgram Theorem.
Applying R to both sides of the first equation of (5) to obtain

Wit + RWagze = KWt (N, 1) — wae (€, t))’R%[én(x) — d¢(2)]. (12)

If we introduce v := wy, then we can formally introduce an operator A on H with

d
A(w,v) = (UvR <_wmxzx + H(UI(U) - Ux(&))@[éﬂ - 5d>> . (13)
In order to define the domain D(A) of the operator A, inspired by [18], let us note
A(w,v) e H e v eV and — Wy + £(v:(n) — v2(€))[0, — 5] € L*(0, ).

Therefore, the restriction of wyz, to each of the intervals (0,€), (£,n) and (n, )
has to be a L?(0, ) function which means that w belongs to H3(0,&) N H3(£,1) N
H3(n, 7). Using the notion introduced above, we have

{we}(2) := {

Waze = {Waza} + [Wazlede + [Waalndy
and
= Weaa + K(V2(1) — v2(8)) [0y — Je]
= —{wzaa} — (K(Va(n) = v2(§)) + [Waa]e)de + (K(va(n) — v2(E)) — [Waaly)dy-

Then —wyy, + K(vz(n) — v:(€))[6,; — d¢] belongs to L?*(0,7) provided that all the
coefficients in front of the Dirac measures vanish, i.e.,

(
(

[Waaly = K (ve(n) = v2(§)) = —[waale-
So the definition of D(A) is
D(A) = {(w,v)|w,v € V,w e H*(0,§) N H*(&m) N H>(n, ),
Waz(0) = Wae () = 0, [Wasly = K(ve(n) = v2(8)) = —[waale}-
And now we can define the operator A on H with

A(w,v) = (v, —R{wzzz }z), Y(w,v) € D(A). (15)

(14)
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Then system (5) can be written as the abstract Cauchy problem

dz
—_— = t
; .AZ7 >0,

2(0) = (w’,w').

(16)

The well-posedness of (5) follows an application of the classical semigroup theory.

Theorem 2.4. If & > 0, then A generates a CO-semigroup e'* of contractions on

H.

According to a classical result of semigroup theory, Theorem 2.4 is proved if we
show that D(A) is dense in H and that A is dissipative and that zero belongs to
p(A), the resolvent set of A. First notice that D(A) is dense in H obviously. Then
we show that A is dissipative.

Lemma 2.5. For any z = (w,v) in D(A) we have that
(Az, 2) = 2im / Ura T da — kg (1) — 02 (E)2. (17)
0

In particular, Re(Az, 2)y = —k|ve(n) — v.(&)]? <0, i.e., A is dissipative.
Proof. For any z = (w,v) in D(A), we have

(AZ7 Z)H = / Umwmdx - / [R{wwww}xi + aR{wwwx}a:w@]dx
0 0
Notice that Rfy. = (Rf — f)/«, then

™ T
:/ vmwmder/ {Wyze YOz dz.
0 0

And we have

T 13 n T
0 0 13 n

= - /07T Wiz Vg AT + Wy ()02 (§) + Waa (0™ )v2(n)
— Wgy (f*)f(f) — Weg (77+)vz ()

= - AW Wy Uz da — [w;cx]fvx(g) - [wxm]nvx(n)

__ /Oﬂ waTmnda — o (n) — va(€)]2.

Finally, we have

(Az, 2)y = / VppWapdl — / WaaTaadx — K|vz (1) — va(€)]?
0 0

= 2iIm Vo WrpdT — H\”w(ﬁ) - U:C(f)‘Q
0

O

Next proposition shows that zero belongs to p(A) and finishes the proof of The-
orem 2.4.



8 YUBO BAI, CHRISTOPHE PRIEUR AND ZHIQIANG WANG

Proposition 2.6. 0 belongs to p(A).

Proof. We have to prove that the operator A : D(A) — H is one-to-one and onto,
and that its inverse A~! : H — H is continuous. Fix any (f,g) in H, and let us
investigate the equation A(w,v) = (f,g), where (w,v) belongs to D(A). We have
to solve

v=f,

which is equipped by boundary conditions. Denote A = &(f.(n) — f.(£)), and
introduce the solution w in H?3(0,7) of the following equation

— Rszzz = 9,
{@(0) = {D(ﬂ-) = {Z)xx(o) = {Dmc(ﬂ-) =0.
Since R is an isomorphism from H~1(0,7) to H, w exists uniquely. Set w = @ + o,
we need to solve
R{@x:c;c}x =0,
W(0) = W(7) = Wy (0) = W () =0, (18)
[@M]n =A= _[@11]67

where @ is to be found in H2(0, 7)NH3(0,&)NH3(£,m)NH3(n, m). Since R{Wyzz }» =
0 implies that {@,,} = 0 in L?(0,7), from (18) we have

arz, 0<z<g,
W(x) = { bo + bz + box?, €<z <1,
ez —m), n<x<m,

where ay, b, b1, ba, 1 are constants. Since H?(0,7) is included in C'*(0, 7) because
of the Sobolev Embedding Theorem and (W], = A = —[Wga]¢, we have

a1é = by + b1& + ba?,
c1(n — ) = by + bin + ban?,

a1 = by + 2b2¢&,
c1 = by + 2ban,
—2by = A

Since the determinant of the coefficients matrix of the above 5 x 5 linear equation is
2m, constants ai, by, b1, bo, c1 are uniquely determined by the linear equation. This
proves the existence and uniqueness of @ and the existence and uniqueness of (w, v)
in D(A) such that A(w,v) = (f, g). It remains to prove that the map A~! : H — H
is continuous. Let (w,v) = A71(f,g). Then ||[v|lg = ||fllg < C||f|lv because of
the Sobolev Embedding Theorem. And we have ||@||y < C||g||z because R is an
isomorphism from H~1(0,7) to H. And from the linear equation we get |||y <
CIAl = Crlfo(n) — £o(€)] < ClIflv. Therefore, we have |[(w,0)]lx < CII(f,g)
which shows that the map A~! : H — H is continuous. Then we obtain that
zero belongs to p(A) and it concludes the proof of Proposition 2.6 and of Theorem
2.4. O
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3. Strong stability (Proof of Theorem 1.4). In this section we use Arendt—
Batty Theorem (see [3]) to prove strong stability.

First we deal with the only if part. If system (5) is strongly stable in H, it follows
from Lemma 2.5 that for any (w®, w') in D(A) and for any 7' > 0,

T
E(w(T),w(T)) — E(wo,wl) = f/-z/o |wee(n, t) — wtm(g,t)|2dt.

Thus, the condition k > 0 is necessary for the energy to decrease. On the other
hand, if 1S or =5 s a rational number, there exists a k > 1 such that

Then the state of the form (w°, w!) = (w{ sin(kx), w}, sin(kx)) gives rise to a solution
of (5) whose energy is constant and does not tend to zero. Then x > 0 together
with "2—":5 and % are irrationals constitutes a necessary condition for the strong
stability of system (5).

Next we check that this condition is also sufficient. Here we need a property of
operator A.

Lemma 3.1. The operator A~! : H — H is compact.

Proof. Choose any bounded sequence {(fn,gn)}n>1 included in H, our aim is to
prove that {(wn,vy)}n>1 := {A7(fn, gn)}n>1 is precompact in H. Since

H*A_l(fnagn)HD(.A) = ||A_1(fnvgn)”?-l + H(fnagn)HH

and A~ : H — H is continuous, we have A~1 : H — D(A) is continuous. Then for
any bounded sequence {(f,,gn)}n>1 included in H, {A7(fn, gn)}n>1 is bounded
in D(A). Then it is sufficient to prove the embedding D(A) < H is compact. Let
{(wn,vn)}n>1 is any bounded sequence in D(A), we need to prove there exists a
subsequence { (W, , Vn, ) }r>1 which converges in H. Assume that ||(wy, vn)|[pa) <
C for some constant C' > 0 and then for any n > 1, we have |Jw,||v < C, ||os|lv < C
and || R{wn zzz }=|/#r < C for some constant C' > 0. Since embedding H?(0, ) <
H'(0,7) is compact, there exist some v in H and a subsequence {v,, }x>1 such that

Up, v inH ask— oo (19)
Notice that ||R{wn sz }ellz < C implies |[{wn zee}||L2(0,x) < C. Then we have

lwnllv + lwnll 3 0,e) + wnllz3e.n) + wallzs @y < C

for some constant C' > 0, which implies that there exist some w in V' and a subse-
quence {wy, }x>1 such that

—w in VNH}0,6)NHEn)NH (n,7) as k — oo,

where the notation — is used to denote weak convergence. So we have wy, — w in
H?(0,€) N H?(&,n) N H?(n,7) and therefore

Wy, —w InV ask— oo. (20)
Equations (19) and (20) show that the embedding D(A) — H is compact. O

Wy,

Since A~! is compact, operator A is a discrete operator and then o(A), the
spectrum of A, consists of isolated eigenvalues. Applying Arendt—Batty Theorem,
we only need to prove iR belongs to p(A).

Lemma 3.2. If k >0 and ’g—ff and "2—;5 are irrationals, then iR belongs to p(A).
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Proof. Since o(A) consists of isolated eigenvalues, it is sufficient to check that for
any 8 in R\ {0} the equation

(26 - .A)(’LU,U) = (Oa O)a (’UJ, ’U) € D('A) (21)
admits only the trivial solution (w,v) = (0,0). Using (17) and (21), we obtain that
0= ((ZB - .A)(’LU7 ’U), (w’ v))H
= (w01~ 2 [ o) + o) = va (€)%
0

Hence [wyz]y = —[wez]e = k(ve(n) — v.(€)) = 0 and w belongs to V N H3(0, 7). So
(21) yields

- BQw + RWezae = 07

w(0) = w(T) = Wez(0) = Wy (mw) = 0.
Solving this equation we obtain that when 82 = )\, = 1_&% for some k > 1,

this equation admits an non-zero solution w(z) = C'sin(kx) where C is a complex
constant. Therefore, v(z) = ifw(x) = iBC sin(kx). It follows that

0 =k (ve(n) — va(§)) = iBCKE(cos(kn) — cos(kE))
— 9 (kM + O (k1 —¢)
= — 2i8Ckk sin < 3 > sin < 2 ) .

Since k£ > 0 and % and "2—;5 are irrationals, it is necessary that C' = 0. Conse-
quently w = v = 0. This concludes the proof of Lemma 3.2 and Theorem 1.4. [

4. Polynomial stability (Proof of Theorem 1.5). This section is devoted to
prove polynomial stability and estimate the decay rate. The methods of proof are
inspired by the methods used in [18, 19].

According to Borichev-Tomilov criteria (see [6]), polynomial decay rate (7) is
equivalent to the resolvent estimate

sup [B]71|(i8 — A) 7| < oo (22)
|B]=1

We prove two different cases (’%:f belongs to A and "ij belongs to B.) of (22)
simultaneously, so we set

+
4, ifn2 Sea
[ = ” 23
L NEE 23)
4+4e, if € B..
27

We argue by contradiction. If (22) is false, then there exist 8, in R and (wy,, v,)
in D(A) for n > 1 such that

[(wn, v )l =1, [Ba| — o0 (24)
and
|ﬁn|l(fmgn) —(0,0) inH, (25)
where (fy, gn) = (i8, — A)(wy,vy,), namely,
|ﬂn|l(25nwn - Un) = |5n|lfn =0 inV, (26)

1B |' (iBrvn + R{Wn,za0 }t2) = |Bal'gn — 0 in H. (27)
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Note that putting conjugate on (26) and (27) is equivalent to replace if3,,, w, and
vUp, by —ify,, W, and T, respectively. So we assume without loss of generality that
Br > 0.

We obtain a contradiction through two lemmas. The proofs of these two lemmas
are given after the proof of Theorem 1.5.

Lemma 4.1. Let 3, > 0 and (wp,vy,) in D(A) for n > 1 satisfy (24) and (25)
with 1 > 0. We have

. : . 1
Jim [lwall = T foall7 = lim [|Buwn||7 = 3, (28)
and

3/ |wn,m|2dx+ﬁ,2l/ [[wn|? + a|wy - |*]dz
° ’ (29)
=282 [ afunaPde + O(1Buw,a(m) + o(0),
0
where and in what follows, o(1) and O(1) are the infinitesimal and the bounded term
respectively as n — oo.

Remark 4.2. Notice that Lemma 4.1 (and the following Lemma 4.3) holds not
only for [ > 4 but also for 0 <[ < 4. We only use the expression (23) of I at the
end of the proof of Theorem 1.5.

Therefore, we obtain a contradiction to (28) if 8wy, (7) — 0 as n — oo, because
the left-hand side of (29) has a limit 2 but the right-hand side is smaller than 3/2
as n — oo.

In next lemma, we give the upper bound of B wy, (7). In what follows, the
letters C,C’,C", ... denote positive constants which may vary from line to line.

Lemma 4.3. Let 8, and (wy,v,) be the same as in Lemma 4.1. Then there exist
a constant C > 0 such that

gl + 11£nllv
B, ()] < C\/sin(bmr)2 + (h(ba))?

- (mﬁ + Bur/a2B2 + 4) :

2

(30)

where

and the function h : R — R is defined by
h(b) = 2cosb(m—n+&)+2cosb(m—n—&) —2cos(bm) — cos b(m — 2£) — cos b(m — 2n).
Therefore, it is sufficient to estimate the upper bound (30) of |8, wy (7). Since

b,, — oo as 3, — oo, we need to estimate the lower bound of \/sin(b,ﬂr)2 + (h(by))2.
For b in N*, we have

A(b) =2 cos(bm)(1 — cosb(n + €))(cos bl — €) — 1)
— _ Scos(bm) {sin (b"‘f) sin (b”;fﬂ g (31)

Recall the conditions of Theorem 1.5, if "Tff belong to A, from (10) in Section 2 we
see that there exists a small constant C' > 0 such that for all b in N*|

(020 () el (S

>
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And if % belong to B, from (11) in Section 2 we have there exists a small constant

C > 0 such that for all b in N*,
(b xEN\| | b(n+¢) . [ nC C

sin ( 5 = |sin |7 5 D > |sin 5 > yire (33)

Then by the expressions (23) and (31) for [ and h(b), we have

C
ho)l 2 5

for b in N*. Since the function A is uniformly Lipschitz continuous on R, the same
inequalities hold (with different constants) for b large enough in

c’ c’
U (k — ok kl) :
keN*

if the constant C’ > 0 is large enough. On the other hand we may associate with,
that constant C’ > 0, a constant C” > 0 such that

1

, C
| sin(brm)| > e

for b large enough satisfying |b — k| > C’/k! for all k in N*. It follows that

. C
Vsin(om)? + (h(0))? = (34)
for b large enough. Gathering together (30) amd (34) we have

Bz ()] < Cby, (gl + [ fallv) < C'Brllgnlla + [ fallv) = 0, asn — oo
(35)
Therefore, the proof of Theorem 1.5 is achieved.
The remaining thing is to prove Lemmas 4.1 and 4.3.

4.1. Proof of Lemma 4.1. We prove this lemma by the multiplier method. From
(17), we deduce that

K|V, (1) — Un,x(f)‘Q = Re((ifn — A)(wn, vn), (Wn,vn))n
= Re((fnagn)a (wnavn))?-h

hence using (24) and (25), we have

[Un.2 (1) = Vn.o(€)]> = 0 asn — oo. (36)
On the other hand, (23), (24), (26) and (27) imply that as n — oo

Brllwallt = (vn, wa)v — 0, (37)

iBullvallzr + (R{wn 20 Yor vn) g — 0. (38)
Taking the difference of (37) and (38) we deduce

T
iBalllwall? — loalZ) — / OnaaTrazde
0

0
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However, by (17), we deduce

Im (— / [R{wn 222 }2Un + OR{Wn 220 }22Un,z)dx + / vn,mwn,mdx>
0 0

T
= 2Im/ Un,zaWn,z2dT,
0

which implies that

Im (/ [R{wn, 222 }2Un + OR{Wn 222 } 22U z|dx +/ vn,mwn,mdx> =0.
0 0

Hence

Bulwnlly = llvall) — 0. (39)

Therefore, using (24) and (26) we obtain (28).
Now we prove (29). We eliminate v, in (27) by using (26), and we have

_ﬂzwn + R{wn,xa:m}z =gn+ 7fﬂnfn in Hv (40)
and hence

for any real function ¢ in C3[0, 7).
First we deal with the right-hand side of (41). We obtain by using (27) and (28)

|z < Cllgnllz|lwnllv — 0. (42)

(gns pwnz) b < Cllgnllullwn,z
Notice that

(fna‘;pwn,x)H :/ [fn‘;pwn,x + Oéfn,x(@wn,x)x]dx
0

=— /0 ﬁ[(fnw)ww*n + . fn,00PWn z)ds (43)
() fase (7)) — 9(0) o (0) 0 (0)).
By (26) and (28) and H2(0, 7) included in C*(0, 1), we deduce that
| [ 1009157 + o oipizlda] < Clfull Wil 0 (a0)
and that
Bup (1) s (7)) = (7)0( Bt o (7)), )

Brnp(0) fre (0)wn,2(0) = ¢(0)o(Brwn o (0)).
It follows from (43), (44) and (45) that
(iBnfn: pwn,a) g = @(T)0(Bnn,a (7)) + ©(0)0(Bntwnz(0)) + o(1).  (46)
Now we turn to the left-hand side of (41). Using integrating by parts we have

(_ﬁgwru (Pwn,x)H =- BEL/ [wn@m + awn,m(@m)x]dx
0
=0 / [oulwnl® + own, oWy + Qwn o ldz
0

= Bra(p(m)|wn o (1)]* = ©(0)|wn,2(0)]*).
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Hence we have
2Re(_52wnv @wn,x)H :ﬂz/ (Pa:[|wn|2 - a‘wn,z|2]dx
0

= Bra(p(m)[wno ()] = 0(0)wn, (0)]%).

Denote I := (R{wWn zoz > PWn,z)H. Since Rfzs = (Rf — f)/a and R is an
isomorphism from L2(0,7) to V, then we obtain by integrating by parts

0

€ mooym
T / +/ +/ [wn,wmw()pwwn,w + <pwn,mzm]dx
0 3 n

s
=/ [~ |Wn 22| + 302 [Wn 2| + Wh 42 Pran 7] dx
0

3 n ™
+ (/0 +/ +/ >wwn,mwn,zmdm+<pz(n)wn,m(n)[wn,m]n

+<P:r(§)wn I(O[wn T E+‘P |wn m" In + (g)Hwn,m:r‘g]E

0

+ @ (n)wn, z(n)[wn M] + @z (§wn m(f)[wnmw]é + W(n)[|wn,m|2]n

(47)

s
+ @(5)[‘wn,xac|2]§ +/ [wn,x<p;can,xa: - @xww|wn,x|2 - wn,x@ﬂcacwn,xx]dx
0

13 n ™
+ </ +/ +/ > w7L,aL‘<pa:wn,a:a:a:dx + Q%(Tl)wn,z(n) [wn,ww]n

+90:r( wnz wniﬂ:]&"’“ﬁzz( )‘wnz( )| — 022(0 )|wn,m(0)|2

4 / Bstn rol? — @rasltms 21z + () [wnen + ()t sal?le

+ 2Re(pz () wn,z (M) [Wn,z2]n + Pu(§)Wn o (§) [wn,za]e)
+ @ww<7r)|wn7w<7r)|2 - ‘Pm(o)lwn,w(o>|2v

and hence

2Rel :/ [3‘Px|wn,a:x|2 - @xm|wn,x|2]dx + @(77)[|wn,xx|2}n + ‘P(f)“wn,xﬂz}{
0

+ 2Re (@ (M) wn,z (M) [Wn,zxly + P (§)wn,z () [Wn,zz]e)
|2 - ‘Pm(o)lwn,w(o)|2~

Using a classical interpolation inequality (see [20]), for all s in [0, 2),

+ Qo () |Wh o ()

[ull?rs 0.m) < Cllullr2o,mllull 2 0,7

and (28) and (3, — oo, we obtain that w,, — 0 in H*(0,7) for all s in [0,2). Hence
wy, — 0 in C1(0,7) since embedding H?(0,7) < C*(0,7) is continuous. And we
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have [wy, z4]n — 0 and [wy, z4], — 0 because of (14) and (36). Therefore,

IRel = / 303 W0 24z + () [ 20 %]y + D) [|naal?le + 0(1).

Notice that
[lwn,we*ly =,z (17 )00 00 (17) = Wn ez (07 )00 ()
=[wn 20 )nWn e (1) + W ze (7)) [Wrzzly
=2Re([wn,salyn ez (17)) = |[Wn,zaly|”
—20Re((02 (1) — .0 () naa () + 0(1).
Similarly,
[lwn,wolle = = 26Re((vno (1) = Vo (€))Wn,za (€F)) + o(1)
= = 26Re((vn.2 (1) = vn2 () ([Wnzele + wn2x(§7))) +0(1)
= — 26Re((Un,2(1) — Vn,2(§))Wn,ea(§7)) + o(1).

Consequently, we have
2Rel = / 8t e Pz + 200 () Re((t,2(7) — V0 (E)0ma (77)

- 2HW(§)RG((Un,z(77) - vn,w(g))wn,zx(f_)) + 0(1)'
Gathering together (41), (42), (46), (47) and (48) with ¢(x) = x, we obtain

(48)

3/7r |wn,m|2dz + 53 /ﬂ[|wn|2 - O‘|wn,z|2]dx = (Omﬂnwn,z(”) + 0(1))ann,r(7r)
0 0

= 26Re((vn,2 (1) = 0n,a (§)) (1Wn,2 (1F) = EWn 22 (€7))) + 0(1).

(49)
Now we estimate w, ;. (n") and wy, . (£7) as n — co. We have the following result.

Proposition 4.4. Let 8,, and (wy,,v,) be the same as in Lemma 4.1, then we have
|wn,ww(n+)|2 = O(|6nwn,w(7r)|2 +1),
W20 (§7) P = O(|Bawn,a(m)* +1).

Since we do not know the asymptotic behavior of |3,,wy, 5 (7)|* right now, we add

1 into O to specify that |wy, z.(n7)|? and |wy, .. (£7)|? are only bounded terms if
Brnwn, z(m) — 0.

| 2

Proof of Proposition /J.4. Since (40) holds in H, we obtain by differentiating both
sides of (40)

_Biwn@ + R{wn,wiw}wm = UGn,x + Zﬁnfn,w in LQ(Oa 71—)' (50)
Multiplying each term in (40) by ¢, , where ¢ in C3[0, 7] is a real function, and
integrating over (0,&) and (7, 7), we obtain
13 13 13
—/D’ﬁ/ Wy Wy, Az +/ R{wn woa }opWn zda = / (gn + 1B fn)pWn zdz, (51)
0 0 0

U

5 / woeTrdz + / R{tn soe b o — / (gn + iBuf)eTrsda. (52)
n n n
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Multiplying each term in (50) by (¢, ), and integrating over (0, &) and (1, 7), we
obtain

13 §
- 6721/ W2 (P 2 ) pd +/ R{Wn zza Yoz (9Wn 2 ) dx

§
:/0 (gn+i5nfn)x(@m)xd%

and

—Bﬁ/ wn,z(wwn,z)zdx+/ R{Wn 22z } oz (PWn 2)zdz
n n

= / (Gn + 1B fn)e(@Wn 5)zde.
n

Adding (51) by «-(53) and adding (52) by «-(54), we obtain
€
- ﬂi/ [wn@wn,x + awn,m(sﬁwn,r)r]dx
0
3
+ / [R{wn zox te Wz + OR{Wn 220 } oo (P2 ) dx (55)
0

13 13
=/ [9nPWn 5 + G o (PWn 5)]dx + iﬂn/ [fnoWn o + afpn 2 (YW 2)s]da,
0 0
and

T
- 6721 / [wn@wn,x + aw7b,x(<pwn,w)w]dx
n

+/ [R{wn,xacx}x@wn,x +QR{wn,xxx}xx(Sown,x)x]dx (56)
n

T

:/ [gn@wn,m + agn,m(wwn,x)r]dx + Zﬁn/ [fn‘Pwnm + C“fn,m(prn,m)z]dx'
n n

Denote (55) and (56) by I + I = I$ + I and I} + IJ = I + I} respectively. Now
we estimate each term of (55) and (56). Obviously

5] < Clignllalwnllv = o(1), v =4&n. (57)
Using integrating by parts, we have
1
If :Zﬁn/ [fn‘pwn,m - O‘fn,xm@wn,x]dx
0

Notice that

< C|fullv|Bawnllm = o(1),

13
’Lﬁn/ [fn()own,a: - afn,za:()own,m]dm
0

then we obtain

I3 = iBul(€) o (E)Waz () — (0) fr.o (0)Wrz (0)] + o(1), (58)

and similarly obtain

I} = iBnl@(7) fro (M)W 2 (1) = ©(0) fr,e (M)W z(0)] + o(1). (59)
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Again using integrating by parts, we deduce

13
15 =82 [ [palunf? + wn x0T + o 03)ds
0
— B2o(&)lwn(&)|* = Bra((&)|wn. (€)= ©(0)wn 2(0)[*),
and therefore,
3
2ReIl5 :52/ L,pw[|wn|2 — a|wn,m|2]dac
0
— Bap()wn (&)P = Bra(o(€)|wn. (€)1 — ©(0)wn 2(0)[?).
Similarly we have
2Rel] =42 /7T Gz [Jwn|?* — alwy . |*]dz
n
+ B wn ()P = Baa(p(m)wn. (1) P = () [wn 2 (1))

Finally we deal with I5 and I). We have

13
IQE :/0 [*R{wn,ﬂmw}(wm)x + (R{wn,xm} - {wnmx})@@m)x]dx
+ R{wn,mr}(f)@(g)wnz (&)

13
=I5 + I,
First notice that
||R{wn,wm}||00(0,7r) <COR{wn,zea}llar < CH{wn,wm}HHﬂ(O,w)
:CHwn,llJ, - [wn,11]§6£ - [wn,a:ar}nén‘lel(O,Tr)

SC(Hwn,rrz”Hﬂ(O,w) + [wn,m]£ =+ [wn,m]n)
<Cllwnllv +o(1) = O(1),

and therefore,

(62)

152 < HR{wn,zww}‘Pwn@HCU(O,W) = 0(1)~ (63)

Then we estimate 1. 51. We have
: 3
I3 =— / [Wn.2200sWn.s + Wn zoePWn ) de
0

¢
:/ [~ [Wn x| + 30 [Wn x| + Wn wwPreWng + Wh wa On zoz)d
0
= 0o (E)wn o ()Wnoa (§7) — ©(E) Wn 2 (§7)
¢
=/ 1302 |Wn e |* + Wi 0w P zzz + Wnow P2 Wi wwz — Paa|Wn 2| ]dz
0

= 0 (§)wn 2 (§)Wnzx(§) — W(§)|wn,zm(§_)|2 = 0 (§)wn,z (§)Wn zx(§7)
+ ‘Pm(f)|wn,x(€)|2 - Sﬁm(o)|wn,x(0)|2-



18 YUBO BAI, CHRISTOPHE PRIEUR AND ZHIQIANG WANG
So
¢ ¢ 2 2 —
— 0(O)|wn.22(€ ) + e (©)wn 2(€)* — aa(0)wn (0)[°
3
:3/0 Sﬁz|wn,rz‘2dx - 90(5)|wnm(€7)‘2

— 202 () Re(wn,z (§)wn 22 (§7)) + o(1).
Consequently, gathering together (62), (63) and (64), we obtain

(64)

£
2Rel§ =3 / ot 0a 202 — Q€)W 2a (€72 )

— 2z (§)Re(wn o (§)wn z2(§7)) + o(1),

and similarly we have

2Rel} =3 / ol t0naa 20z + 9 () () 2 o
n

+ 202 (MRe(wn,o (M) wn,ae (1)) + 0(1).
Taking p(z) = x and gathering together (55), (57), (58), (60) and (65), we obtain

¢ 2 2 2 2 —
3/ |wn’:rr| dz + Bn/ [Jwn | — alwn,z| Jdz — 2Re(wn, 2 (§)wn 22 (§7))
0 0

— (10§ + 1Bawn () + lBawan(€)) (67)
:ﬂnwn,x(g)o(l) + 0(1)7
and similarly, gathering together (56), (57), (59), (61) and (66), we obtain
s /7T |w”,l’m‘2dx + BZ /W[lwn‘g - O‘|wn,x|2]dx + 2Re(wn,z(n)wn,rz(n+))
n n (68)

+0(|wnza (1) + [Bawn (DI + @l Buwn o (n)[?)
=710 B wn o (T)|* + B (Wn,x (1) + wn e (1))o(1) + o(1),
Focus on (68), since wy, (1) = o(1), we have
2Re(mwmm (7)) = wn ez (nF)o(1).
Using Cauchy inequality, we deduce
Wi,z (177 = O(|Bntwn,o(m)]* +1).
Taking difference of (68) and (67), we obtain

</ />w"“'d“ﬁ2</ / [[wnl? = @l ?)de

+ n(|wn ez (n )|2 + ‘ann<n)|2 + a|Buwy, 1(77)‘ )
+ §(|wn,mr(§ )|2 + |ann(€)|2 + O‘wnwn,x(f)F)

:Wawnwn,m(ﬂﬂz - 2Re[wnyx(n)wn,m(n+) + wnr(f)wn,m(gi)]
+ 5n(wn,x (ﬂ') + Wn,z (77))0(1) + /ann,ac(g)o(l) + 0(1)'
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Using wy, (&) = o(1), wp 4 (n) = o(1) and Cauchy inequality, we obtain

|wn,z1(§7)‘2 = O(|ann,r(7r)|2 + 1)'
This concludes the proof of Proposition 4.4. O

Thanks to Proposition 4.4 and (49), finally we arrive to

3/ W zo|*dz + B2 / [lwn|? — a|wn [ ]dz = O(|Bpwn = (7) %) + o(1),
0 0

which is equivalent to (29).
This concludes the proof of Lemma 4.1.

4.2. Proof of Lemma 4.3. To simplify the notations we drop the subscript n in
the proof of Lemma 4.3. In order to help the reading of the proof of (30) we split
it in three steps as follows.

Step 1. We compute the expression (80) of w,(m) by solving a 4 x 4 linear system
and denote w, (7) := Hy/Ho;

Step 2. We estimate the upper bound of |Hi|;

Step 3. We estimate the lower bound of |Ha|.

Let us now proceed with the formal proof of (30).
Step 1. (Computation of the expression (80) of w,(m)): We compute wy(m) by
solving system (40). Setting F' = g+ i f, we solve the system
— Bw + R{wgzate = F in (0,7),
w(0) = w(7) = Wee(0) = Wy (m) =0,
wle = [w]y = [wale = [wa]y =0,

[
[wmm}n = _[wza:]ﬁ = K(iﬁ(wm(n) - wm(g)) - (fz(n) - fz(g)))

We denote F = (I — ady,)F. Here we firstly assume (w,v) belongs to D(A) N
{(w,v)|w € H*0,¢) N H*(&,7) N H*(n, m)} and then obtain the upper bound (30)
of wy(m). Then the density argument shows that the same bound holds for (w,v)

in D(A). Since w belongs to VN H*(0,&) N HY(&,n) N HA(n, 7), we have [wyzz]e =
[Wrgazly = 0 (see [1]). Then we need to solve

{Wazs }o + Wy — 2w = F  in (0, ),

w(0) = w(m) = Wy (0) = wye(m) =0,

[wle = [w]y = [wa]e = [wa]y = [Wasale = [Waaaly =0,

[Waaly = —[Waa]e = K(iB(we(n) — wa () = (f2(n) — f2(£)))-

Let A, p, 0 and  be given numbers. We first solve the following Cauchy problem
in (0,€)

Wyzze + aﬂ2wwc - [’3211/ =F in (07 E)a (69)
w(0) =0, wz(0) = A, Wy (0) =0, Wyea (0) = p,

and then solve the following (backwards) Cauchy problem in (7, )
Weges + aﬂszm - Bzw =F in (77’ W)’ (70)
w(m) =0, Wy (7) = 0, Wap () =0, Wapa () = 7,
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and finally solve the following Cauchy problem in (§,7)

Wyzrs + aﬁzwzx - ﬂ2w =F in (ga 77)7

w(£+) = w(§_), ’U}$(f+) = wa:(f_)v wwza:(§+) = w:z:z:z(g_); (71)

Wy (§7) = w(€7) = K(EB(we (1) —wa(€7)) = (fu(n) — f2(€)))-
Then A, p, o and ~ have to be chosen such that

{w(n+) =w(n™), we (") = we ("), Wawa (M) = Wz (™),
_ . _ (72)
waa(n") = w(n™) + K(iB(we(n") —wa(§7)) = (fa(n) = fa(£)))-

The ODE wypar + aB?we, — 2w = F can be written as

w w 0 0 1 0 0
d | wy | _ Wy 0 : 10 0 1 0
| was =M Wy + L with M = 0 0 0 NE

Wyry Wyry F 52 0 *OZﬂQ 0

where 3 > 0 is large enough. Solving the eigenfunction y* + a3%y? — 3% = 0, we
have y12 = +a and ys3 .4 = +ib, where

i o= TPV o4 PyeRF A (73)
2 ’ T 2 ’

with a,b > 0. With the notation of a and b, we obtain that the solution matrix e*™
corresponding to M has the form

T ) W) W) ) | ™

:\
&
S~—

£
=3
&
S~—"

§\
O

g\

&

where
v a® 1. 1.
up(z) = — sinh(az) + " sin(bz), wua(z)= —sinh(ax) — 3 sin(bx).
a a

Therefore, solution of (69) is

w 0 0
o f@=e |+ [ e raa gl ae .0
Wayyx u 1
and we obtain
w 0 ¢ 0
Wy ) _ M [ A (E—y)M 0
R Y R A (75)
Weg 0 0 0
Similarly, solving (70) backward, we have
w 0 0
Wy — g K _ 0
ety = e | E L [T pgay | (76)
1

)

Wyrx
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Denoting G := k(iB8(we(nT) —wz(67)) — (fz(n) — f=(£))) and solving (71) forward,

we have

w w(€™) 0
Wo | oy —g-onm [ wa(€7) RRCEmLY 0
wa | ) —a | T T W g
w w(§™ 1
0 0 0
7
=™ A Gem—M 0 + =M p(y)dy 0
0 1 o 0
I 0 1
Then thanks to (75), (76) and (77), (72) is equivalent to
0 0
(n oM | O + ! e(n—y)JMF(y>dy 0
0 - 0
Y 1
0 0 0
o | A (n-e)Mmy [ 0 !y 0
—e +a(r— ety [0y [Tt pigyay O
0 1 0 0
n 0 1
namely
0 0 0 0
g =™ 3 +G(emMM _o(r=M) (1) —I—/ emYIM B (y)dy 8 (78)
0
v Iz 0 1

Next we reorganize the linear system (78). First we introduce some notions

ua () ua () 0 0
__ | ) _ | ua(m) _ | e+ S
a:=— U’i/(”) , b:= u’z’(w) , €= 0 , d:= 0
uy’(m) uy' () 0 a® +b?
U’zgﬂ*n;fw W*ﬁ)) UQEW yg
_ | wr—n _U27T_f us(m —y
= Wi - r ) wl(r —y) | O
u/2///(7T 77) //// é— U N(ﬂ' y)
AZ% (/ - dy+ : 2 (n = y)F(y)dy> + fa(n) = f2(8),

and constant S = ikB(a? + b?)~!. Then substituting solution matrix (74) and G
into (78), we have

(a+Sui(§e b+ Suy(&e c— Suj(r—n)e d— Suh(r—n)e) (79)

= Q= >

=7J — kAe.
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According to the solution of linear system and recalling w, (7) = o, we have
det |a + Suj(§)e b+ Sup(§e j—rAe d— Suh(m—n)e|
wy () = 7 / / ’ )
det |a + Suj(§)e b+ Suh(§e c— Suj(m—n)e d— Suh(r —n)e|
(80)
and denote by H; the numerator of w,(7) and by Hy the denominator of w, (),
i.e., ’IUI(’]T) = Hl/HQ.
Our aim is to estimate the upper bound of |fw,(7)| as 8 — oo. Therefore, we
need to estimate the upper bound of |H;| and the lower bound of |Hs|. Before

we estimate |Hy| and |Hz|, we claim some property of a and b. Recalling (73), as
B — 0o, we have

a? 4+ b2 =BVa?B2+4~ap? b ~aB?
2 2 (81)
2 a? 32 2 2a2B2 «
Step 2. (Estimation of the upper bound of |H;|): We calculate the expression of
Hla

Hy=det|a b j d|+det|Suj(f)e b j d|+det|a Sujp(lle j d
+detla b —rkAe d|+det|la b j —Sub(m—ne]

(2 1 p2)2 " ; . ¢
(a® +0%) [P1(y) +ikBPa(y)|F(y)dy —ixfB | Ps(y)F(y)dy
0 0

—ikfB /; Py(y)F(y)dy + H15}

=:(a® 4+ 0*)?(Hy1 + Hiz + Hiz + His + His),

(82)
where 2, 2
Pi(y) = %(sinh(aw) sin(by) — sin(br) sinh(ay)),
Py (y) :sin2(ll))y) [—2cosha(m —n+ &) —2cosha(m —n — &) + 2 cosh(an)

+ cosh a(m — 2§) + cosh a(m — 27)]

cosh(an) — cosh(a&)
2b

—sinb(r — & —y) —sinb(m + £ — y)]

sinQ(sﬂ) [cosha(n + & —y) + cosha(n — & —y)

— cosha(2€ — y) — cosh(ay)]

+ %gﬁy)[—QCOSb(ﬂ‘ —n+§) —2cosb(m —n — &) + 2 cos(br)

+ cos b(m — 2€) + cos b(m — 2n)]

N cos(bn) — cos(b€)

2a

—sinha(r — £ —y) —sinha(m + € — y)]
sinh(an)
e

[sinb(m —n —y) —sinb(mr — n +y)

[sinha(m —n —y) —sinha(m — n + y)

[cosb(n + & —y) + cosb(n — & —y) — cosb(2§ —y) — cos(by)],
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_ cosh(an) — cosh(af)

Pyly) = - [sinb(m + & — y) + sinb(r — & + y)]
sinZ(lle) [cosha(n + & — y) + cosha(n — & + y)
— cosha(2€ — y) — cosh(ay)]
~ cos(bn)Q—CLCOS(bﬁ) [sinha(r + & — y) +sinha(r — € + y)]
sinh(am) [cosb(n + & — y) + cosb(n — € +y) — cosb(2€ — y) — cos(by)],
Py) — — hlan) Q—bcosth) fsin b(m +n — ) + sinb(x — 7 + )]
51“2(2“) [cosh a(2n — y) + cosh(ay)
— cosha(n + & —y) — cosha(n — & — y)]
- cos(bn)Q—GCOS(bf) [sinha(m + 1 — y) + sinha(r — n + y)]
sinh(am) [cos b(2n — y) + cos(by) — cosb(n + & —y) — cosb(n — & — y)],
and

Hys =r(a® + %) é(cos(bn) — cos(b€)) sinh(am)

= (cosh(an) — cosh(ag)) sin(br) | (£+(n) ~ £2(6))

Then we estimate Hy, namely Hyy, Hqo, Hi3, H14 and His, as 8 — oco. Using
(81), we have

|His| < C(a® + )| fo(n) — fo()] < Ca® +0°)| fllv < CB|fllv.  (83)
Since F' = (I — adyz)(g +iff), we deduce by integrating by parts that
a? + b?

= [ APy =" [ sinbam) sin(by) — sin(om)sinbay)) F )y

a2 4+ b2 ™
= (;;b {/0 [(sinh(am) sin(by) — sin(br) sinh(ay))g(y)

+ a(bsinh(ar) cos(by) — asin(bm) cosh(ay))g (y)]dy

+if /Oﬂ(sinh(mr) sin(by) — sin(br) sinh(ay))(f(y) — af”(y))dy} ,

hence
|H11| <CB|| sinh(ar) sin(b-) — sin(br) sinh(a-)| g |9 i
+ CB?|| sinh(an) sin(b-) — sin(br) sinh(a-) lz20.m I fllv-
Noticing that
|| sinh(an) sin(b-) — sin(br) sinh(a-)|| z2(0,x) <C,
|| sinh(an) sin(b-) — sin(br) sinh(a-)||g <Cb < CB,

we have

[His| < CB(llgllm + 11f1Iv)- (84)
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1\16)(1]7 we estimate H12 + H13 + H14.

Hys —in / " Py(y) Fy)dy

—inp / Pa(y)g(y) + aPs(y)g' (9)]dy — w5 / " Py)(F) — af"(y))dy
0
~inBa(Pa(m)g (x) — Po(0)g'(0)),

£
[ —— / Py(y)F(y)dy

13
= —ixf / [Ps(1)g() + aP(n)g' (v)]dy + nB? / Puy)(f(y) — af"(4))dy
0
+ inBa(P5(E)g () — P3(0)g'(0)),
Hiyy=- Z/‘Eﬂ/ Py(y)F(y)dy

— inB / (Pi)g(o) + aPY()g )}y + w5 [ " P () — af(4)dy

n
+ ikfa(Py(m)g (m) — Ps(n)g'(n)).
We first deal with trace terms. Expressions of P», P3 and P, show that

Py(m) — Po(m) =0, P(0) — P5(0) =0, P3(§) =0, Pa(n)=0
therefore, trace terms in His + Hi3 + Hy4 vanish. Then we obtain
|Hiz + Hig + Huia| <CB(| Pl + |1 Pslle + | Pall o)l gl 2
+ OB P2l 20, + 1Psll 22 0.m) + 1 Pall 20,1 f v
Noticing that
1Pjll20m) <€, |1Pjlle <Cb<CB, j=2,3,4,

we have
|Hyz + Hiz + Hi| < CB%(lglle + 1 £llv)- (85)
Gathering together (83), (84) and (85), we obtain
|Hi1 + Hio + Hiz + Hig + His| < CB*(lgllm + | £llv)- (86)

In the estimate of Hy1 + Hys+ Hy3+ Hy4+ Hys, we involve the value of ¢’ at a point.
In fact, we assume g is smooth enough at first and then use the density argument
to claim the estimate (86) also holds for g in H.

Step 3. (Estimation of the lower bound of |Hs|): We calculate the expression of Ha,

Hy=det|la b ¢ d|+det|Suj(§)e b c d|+det|la Suh(§)e c d
+detla b —Suj(r—n)e d|+det|la b ¢ —Suh(r—n)e|

= — (a® +b*)? {W sinh(ar) sin(br) + ixB(a® + b%) %(2 cosh(am)
+ cosha(m — 2¢) + cosha(m — 2n) — 2cosha(r —n+ &) —2cosha(mr —n—§))
%ﬁlaﬂ-)@cosb(ﬂ —n+&) +2cosb(m —n—&) — 2cos(br)

— cosb(m — 2€) — cosb(m — 2n))|}
= (a2 + b*)2H}, (87)
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Then we estimate the lower bound of |Hj|. Denote
h(b) =2cosb(m —n+&) +2cosb(mr —n—&)
— 2cos(br) — cosb(m — 2€) — cos b(m — 2n)
and
l(a) =2cosha(m —n+ &)+ 2cosha(mr —n — &)
— 2cosh(ar) — cosh a(m — 2¢) — cosh a(m — 27).
With the asymptotic property of a and b, namely (81), simple calculation shows

that there exist C7,C > 0 such that for any fixed 0 < £ < 1 < w, we have
Cy < —l(a) < Oy, for § large enough. Then we obtain

2 32\ 2
(Q ;;)b ) sinh(am)? sin(br)?

2 (sinl;imr) h(b) — sin2(27r)l(a)> ]

>C'p*(B%sin(br)? + B2(h(b))? — sin(br)?)
>CB%(sin(bm)® + (h(b))?)

[y =(a? +1?)?

for B large enough. It follows that
[H| > C5%/sin(br)? + (h(D))2. (88)

Therefore, gathering together (80), (82), (86), (87) and (88), we finally obtain
that

gl +11£llv
wy(m)| < C '
| Bwe ()] \/Sin(bﬂ)Z + (h(b))?

This concludes the proof of Lemma 4.3.

(89)

5. The lack of exponential stability and the lack of polynomial stability
with high decay rate (Proof of Theorem 1.6). In this section, we prove two
results in Theorem 1.6 together by providing a counter example. The exponential
stability of (5) is equivalent to R is included in p(.A) and the resolvent estimate

sup [[(i6 — A) 7| < o0 (90)
B>1

holds due to a well-known result (see [16, 22]). Combined with the discussion in
the previous section, our aim is to prove

sup |8 ~'[|(i8 — A) 7| = oo (91)
B>1

for0<I< %

First we give the inspiration of Theorem 1.6. Recalling Remark 4.2, we notice
that actually we can deduce (28) and (29) from (24) and (25) with [ = 0. Therefore,
if we try to prove the exponential stability in the same way as in the proof of
Theorem 1.5, we are necessary to claim

inf Vsin(bm)2 + (h(b))2 > C > 0.
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However, this claim is false. In fact

égfl Vsin(br)2 + (h(b))2 < bieng* V/sin(br)2 + (h(b))2 = bieng*

2
=8 bieng* (sin (b77‘2f'§> sin <b77;f)) .

Since 7’2—iﬂ5 are irrational numbers,

+¢ -&\Y
égfl Vsin(bm)2 + (h(b))2 < 8bi€n§* (sin <bn2) sin (an)) =0.

These facts inspire us to prove the exponential stability never holds no matter where
& and 7 are located, as precisely stated in Theorem 1.6.

Now let us turn to prove Theorem 1.6. Our aim is to find 8, in R, (w,,v,) in
D(A) for n =1,2,... such that

[(wn,vn)lle =1, Bp — 00 (92)

h(b)|

and
1B1'(fas gn) — (0,0) inH, (93)
for 0 <1 < 1 where (fn,gn) == (i8n — A)(wy, vy). If such B, and (wy,v,) can be
found, then (91) holds which completes the proof of Theorem 1.6.
To find such B, and (wy,v,), we need to use Proposition 2.3 on simultaneous
approximation. If @—ff are rational numbers, then the system is not strongly stable.
Now assume S are irrational numbers. Applying Proposition 2.3 we obtain the

2T
existence of a strictly increasing sequence of positive integers {¢, }n>1 such that
sin <qnn+§)‘ < L, sin (qnng)‘ < T Vn > 1. (94)
2 vV An 2 vV dn

As we mentioned in Remark 4.2, 3,,, w, and v,, should satisfy some necessary
conditions of (92) and (93),

|VUn, (1) — Un,x(f)|2 —0 asn— oo,
and

. . . 1
Jim [lwall = T foall7 = lim [|Buwn||7 = 3,

ie., (36) and (28). We set

2
ﬂn:qin—M)o as n — oo, (95)

V1+ag?

and
1 .
v (x) = T, sin(g,x), (96)

where {d,, }»>1 is a sequence that will be chosen later. Since ¢, is integer, we have
vy, belongs to V' and
1+ag?
2d2
Therefore, it is necessary that d,, must satisfy

lonllZ =

1 2
lim d, = +o0c0, lim i Sqn
n—oo n—oo n

~1. (97)
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Using (94), (96) and (97), we obtain that

dn sin <q 77+f> sin <q 775)

Then we need to define w,. Notice that v, belongs to C*°[0, 7] and

|Un,m(77) - Un,fc(gﬂ = — 0. (98)

[wn,m]n = 7[wn,fcr]£ :“(vn,r(n) - Un,T(g))

= [ g qL—'—f sin qL_5
Vd, "2 "o )

therefore, from the definition of f,, we have

[fn,zz]n = _[fn,:z:x]§ = ZLna

where
_ _ KB n+&\ . n—¢§
L = 18 ma (1) = v0.6) = =22 sin (0,5 Y sin (0,5 ) (09
Using (94), (95) and (97), we have
|L, |<mr2 'B—n <L Vn>1, (100)

where L > 0 is a constant. Assume f,, = iF},, F, is a real function, therefore,
we have [F, 4z]n = —[Fnzzle = Ln. As required, w, belongs to V N H3(0,£) N
H3(¢,m) N H3(n,7) and wy, 42 (0) = wy, 20 (7) = 0, therefore, F), belongs to V N
H3(0,¢) N H3(§, n)nN H3(77,7r) and F, M(O) = Fy 42(m) = 0. Then we have

Therefore, we denote

Froe = ¢n — Lul(e ), (102)
where ¢,, belongs to H, ¢n.e = {Fnzea} and I(¢ ) is the characteristic function
of (&,m). Since (93), we require |3,|'||Fu|v — 0, i.e., \ﬁn|l||Fn,mHLz(0,,r) — 0,
namely |8, |¢n — Lnl(emllr2(0,- — 0. Here we use piecewise linear function to
approximate Ly [ . Let
C
a
where 2] < m < 2 — 2l and C > 0 is a constant such that ¢; < "7_5 Note that
0<i< % implies the existence of m. And define

(103)

Cp =

0, €(0,6),
D= welbEte

by =4 Ly, 2 € (E+ o, — ), (104)
Sl we -,
0, x € (n,m),

Then we have

) E+cn L, 2 2 )
lon = Lkinlisom =2 [ (Fe=9-L) dr=FL2e. (05

Cn



28 YUBO BAI, CHRISTOPHE PRIEUR AND ZHIQIANG WANG

Since |Ly,| < L, go — 00, m > 21 and (103), we have |3y, |'||¢n — Ln (¢ |l L2(0,x) — 0.
Next we calculate ||wy||y. Since (fn, gn) := (iBn — A)(wp, vy,) and the definition of
A, ie. (15), we obtain that

1
7(Fn - iU7L)a

Wy = .i(fn +Un) = 577,

iBn
which implies that

1 1
wn,zx Eali-a Fn,zm - ivn,mm = 5 ¢n - LnI - ivn,xm .
5. )= 5. e :

Then we have

1
lwnll¥ = lwn.z2lZ20.) =gz llén - LJienlliz0m + vnzallZ2(0,7)

1 (20 g\ l1+aq¢  2L%c, 1 (106)
Tz \3T T g2 ) T T2 362 2
According to (92), we also need ||wy, |3 + |lvn]|% = 1, which implies that
1 2
& + (107)

"1 (2L2¢,)/(352)

The last condition we need to check is |8, |'(i8,vn + R{Wn zzz }z) — 0 in H. We
denote {wy, 4z} as

1 . 1 . .
{wn,aca:;v} = F({Fn,www} - Zvn,zwz) = F((bn’x — “}n,wmx) =: Sy + it,,. (108)
n n
Denote G, := ||iByvn + R{Wn zzz }||%, then by integrating by parts, we have

Gn = /ﬂ[((Rtn)z + Bnvn)? + (Rsnz)? + a((Rtn)aa + Batnz)? + a(Rsp zz)?]da
0

= / [(Rtn,2)? + 28000 (Rtn)e + (Brvn)? + (Rsne)? + (Rtn — tn)Rin o
0
+ 2(Rtn - tn)ﬂn”n,x + Ol(ﬂnvn73;)2 + (RSn — Sn)RSn’xm]dI
:/ [(ann)2 - tnRtmzw - 2Bntnvn,x + a(ﬁnvn,x)2 - SnRsmwm]dx
0
T 1
:/ {ﬂ%(vi + ozvfl 2) f(ti + si — tn Rty — $nRsp) — ZBntnvn,m] dx.
0 ’ «

We know from [14] that for any 1 in L?(0, ),
L 1 [, xT—s
R =csinh Ja ﬁ/o sinh (\/a) Y(s)ds,
1 -
c= (x/asinh \;ra) /0 sinh <7r\/—as) P(s)ds.

Then we can calculate Rt,, and Rs,, as
1 q3
th =——0 = —"— cos(qn),
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Ri, = {cos ¢nx) — cosh i

d\/ 1—|—ozqn ﬁ

—1

+ (Sinh \;-a) (cosh % - cos(q,m)) sinh fa] )
1 L

Snzi(bn,a::in I Cn -1 —cn, )
3 5., Leeren) = Lon—cam)

N z € (0,),

Bi(}n (1 — cosh \/_a§> ’ re (€6t en),
Rsp = ﬁicn <1 — cosh \/&> , 2 € (E+ Cny — cp),

5nzn <cosh l\/a"'c” — cosh \j%) , r€(n—rcn,n)),

0, x € (n,m).

Then we calculate the single term in G,,. We have

g 1+ag
/ ﬁiwiwvi,mx:ﬁznvnuz=ﬁz e

2Bt pdz = 2 a)2dz = I
/0 Btnvp oda 5/ Bn 5 €os(q z)’de = d2
t2 q8
Ny — n
/0 o 2032d2°
[ 2
0o & aﬁncn
Tt Rin q> 2¢> ) r\ ! 0
dz = -1 n sinh —— S(qn) — cosh ——
/0 - dz 2ad%+w\/ad2(l+aq%) sin 7a cos(gnm) — cos 7a)
T $pnRsp, L?
[ e = g (oo (1o ) - avasinn ).

Consequently, we obtain
L? c
Gp=—2>—(1-cosh inh —
a%%< wsJ) JW va
2q;,

w\ﬁdQ(l Tag?) (Sinh \;a)_l (COS(qnﬂ) — cosh \;Ta) .

On the one hand, [ < 1 and (97) imply that

2

(109)

—0 asn— oo.

242 g2 — -t LT
sSinn —— COS ¢, T — COSN —=
/a2 (1+ ag?) Ja 7 Ja

On the other hand, since ¢, — 0 as n — oo, using Taylor expansion, we obtain

2
c
1— hiz_i
cos o 2a+0( 4,

sinh% = % +0(c).
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Then we have

212 L2c,
a %fzzcn - 20‘25’%7%
Using |Ln| < L, Bn ~ gn/v/a, 21 < m < 2—2l and (103), we finally have 82/G,, — 0
as n — 0.

Now we have already proven 3, — oo and (wy,v,) in D(A) such that (92) and
(93) hold. Then we have proved that for any 0 < { <np <7

sup [B]71|(i8 — A) 7! = oo, (111)
1811

B?LlGn =

+ o(1). (110)

for0<I < % This concludes the proof of Theorem 1.6.
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