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ABSTRACT. We present a new equivalent definition of wheeled operads, and a
related way to think of divergence of derivations of free operadic algebras, and
use our viewpoint to study stable homology of Lie algebras of derivations of free
O-algebras, for any augmented operad O. First, we relate stable homology of
the positive part of the Lie algebra of all derivations to the homology of wheeled
bar construction of O with its trivial wheeled operad structure. This generalizes
both the Loday-Quillen-Tsygan theorem on the homology of the Lie algebra
of infinite matrices and the Fuchs stability theorem for the homology of Lie
algebra of vector fields with tensor coefficients. Second, we prove a “nicer”
version of the latter stability theorem for the positive part of the Lie algebra of
all derivations with zero divergence, relating its homology to the homology of
the wheeled bar construction of the wheeled completion of the operad O.
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2 VLADIMIR DOTSENKO

1. INTRODUCTION

The goal of this paper is to prove an ultimate common generalization of the
following two results on homology of infinite-dimensional Lie algebras. The first
one is the well known result proved independently by Loday and Quillen [50] and
Tsygan [72], concerns the homology of the Lie algebra gl(A4) = lim gl,,(A) fora
unital associative algebra over Q: it asserts that this homology is isomorphic to
the free (super)commutative algebra on the shifted cyclic homology HCe_1(A);
there is also a similar result proved independently by Feigin and Tsygan [24] and
Hanlon [34] for non-unital algebras. The second result is the Fuchs stability the-
orem [26] that concerns the homology of the Lie algebra L;(n) of polynomial
vector fields on the n-dimensional affine space vanishing of order two at the ori-
gin. It asserts that, for the fixed homological degree k and internal degree d and
for all sufficiently large n, the d-homogeneous part of Hy(L1(n), C) vanishes for
k # d. In modern language, the Lie algebra L;(n) is stably Koszul.

While in classical terms the Lie algebra gl,,(A) is the Lie algebra of endomor-
phisms of the free A-module of rank n, and the Lie algebra L;(n) consists of
certain derivations of the polynomial algebra in n variables, a reader who is suffi-
ciently used to operads can make the connection between them much more pre-
cise. If we view the algebra A as an operad with only unary operations, the free
n-generated algebra over that operad is the free A-module of rank n, and endo-
morphisms of that module are precisely derivations of that free algebra; also, the
polynomial algebra is a free algebra for the operad Com of commutative asso-
ciative algebras, and the Lie algebra L;(n) consists of certain derivations of that
algebra. Thus, the right common context is that of derivations of free algebras
with the sufficiently large number of generators. In that direction, it is tempting
to suggest that a common generalization of the two theorems mentioned above is
given by the celebrated work of Kontsevich [44, 45], who even characterizes the
spirit of his argument as “somewhere in between Gelfand-Fuchs computations
and cyclic homology”. However, work of Kontsevich studies derivations that pre-
serve some version of symplectic structure; operadically, this suggests that the
underlying algebraic structure is controlled by a cyclic operad. Most of the subse-
quent work in this direction did indeed focus on the cyclic operad situation; as a
very non-exhaustive list of examples we refer the reader to Conant and Vogtmann
[14], Ginzburg [30], Hamilton and Lazarev [33], and Mahajan [55, 56]. In the fi-
nal stages of preparation of the paper, we became aware of the beautiful paper of
Kapranov [36], where a non-cyclic version of the result of Kontsevich is briefly
mentioned; since studying derivations of free operadic algebras was not the main
goal of that work, the result is stated without a proof, and is not correct as stated.
However, a remarkable contribution of Kapranov’s remark is the definition of an
object that one would now call the wheeled completion of an operad, several years
before wheeled operads and PROPs were formally introduced [57, 60], and a hint
that wheeled operads are related to stable homology of Lie algebras of derivations
(for the computation of Fuchs mentioned above, this observation was also made in
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[52]). Making this philosophy into a precise mathematical statement is the main
goal of this paper.

One of the main results that we prove concerns the Lie algebra Der(O(V')) of
all derivations of the free algebra O(V'). This Lie algebra contains a subalgebra
gl(V') of derivations sending every generator to a linear combination of gener-
ators; moreover, for an augmented operad O, the augmentation induces a Lie
algebra augmentation Der(O(V)) — gl(V'). The kernel of that augmentation is
denoted Der™ (O(V')). If one considers the full homology Ce(Der(O(V)), k), the
action of its Lie subalgebra gl(V") on the homology is trivial, which immediately
reduces the calculation of the homology to the Loday—Quillen-Tsygan theorem in
the case A = O(1), as remarked in [56]. By contrast, the Lie algebra Der™ (O(V))
has many “interesting” homology classes. To keep track of all of them, we shall
consider Hq (Der™(O(V)), k) with its natural gl(V')-module structure. The struc-
ture of that module is fully captured by the “matrix elements”

(Hy(Dert (O(V)), k) @ Hom(VEP, 1 ®9))slV)

for various values of p and ¢q. Thus, the following theorem essentially computes
He(Der™ (O(V)), k), albeit in an implicit way.

Theorem (Th. 4.1). Let O be an augmented operad, and V' a finite-dimensional
vector space. The space of matrix elements

(Ho(Dert (O(V)), k) @ Hom(VEP, V©9))slV)

stabilize as dim(V') — oo and, after stabilization, is isomorphic to the (p, q)th com-
ponent of the coPROP completion of the wheeled cooperad Ho(B©(QO)), where O is
viewed as a trivial wheeled operad (with all wheels equal to zero). This isomorphism
is natural with respect to operad morphisms.

This theorem is a common generalization of the Loday-Quillen-Tsygan the-
orem (as well as its non-unital version of Feigin-Tsygan and Hanlon) and the
Fuchs stability theorem mentioned above. We also prove Theorem 4.5, allowing
one, in the case where the species derivative 9(O) is free as a right O-module,
to compute H,(B®(0)) explicitly via a calculation of cyclic homology of twisted
associative algebras, and use it for several examples of computations.

The appearance of the trivial wheeled operad should catch an unprepared reader
by a surprise. In the paper of Kapranov [36] mentioned above, it is claimed that the
coPROP in question is obtained from the wheeled completion of the operadic bar
construction B(QO). The problem here is that, while the underlying graded vector
space is the same, the differential induced on it needs to be handled with care; in
particular, Kapranov’s conclusion that, for a Koszul operad O, the homology of
that coPROP is the wheeled completion of the Koszul dual cooperad O' is only
true for operads sufficiently similar to Com, and is not true for most “interesting”
operads (for instance, it is definitely not true for the operad Lie). In fact, if we con-
sider an associative algebra A as an operad concentrated in arity one, the theorem
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of Loday—Quillen-Tsygan shows that the commutator quotient A/[A, A] appears
in the result, and if one hopes for some statement with a flavour of Koszul duality,
one should at least find a way to remove that homotopically badly behaved piece.
In the framework of Loday—Quillen-Tsygan, this corresponds to replacing gl(A)
with sl(A), the Lie algebra of matrices whose trace vanishes in the commutator
quotient A/[A, A]. As we shall see, this gives us a very useful hint on how to
proceed.

We have already seen that wheeled operads are relevant in this context, and,
in the theory of wheeled operads, the wheeled completion O of an operad O
is relevant. What does the bar construction of that wheeled operad tell us about
derivations of free (J-algebras? It turns out to be possible to find a meaningful
answer to this question involving the notion of divergence of a derivation of the
free algebra. For polynomial algebras, derivations are polynomial vector fields,
so the notion of divergence one naturally encounters is recognizable from differ-
ential geometry, while for gl,,(A) it is natural to calculate the divergence as the
image of the trace in the commutator quotient. A general notion that is suggested
by these two particular cases was recently defined by Powell [64] for free algebras
over arbitrary operads; previously, it was known some years in the cases of free
Lie algebras (see, for example, Enomoto and Satoh [21] and Satoh [67]) and in the
case of free associative algebras (see, for example, Alekseev, Kawazumi, Kuno and
Naef [1]). Below, we give an alternative presentation of that definition which we
find much easier to digest and to use in our context.

Using the notion of divergence, we define more infinite-dimensional Lie alge-
bras that will be relevant for our second main result. The Lie algebra SDer” (O(V))
consists of all derivations of the free algebra O (V') with constant divergence, and
the Lie algebra SDer(O(V)) consists of all derivations of the free algebra O(V)
with zero divergence. As above, for an augmented operad O, the augmentation
induces a Lie algebra augmentation SDer(O(V')) — gl(V). The kernel of that
augmentation is denoted SDert (O (V)).

Theorem (Th. 4.10). Let O be an augmented operad, and V a finite-dimensional
vector space. The space of matrix elements

(H.(SDeI‘+((9(V)), k) ® Hom(V®?, V®q>)9[(V)

stabilizes as dim(V') — oo and, after stabilization, is isomorphic to the (p,q)th
component to the coPROP completion of the wheeled cooperad Hq(B®(O®)). This
isomorphism is natural with respect to operad morphisms.

The advantage of this result is in the fact that, unlike the cases of all traces equal
to zero, the wheeled completion O of a Koszul operad O does often (though not
always) happen to be Koszul as a wheeled operad. Our theorem implies that if
the wheeled operad O is Koszul, then the Lie algebra SDer™ (O(V)) is Koszul
in all weights less than % dim(V); this is reminiscent of a similar result for Torelli
Lie algebras proved independently by Felder, Naef and Willwacher [22] and by
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Kupers and Randal-Williams [47]. It follows from the results of Powell [64] that
the stable homology of SDer™ (O(V)) in degree one is concentrated in weight
one for any binary operad O. It seems that the idea of [64] to use functors on
the category S(R) of split monomorphisms between finite rank free R-modules
may be useful in our context: for instance, the integer parameter £ in the notion
of k-torsion in that category corresponds to the precise number of extra variables
one needs to adjoin for various isomorphisms to hold. This will be addressed else-
where.

Let us remark that our results can be converted into homological stability the-
orems for the homology of the Lie algebra Der(O(V)) and SDer”(O(V)) with
coefficients in Hom(V®P, V®7), where both algebras act via the augmentation
map to gl(V"). This parallels calculations of

H*(Aut(F,), HomQ(H(n)®p, H(n)®),

where H(n) = Hy(F,,Q) is the standard representation of Aut(F},); here ho-
mological stability is a consequence of general results of Randal-Williams and
Wahl [66] and Randal-Williams [65]. A formula for that stable cohomology was
conjectured by Djament [18] and recently proved by Lindell [48]. In fact, in work
of Kawazumi and Vespa [38] the conjecture of Djament was already reformulated
in the language of wheeled operads: it asserts that if we consider the stable co-
homology for all possible values of p, g, the cohomology groups assemble into a
wheeled PROP completion of the operadic suspension of the operad of commuta-
tive associative algebras. It would be interesting to determine a precise relation-
ship between that result and our work; note that according to a theorem proved
by Granaker [31], the wheeled operad completion of the operadic suspension of
the operad of commutative associative algebras is the homology of the wheeled
bar construction of the wheeled operad of unimodular Lie algebras. (Note that
the fact that we work over a field ensures that the notion of a derivation is avail-
able at all, contrary, for example, to the cartesian context of Lawvere theories,
where some recent significant breakthroughs have been made in studying stable
(co)homology of automorphism groups as well as in computing the K -groups, see
e.g. the work of Szymik and Wahl [71] and Bohmann and Szymik [12] for some
compelling examples.)

Let us mention that the notion of divergence of a derivation of a free algebra
has been implicit in the literature on automorphisms of free algebras for several
decades. This goes back to the remarkable work of Bryant and Drensky [13], see
also [6, 62]. The central notion motivating that work is that of a tame automor-
phism. Recall that an automorphism of a free algebra O(z1, . .., x,,) is called tame
if it is obtained by compositions of automorphisms from G L,,(K) and obvious “tri-
angular” automorphisms that send one of the generators x; to an element of the
subalgebra generated by x1,...,2;—1,%i+1,...,%, and fixes all those other genera-
tors. Already in the case of free commutative associative algebras and free associa-
tive algebras non-tame automorphisms exist [70, 73], which is one of the factors
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which make studying automorphisms of free algebras hard. However, for com-
mutative associative algebras, it was proved independently by Shafarevich [69]
and Anick [2] that non-tame automorphisms can be topologically approximated
by tame ones; in fact, Shafarevich deduces that from the fact that the Lie algebra
of the group of all automorphisms consists of all derivations of constant diver-
gence. For some operads, it is possible to show that all tangent derivations of
automorphisms must have constant divergence, which identifies the class of sit-
uations where an analogue of Anick-Shafarevich theorem may hold.

A somewhat more conceptual relationship of our work to understanding the
structure of automorphism groups of of free algebras is as follows. Homology
of the Lie algebra gl(A) should be thought of as the “additive K -theory” of the
algebra A, an approximation to the actual K-theory of A, which, over Q, can be
identified with the primitive elements for the canonical Hopf algebra structure on
the homology of the group GL(A) = lim GL,(A). Similarly, it is not unreason-
able to expect that our results contain information about the additive K-theory
of the operad O, which approximates the actual K-theory of O, the primitive
elements for the canonical Hopf algebra structure on the homology of the direct
limit of Aut(O(V)) as dim(V') goes to infinity. Though these K-groups can be
described in the general context of algebraic K -theory [7], automorphism groups
of free algebras are considerably more complicated than general linear groups, so
this kind of K-theory does not seem to have been studied much. As one notable
exception, one should mention the work of Connell concerning the K-theory of
projective commutative associative algebras [15, 16, 17] which is as exciting as
it is demoralizing, for one quickly realises that studying this subject instantly
brings one to notoriously difficult open questions, such as the Zariski Cancella-
tion Problem [68] and the Jacobian Conjecture [75]. If one considers only the
group Ky, there are more results available for various operads O, for instance, in
the work of Artamonov [5] on metabelian Lie algebras, as well as Artamonov [4]
and Pirashvili [63] on nilpotent algebras in general. One possible way to build
a connection between our work and the operadic K-theory computed via the
automorphism groups would go along the lines of the beautiful theorem of Hen-
nion [35] asserting that the cyclic homology of an algebra is the tangent version
of its K -theory in a very precise sense. It is also very natural to attempt a gen-
eralization of remarkable recent results on derived representation schemes and
cyclic homology [8, 9, 10], where one can speculate that such a generalization
would replace the derived representation scheme of representations of an algebra
A on a vector space W by the derived moduli stack of O-algebra structures on W.

2. RECOLLECTIONS

In this section, we recall some standard background information on twisted
associative algebras, operads, and operadic algebras, as well as universal mul-
tiplicative envelopes and Kahler differentials of operadic algebras; the reader is
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invited to consult the monograph of Loday and Vallette [51] for more details on
operads and operadic algebras, and the monograph of Fresse [25] for more de-
tails on modules over operads, and a functorial view of universal multiplicative
envelopes and Kahler differentials.

2.1. Conventions. All vector spaces in this paper are defined over a field k of
characteristic zero. For a finite set / and a family of vector spaces {V; }icr, the
unordered tensor product of these vector spaces is defined by

X Vi:= D Vi ®- 0V,

el (i1,.--,in) a total order on I Aut(D)

All chain complexes are graded homologically, with the differential of degree —1.
To handle suspensions of chain complexes, we introduce a formal symbol s of
degree 1, and define, for a graded vector space V/, its suspension sV as ks ® V.

2.2. Twisted associative algebras and operads. A linear speciesis a contravari-
ant functor from the groupoid Fin of finite sets (the category whose objects are
finite sets and whose morphisms are bijections) to the category of vector spaces.
Sometimes, a “skeletal definition” is preferable: the category of linear species is
equivalent to the category of symmetric sequences {S(n) },>0, where each S(n)
is a right S;,-module, a morphism between the sequences S; and S; in this cat-
egory is a sequence of S,-equivariant maps f,,: S1(n) — Sa(n). While this
definition may seem more appealing, the functorial definition simplifies many
definitions and proofs in a way that totally justifies the level of abstraction.
The derivative O(S) of a species S is defined by the formula

A(S)(I) =S U{*}).
The Cauchy product of two linear species S and Sy is defined by the formula
(S1©8)(I) = @ Sillr) @ Sa(ly).
I=I11>

Equipped with this product, the category of linear species becomes a symmetric
monoidal category, with the monoidal unit being the species 1 supported at the
empty set with the value 1(@) = k. A twisted associative algebra is a monoid in
that monoidal category.

The composition product of two linear species S; and S is compactly expressed
via the Cauchy product as

S108 =P Si({1,...,n}) ®s, S5,
n>0

that is, if one unwraps the definitions,

(S108S)) =P Si(1,....nHeks, | P Sl) @ @8(I,)

n>0 I=hLu---ul,
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Equipped with this product, the category of linear species becomes a (very non-
symmetric) monoidal category, with the monoidal unit being the species 1 which
vanishes on a finite set / unless |I| = 1, and whose value on I = {a} is given
by the one-dimensional vector space Ka. A (symmetric) operad is a monoid in
that monoidal category, that is a triple (O,~,7), where v: O 0 O — O is the
product and 7: 1 — O is the unit, which satisfy the usual axioms of a monoid
in a monoidal category [54]. This defines algebraic (that is, K-linear) operads, an
object first introduced in the paper of Artamonov [3] under the slightly obscure
name “clones of multilinear operations”, shortly before the appearance of the term
“operad” in its topological glory [39, 59]. The prototypical example of an operad
is given by the endomorphism operad Endy of a vector space V. It is given by
Endy (I) = Homg(V®! V), with the composition given by the usual composi-
tion of multilinear maps. In general, an operad corresponds to a K-linear algebraic
structure: for a class C of k-linear algebras, one can define an operad O¢ where
Oc(I) consists of all multilinear operations with inputs indexed by I that one can
define in terms of the structure operations of C.

Unless otherwise specified, all operads O we consider will be reduced (that is,
O(2) = 0) and augmented (that is, equipped with a map of operads e: O — 1
which is the left inverse to the monoid unit 7); we shall denote by O the aug-
mentation ideal of O (the kernel of the augmentation). The reader may decide
to only think of operads generated by finitely many binary operations, though
our results hold in more general situations; in particular, allowing oneself unary
operations is useful to recover the Loday—Quillen-Tsygan theorem mentioned in
the introduction.

Thinking of twisted associative algebras and of operads as of monoids auto-
matically leads to definitions of (left, right, and two-sided) modules using the cor-
responding monoidal structure. One can also use operadic module to re-define
twisted associative algebras: a twisted associative algebra is the same as a left
module over the operad of associative algebras. Moreover, one can check that the
Cauchy product makes the category of right modules over an operad O into a
symmetric monoidal category.

It is also possible to encode operads using the partial (or infinitesimal) compo-
sitions

0p: D(O)I) ® O(J) — O(IT U J)

satisfying the “consecutive” and the “parallel” axioms [51]. Functorially, the con-
secutive axiom is given by the commutative diagram

A(0) (1) © 8(0)(J) © O(K) —1&> O (I)® O(JUK)

Oy ®ldl \L Ox

AO)I U J)® O(K)
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and the parallel axiom is given by the commutative diagram

(04, ®id)(id ®0)

P*(O)I)® O(J) ® O(K) I(O)IUK)®O(J)

Oxq ®idl lo*l

00)IUJ)® O(K) O(IUJUK)

0*2

where o is the symmetry isomorphism O(J) @ O(K) = O(K) ® O(J). Exam-
ining these diagrams immediately imples that if O is an operad, the derivative
species J(O) has two structures: it is a right O-module (via substitutions into
inputs other than the special input x) and a twisted associative algebra (via sub-
stitutions o, ). These two structures commute: in fact, 9(O) is a twisted associative
algebra in the symmetric monoidal category of right O-modules.

It is also important that we can view operads as algebras over a monad. Let us
recall that viewpoint which will be useful for us when we generalize to wheeled
operads later. We start by defining an endofunctor 7 of the category of species
by the following formula :

TF) = P @ F(in(v)),
T arooted tree, vE€Vertices(T)
Leaves(7)=1I
so in plain words, we decorate each internal vertex v of 7 with a label from F,
taking the component of F indexed by the set of incoming edges of v. For exam-

ple,

is a typical rooted tree with the set of leaves {1,2, ..., 6}, and the summand cor-
responding to that treeis F({1,6}) @ F ({3,4}) @ F ({2, 5, *1, %2 } ), where x; and
*9 correspond to the points of grafting of the two subtrees. It is easy to see that T
is in fact a monad: the natural transformation 77 — 7 comes from the fact that
arooted tree with tiny rooted trees inserted in its internal vertices can be viewed
as a rooted tree if we forget this nested structure of insertions, and the natural
transformation 1 — 7 comes from considering rooted trees with one internal
vertex (“corollas”). We call this monad the monad of rooted trees. An operad is an
algebra over T, that is a species O equipped with a structure map 7 (0) — O. If
we keep the intuition of multilinear operations, the three viewpoints we discussed
are as follows: the monoid viewpoint corresponds to composing operations along
two-level rooted trees, the partial composition viewpoint corresponds to com-
posing operations along rooted trees with two internal vertices, and the monad
viewpoint corresponds to composing operations along arbitrary rooted trees.
Given an operad O, its bar construction B(Q) is the chain complex structure
on the rooted trees endofunctor 7 (sO) with the differential obtained as a sum of
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all ways of collapsing edges of the tree and using the operad structure maps on
the labels of the vertices that are identified by such collapses. Moreover, one can
talk about cooperads by reversing all arrows in the respective definitions; in that
language, the bar construction of an operad O is the cofree conilpotent cooperad
on 5O equipped with the unique coderivation extending the maps induced by the
structure maps of the operad O.

2.3. Free algebras, universal enveloping algebras, and Kéihler differentials.
To a vector space V/, one can associate the species that we shall define by the same
letter: V'(I) vanishes unless I = @, and V(@) = V. If § is another species, we
have
SoV :=S{1,...,n}) @s, VE".
n>0

Classically, the right hand side of this formula is called the Schur functor associ-
ated to S and is denoted S(V').

The main reason to study operads is because of their algebras. For an operad O,
an algebra over O is a vector space A together with a structure of a left O-module
on the species A. This way we obtain a class of k-linear algebras C, and our
operad can be reconstructed as Oc. One can also check that a structure of an
(-algebra on A is the same as a morphism of operads O — End 4; in this sense,
(O-algebras are representations of O. In this paper, we shall only consider free
operadic algebras; the free O-algebra over O generated by a vector space V' is
the vector space O(V'), with the left module on the species O(V') coming from
the fact that it is exactly the free left module generated by the species V.

Let A be a O-algebra. Informally, the universal multiplicative enveloping alge-
bra Up(A) encodes all “actions of elements of A on a general (bi)module”. For-
mally, we define it via a relative composite product construction [25]:

Uo(A) = 9(0) op A.

Here we used the right O-module structure, so the commuting structure of an
associative algebra survives, and thus Up(A) is indeed an associative algebra.
For the universal multiplicative enveloping algebra of a free (J-algebra, we have

Uo(O(V)) = 0(0) 0o O(V) = 9(0)(V).

Example 2.1. Let Ass denote the operad of associative algebras, and uAss denote
the operad of unital associative algebras (a rare example of a non-reduced operad
that emerges). The species O(Ass) is naturally identified with the Cauchy product
uAss ® uAss. Indeed, if we have an element a;, - - - a;, € Ass(I U {x}), then the
position of a, in this product splits it into two possibly empty parts which is
precisely the Cauchy product decomposition. The first factor corresponds to left
multiplication, and the second factor to the right ones. In particular, if we consider
the free non-unital associtive algebra 7'(V), its universal multiplicative envelope
is isomorphic to T'(V) @ T'(V).

Generalizing the classical definition for commutative algebras, one may define
the Up(A)-module of Kéhler differentials 2} for any given operad O and any
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given O-algebra A [25, Sec. 4.4]. The intrinsic definition states that Q{,(A) is the
Uo(A)-module that represents the functor of derivations Der(A, F) with values
in a Up(A)-module E. Explicitly this module is spanned by formal expressions
play,...,da,...,an), where p € O(m), and aq,...,a, € A, modulo the rela-
tions

p(a17 cee 7(](%’)- . '7ai+n—1)7 s 7daj7 s aam—i-n—l) =
(p O q)(alu sy Gy ety Qg —1y - - - 7daj7 s 7am+n—1)7
p<a17 s 7dq<ai7 s 7ai+n—1)7 c -yam—i-n—l) =
i+n—1
(p O q)(ala sy @y 7daj7 sy Qipn—15- - 7am+n—1)'
Jj=t

We have the “universal derivation”
d: A— Qb(A)

sending a € A toid(da).
It is easy to see that for a free algebra O(V'), we have a left Up(O(V'))-module
isomorphism

QH(O(V)) = Up(O(V)) @V = 9(O)(V) @ V.

Since every derivation of a free algebra is defined on generators, the universal
derivation of the free algebra can be regarded as a map

V= a0) (V)& V.

Example 2.2. We continue considering the operad Ass of associative algebras.
The module Q4 _(T(V)) is isomorphic to T(V) @ T(V) @ V. Let us give an
illustration of how that isomorphism is implemented. Let V' = Vect(z,y), and
consider zyx € T(V)). We have

d(zyx) = d(x)yx + zd(y)z + zyd(z) =
Tyad(2) + r2led(y) + loyd(x) = (loy + Tye)d(z) + r2ld(y).
Here [, denotesa® 1 € T(V) ® T(V), and 1, denotes 1 ® a € T(V) @ T'(V).

2.4. PROPs. We shall also use PROPs, which are generalizations of operads with
several inputs and several outputs, so that one should think of bi-species: functors
from Fin°? x Fin to the category of vector spaces. However, the definition can be
given more quickly: a PROP is a k-linear symmetric monoidal category P whose
objects are natural numbers, and the monoidal structure is addition. Then the
symmetry isomorphisms actonn = 1+1+-- -+ 1, and the hom-spaces P(m, n)
naturally have a left action of .S,, and a commuting right action of S,,, which is
essentially the same as a bi-species. Moreover, there are “vertical” compositions
P(m,n)® P(k,m) — P(k,n) that are just compositions in P and “horizontal”
compositions P(m,n) ® P(m/,n') — P(m + m’,n + n’) corresponding to the
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juxtaposition of morphisms. These are associative and satisfy the “interchange
law” between them.

To each operad O, one can associate a PROP P(0) whose components are
given by the formula

(P(O))(m,n) == (5"(0))(m),

where S™(Q) is the n-th symmetric power of the species O with respect to the
Cauchy product, the vertical composition comes from the composition in O, and
the horizontal composition is the product in the symmetric algebra S(QO). This
PROP is often referred to as the PROP completion of the operad O.

2.5. Cyclic homology. Let us briefly recall how the cyclic homology of an as-
sociative algebra is defined; we refer the reader to the monographs of Loday [49]
and Feigin and Tsygan [24] for details.

Given an associative algebra A, one can consider a chain complex structure on
the (non-counital) cofree conilpotent coalgebra T°(sA) where the differential d is
the unique coderivation extending the map T°(sA) — sA ® sA — sA obtained
as the composition of the obvious projection with the product in A. That chain
complex is often referred to as the bar construction of A; we however choose to
keep the notation of [51] and define the bar construction for augmented algebras,
applying the above recipe to the augmentation ideal. The coalgebra T (sA) also
happens to be an algebra with respect to the concatenation product, and we may
consider its commutator quotient

T(sA)/[T"(sA), T (sA)],

where the commutator takes into account the signs arising from suspensions; it
is nothing but the space of cyclic words Cyc(sA).

The differential d induces as differential on Cyc(sA), and one of the equivalent
definitions the cyclic homology is defined via the degree one shift of that complex:

HC4(A) := Hy(s ! Cyc(sA)).

In particular, HCy(A) = A/[A, A], and another definition of cyclic homology
interprets it as higher nonabelian derived functors of the commutator quotient
A/[A, A]: concretely, if Rq = (R, dR) ~ A is a quasi-free resolution of A, that is
a differential graded associative algebra whose underlying associative algebra R
is free and whose homology is isomorphic to A, then

HC\(A) = Ho(Ro/[Ra, R]).

One of our results, Theorem 4.5 below, uses cyclic homology of twisted associative
algebras; over a field of characteristic zero, all the results about cyclic homology
of associative algebras extent mutatis mutandis to twisted associative algebras, if
one replaces the tensor product of vector spaces by the Cauchy product. Alter-
natively, for a twisted associative algebra 4 and any vector space V, the vector
space A(V') has a canonical structure of an associative algebra induced by the
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twisted associative algebra structure of A, and one can view cyclic homology cal-
culations for A as cyclic homology calculations for all A(V') at the same time,
keeping the answer functorial in V.

3. DERIVATIONS, DIVERGENCE, WHEELED OPERADS

In this section, we discuss derivations of free operadic algebras, their diver-
gence, and wheeled operads. While formally no material of this section is new (an
equivalent definition of divergence is due to Powell [64], and an equivalent defi-
nition of a wheeled operad is given in the foundational paper of Markl, Merkulov,
and Shadrin [57]), our viewpoints on divergence and on wheeled operads are new,
and we believe that these viewpoints fill a notable gap in the existing literature,
clarifying these objects in a significant way.

3.1. Derivations of free algebras. For every operadic algebra, one has a well
defined classical notion of a derivation. The set of derivations of A, denoted
Der(A), has an obvious structure of a vector space, and moreover of a Lie algebra
with respect to the Lie bracket [D, D'] = Do D' — D" o D.

A derivation of a free algebra is completely determined by images of generators,
so we have a canonical vector space isomorphism

Der(O(V)) = Hom(V,O(V)).

and we shall denote by ¢p the element of Hom(V, O(V)) corresponding to D.
This isomorphism allows us to see that for free algebras, the Lie bracket of deriva-
tions arises from a pre-Lie algebra structure on Der(O(V')): we can define, for
two derivations D, D', the pre-Lie product D < D’ to be given by

D < D'(v) = D(ip(v)),

The Lie algebra Der(O(V')) has an obvious non-negative grading: a derivation
has weight w if it sends each generator v € V into a combination of elements
obtained by applying elements of O(w + 1) to elements of V. The Lie algebra
Der(O(V)) has a Lie subalgebra gl(V') consisting of derivations for which the
image of every element of V' is in V. For an augmented operad, one can use the
augmentation to define a surjective Lie algebra morphism Der(O(V)) — gl(V);
we shall denote its kernel Der™ (O(V)). If our operad is connected (all unary
operations are proportional to the identity), Der™ (O(V)) consists of derivations
of positive weight, but in general it also contains some elements of weight zero.

3.2. Divergence of derivations. We shall now introduce the notion of diver-
gence of a derivation of O (V). This is equivalent to the definition recently given
by Powell [64]. Though in [64, Appendix B] a viewpoint using universal multi-
plicative enveloping algebras is indicated, it is not the approach that is pursued
in that paper; we believe that our viewpoint has the advantage of hinting at the
role of wheeled operads in this context.

Let D be a derivation of O(V). The divergence of the derivation D, denoted by
div(D), is defined as follows. We compose the map 1p € Hom(V, O(V)) with
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the universal derivation, obtaining a map

dowp: V—=00)(V)V,
which we identify, using the hom-tensor adjunction and symmetry isomorphisms
of tensor products, with an element j(dovp) of V@V ® 9(O)(V). This latter is
an associative algebra A = Hom(V, V) ®0(O)(V'), and we can take the universal
trace on it, which is the canonical projection to commutator quotient A/[A, A]. It

is well known that the commutator quotient of a tensor product of two associative
algebras is the tensor product of commutator quotients, so the universal trace on

Hom(V, V) ® 0(O)(V) takes values in

Hom(V, V)/[Hom(V, V), Hom(V, V)] ® 9(O)(V)/[0(O)(V), 0(O)(V)] =
k® 9(0)(V)/[0(0)(V),0(0)(V)] = 0(0)(V)/[(O)(V), 0(0)(V)].
The divergence of a derivation D € Der(O(V)), denoted div(D), is the element of
the commutator quotient of 9(O)(V) given by the universal trace of the element
J(do1p) € Hom(V, V) ® 9(O)(V).
Let us consider a simple yet useful example.

Example 3.1. Let A be an augmented associative algebra, and consider it as an
operad O that only has operations in arity one given by A. The free O-algebra
O(V) generated by a vector space V' of dimension n is just the free left module
A ® V, and a derivation of O(V) is just an A-module endomorphism. Thus, the
Lie algebra Der(O(V)) is the Lie algebra gl,,(A°?) = gl (A). Moreover, the
universal multiplicative enveloping algebra of O(V) is the algebra A itself, and
the divergence is given by the composition gl,,(A) - A — A/[A, A], where the
first map computes the trace of the matrix, and the second map is the canonical
projection onto the commutator quotient.

Let us give another example that is a bit more concrete.

Example 3.2. We continue considering the operad Ass of associative algebras.
Let V = Vect(z,y), and consider the derivation D € Der(Ass(V')) that sends
the generator x to [z, y]? and the generator y to zero. (It is the tangent derivation
of the Bergman automorphism of the free algebra generated by two generic 2 x 2-
matrices [11].) We have [z, y]? = zyzy — zyyr — yroy + yry, so
d([z,y]?) = d(z)yzy + zd(y)zy + zyd(z)y + zyzd(y)—
d(z)yyz — zd(y)yx — zyd(y)z — zyyd(z)—
d(y)zay — yd(x)zy — yad(x)y — yrad(y)+
d(y)zyz + yd(x)yz + yrd(y)z + yryd(z),
and computing the trace in this case means looking at the coefficient of d(x) only,
getting
Tyay + LoyTy = Tyye = loyy = lyTay — lyaTy + lyrys + lyay

which simplifies as

Tlyay] + l[z,y]Ty - l[my,y] - lyr[a:,y} = [rya, Tyl + ey, ly] = [lays by] — [r2ly, 7]
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and so vanishes in the commutator quotient of the universal enveloping algebra.
Thus, div(D) = 0.

A fundamental property of divergence is the following cocycle equation.

Proposition 3.3. Divergence is a 1-cocycle of Der(O(V')) with values in the com-
mutator quotient of 0(O)(V'). Concretely, for two derivations D, D' of O(V'), we
have

div([D, D']) = D.(div(D")) — D.(div(D)).
Here D, is the endomorphism of 0(QO)(V') arising from the unique derivation of
0(0)(V) =2 Up(O(V)) induced by D.

Proof. Our definitions immediately imply

J(dewpapr) = Du(3(doepr)) + g(d orpr)s(dop),
implying that

J(dop.p) =3(doipep—pap) =
D.(y(doepr)) = Di(s(d o up)) + [s(d o 2pr), s(d o 2p)],
so in the commutator quotient we have
div([D, D']) = D.(div(D")) — D.(div(D)),
as required. (]

As an immediate consequence, all derivations with constant divergence (that
is, proportional to the coset of the unit element in the commutator quotient) form
a Lie subalgebra of the Lie algebra Der(O(V)), and all derivations with zero di-
vergence form an ideal of codimension one of that latter subalgebra. We shall
denote the former subalgebra SDer”(O(V')), and the latter one SDer(O(V)).
For an augmented operad, the augmentation of O induces surjective Lie algebra
morphisms SDer”(O(V)) — gl(V') and SDer(O(V)) — sl(V) with the same
kernel which we shall denote SDer™ (O(V)).

3.3. Wheeled operads. The notion of a wheeled operad introduced in [57] is
designed to encode P-algebras for which, together with structure operations, we
also keep track of “universal traces” of elements of the universal multiplicative
envelope. In [57], the notion of a wheeled operad is obtained as a specialization
of the notion of a wheeled properad, which results in some definitions being less
straightforward than they could be. In this section, we present these definitions
in the way which will be more useful for our purposes. (We also choose a different
convention for gradings in the bar construction to make everything agree with
the conventions of [51] in the operadic case.)

We shall now consider two-coloured linear species, that of contravariant func-
tors F from Fin to the category of vector spaces decomposed into a direct sum
of two subspaces. It will be convenient for us to think of the value F(I) as
Fi(I) & Fo(I), the subspaces of “operations” with one output and no outputs,
respectively. A wheeled operad is a two-coloured linear species O @ W, where:
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- O is an operad,
- W is aright O-module,

- 0(0) is given a trace map
tr: 0(0) = W,

which is a morphism of right O-modules and vanishes on the commuta-
tors in the twisted associative algebra 9(O).

A morphism of wheeled operads is a map of two-coloured linear species that
agrees with all the three structures.

Just as the prototypical example of an operad is given by the endomorphism
operad, one may consider the wheeled endomorphism operad Endg of a finite-
dimensional vector space V. It is given by

Homy (V®!, V) @ Homy ((V¥)“1 k),

where Cf is the cyclic group acting on the tensor product, where the operad and
the right module structures are obvious, and where the map

tr: Hom(VEUHHD V) — Hom((V®)“1 k)
is obtained as the composite
Hom (VEUYHD V)Y — Hom(V®! k) — Hom((V®)C1 k)

of the contraction of a multilinear map with respect to the position x and the
restriction to invariants of the cyclic group.

Let us also give a monadic definition of wheeled operads. Recall that we have
an endofunctor of the category of species given by the monad of rooted trees. Ex-
istence of the root gives each edge of the rooted tree a canonical direction towards
the root. Let us consider a slightly more general class of (isomorphism classes of)
graphs with directed edges by only postulating that each internal vertex has at
most one output edge, and not imposing any other restrictions.

Lemma 3.4 ([26, Lemma 1.4]). If such a graph I is connected, it has at most one
outgoing edge.

Proof. If there are at least two outgoing edges, we may consider a (non-directed)
path connecting them in I'; one of the vertices of the path will have two outgoing
edges, which is a contradiction. ]

More precisely, there are three possible types of connected graphs that we al-
low: trees with one output edge, sinks (trees without output edges), and wheels
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without output edges, as in the following picture:

3 4
1243 5 15
W e
6 8

Using our three kinds of graphs, we define an endofunctor 7 of the category
of two-coloured linear species by setting 7 (F)1(I) = T (F1)(I) and

TO(Fo) ==
D X Fouww (@) e D & Fulin()).
Tasink, wv€&Vertices(7) T awheel, v€&Vertices(7)
Leaves(1)=I Leaves(7)=I

This endofunctor can be given a monad structure that is completely analogous to
the rooted tree monad, via insertions of graphs into graphs for the monad product,
and via considering one-vertex trees for the monad unit. We call this monad the
monad of rooted trees and wheels. A wheeled operad is an algebra over that monad.
The trace map corresponds to creating a wheel out of a tree (gluing the output edge
to one of the input egdes), and vanishing on the commutators corresponds to the
fact that the following two wheel graphs are the same:

J1 i1 %2

11 2 13 J1

To each operad O, one can associate canonically two different wheeled oper-
ads. The first option is to consider O as a trivial wheeled operad O &0 postulating
that all traces are equal to zero. The second option is to consider the wheeled com-
pletion

0= 0@ 9(0)/[0(0),0(0)]
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of an operad O, where the trace map 9(0) — 9(0)/[0(0O), 9(O)] is the canon-
ical projection. This notion was first introduced (some years before introducing
wheeled operads) by Kapranov in [36, Sec. 3.3], where he interpreted what we
identify as 0(0)/[0(0O), 9(O)] as the “module of natural forms” on O-algebras.
If we consider the category of wheeled operads U with the given operad O as
U, the wheeled operads O and O° are, respectively, the terminal and the initial
objects of that category.

Given a wheeled operad U = O & W, its bar construction B” (/) is the chain
complex structure on the trees and wheels endofunctor 7°(sO @ W) with the
differential obtained as a sum of all ways of collapsing edges of a graph and using
the wheeled operad structure maps on the labels of the vertices that are identified
by such collapses. Explicitly, one can describe that chain complex using various
operadic constructions as follows:

B (U) =B(O) & (B(W,0) & 9(B(0))/[0(B(0)), d(B(O)))) -

Moreover, one can talk about wheeled cooperads by reversing all arrows in the
respective definitions; in that language, the bar construction of a wheeled operad
U = O @ W is the cofree conilpotent wheeled cooperad on sO @ W equipped
with the unique coderivation extending the maps induced by the structure maps
of the wheeled operad U.

As an illustration, let us discuss these notions in one very particular case which
will be very informative for understanding the main results of this paper.

Example 3.5. Let A be an augmented associative algebra with the augmentation
ideal I, and consider it as an operad that only has operations in arity one given
by A. Then the zero completion of A is just the algebra A itself, and the bar
construction BY(A) is B(A) @ Cyc(sI). The differential of the bar construction is
induced by the differential of the usual bar construction of A on both terms, and
Cyc(sI) computes (up to a degree shift by one) the cyclic homology of I, so its
homology is He(B(A)) ® HCe_1(I). (Note that we use the convention of [51]
for which the bar construction of an augmented algebra A is the cofree coalgebra
on its augmentation ideal I.)

Similarly to the PROP completion of an operad, to each wheeled operad U/ one
can associate a PROP P (U/) whose components are given by

(PU))(m,n) := (S"(U))(m),

where the vertical composition comes from the composition in ¢/; and the right
U1-module structure on U, and the horizontal composition is the product in the
symmetric algebra S(U{). This PROP is also referred to as the PROP completion
of the wheeled operad U.

4. STABLE HOMOLOGY AND BAR CONSTRUCTIONS OF WHEELED OPERADS

In this section, we shall prove the two theorems about stable homology of
Lie algebras that we announced in the introduction. The computation is quite
straightforward: the main tool is the use of invariant theory of gl(1") in the spirit
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of the classical Gelfand-Fuchs calculations [29] which inspired a great number of
calculations of homology of infinite-dimensional Lie algebras, see, for example,

the papers [24, 28, 32, 40, 41, 44].

The main tool for computing gl(V')-invariants is provided by the First Funda-
mental Theorem for gl(V') that asserts that the subspace of gl(V')-invariants in
V& @ (V*)®$ is nonzero only for 7 = s, and in that case, if we use the canonical
identification of that space with its linear dual, is spanned by invariants of the
form

forv1 @ ®@v Q8§ @& = &1(ve)) & (Vo)) T €S

Moreover, the Second Fundamental Theorem for gl(1") asserts that those invari-
ants are linearly independent as long as dim(V’) > r. Proofs of both of these
theorems are contained in [74], and are at the core of the Schur-Weyl duality
between representations of symmetric groups and general linear groups. For an
exposition of these results that is very close in spirit to the present work, the
reader is also invited to consult [58]. Besides the direct use of the two fundamen-
tal theorem, it will also important for us that they give meaning to the object that
we study below: for a representation M of gl(V') that is contained in sums of
tensor products of V' and V'*, one can completely determine the structure of M
from the spaces of “matrix elements” (M ® (V*)®P @ V®4)8'(V) for various p, g.

4.1. Stable homology for the Lie algebra of all derivations. The first of the
two theorems we would like to prove is the following one.

Theorem 4.1. Let O be an augmented operad, and V' a finite-dimensional vector
space. The space of matrix elements

(Ho(Dert (O(V)), k) @ Hom(V®, 1 ®1))slV)

stabilize as dim(V') — oo and, after stabilization, is isomorphic to the (p, q)th
component of the coPROP completion of the wheeled cooperad Ho(B“(QO)). This
isomorphism is natural with respect to operad morphisms.

Proof. Since
Der(O(V)) = @ Hom(V, O(k) ®ks, V) = P V* ® O(k) ®ks, VEF,
E>1 E>1

we have

Cy(Dert (O(V)), K) ® Hom(VEP, V®7) =

k
@ ® SPi(SV* ® O(nl) ®k5ni V@m) ® (V*)®p RV,
k>2, =1
N1 yeeey T 22
P15 5Pk 20
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Moreover, the part
k
® SPi(sV* @ O(ny) ®kes, Veni) g (V8P @ V&4
i=1
is, as a gl(V')-module, a submodule of several copies of VEN @ V*@M where
k k

N:Znipi—kq, M:Zpi‘"p
i=1 i=1

Taking gl(V')-invariants and computing homology commute, and we shall make
full use of that, describing the chain complex of matrix elements

(Co(Dert (O(V)), k) ® Hom(V®P, V®1))alV)

for dim (V) sufficiently large, and then computing its homology.
The following is a direct generalization of the argument of Fuchs [26]. It is
advantageous to view

k
P R sV @0m) @s,, V) @ (V)P @ Ve,

E>2,  i=1
Ny Np>2
P1y-PE >0

that is our chain complex before taking invariants, as the vector space spanned
by all linear combinations of sets of “LEGO pieces” of the following three types:

(1) a “corolla”, that is a vertex v with one incoming half-edge and n, > 2
outgoing half-edges, where v carries a label from O(out(v)), the incom-
ing half-edge is labelled by an element £ € V*, and each outgoing half-
edge e is labelled by an element v, € V (here we implicitly impose an
equivalence relation saying that if we we simultaneously act on « and on
labels of outgoing half-edges by the same permutation, the corolla does
not change);

(2) a“source”, that is a vertex v with one outgoing half-edge and no incoming
half-edges, where v uniquely corresponds to an element of {1, ..., ¢}, and
the outgoing half-edge is labelled by an element u € V;

(3) a “sink”, that is a vertex v with one incoming half-edge and no outgoing
half-edges, where v uniquely corresponds to an element of {1, ..., p}, and
the incoming half-edge is labelled by an element £ € V*.

Corollas with n,, outgoing half-edges correspond to elements of sV*®O(n,)®ks,,,
V@ of homological degree 1, and so reordering them creates a sign; the sources
and the sinks appear in the natural order of their vertex labels, reproducing the
vector space (V*)®P @ V&4,

For the given M, N our chain complex is bigraded:

(C) (Der™ (O(V)), k) © Hom(VEP, 99))s(V)

consists of elements of weight w (computed out of the weight on the Lie algebra
Der™(O(V))) and of homological degree d. In the notation above, we have w =
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Zle(ni —1)p;and d = Zle Pi, so in particular w 4+ d = Zle n;p;. Thus, our
above formulas only depend on the bigrading and can be written as

N=w+d+q, M=d+np.

From the First and the Second Fundamental Theorems for gl(V), it follows that
to have non-zero invariants at all we must have N = M, and that for the “stable
range” dim(V') > M = d + p the gl(V)-invariants in this module are isomor-
phic to a vector space with a basis of (equivalence classes of) graphs obtained
by assembling the LEGO pieces together, that is directed decorated graphs I" ob-
tained by matching all the incoming half-edges with all the outgoing half-edges.
Specifically, we obtain that each vertex v of I is one of the following three types:

(1) a corolla v with one incoming half-edge and n,, > 2 outgoing half-edges
labelled by an element from O (out(v));
(2) a source with one outgoing half-edge uniquely corresponding to an ele-
ment of {1,...,q};
(3) asink with one incoming half-edge uniquely corresponding to an element
of {1,...,p}.
Two such graphs are equivalent if there is an isomorphism of them that agrees
with all labellings. Such a graph corresponds to an invariant that pairs V" and V*
according to the edges between the vertices in the graph.
Moreover, the differential

(v
(0, er* (©()). k) @ Hom(ver, von) ™

(€ (Dex* (O(V)), k) & Hom(V°, v®q>>)g[(v)

admits an elegant formula in the stable range dim(V') > d+p, where the strict in-
equality comes from the fact that we need to know basis elements in homological
degree d + 1 as well. For that, we recall that the Lie algebra of derivations comes
from a pre-Lie structure, and, if we think of derivations in terms of linear combi-
nations of corollas representing them, the pre-Lie product D < D’ is equal to the
sum of elements corresponding to pairing one of the outputs of D with the input
of D’ and computing the corresponding contraction V*® V — k simultaneously
with the partial composition in O. Since our graphs encode contractions, and
corollas are labelled by elements of O, this means that on the level of decorated
graphs, we have the “usual” graph complex differential which collapses edges of
the graph and computes the composition of labels of the vertices at the same time.

Similarly to Lemma 3.4, we see that connected graphs that appear as basis ele-
ments in the stable range are precisely the connected graphs appearing as basis el-
ements of the wheeled bar construction B”(0). Indeed, we have just established
that the combinatorics of graphs is precisely correct: trees with one incoming
edge and wheels with no incoming edges (note that the operadic bar construction
appears with its counit, which is the graph obtained by matching a source with a
sink, without any corollas involved). Moreover, the differential is exactly the dif-
ferential of B°(Q): it is made of edge contractions, and if an edge is a loop going
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from a vertex to itself, contracting that edge does not correspond to computing the
Lie bracket and hence does not contribute to the differential, while in B®(Q) all
such contributions vanish precisely because we consider O as a wheeled operad
with the zero trace map.

Passing to disconnected graphs corresponds to computing symmetric powers,
which is precisely the coPROP completion of the wheeled bar construction viewed
as a wheeled cooperad. Finally, the Kiinneth formula implies the main statement
of the theorem (the statement on naturality is obvious). ([l

Let us start by showing that this result does indeed generalize the theorems dis-
cussed in the introduction. Let us start with explaining how the Loday—-Quillen-
Tsygan theorem arises in our language.

Corollary 4.2 (Loday—Quillen [50], Tsygan [72]). Let A be a unital K-algebra. We
have a Hopf algebra isomorphism

Ho(gl(A)) = S (HCe—-1(A)).

Proof. Let us consider the algebra A which is obtained from A by adjoining a unit
(even though A is already unital). This algebra has the canonical augmentation
for which the augmentation ideal 7 is A. If we consider A as an operad O
concentrated in arity one, and use what we learned in Example 3.1 for a vector
space V of dimension n, we have

(Co(Der™ (O(V)), k) © Hom(V&, 1&#0))allV) =
(Co(gl,,(A), K) ® Hom(VEP, y@4))siV),
Theorem 4.1 implies that the stable limit of
(Ca(gl,(A), k) © Hom(VEP, y&))al)
for dim(V') — oo is the coPROP completion of
Hu(BY(A,).
According to Example 3.5,
Hu(BY(A,)) = Hy(B(A})) & HCu1(Iy) = HCu_(4),

since I = A, and since the bar construction is acyclic if the augmentation ideal
is a unital algebra. Finally, HCe_1(A) is the (0,0)-component of our wheeled
cooperad, so the coPROP completion is S°(HC,_1(A)). This gives the coalgebra
structure on H,e(gl(A)), and the Hopf algebra isomorphism is easy to obtain by
recalling that the product on He(gl(A)) comes from the canonical embeddings
gl(V)@ gl(W) <= gl(Vae ). O

Let us now show how the Fuchs stability theorem is contained in our formalism.
Corollary 4.3 (Fuchs [26]). Suppose thatn > w + 2d. Then
Hc(lw)(Ll(n), k) = 0 forw # d.
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Proof. A large part of the proof of Theorem 4.1 already mimics the argument of
Fuchs, and the beginning of this proof continues to do so. We remark that tak-

ing matrix elements of representations immediately implies that H (gw) (L1(n), k)
vanishes if and only if

(V)
(H4") (La(n), K) @ Hom (Ve Vo)) = 0 for all p, .

If we denote V' = K", this latter vector space is the same as
gi(V)
(£ (Der* (Com(V))k) & Hom(V*7, v®q))) ,
which, according to Theorem 4.1, is stably isomorphic to the (p, ¢)th component
to the coPROP completion of He(B“(Com)).
There are two steps that remain. First, we saw in the proof of Theorem 4.1 that

H éw)(Ll (n), K) is contained in the direct sum of several copies of
Hom(V®4, y@wtd)

so it is enough to show that

)B[(V) _ o

(H(L1(n), k) @ Hom(v e+, yed)
For these parameters, the stable range condition is given exactly by n > w + 2d.
Second, in the particular case of the operad Com a very particular phenomenon
presents itself: if we consider it as a wheeled operad, it has just one wheeled
relation stating that the universal trace of the operator of multiplication by a
from 9(Com) vanishes, and this wheeled operad is Koszul [57], so the homology
B (Com), as well as the coPROP completion of that homology, is concentrated
on the diagonal w = d. (]

Let us remark that according to [57, Ex. 5.2.5], the Koszul dual wheeled op-
erad of Com is Lie” = Lie @ Cyc(s1), which not only immediately explains the
appearance of factorials in [26, Prop. 1.5, Prop. 1.6]), but also highlights the dif-
ference between those factorials on the level of species. It is also worth noting
that the Koszulness of Com as a wheeled operad, which is the key ingredient
of the proof of Corollary 4.3, is a very rare coincidence. Indeed, in the case of
Com, vanishing of all traces follows from vanishing of traces of all generators,
a result which is certainly false for most operads. A class of operads where this
statement is true includes, in particular, all operads obtained from weight graded
commutative associative algebras [19, 42], and it would be interesting to compute
homology of wheeled bar constructions of some operads of that class, generaliz-
ing [19, Th. 5.2, Th. 5.3].

One can also use Theorem 4.1 to prove that the multiplicity of each given ir-
reducible gl(V)-component of the homology He(Der'(O(V)),k) stabilizes as
dim(V') goes to infinity, a generalization of the non-unital version of the Loday-
Quillen-Tsygan theorem (proved independently by Feigin and Tsygan [24, Chap-
ter 4] and Hanlon [34]). Not having immediate applications of this result in mind,
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we omit the details.

From the proof of Corollary 4.3, one can see that we actually proved more: from
vanishing of the homology of B“(Q) in a certain range, one can deduce vanish-
ing of He(Der™(O(V)),K) in certain range. This is very useful for estimates of
homology in degrees 1 and 2, which are particularly interesting for the following
reason. If the operad O has an extra weight grading for which the augmentation
ideal consists of elements of strictly positive weight (this happens, for example, if
O has no unary operations other than multiples of the identity), one can use that
grading on the algebra Der ™ (O(V')) to give the homology additional weight grad-
ing, and use that grading to identify the first homology with the minimal space of
generators of that Lie algebra and the second homology with the minimal space
of relations between those generators [27]. The Kiinneth formula implies that for
the first homology of He(Der™ (O(V)),K) we only need the first homology of
B°(0), and for the second homology of He(Dert(O(V)), k), we only need the
first and the second homology of B®((0). Once that computation is done, one
may try to convert the information obtained into information for a given number
of generators. For example, in the case O = Com, Feigin and Fuchs [23] proved
that the Lie algebra L1(n) = Der*(Com(V)) is generated by elements of weight
1 for dim(V') > 1, and that the relations between these elements are all of weight
2 for dim(V') > 2. However, the following example shows that in general the
situation is much more complicated.

Example 4.4. It is well known that the Lie algebra Der™ (Lie(V')) has generators
of all weights [37, 61]. It is possible to give an easy explanation of that fact us-
ing the notion of divergence, which also hints that the Lie algebra of derivations
with zero divergence is very likely to be more suitable for generalizing the results
of [23]. From the cocycle property

div([D, D']) = D, (div(D")) — D..(div(D))

and the fact that for each derivation D of positive weight of the free Lie alge-
bra, the derivation D, sends V' C T'(V') = Up;e(Lie(V)) to a linear combination
of nontrivial Lie monomials, which, in particular, vanishes in the space of cyclic
words, it follows by induction that every commutator of two derivations of pos-
itive degree has zero divergence, and so we need generators in each weight to
account for derivations with nonzero divergence.

Let us now establish a new somewhat general result about the bar homology
of O as a wheeled operad.

Theorem 4.5. Suppose that 9(O) is free as a right O-module, and let
9(0)o :=0(0) 00 1,

where 1 is equipped with an left O-module structure via the augmentation, be the
minimal set of generators of this module, considered as a twisted associative algebra.
Then we have

Ay

H.(B”(0))

12

Ho(B(O)) @ HCo_1(9(0)p).
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Proof. The operadic part of BY(Q) is B(O), so there is nothing to prove. Let us
consider the wheeled part of B®(Q). It has a basis of decorated directed graphs
with one wheel. Note that if a vertex is a part of the wheel, one of its outgoing half-
edges (the one involved with the wheel) is different from others, so it is convenient
to think that the decorations of each vertex of the wheel is an element of 38(6),
while the decorations of all other vertices are elements of sO. We shall denote by
d_, the differential that is a sum of contractions of edges not involved in the wheel,
and by d the differential that is a sum of contractions of edges involved in the
wheel; the fact that the structures of a twisted associative algebra and a right O-
module on 9(Q) commute imply that these are two anti-commuting differentials.

To prove the statement of the theorem, let us consider the increasing filtration
of our complex by the number of edges involved in the wheel. The differential d s
decreases this number, and the differential d_, preserves it, so in the associated
graded complex, only the differential d_, survives, making our complex isomor-
phic to

B(9(0),0)/[B(9(0), 0),B(2(0), 0)],

where we take the bar construction of O with coefficients in 9(O), view it as a dif-
ferential graded twisted associative algebra using the associative algebra structure
on 9(0), and form the commutator quotient of that differential graded twisted
associative algebra. Since we assumed that 9(Q) is free as a right O-module, the

homological criterion of freeness [20] shows that the homology of B(9(Q), O) is
concentrated in degree zero and is identified with 9(O),. Because of the former,
the spectral sequence abuts on the following page, where the differential induced
by d is the differential of the cyclic complex of the twisted associative algebra

9(0O)g, completing the proof. O

The key aspect on which Theorem 4.5 relies is the freeness property of 9(O) as
a right O-module; this property previously appeared in work of Khoroshkin [43]
who used our work with Tamaroff [20] to show that this condition is necessary
and sufficient for the functorial PBW property of the universal enveloping alge-
bras of 0-algebras. Note that in [43] it is shown that the operad of Poisson al-
gebras does not have the PBW property, and the same operad exhibits nontrivial
cycles in the wheeled completion of its bar construction, which is an unpublished
result obtained independently by Bruinsma (bachelor thesis at University of Am-
sterdam, 2010) and Khoroshkin (private communication). This “coincidence” is
precisely what made us discover Theorem 4.5. Let us also remark that if the op-
erad O is generated by unary operations, we have no slots for the right O-action
on 9(Q0), so that action factors through the augmentation, and 9(0)¢ = 9(0),
so we recover the result of Example 3.5.

Let us give several examples of how Theorem 4.5 can be applied. We start with
a result which is essentially the wheeled Koszul property of Com considered as a
Koszul operad, first proved in [57], which we used in Corollary 4.3 above.
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Corollary 4.6. We have
H,(B“(Com)) = Com! @ Cyc(s1).

Proof. Indeed, we have the twisted associative algebra isomorphism 9(Com) =
uCom, so 9(Com) = Com and 9(Com)y = 1 with zero multiplication, so its
cyclic homology as a twisted associative algebra is the cyclic complex s~ Cyc(s1).

O

The following result is essentially a new proof of [57, Th. 6.1.1], which also
corrects a minor indexing issue in that theorem.

Corollary 4.7. We have
H,(B”(Ass)) 2 Ass' @ (Cyc(s1) ® Cyc(s1) @ Cyc(sl) @ Cyc(sl)).

Proof. Indeed, we know that O(Ass) = uAss ® uAss, and from that it is easy to
see that we have 9(Ass)y = (9(Com)()®2. Now, we have, in the standard cyclic
homology notations,

HC,(d(Com)p) = Ku] @ k@ s~ ! Cyc(sl),
so by an analogue of [49, Prop. 4.4.8] for twisted associative algebras, we have
HC.(0(Com)§?) = HC,(d(Com)o) @k ® H He(0(Com)g) @5~ " Cyc(s1) =
HC.(K) ® s ! Cyc(s1) ® (k@ Cyc(sl)) @ s~ Cye(sl),
and

HC,_1(0(Ass)g) = Cyc(sl) @ Cyc(sl) @ (Cye(sl) @ Cyc(sl)),

The following result is, to the best of our knowledge, new.

Corollary 4.8. We have
H,(B“(Lie)) = Liel @Hook,

where Hook is the linear species with the homological degree d part of Hook(n)
being the S,,-module corresponding to the Young diagram (n —d+1,1471),d > 1.

Proof. Since the universal multiplicative enveloping algebra of a Lie algebra is
know to coincide with the left adjoint of the functor from associative algebras to
Lie algebras that retains the Lie bracket only, we have d(Lie) = uAss, and hence
d(Lie)p = uCom, so computing cyclic homology is essentially computing the
cyclic homology of polynomial algebras. The answer (for the reduced homology)
is given by Com(1 s1)/Im(d4g), where d i, is the unique derivation extending
s: 1 — s1. Note that we can explicitly compute the Cauchy product

SP(1) ® S9(s1) =2 SP ® Gl o Pl gy gpF1197!
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using the Pieri rule for Schur functions [53], and it is almost obvious that dgr
sends SP'* C SP(1) ® S9(s1) to the same submodule of SP~1(1) ® S9! (s1).
Thus, as a linear species, we have

HC)(8(Tie)p) = 5=,
Since we need HC,_1, shifting d by one completes the proof. O
Note that in particular for d = 1 the module Hooky(n) is the trivial module for
each n, which is in agreement with the abovementioned result of [37, 61] stating
that the algebra Der(Lie™ (V')) has generators of all weights. Our computation

is a first natural step towards computing the minimal model of Lie as a wheeled
operad; we shall address this question elsewhere.

Let us also record a new result of the same flavour concerning the operad of
pre-Lie algebras.

Corollary 4.9. We have
H,(B®(PreLie)) = PreLie! @ (Hook @ uCom(1 @ s1) @ Cyc(1)).

Proof. Tt is known [43, 46] that O(PreLie) is a free right PreLie-module with the
species of generators uCom ® uAss, and HC,(uAss) = K[u] ® k@ Cyc(1), so by
an analogue of [49, Prop. 4.4.8], we have

HCo(uCom ® uAss) 2 HCe(uCom) @ K @& HH,(uCom) @ Cyc(1) =
HCy(uCom) @ (uCom(1 @ s1) ® Cyc(1),
S0
HCq_1(0(PreLie)p) = Hook & uCom(k & s1) ® Cyc(1),
as required. g
An interesting natural question that we shall address elsewhere is to compute
the homology of the Lie algebra Der(O(V)) for various non-reduced operads O;

note that for O = uCom, that homology can be identified with homology of a
natural topological space, see [29] for details.

4.2. Stable homology for the Lie algebra of derivations of zero divergence.
We shall now move on to proving an analogue of Theorem 4.1 involving the notion
of divergence of derivations.

Theorem 4.10. Let O be an augmented operad, and V' a finite-dimensional vector
space. The space of matrix elements

(Ho(SDer™ (O(V)), k) @ Hom(V®?, V®q>)9[(V)

stabilizes as dim(V') — oo and, after stabilization, is isomorphic to the (p, q)th
component to the coPROP completion of the wheeled cooperad Ho(B®(O®)). This
isomorphism is natural with respect to operad morphisms.



28 VLADIMIR DOTSENKO

Proof. The argument is very close to that of the proof of Theorem 4.1; however,
the argument is slightly less direct, since, unlike what we saw in that proof, on
the chain level the corresponding differential graded coPROPs are different. Let
us start with a short argument that replaces B“((O“)) by a complex with the same
homology which is more relevant for our purposes. For that, we shall examine in
some detail the wheeled part

B(9(0)/10(0),9(0)], 0) © 8(B(0))/[6(B(0)), (B(O))]

N

of the wheeled bar construction B®(O®). The differential of the second sum-
mand is made of two parts, degee With values in 9(B(0))/[0(B(0O)),d(B(0O))]
contracting edges between two different vertices in all possible ways, and djqp
with values in B(9(0)/[0(0O),0(0)], O) contracting the only loop going from
a vertex to itself (if it exists). Since the right module structure and the twisted
associative algebra structure on 9(QO) commute, it is easy to see that ker(dioop) is
a subcomplex of the wheeled part of the bar construction (this is a huge complex:
in particular, it contains all graphs without a loop). We shall see below that this
is really the relevant complex that gives the stable limit

Co(SDer (O(V)), gl(V), Hom(V®P, V1)),

so we just need to check that ker(djoop) has the same homology as the whole
wheeled part of the bar complex. This is quite easy: the quotient complex is iden-
tified with

B(s0(0)/[9(0),0(0)], 0) — B(0(0)/[6(0),0(0)], 0)

with the differential deqge + dioop; and if we design a spectral sequence for which
we start calculation with the homology of djo.p, the corresponding complex is
completely acyclic, proving the necessary result.

Let us now convince ourselves that nothing else really changes. We still have

(Co(SDert (O(V)), k) ® Hom(VEP, 1€4)))9Y)
gl(V)

k
B R sP(sV* @ O(ni) @ks,, VE™) @ (V)P @ V&I

E>2,  i=1
ML yeeny nk>2
P1se-pk 20

Each given bigraded component
C)(SDert (O(V)), k) ® Hom(VE, V&9)
is still contained in the sum of several copies of VEN @ V*®M with
N=w+d+q, M=d+p.

From the First and the Second Fundamental Theorems for gl(V'), it still follows
that to have non-zero invariants at all we must have N = M, and that for the
“stable range” dim(V') > M = d + p the gl(V)-invariants in this module are
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isomorphic to a vector space with a basis of (equivalence classes of) some graphs
obtained by assembling the LEGO pieces together. Moreover, the differential

)g[(V)

(€3 (SDer* (O(V)), k) @ Hom (V& V&) )7

(€4 (sDer* (O(V)), k) © Hom(V'*», v®q>>)g[(v)

is still given, in the stable range dim(V') > d + p, by the “usual” graph complex
differential which collapses edges of the graph and computes the composition of
labels of the vertices at the same time. As before, if the graph I is connected, it
has at most one source. The only difference is that we now want to be sure that
if our graph has a corolla with a loop, that corolla vanishes in the commutator
quotient, which is precisely why we restricted ourselves to ker(dioop ).

Passing to disconnected graphs corresponds to computing symmetric powers,
which is precisely the coPROP completion of the wheeled bar construction viewed
as a wheeled cooperad, so the Kiinneth formula implies the statement of the the-
orem (the naturality result is obvious). O

The following result is well known, see, for example [49, Exercice 10.2.1]. It
was one of the inspirations for Theorem 4.10, but we can also use that theorem to
re-prove it.

Corollary 4.11. Let A be a unital K-algebra, and let sl,,(A) to be the kernel of
the map gl,,(A) — A/[A, A] sending f to the image of tr(f) in the commutator
quotient. If one defines s[(A) = ling 51, (A), we have a Hopf algebra isomorphism

H,(gl(A)) = S°(HCo-1(A)),
where HC is the reduced cyclic homology (without HCy(A) = A/[A, A]).

Proof. Like in Corollary 4.2, we consider the algebra A which is obtained from A
by adjoining a unit (even though A is already unital), and view A as an operad O
concentrated in arity one. According to Example 3.1, for a vector space V' of
dimension n, the Lie algebra sl,,(A) is exactly SDer™ (O(V')), so

C.(SDer™ (O(V)), gl(V'), Hom (VEP, €4)) =
(Co(SDert (O(V)), k) @ Hom(VEP, Y &1))slV)
(Cu(s6a(A), k) @ Hom(VEP, V€4))sV),
Theorem 4.10 implies that the stable limit of
(Co(sl,(A),K) ® Hom(V®P, V®Q))g[(v)

for dim(V) — oo is the coPROP completion of B®((A4)”). As we saw in the
proof of Theorem 4.10, the operadic part of the latter complex is the bar con-
struction B( A ), which is acyclic since the augmentation ideal of A is a unital
algebra, and the wheeled part is the loopless part of the cyclic bar complex, which
precisely computes the (shifted) reduced cyclic homology. Since once again the
homology is concentrated in the (0, 0)-component of our wheeled cooperad, the
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coPROP completion is just the cofree cocommutative coalgebra S¢(HC4_1(A)),
which essentially completes the proof. |

Theorem 4.10 allows us to prove one general statement for which one generally
has no hope if considering all derivations, see Example 4.4. To state it, recall that a
weight graded Lie algebra g generated by elements of weight 1 is said to be Koszul
in weight w if its homology in weight w is concentrated in homological degree w.

Corollary 4.12. Suppose that the wheeled operad O is Koszul. If we equip the Lie
algebra Der (V') with the weight grading coming from the Koszul weight grading of
the operad O, the Lie algebra SDert (O(V')) is Koszul in all weightsw < & dim(V).

Proof. Like in Corollary 4.3, one sees that if dim (V') > w + 2d, then
H" (SDert (O(V)), k) = 0 for w # d.

Moreover, we always have w > d, so if dim(V') > 3w, we automatically have
dim(V) > w + 2d, completing the proof. O

Note that results of Powell [64, Th. 12.1] can be used to deduce that the stable
homology of SDert (O(V)) in degree one is concentrated in weight one for any
binary operad O.

Let us recall some examples where the homology of B () can be explicitly
computed.

Example 4.13. The first two of the following results are proved in [57], and the
last one is established in [60].

(1) For O = Com, we have
H,(B®(Com®)) = Com! ®Cyc(sl),

where Cyc corresponds to removing elements of degree one,
(2) for O = Ass, we have

He(B“(Ass”)) = Assi @ (Cyc(sl) @ Cyc(sl) @ Cyce(sl) ® Cyc(sl)),
(3) for O = Lie, we have H,(B®(Lie”)) = Lie'.

Two remarks are in order. First, one can note that the first two statements
here bear a striking resemblance with Corollary 4.6 and Corollary 4.7 respectively,
while the third one is drastically different from what Corollary 4.8 may suggest.
One natural speculation here is to suggest that this relates to bad behaviour of the
operadic module of Kahler differentials for Lie' = Com, as opposed to two other
examples. Second, we should warn the reader that it is not enough to require that
an operad O is Koszul to conclude that the wheeled operad O° is Koszul: the
abovementioned unpublished result of Bruinsma and Khoroshkin implies that it
is not true for the operad of Poisson algebras.
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