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ABOUT UNIVERSALITY OF LARGE DEVIATION PRINCIPLES FOR CONJUGACY
INVARIANT PERMUTATIONS

ALICE GUIONNET AND MOHAMMED SLIM KAMMOUN

AsstrACT. We prove the universality of the large deviations for conjugacy invariant permu-
tations with few cycles. As an application, we establish the universality of large deviation at
speeds n and +/n for the length of monotone subsequences in conjugacy invariant permuta-
tions, with a sharp control over the total number of cycles. This universality class includes the
well-known Ewens measures.
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1. INTRODUCTION AND MAIN RESULTS

Recent advances in random matrix theory have shown a surprising universality feature
in large deviations principles [4} 29} 18] [2]. It was shown in that the large devi-
ations for the largest eigenvalues of Wigner matrices are universal, and the same as those
of matrices with Gaussian entries derived in [4], within a class of matrices with subGaus-
sian entries whose distribution is called sharp subGaussian because their Laplace transform
is uniformly bounded by the Gaussian one with the same variance. show that the
probability of deviating towards a sufficiently small value stay universal for all subGaussian
entries, but are different for deviations towards large enough value if the entries are not
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2 A. GUIONNET AND M.S. KAMMOUN

sharp subGaussian. The goal of this article is to study a similar universality phenomenon
for random permutations.

In the last few years, universality for random permutations have been investigated thor-
oughly, including various aspects like global convergence and fluctuations. In particular, for
conjugacy invariant permutations (see Definition [I)), many results suggest that for a large
family of functions on permutations, the asymptotic behaviour depends only on the number
of fixed points [16} [25]], or only on number of fixed points and two cycles [9, [19] 24]. For
general functions, some results have been proven for example in [15}[23]).

Nevertheless, relatively few results are known for large deviations for general conjugacy
invariant permutations. In some sense, this question is related with large deviations for
random matrices since [20] shows that the law of the longest subsequence in a permutation
chosen at random has the same distribution as the largest eigenvalue of a Gaussian Wishart
matrices. We will show that large deviations for random permutations can easily be seen to
be universal in a rather wide class of conjugacy invariant permutations with a sharp control
over the total number of cycles. The main technique that we will introduce in this article
is based on coupling of random permutations and exponential approximations [12} Section
4.2.2], see section

Hereafter, we will denote by S, the set of permutations of {1,...,n} = [n]. To state more
precisely our result, let us remind the definition of conjugacy invariant permutations.

Definition 1. A random permutation o,, of size n is said to be conjugacy invariant if for every

pES,
1d
POuP = 0y.

In other words, o, is conjugacy invariant if and only if the map 0 € S, — P(0,, = 0) de-
pends only on the cycle structure of o. This class of permutations first emerged in Biology.
It includes well-known measures like the Ewens measures (see Definition[I]), along with var-
ious generalizations, such as the Kingman virtual permutations [14, (26} [37]. In this article,
we are interested in the following class of conjugacy-invariant permutations with a sharp
control over the total number of cycles described as follows.

Definition 2. Let 0 < a, p < 1. We say that a sequence of random permutations (0,,),>1 satisfies
(CZap) if

e for any n, 0, is a conjugacy invariant permutation of size n,

e and, for any € >0,

#0yu
(CZ o p) lim (5> <)

= —00
n—co nb ’

where #(0) is the total number of cycles of o.

The main goal of this article will be to show that the sets (CZ , 3) provide natural universal-
ity classes for the large deviation of the uniform law on permutations for some appropriate
choices of @ and .

We observe that forany p <a,CZ, g CCI,,-. A classical example of random permutations
satisfying (for any a) is the uniform permutation. More generally, we prove in section
[2.2] see Corollary[L6] that the Ewens measures satisfy for any positive real number

a. Let O be a non-negative real number. We say that a random permutation ag‘;;’ follows the
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Ewens distribution with parameter 0 if for every o € S,,,

. 6#(0)—1
(1) PloyW =0)= ——.
(055 =0) 10 +1)
In particular, af‘;" = oMt is the uniform permutation and aEW is a uniform cyclic permu-

tation. Clearly, Ewens measures are conjugacy invariant since by definition IP(()"(9 N =0)
depends only on the number of cycles of o.

Our primary emphasis is the application of our universality results to monotone subse-
quences of random permutations.

1.1. Monotone subsequences. Let S, be the set of permutations of size n. Given 0 € 5, a
subsequence (o(iy),...,0(ix)) is an increasing (resp. decreasing) subsequence of o of length
kifi; <---<ipand o(i;) <--- < o(ig) (resp. o(iy) >--- > o(ix)). We denote by LIS(0) (resp.
LDS(0)) the length of the longest increasing (resp. decreasing) subsequence of ¢. For exam-
ple,

5 3 2 41

The study of the asymptotic behavior of monotone subsequences within random permu-

tations is famously known as Ulam’s problem. In his seminal work [38]], Ulam posed the
LIS( Umf))

if o (1 23 4 5), LIS(s) = 2 and LDS(c) =

conjecture that the limit, as n tends towards infinity, of exists. Vershik, Kerov,

Logan, and Shepp [39, 27]] proved that this limit is equal to 2. For historical details and
full proofs, we refer to [34]. Large deviations of speed v/n and n were also proved when
o, = o9 follows the uniform law on S,,:

Theorem 3. 36, Theorem 2][13]
For any x > 2,

pim (LIS (o) 2 Vi) =l 9
and for any 0 <x < 2,

JLIEOEInH’(LIS( U’”f) < \/‘) = Iyis1(x)
where

2 2 2
ILIS,%(x):2xcosh_1(g) and Ius,l(x):—l+xz+2ln(§)—(z+x—)m( 2x )

Note that the large deviations to the right (for x > 2) and to the left (for x < 2) have differ-
ent speed. This is very similar to the large deviations principles for the largest eigenvalue
of the Gaussian matrix ensembles [30, 4} [5]. The large deviations to the left necessitate to
move all the spectrum and in fact are related to the large deviations of the empirical mea-
sure of the eigenvalues : their speed is n?, typically the number of random entries of the
matrices [5]. Whereas large deviations to the right are easier as they only require to move
one eigenvalue, namely the largest, which can be achieved for instance by making one very
large entry, which corresponds to a speed of order n. Therefore, these two results are in fact
rather different in nature.

Our first result, proven in Section[2.4] is the following.
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Theorem 4. If the sequence of random permutations (0,),>1 satisfies 1} then the law of

M satisfies a large deviation principle with speed \/n and good rate function Jy g 1 which is

equal to ILIS’% on [2,+00) and +oo on (—co,2). In other words, for any mesurable subset E of R, we
have :

1n11>(“f,(§”’ eE) lnlp(uf;;n) eE)
2 f <liminf <li < —inf .
(2) xlélEOJLIS 1(x) < min N = lin_f':jp N = IQE]LIS’%(x)
LIS(0,)

Moreover, if the sequence of random permutations (0,),>1 satisfies 1} then the law of —= I

satisfies a large deviation principle with speed n and good rate function ]LIS,I where

Isi(x) 0<x<2

Juis,1(x) =40 x>2
+00 x<0

In other words, for every measurable subset E of IR,

In IP(%:'%E lnIP(LIf/(;”)EE)
3) —inf Jig1(x) < hmmf <limsu < —infJis,1(x),
P
x€E° ! —00 n n—o0 xeE ’

The same result holds if we replace LIS par LDS, the length of the longest decreasing subse-
quence.

Even if Ewens measures do not satisfy 1} (except for O = 0) so that (3) is not guaran-

teed, we will show by a separate argument that universality still holds in the sense that the
Ewens distribution still satisfies the same large deviation principle, see section[2.2

Proposition 5. For any 6 > 0, the sequence of random permutations following the Ewens distri-

bution o, = 2 09 ", n > 1, satisfy the large deviation principle (3).

1.2. Main Technical trick. In this section, we introduce our main technical trick, namely
Theorem [6] which can be thought as an exponential approximation argument as presented
in [12} Section 4.2.2]. To this end, we see the statistic under study, such as LIS, as a function
f of the permutation. Our point is then that if this function f depends sufficiently smoothly
on the permutation in the sense of Hypothesis #; and the law of n~ f (o) satisfies a large
deviation principle with speed nf, then this large deviation principle remains true for all
the random permutations satisfying . We then show that many well known statistics
verify hypothesis H; and then apply our result to various examples.

The goal of this section is to introduce a tool to prove universality for the large and mod-
erate deviations bounds for some statistics. We first define for a permutation o € S,;, the

set
_ {{a} if #(0) =1
7 Up€Sup=0o0liyiy)oliyiz) - oli,ise) and #(p) =1} if #(0)>1
Above, {i1,...,is,} are distinct elements of {1,...,n}.
For example: A(3,4) ={(1,2,3,4),(1,2,4,3),(1,3,4,2),(1,4,3,2)}. Indeed, (1,2,3,4) = (3,4)(4,2)(4,1),
(1,2,4,3) = (3,4)(3,2)(3,1), etc.
Our main theorem states that large deviations are universal within the class .
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Theorem 6. Let f be a function defined on | J,5; S, and having values in RY for some fixed
integer number d. We denote |.| the Euclidean distance in R?. Suppose that
e the following holds true

[f (o) - f(p)l

(H1) sup sup —— ——— < +oo.
€U, S, pEA, (0)

o there exists some function | continuous, some 0 < p < a < 1 and I an open set of R? such
that for any x € Z

(H,) lim —lnIP(f( ’“f) > xn“) — J(x).

n—oco pb
The relation a = (ay,...,ay) > b =(by,...,by) means a; > b; for all i € [d].
e Moreover, the sequence (0y,),> of random permutations satisfies (CZ 4, p)
Then, for any x € T
lim LlnIP(f( w) = xn®) = —J(x).

n—oco pb

It may appear challenging to verify ( for an arbitrary statistic. However, in some cases,
it is more straightforward to prove the following condition:
(H'1) sup sup|f(o)=f(oo(i,j)) < +oo.
0€U,515n 1,]

A noteworthy observation is that (H1)) implies (F;), as it directly follows from the triangle
inequality.

Remark 7. The set of functions satisfying (F;)) (resp. ) is a vector space.

We next show that Hypothesis is satisfied for a large class of well-known statis-
tics. Hence, Theorem [6] implies the universality of the large deviations for these statistics
as soon as they are known for the uniform measure. We prove the following Property in
subsection[2.1]

Property 8. The following functions satisfy :
i) The longest increasing subsequence LIS.
ii) The longest decreasing subsequence LDS.
iii) The vector (Ay,...,Ag) if A; denotes the length of the i row of the RSK image for i € [d].
d is a fixed integer number.

The normalized Inversions count : @) — carddijyig.o()>a({)h
P .

iv)
v) The descents count : D(c) :=card{i : o(i + 1) < o (i)},
vi) The ascents count : A(o):=card{i:o(i+1)>c(i)}.
vii) The peaks count : Peaks(o) =card{i: o(i—1)<o(i)>0o(i+1)}.
viii) The valleys count : Valleys(o) = card{i : (7(1 -)>o(i)<o(i+ 1)}
ix) The exceedance count : Exc(o) := card{i : o(i) > z}E]

) Ma1]1( ) _ Za(z+1l/l)>o'(1)l.

x) The normalized major index:

1For the specialists, in general, the normalized number of occurrences of any set of classical (inversions for
example), consecutive (descents, ascents, double descents, peaks, valleys, etc. ) or more generally (bi-)vincular
pattern.
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xi) The longest alternating subsequence LAS: Let 1 < iy < i, < --- < iy <. We say that
o(iy),...,0(ig) is an alternating subsequence of length k if o(iy) < o(ip) > 0(i3) < o(ig)--
and let LAS be the length of the longest alternating subsequence.

In (iii), A(0) = (A;(0))i>1 denotes the RSK shape associated with the permutation o, see a
definition in [34, Section 1.6]

1.3. Applications.

1.3.1. Applications to the longest increasing subsequence. A direct application of Theorem
gives the upper large deviations (2) of Theorem [4

Corollary 9. If the sequence (0,),>1 of random permutations satisfies 1} then for any x > 2

. 1
nh_)r{)lo ﬁ InP(LIS(0,) > xVn) = —ILIS’% (x)
lim —lan LDS(o,) > xx/ﬁ) = I %(x).
n—oo 4

Proof. The first point is a dlrect application of Theorem [6] by taking f = LIS and a = =
. The hypotheses is satisfied thanks to Property [8] and is satisfied thanks to
Theorem [3l Moreover, when ¢,, follows the uniform law, the LDS has the same distribution
than the LIS. This can be seen for instance by replacing the collection {i} into {n —i}.The
proof of the large deviation principle for the function LDS is therefore the same than for the
function LIS.

O

For the upper moderate deviation, we find the following universal result:

Corollary 10. Let % <v< % If the sequence (0,),>1 of random permutations satisfies 1)
then for any x > 0,

4
lim —InIP(LIS(0,) > 2Vn +xn”) = ~Zx
n—co -7 3
This result was proven in the uniform case in [28]. Our universality result therefore fol-
lows from Theorem [@] since the coefficients (a, ) = (v, 32V - %) satisfy g = 3—” - Z <v=a for

every v < 1/2 so that (H,) is satisfied. (H;) follows from Property [8l

1.3.2. Applications to large deviations for the Eulerian statistics. Let D be the number of de-
scents in o.

Definition 11. A function f is called an Eulerian statistic if f(oy™f) 2 D(aM) for every integer

number n.

It is known for example that the exceedance count Exc and the ascents count A are Euler-
ian. Note that the equality in distribution is not true for general conjugacy invariant permu-
tations.

Corollary 12. If the sequence of random permutations (0,),>; satisfies (CL; ), then for f €
{D, A, Exc}, for any % <x<l1,
1
lim —InIP(f(0,) > xn) = —Ip(x).
n—oo 1

Where ID(x) = supt{xt _ln(%t)_l))}.
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Proof. For the descents, this LDP is already known in the uniform case [6] which implies
the same large deviation principle for the other Eulerian statistics readily as they have the
same distribution. Hence, is satisfied with a = g = 1. Universality follows again from
Theorem [6] since Property [8limplies that D, A, Exc satisfy (). O

1.3.3. Edge of RSK. In this subsection, we give an additional result, which is not a direct
application of Theorem [6lbut which proof uses the same techniques.

We are interested in the lower tail of LIS, and more precisely the length of the first rows
of the RSK image.

Proposition 13. If the sequence (o,),> of random permutations satisfies () then for any
O<xy<-<x1<2,

1 .

limsup —InP(Vi € [d], Ai(0y) < xiVn) = ~I g1 (xq)-
n—-oco

To the best of our knowledge, this result is not stated in the uniform case for general

integer number d but it is immediate to adapt the proof of [13] to get the uniform case, see

Section

1.4. Some comments. Except for the special case of the uniform permutation, there is a
lack of existing results regarding the large deviations of general conjugacy-invariant per-
mutations. Even for the uniform case, the large deviation theory of many statistics has not
been studied yet. For example, we are not aware of existing results for the large deviations
for LAS, the permutations patterns counts, and the upper edge of RSK in the uniform case.
Even if the hypotheses is satisfied for a large family of functions, since we are using
comparison techniques, the application of Theorem [6]is not possible without knowing the
large deviations in the case of uniform permutations.

In the literature, some non-universality results have been established for certain statis-
tics but for other families of random permutations. For instance, [13] studied the longest
increasing subsequence of i.i.d. points sampled from a measure on the unit square. Ad-
ditionally, [32] explores the large deviations of LIS and LAS for permutations uniformly
chosen among those that avoid a pattern of length 3. Moreover, in [31, Theorem B], a large
deviations principle for the major index has been proven for a distinct family of random
permutations.

2. PROOF OF THE RESULTS

2.1. Proof of Property[8l In this section, we prove that many natural statistics satisfy (H 1.

e Monotone subsequences (LIS, LDS, and A;): The cases of LIS and LDS have already
been demonstrated in [21, Lemma 3.1], and the proof for A; is presented in [21],
Lemma 3.4].

e Inversions:

Let 0 € S, be a fixed permutation, and let 1 <i; < j; <n. Define p = 0 o (i, j;).

The key observation is that for all i € {i},j;}, we have p(i) = o(i). The remaining
of the proof varies depending on the specific statistic considered, but the underlying
idea remains the same. We will provide detailed explanations for a few of these
statistics.

Inversions can be expressed as follows:

Inv(o) = {(i,j) :i <j,0(i) > a (-
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We make the following decomposition:

) i<jo(i)>o() =1 ]):i<ja(i)>a(){i,j 0l j1) =0}

s sy

U{(i,j) i <j,o(i)>o(j){i,jin{i1,j1} =0}

52

Furthermore, for inversions of p, we have:

{7) i <jpli)>p()) =1(i,j) + 1 <j,p(i) > p(j) (i, j O {in, j ) = 0}

/ ’
S 51

Ui, ) 21 <j,p(i) > p(j) Ai j} 0 {in, ju} = 0}

’
5y

Using the key observation, one can see that s} = s,, which allows us to write:

[Inv(o) - Inv(p)| = |card(s) — card(s’)| = |card(s} ) — card(sy )]
< max(card(s}),card(s;))
<2n.

As a consequence,
1
—|Inv(o) —Inv(p)| < 2
n

which proves that n~'Inv satisfies (F ).
e Descents and Major index: The same idea applies here.
Recall that D(o)={i: (i + 1) < o (i)}]- Let

{i:o(i+1)<o(i)}={i:o(i+1)<o(i){i,i+1}n{i;,j1}=z0lU{i:0(i+1)<o(i){i,i+1}N{i,j1} =0}

S S1 Sy

and

(i p(i+1) < (D)) = (i (i +1) < (i), fi,i + 1) O fin, 1) = 0 Ui < pli + 1) < p(0), (i + 1) i, 1) = 0).

s’ 51 5
Then, we have
|D(0) — D(p)| < max(card(s;),card(s})) < 4.
Similarly, with Maj(0) = }_;(i11)>0(i) i, we find
[Maj(o) - Maj(p)| = |Zi - Zil < max(Zi, Zi) < nmax(card(sy),card(s])) < 4n.
ies,  ies] ies, ies]

— For Peaks and Valleys, the proof is similar to that of descents.
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— For longest alternating subsequence LAS, we can use the following characteri-
zation (see [33] Corollary 2])

LAS(0) =1+ ZMk(a),

where M;(0) = 15(1)>¢(2) and for 1 <k <mn,

M (0) = Lo (k-1)>0(k)<o(k+1) + Lo (k=1)<a (k)>0 (k+1)-

We have that LAS = M, + Valleys + Peaks. M satisfies since it is a bounded function.
Therefore, by using Remark [7] LAS also satisfies (H1).

2.2. Proof of Property (C1, ,|) for Ewens distributions. For the Ewens distribution, it is
known that the law of the total number of cycles has a nice description as a sum of indepen-
dent Bernoulli variables.

Proposition 14. The number of cycles of agfr‘z' is equal in distribution to ) !, ag; where (ag ;);
are independent Bernoulli variables with P(ag; =1) = H()L—l'

This property can be proved independently by the Chinese restaurant process description
of Ewens permutations or by the Feller coupling. It is a classical result, we can cite for
example [10, equation (1.1)] and [1]]. Many concentration inequalities are known for the sum
of independent variables. For our purpose, we use a special form of the Bennett’s inequality.

Proposition 15. [8, Theorem 2.9]8
Let Xq,X5,...,X,, be independent random variables such that almost surely X; <1 then

ZXIE

(4)

t
] ~(@+1)In(1+ ).

wherev =Y !  EX?.
Corollary 16. The sequence (Ggfr‘z’)nzl satisfies (C1 ), for every 6 > 0, and every a > 0,

Proof. Using Proposition[14] we have #(a(9 W) = d Y a9, and

i]E(agl ZIE a3 ;) = O1ln(n)+ O(1).
i=1

We want to prove that for every ¢ > 0, every a > 0,

lan( %o e)

) e

This is a direct consequence of Proposition [14| by setting X; = agp ;, t = en® —v in Proposi-
tion 151 O

’The version we use is[8} Theorem 2.9] by setting b = 1.
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2.3. Proof of Theorem [6l In order to prove Theorem [6] we need to introduce a one step
Markov chain T. It is the same as in [22]]. It maps a conjugacy invariant random permuta-
tions 0, to a permutation having the same law as O'(l):‘,;v.

This Markov chain does not change a lot statistics satisfying (;). Let T be the Markov

chain defined on $,, and associated to the stochastic matrix [Cifg(fi)] 5 where we recall
that e
A, = {{a} if #(0) =1 .
lpeS,, 07 op=_(i1,ip)0(iy,i3)-+-0 (i1,14(0)) and #(p) = 1} if #(o) > 1

T is then the Markov operator mapping a permutation ¢ to a permutation uniformly
chosen at random among the permutations obtained by merging the cycles of ¢ using trans-
positions having all a common point.

Lemma 17. [22, Lemma 6] For any conjugacy invariant random permutation o, on S,,

d E
T(0,)=0qy,-

The proof is detailed in [22, Lemma 6] but the idea is rather simple. By construction,
T(0,) has almost surely one cycle. Since permutations with one cycle belong to the same
conjugacy class, it is sufficient to prove that T(o,) is conjugacy invariant as soon as o, is
conjugacy invariant.

We move now to the proof of Theorem [6]

Proof of Theorem[6l We consider a function f on U,1S, with values in RY. One can suppose
for simplicity that

(6) sup sup | <l

0€U;519, pEA, (G)

f 7o 7er Since by hypothesis the de-
Supneu,1215n SupPEAn #(0)
nominator is finite. Let 0, be conjugacy invariant. By Lemma([I7], we know that

(7) P(f (0£%) = xn%) = P(f (T(0,)) = xn%).

Otherwise one can apply the theorem to

Moreover, by (&), we have
P(f(0,) = xn® + #0,1) <IP(f(T(0,)) = xn®) <IP(f(0,) > xn® —#0,1).

Here, 1 is the vector of IR? with all components equal to 1. Let ¢ > 0. We write the following
decomposition

p*:=P(f(0,) = xn® +#0,1) =P(f (0,) = xn® + #0,1|#(0,,) < en®)P(#(0,) < en®)

5 p2
+P(f(0,) = xn® £ #0,1|#(0,) > en®)P(#(0,) > en®).

ps P4

Moreover,
P <P(f(0,) > (x—e)n®l#(0,) < en®)
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gives readily that
pip2 <P(f(0,) = (x—e1)n® and #(0,,) < en®) <P(f(0,) > (x —el)n®).
Consequently, we find that

(8) p~ <P(f(oy) 2 (x—€1)n) + py.
Similarly,
Pt 2 P(f(0,) > (x+£1)n#(ay) < en)
and then
pt=pip2 =P(f(0,) = (x+¢e1)n® and #(0,) < en®)
=P(f(0,) = (x+e1)n®) = P(f(0,) = (x + e1)n“and #(0,) = en®)
(9) > P(f(0y) 2 (x + €1)n® — py.

To sum-up, for any conjugacy invariant permutation o, for any ¢ > 0, (6)),(7),(8),(9) imply
(10) P(f(0,) > (x+ el)n®) —P(#(0,) > en®) < H)(f(a(]i‘;l“) > xn®)

<P(f(0y) > (x— 1)) + P(#(0,) = en).
We next choose 0, = o™ to be the uniform permutation. Because the Ewens distribution
with 6 =1 is the uniform distribution, Corollary @ implies that o/™if is (CZ4.0)- Therefore,

for any € > 0, for n large enough we have under the hypothesis of Proposition[6land because
B < a,we find forall M >0

P(f(0,7™) > (x + e1)n®) - P(#(0™F) > en®) = exp(-nP (J(x + €1)) + (1)) — o(exp(-nP M))

If J(x + €1) is infinite, then the right hand side will also be smaller than exp(-nfM) for M as
large as wished, whereas if it is finite, taking M > J(x + 1) also gives

P(f (o) > (x + e1)n®) - P(#(o VM) > en®) = exp(—nP (J (x + £1) + 0(1))).
Similarly
P(f (o) > (x — e1)n®) + P(#(0 V™) > en®) = exp(—nPJ (x — €1) + o(nP))(1 + 0(1)).

We therefore conclude that, for every € > 0,

](x+£1)<11m1nfiﬁ1nIP(f(a(])32')>xna)Slimsup—ﬁlnIP(f(aOn)>xn) < —J(x—e€l).
n—oo 1 n—oo N

Consequently, since we assumed that ] is continuous, we find by letting ¢ going to zero

(11) hmlnfilnIP(f(a(I;‘;") >xn®) = limsup—lrllP(f(a0 W)= xn%) =—J(x).

n—oco nb n—oo nb

Now let 0, be a conjugacy invariant permutation. Equation (I0) implies (by choosing first
to replace x by x + €1 then by x — €1) that
(12)  P(f(opy) > (x+el)n®) = P(#(0,) > en®) <

Under hypothesis (CZ, g), (LT) implies that
(13) H’(f(a()E‘;lV) > (x—e1)n®) + P(#(0,) = en®) = exp(—nPJ(x — e1) + o(nP))(1 + 0(1)),
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and
(14)  P(f(oy) > (x+e1)n®) —P(#(0,) > en®) = exp(—nfJ(x + €1) + o(nP))(1 + o(1)).

Plugging these estimates in (I2), letting n going to infinity and then ¢ going to zero (while
using the continuity of J) completes the proof of Theorem [f for permutations satisfying
(CT 5. 0

2.4. Proof of Theorem[4l We first remark that it is enough to prove the Theorem with E =
[x,00) for x > 2 or E = (0, x) if x < 2. Indeed, for x > 2, it is not hard to see that ILIS’% is strictly

increasing so that the probability that LIS belongs to [x,+c0) is equivalent to the probability
that it belongs to [x,x + 0] for any 6 > 0. Hence, (2)) for E = [x,00) and every x > 2 yields the
weak large deviation principle. Exponential tightness is as well clear as Iyjs,1 goes to +oo at

infinity. Hence, Corollary [9limplies the full large deviation principle above 2. Similarly, it
is easy to see that Iy yg; is strictly decreasing on (0, 2) so that proving (3) for E = (0, x] yields
the full large deviation principle below 2. However, proving (3) for E = (0,x] for x < 2 is
more complicated because it is not possible to use Theorem|[6]since 1 = > a = 1/2. We need
a proof specific to the longest increasing subsequence that we detail below. Before proving
this result we prove a key lemma.

Lemma 18. For every given permutation o, for every integer number k,

P(LIS(T (o)) <LIS(o) + k) > inf P(LIS(toot¥

<k
TES#(O) 0'#(0)) )

Proof. The idea is to observe first that p € A, if and only if 07! 0 p = (iy,is,..., iy(s)) where i;
and iy are in different cycles of o as soon as j # k. This implies that one way to construct
T(o) is to choose first uniformly, j; < j, <... < jg,) each from one cycle of o, 7= a uniform
permutation of size #(o). Then, it is easy to see that T(o) has the same law as

0 0 (j1r Jr(1) Jr2(1) -+ -» Jet@1(1))-

Fix now ji,jp,..., j#(s) €ach on a cycle of o and 7 a cyclic permutation and let £; < -+ <
{11s(T(o)) be such that T(0)(¢;) <... < T(0)(¢Lis(1(s))) be @ maximal increasing subsequence of
T(o). Let

E={jijore- s jro)t M Cor - CLis(r (o))} = Uy Jayr Jacarage)}
with a; <dap... < acard(E) and let F = {611621"'l€LIS(T(0))} \ E. For any gk eF, T(O’)(gk) = O'(gk)
and then card(F) < LIS(o). Let 7 be the unique permutation of {1,...#(o)} such that
o (je1(1) <O (je1(2)) <o <O (1 (#(0)))-
Moreover, T(0)(ja,) = 0(j(a,)) and then
U(jn(al)) <...< T(G)(jn(acard(E)))
In particular, the following holds true:
card(E) < LIS(tm).
Consequently, we find that
LIS(T (o)) = card(E) + card(F) < LIS(0) + LIS(7 o 7).
Now, applying this inequality we find that for any integer number k,
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P(LIS(T(c)) - LIS(0) < k|t) > P(LIS(tom)<k)

= P(LIS(toogy,) <k)= inf P(LIS(t ooy

<k
ot () <K)

where in the second line we used that 7 follows the uniform cyclic permutation of length
#(o). 0

To prove the second part of Theorem[4] we first show the result for the Ewens distribution
with 6 = 0, namely that for every x < 2,

(15) 11m1nf— 111117'(LIS((70 V) < x\n) = limsup " lnIP(LIS 00 n) < x\n) = —I115,1(%).

n—oo 1 n—co
It is then straightforward to generalize this result to o, € 1} as in the proof of Theorem|6l

by taking f = -LIS, a = % and g =1.
The upper bound is trivial since for any k € N,

card{o : LIS(0) =k, #(0) = 1} < card{o : LIS(o) = k}
(n—1) - (n—1)
Consequently, by Theorem [3] we deduce

P(LIS(ogY) = k) = = nIP(LIS(o M) = k).

hmsup — ln]P(LIS(a0 W) < xv/n) < limsup n(lan(LIS( oVnify < x/n) + In(n)) = —Ip1s,1(x).

n—-o00 n n—00

The lower bound is more sophisticated. Fix x <2, 0 < e <x, and o0 € S,,. We assume that o is
such that LIS(o) < (x — 35)\/5 and #(0) < £2n. Then, we find that

P(LIS(T(0)) < xVn) = P(LIS(T(0)) < (x — 3¢)Vn + 3eVn)
(16) > IP(LIS(T (o)) < LIS(0) + 3eVn)
By Lemmal 18] (L6) gives

(17) P(LIS(T(0)) < xVn) > inf IP(LIS(Tocro# ) < 3ey/n).

TESy(s)
To conclude, we need the following easy lemma.
Lemma 19. For any x > 2,

lim inf P(LIS(t o 0og ) <xVn) =1

n—o00 TESH

Proof. The distribution of 7 o 00 is uniform over a subset of size exactly (n—1)! of S, (the

image S, by 7 of the cyclic permutations). This set has probability 1/n for o7, We have
then

P(LIS(7 0 0g¥) > xVn) = nP({LIS(0™F) > xv/in) N (o)™ € S, }) < nP{LIS(a7™) > xv/n) = o
because of Theorem [3land x > 2. Note that these bounds do not depend on 7. Therefore
P(LIS(t ooy ) < xvn) =1 —P(LIS(t 0 03 ) > xVn) = 1 —of
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Consequently, for any x < 2 and ¢ > 0, and o, conjugacy invariant, we have

P(LIS(ot) < xVn) = Z P(LIS(T(0)) < x\n)P(a, =
0€S,
> inf IP(LIS )<3
- Z Telg#(g) ( (T ° GO k ev_
LIS(0)<(x-3¢)Vn,#(o)<en
> 1nf inf P(LIS(7 0 o) < 3eVn)P(LIS(0y,) < (x — 3¢)Vn, #(0,) < €°n)

kﬁfzn TESk

(18) > (14 0(1))P(LIS(0,) < (x — 3e)Vn, #(0,) < *n)

In the first line we used Lemma [I7] in the second we restricted the summation over ¢ and
bounded uniformly from below the first probability by using (I7), in the third line we
summed the second probability over the remaining permutations, and in the last line we

used Lemma[I9 when k goes to infinity (noticing that ey/n/Vk > 1 for n large enough), while
the bound is clear when k is finite. Now choose o, to be uniform. We deduce from (I6)) that

P(LIS(ogw) < xVn) > (1 +0(1))P(LIS(0y™) < (x - 3¢)Vin, #(07™) < e2n)
= (1+o(1))(P <LIs< Umf) < (x=3¢)Vn)
—P(LIS(0 ™) < (x — 3¢) Vi, #(a VM) > £2n))

> (1+0(1))P(LIS(o Umf) <(x- 35)\/_)_e_”ILIs,%(X_E))(“D(l))

where we used Theorem[Bland that o™ is (CZ,, ). We finally can let  going to infinity and
¢ going to zero to get (I5). To complete the proof of Theorem[4] one only needs to check that
o If the sezquence (04)u>1 of random permutations satisfies 1 , for any ¢ > 0, for

any x > 2.

lim l1n(11>(LIS(an) € ((x—e)Vn, (x+e)vn))) = 0.

n—oo 1

Since 1} implies (CZ L1, this is a direct consequence of Corollary[9l
e If the sequence (0,),>1 satlsﬁes (CL1 1)), forany 0<yp<2.

11
2:2

L In(P(LIS(0,) < Vi)
n—00 \/ﬁ

Indeed, by taking f = ~LIS, ¢ = (2-y)/2, x = —(y+¢) and a = p = & in (I0), the first
inequality becomes

IP(LIS(0,,) < yVn) < P(#(0,,) > evn) + P(LIS(ag ) < xVn)).

The first term goes to zero faster than e MV for any M > 0, since the sequence (0;),>1
satisfies () whereas the second term goes to zero

2.5. Proof of Proposition[5l For the upper tail, one can apply directly Corollary[9
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For the lower bound of the lower tail, let 6 > 0.
IP(LIS(0g™) = k) > P(LIS(a3%) = k, #0g = 1)

_ card{o : LIS(0) =k, #(0) = 1}I(0)
B T(n+0)

_TOTm),
" T(n+06)

r'(9)

(LIS(U0 n)=k) > (LIS(U0 0 ) =k).

This implies by taking k < x+/n,

hmmf lan(LIS( ) < xvVn) > hmlnf InTP(LIS( ‘70 V) <xVn) = _ILIS X).

n—oo M n—-oo 1M

For the upper bound, one can conclude directly by (L8], by choosing o, to be ag’:;'

2.6. Proof of Proposition[13l We will adapt the proof of the lower tail of Theorem [4l We
choose to give two different separate proofs for readability reasons.
First remark that Proposition[I3lis equivalent to that

j j
11msup—1nIP Vjeld], Z/\i(an) < inx/ﬁ =—Ip 151 (xg).

=00 i=1 i=1

Indeed, because the right hand side only depends on x;, we see that mostly the deviations
of 1;(0,) matters. The same phenomenon appears for random matrices: the probability fix
the d largest eigenvalues to make a deviation below 2 is equivalent to the probability that
the spectrum stays below the smallest one, namely x;.

We recall that according to Green’s theorem ([35, Theorem 3.5.3]) A; +..., A} is the maxi-
mum sum of lengths of k disjoint increasing subsequences.

The counterpart of Lemma [I8lis that for every o deterministic, for every integer numbers
dk,

d
(19) P ZA(TOG(?;;( ))<k].

d d
;)\i(T(a)) < [;Ai(a)] +k] > Teig#ll)ll’

As in the proof of Theorem [4] we want to prove that

(20)
j j
Vje [d],ZAi(ag‘}zv) < sz\/ﬁ = hmsup—lnIP
i=1

. n—o0
i=1

]

Vjeld], Z)\l aon) inx/ﬁ

i=1 i=1

1
liminf—InIP
n—o0 n

= —Ir1s,1(x4).
It is then straightforward to generalize this result to o, € 1' as in the proof of Theorem/[6]
by taking f = (A1, Ay + Ay, XFy Aj), @ = and B =1,
The upper bound is trivial for the same reason that in the proof of Theorem 4] (the prob-

ability of any event under Ewens with parameter 0 is at most n times its probability under
the uniform permutation).
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The lower bound is more sophisticated. Fix 0 <x; <---<x; <2,0<¢<x4,and 0 € 5,. We
assume that o is such that for any j, Zl 1Ajlo) < ((Zf:1 xl) —3é¢)y/n and #(0) < 5;—{’. Then, we

find that
j j j j
P|Vje [d],Z)\i(T(a)) < in\/‘ ~P|Vie [d],Z)\i(T(a)) < [in] - 35]\/E+ 35«/5]
i=1 i=1 i=1 i=1
j j
(21) >P|Vje [d],Z/\i(T(a)) < Z/\i(ﬁ)]-l-?)(?\/ﬁ]
i=1 i=1
By (19), (21) gives

(22)

j
Vjeld], le(roa&;"(a)) < 36\/%].

j j
P Vje[d],ZAi(T(a))Sinx/ﬁ)]_ 1gf)1P
TE #(o

i:l 121

To conclude, we need the following easy lemma.

Lemma 20. For any x > 2 and any integer number j,

j
Z/\ (Toa()n <]xx/ﬁ]—1

i=1

lim inf P

n—oo e,

Proof. First we have,

lim inf P

n—o00 TGS,I

j
Z/\ Tooyy) <]x\/7] > lim mf IP(]LIS(ToaOn <]xx/7)
because of the non increasing of A;. Therefore, on can conclude by Lemma|[I9|that

lim mfIP(]LIS(ToaOn <]xf) (LIS (tooyy <xf)_l+o

n—o0 165

Consequently, for any 0, conjugacy invariant, similarly to (L8], we obtain

P(Vje] i/\l 0"0” pr/ﬁ]
i=1 i=1
Vje[d],]Z/\i(an)s[[i ] 3&]\/7# 0,) 22—”]
i=1

i=1

(23)

> (1+0(1))P

The remaining of the proof is identical to that of the lower tail of Theorem[4]

3. FURTHER DISCUSSIONS

We start by discussing the optimality of our conditions. The condition () for LIS is
optimal as a condition on cycles. Indeed, let us construct a sequence of random permuta-
tions o, such that #0,/y/n is of order x # 0 with probability of order eV"C for some C finite
and show that our result does not apply to o,,. In fact let 0,, be a permutation constructed as
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follows. With probability e~ts12(¥)~ e|Vn , 0, has | x\/n| fixed points, the other points belong-
ing to a cycle of length 1 — [ x+/i]. With probability 1 — e~(ts1/2(* OVi g, is a uniform cyclic
permutation. In this case, it is not difficult to check that since the ﬁxed points furnish an
increasing subsequence

. 1
lim —InP(LIS(0y,) > xVn) > ~Iyis,1/2(x) + € > ~Ips,1/2(%),

n—o00 \/ﬁ
showing that LIS(c,) can not follow the same large deviation principle than LIS(c ™) as
stated in Theorem [3
When the number of cycles is not sufficiently controlled, it is only possible to obtain one

bound.
Proposition 21. If (0,),> satisfies (CL; i), then for any 0 <x <2,

(24) limsup % InIP(LIS(0,) < xVn) < —Ijs (x).

n—-oo

Moreover if (0,,),> satisfies that for any € >0

n—-oo

limianP(#(Z”) < 8) >0,
then for any x > 2.
liminf—= In P(LIS(o,) > x\/n) > ~Ipis,1(%).

n—00 \/ﬁ
Sketch of the proof of Proposition[2I] We will compare directly LIS(o,) to LIS(U0 ). For the
first inequality, (I8) and (3] imply that

(25) e Musi M1+ > P(LIS(of ™) < xvn)
> (14 0(1))P(LIS(0,,) < (x — 3e)Vn, #(0,) < €2n).
Moreover, if 0, satisfies (CZ, ;), for every M > 0 and n large enough,
P(LIS(0,) < (x — 3¢&)Vn, #(0,) < 2n) > P(LIS(0,) < (x — 3¢e)Vn) —e ™.

which gives (24) with (23).

The second inequality is an application of |23, Lemma 21]. First remark that a conjugacy
invariant permutation conditioned on #(0,,) < k is still conjugacy invariant. One needs only
to prove this result for permutations where the number of cycles is less than en for n > n
almost surely.

By choosing p to be G(l;‘,‘,;v and k = 1 in [23] Lemma 21], one can reformulate the lemma to

obtain that for any conjugacy invariant permutation o,, there exists g, 2 o0, such that, for
any 1 <a < b and for any ¢ >0
b
E((LIS(5;) - LIS(o%y) '#o—n < LIS(ogY) € [a,b]) < 2
n’

By Markov inequality, and by taking a = xv\/n + 4xe/n and b = 2x+/n and ¢ = ¢n we obtain
that



18 A. GUIONNET AND M.S. KAMMOUN

P (LIS(0,) > xVn) = P(LIS(5;,) > x Vi)
> P(LIS(ogy € [a,b],(LIS(5,) ~ LIS(agy)) < 4xevn)
=TP((LIS(5,) — LIS(ogy)) < 4xeVn|LIS(ogy € [a,b], ) P(LIS(oyy € [a,b])

ch
1
> [1 _W]ILIS 1 IP(LIS( O'On €lab]) = 5 IP(LIS( O'On € [a, b))

which concludes the proof. O
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