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Optimal control of the temperature by the laser path and
the thermal treatment time in selective laser melting
process

Hiba HMEDE?, Serge NICAISE! Luc PAQUETY, Ali WEHBES

Abstract

Additive manufacturing by laser fusion on metal oxides powder bed such as e.g. alumina (Al2Os) or aluminium
titanate (Al2Ti0s5) has developed considerably in the last few years and allows today the production of a wide
range of complex objects. The mathematical problem considered is to control the temperature inside some part
Q of a powder layer. This phenomenon is governed by a parabolic initial boundary value problem with a heat
source corresponding to the laser trajectory on some part of the boundary 02. The main questions concern the
optimization of the trajectories scanned by the laser on the boundary OS2 according to given criteria: imposing
that during the thermal process the temperature reaches a melting value in the structure to be built, a desired
temperature distribution at the end of the thermal process, minimizing the thermal gradients, all this in the
shortest possible thermal treatment time. To achieve this goal, we start by proving the existence of an optimal
control, followed by first order necessary optimality conditions. Finally, we establish a second order sufficient
optimality condition.

Keywords. Optimal control problems, parabolic equations, heat equations with moving source, trajectories, time
of thermal treatment, cost functionals, existence of an optimal control, adjoint problem, first order necessary
optimality conditions, second order sufficient optimality conditions.

1 Introduction

Additive manufacturing is a method used to produce 3D objects from metal oxides powder, layer by layer, by
applying a Gaussian laser beam to each slice as a heat source to glue together the powder. However, the main
problem is that repeated and rapid heating and cooling cycles of the metal oxide powder during this process cause
high temperature gradients that contribute to inner stresses and sometimes cracks in the fabricated part.

Our purpose in this current article is to study a laser path optimization model aiming to design laser paths such
that during the thermal process the temperature reaches a melting value everywhere in the structure to be built.
We also seek to perform the thermal process with a minimum of thermal gradients and temperature distribution
adjustment time. Related problems but with fewer requirements have been considered in [1, 2, 5]. Requirement
about the shortest treatment time has been considered in the context of tumor treatment by cytotoxic drugs in [3].
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The necessity of a preheating phase for a ceramic powder during the process of SLM has been motivated by [17]
where the importance of this first phase is highlighted to reduce cracks and achieve higher density, inspiring the
formulation of an appropriate cost functional, see (1.1) below.

In practical applications, the powder bed layer Q = I'; x (—h,0), where h > 0 is its thickness and I'; C R? is
its upper surface. The industrial goal is to solidify T's x (—h,0), by using a laser path v : ¢t € [0,T] — ~(t) € g,
where I'g is a closed subset of I'; and T > 0 is a fixed maximal global time for the laser thermal process. We aim to
reach all these purposes by using the following control optimization problem described below.

In mathematical sense, we are interested in proving the existence of optimal controls and give necessary first
order and sufficient second order optimality conditions for the following optimal control problem with a parabolic
PDE constraint on the state variable y and a box of constraints on the control variable + defined by:

(OCP) Minimize the cost functional J,. : W(0,T) x H(0,T;R?) x [3r,T] — R defined by
Aol [2t2 ) Aol [T )

Jr(y, vy, 7) === ly(z,t) — yo(x,t)| dedt + — - ly(z,t) — yo(z,t)|*dxdt
271 )z Ja 2 )i Jo
2 (1.1)

1 A
3 [ [ vt OPdsdt + o s + Ao
0o Jo

where 1 €]0, %[ is fixed, Ag, Aq are positive constants and A,, Br are non-negative constants (thus allowed to be 0).
subject to:

o the parabolic linear initial boundary value problem with Robin boundary conditions:

pcdyy — KAy =0 in Q = 0x]0,T7,

—k0yy = hy — gy on ¥, =T'1x]0,T7,

—k0,y = hy on Xy = I'yx]0,T7, (1.2)
—k0yy = h(y — yB) on ¥3 = I'3x]0,T7,

y(x,0) = yo(z) for x € Q,

¢ v to belong to the set of admissible trajectories U,q, where

Uaa :={v € H'(0,T;R?); R(y) C T's, |V (t)| < cqq for a.e. t € [0,T]}, (1.3)

and I'g is a closed subset of I';. This set takes into account the constraint on the laser path range: R(y) :=
~([0,T]) C T's. This constraint physically describes that v must ensure that the region outside I's is not affected
by the fusion process. Here, I'3 is the bottom of the powder layer and I's its lateral surface. As well as the other
constraint, c,q > 0 is the given fixed upper bound on the velocity of the trajectories. In addition, the positive
constants p, ¢, k and h represent respectively the mass density, the heat capacity, the thermal conductivity and the
heat transfer coefficient. Also, yo(x) denotes the initial temperature at x € 2, yp represents the temperature of the
built platform or of the upper surface of the previous layer and g, denotes the heat source on I'; given by
2

M) for all (z,t) € ¥y = I';1x]0, T, (1.4)

2P
gy(x,t) = a—5 exp (— 2 7

TR?
where P is the laser power, R is the radius of the laser spot, a the absorbance of the powder.

Given a fixed r €]0, % [, our goal is to find, using the theory of optimization with parabolic partial differential
equations constraints [24, Chapter 3|, an optimal trajectory v inducing in  the given target temperature distribution
Yo in the mid time interval ]g — 5,5 — %[ of length r and also the given target temperature distribution yq in the
disjoint end time interval |7 — r, 7[ of length 7 as well, minimizing the thermal gradients in the whole time interval

[0,T] and the minimized time 7 € [3r,T]. In other words, we look for (vy,7) in

Wad = Uad X [3Ta T] = {(757),7 S Uad and 7 € [3T7 T]}) (15)
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solution of

in J, ., 1.6
[ in (W), 7) (1.6)

where y(y) € W(0,T) denotes the temperature distribution, weak solution of the initial boundary value problem
(1.2) with heat source g, given by (1.4).

Remark 1.1. Let us observe that our cost functional (1.1) J, is different from that one studied in [1]. One possible
interpretation of our actual cost functional is the following. The first two terms in the r.h.s. of (1.1) correspond to
a two steps heating process, the first one being interpreted as a preheating of time length r around the time 5 by
choosing yq less than the melting temperature in I's x (—h,0) and the second as the fusion one of time length r
before time T by choosing yq larger than the melting temperature in T's X (—h,0), so that the temperature adjustment
process is finished at time 7. In this context, choosing Aq larger than g would seem a reasonable choice in order to
guarantee that the powder inside T's x (—h,0) has been fused together.

Remark 1.2. In the definition of the cost functional, we can replace the term %||7||;;{1(07T;R2) by %H'yf’ydﬂr‘;{l(oj;w),
where vq is an estimation of the trajectory given by the engineer based on his physical intuition. During discretization,
it would be more likely to converge.

1.1 General Assumptions

In its full generality, we now assume 2 C R3 to be a bounded lipschitz domain with boundary I" decomposed into
I';,i =1,2,3, disjoint open subsets of I such that U?:l I; =T, and let T > 0 a fixed final time. We assume that
p,c k and h are all positive constants with respect to (z,t). We consider that the initial temperature yo € L*(Q),
Y, Yo and yp are functions of (z,t). We assume yg,yo € L?(Q) and that yp the distribution of temperatures on
the top of the previous layer or on the built platform belongs to L?(33). In (1.3), we assume that I's # ¢.

Remark 1.3. In (1.2), in the Robin boundary conditions has been implicitly assumed that the ambient temperature
is supposed to be constant y, = 0 (the temperature of the exterior of Q). It is always possible to reduce the problem
to that setting by considering as new unknown y — yq.

2 [Existence and Uniqueness of a Weak Solution to (1.2)
For further purposes, we define
W(0,T) := {u € L*(0,T; H(Q)); % € L*(0,T; H'(Q2)*)}. (2.1)

Firstly, let us define the variational formulation of Problem (1.2). Multiplying the first equation of (1.2) by
¢ € H'(Q), formally integrating by parts over by Green’s formula and using the boundary conditions in (1.2), this
suggests to define the variational problem associated to our initial boundary value problem (1.2) as follows:

Definition 2.1. Let y € W(0,T). We shall say that y is a weak solution of Problem (1.2), if and only if for all
Ee HY(Q):

d
pe < %,f > H1(Q) HY(Q) +I€/ VyoV§dx+h/yo§dS(x) :/ g,yde(:c)Jrh/ yp - £dS(x), (2.2)
Q T 'y

I's
in L?([0,T)), d.e. (2.2) is true for a.e. t € [0,T].
We can then say that y is a weak solution of Problem (1.2) with initial condition y(0) = yo € L*(Y), which has
sense as W(0,T) < C([0,T); L3(£2))*
Proposition 2.2. Under our general assumptions, for every given initial datum yo € L?(Q), Problem (1.2) has a
unique weak solution with initial condition y(0) = yo.

Proof. The existence and uniqueness of a weak solution to (1.2) with initial condition y(0) = yo € L?(£2), follows
easily from the general results for linear initial boundary value problems for parabolic equations [8, Theorem 11.7
p-192] or [10, pp.512-513] applied to the variational formulation (2.2). O

1Here and below, X < Y means that X is continuously embedded into Y.
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3 Existence of an Optimal Control

This section is devoted to prove the existence of at least one optimal control to (1.6), where the source term ~ and
the final adjustment time 7 will act as controls.

Proposition 3.1. U,y is a weakly closed subset of H(0,T;R?).
Proof. Essentially based on Mazur’s theorem, see [1], [2] for further details. O
Definition 3.2. By the control to state mapping, we mean the operator associated with the state equation (1.2)

G :Usa = W(O0,T) : vy = G(v) = y(v), (3.1)
where y(7) denotes the weak solution of the initial boundary value problem (1.2).

Proposition 3.3. The control to state operator G : Uyq — W(0,T) is strongly continuous.

Proof. The continuity follows from the compact embedding of H'(0,7T;R?) into C([0, T]; R?) and from [24, Theorem
3.13, p.150]. 0

Concerning the weak topologies, we have the following
Proposition 3.4. The control-to-state mapping G: Uyqg — W(0,T) is weakly sequentially continuous.

Proof. Consider a sequence (7, )nen in Uyg weakly convergent to v in H'(0,T;R?). We prove that (G(v,))nen is
weakly convergent to G(v) in W(0,T) by using the Lions-Aubin Compacity Theorem. See [1, 2] for the details. O

Definition 3.5. By the reduced cost functional, we mean the mapping:
jT: Uad X [37‘, T} - R: (’%7—) = j?‘(’%T) = JT(G(’Y))’YvT)v

rar
3t3

Ao 1

where
J(G(v),v,7) = Ao 1/T ) / |G(Y)(,t) — yo(z,t)|*dvdt + 7*/ / |G () (,t) — ya(z,t)|*dedt
22 (3.2)

1 A
+ 5/0 /Q\VG(v)(x,t)Fdde %Hvﬂip(omm + Brr.

Theorem 3.6. (Existence of a global minimizer)
There exists (3,7T) € Uyq X [37,T) such that

A

Jr(3,7) < Je(v,7) for every (v,7) € Uaa x [3r,T),
i.e. the optimal control problem admits at least one global minimizer.

Proof. First, we can observe that J, is non-negative in Uyq X [3r, T, hence J, is bounded from below and admits a
finite infimum L
L:= inf J.(v,7). 3.3

Thus, let us consider a minimizing sequence {(Yn, 7n) tnen in Ugg X [37, T such that

=L >0. .
ngril J(’}/n,Tn) L>0 (3.4)

Since |v,/(t)| < ¢ for a.e. t € [0,7] and I'; is bounded, then the sequence (v, )nen is bounded in U,q C H'(0, T;R?)

and by the compactness of the embedding H'(0,T;R?) C C(]0,T];R?), there exists a subsequence (Yn, )jen such

that

. .TR2 ] .TR2
R o ¥ in H*(0,T;R?) and YTn, j_>—oo>'y in C([0,T];R?). (3.5)
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The sequence (Tnj)j N is such that 3r < 7,;, < T, so that (Tnj)jeN is bounded in R. Therefore, there exists a

subsequence (Tnjk )Jken that we rename (7, ) en, and 7 € [3r, T, such that
lim 7, =7 € [3rT]. 3.6
nleNT 7 TE [ " ] ( )

Using Proposition 3.4 and (3.5) so that y(v,,) weakly converges to y(¥) in W(0,T’). Thus, in particular:

Y(Vn;) — y(7) in L*(0,T; H'(Q)) and a fortiori in L2(0, T; L*(£)). (3.7)
j—roo

Also, V : L*(0,T; H'(2)) — L?(0,T; L*(22)?) is a linear continuous operator, so that the sequence (Vy(7n,)) en
converges also weakly to Vy(7) in L?(0,T; L?(Q)3). This implies:

||:Y||H1(O T;R?) < liminfv ||’Ynj||H1(0 T;R2) < %
y(Dlzz0,1,22(0)) < lminf; |[y(vn,)l|z20,7,22(2)) (3.8)
VYN 20,7, 22(0)2) < liminf; [[Vy(yn,)ll20,7,22(0)%),
Now, let us prove by Fatou’s lemma that:
I+% 245
/ / [y(3) — yo|*dadt < lim inf / / Y (Yn,) — yo|*dadt. (3.9)
5-3 /o 75ty Ja

Firstly,
S 2 g 2
o [y(n;) — Yol (z, t)dzdt = ly(vn;) —yol™ (@, OL m; _, mny . (D)dadt. (3.10)
—J _r (9] 0 (9] [ 2 27 2 +2]
2 2
Then, using (3.7), we get that (y(7,,))jen admits a subsequence that we rename still (y(7y,));jen such that
Y(n, ) (x,t) —— y(¥)(=,t) for almost every (z,t) € Q.
j—00
This implies that ‘y(%].) — yQ|2(x, t) converges to |y(7y) — yQ’2(aﬁ, t) for a.e (x,t) € Q. We also have for a.e t € [0, T,

1) —— 1
2 7%VT+7§]() j—00 [

—5.z+5() (3.11)

wHw
NH

1 [’”j - Ty
and thus also for a.e. (z,t) € @ by Fubini’s theorem. So, for almost evert (z,t) € Q,

ly(m, ) (2, 1) *yQ(ffvt)lzll[l;_i g8 S5 WO (@, t) = yo(, 1)1z -

2)72 j—o0

z+31(1) (3.12)

Applying Fatou’s Lemma [13, Theorem 2.10.5], we obtain (3.9). In the same way we also have

[ [ w6 = woPdsde < timint [ [ Jyn,) - yoPdsas (3.13)
T—r JQ J Tn; =T Q

After passing to the limit in jr('ynj ,Tn;) We get

.7+2
L> %;hmmf/ / [y (Y, ) (@, 1) — yo (z, t)|Pdadt
j

+ —fhmlnf/

A A
+3 lim_inf/ / (VY (Y, ) (z, )| Pdadt + 79 lim inf ||y, ||%I1(0 rr2y + Brliminf 7, > J,.(5,7).
J 0 Q J Y J

3 w\‘

[ )0 = v (o) ot (3.14)

Thus by the definition of L in (3.3), we get that L = J,(7, 7). O

5
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4 Fréchet Differentiability of the Path-to-State Operator

Let U be the open neighbourhood of U,4 in H'(0,T;R?) given by
U:={y e H'(0,T;R?);~([0,T]) C T1}. (4.1)

As there is no difference between our state operator G with that one considered in [1], we have the following result
from [1]:

Theorem 4.1. The control to state mapping G : U — W(0,T) is a continuously Fréchet differentiable mapping,
and for all v € U and all 5y € H*(0,T;R?):

v(7,67) := DG(y) - 07 = 2ack o (exp(w(y))7(y) - 57), (4.2)
where a = a2k, cp = Z2, () (x,t) ==z — y(t) for all (z,t) € [y x [0,T], w is defined by
w: U = Oy x [0,T]): 7 = —crlF(1), (4.3)
and o s the linear continuous mapping defined by
o: LA(%1) = W(0,T): 6v — Sy, (4.4)

where dys is the unique weak solution of

pcOdys — KAIYys =0 in Q,

—k0,0ys = hdys — v on X1, (45)
—k0,0y2 = hdys on Yo U X3,

0y2(-,0) =0 in Q.

Remark 4.2. The proof of Theorem 4.1 in [1] proceeds by writing G as the composition of the three continuously
Fréchet differentiable mappings w (4.3), g and q where:

g: O(T'y x [0,T]) = L*(X1): u +— aexp(u) (4.6)

2P
2 )

== and

with a = a

q: LA(Z1) = W(0,T): vy (4.7)

where y denotes the weak solution of the initial boundary value problem:

pcoyy — KAy =0 in Q= 0x]0,T]
—kOyy =hy —v in X1 =T1x]0,T]
—kO,y = hy in Yo =T9x]0,T]| (4.8)
—k0yy = h(y — yp) in Y3 =T3x]0,T|
y(z,0) = yo(z) for x € Q.
by proving that:
Dw(y) - &y = 2cr¥(7) - 0y, for all by € H'(0,T;R?) (4.9)
Dg(u) - u = aexp(u)du for all Su € C(T'y x [0,T7]), (4.10)
Dq(g) =0 forall g € L*(%). (4.11)

Remark 4.3. If we suppose that the datum yp € L*(X3) for some s > 4, and the initial condition yo € C’(g)), then
the control to state mapping G is also continuously Fréchet differentiable from U C H'(0,T;R?) into C(Q). This
can be proved by modifying somewhat the proof in [1]: we must rather consider g as a mapping from C(I'1 x [0,T7)

into itself, and q as an affine continuous mapping from L*(X1) into C(Q) as result from [15, Theorem 1.40 p.49]
applied to (1.2).
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5 Fréchet Differentiability of the Reduced Cost Functional

In this section, using the fact that G is continuously Fréchet differentiable, we will begin by proving by composition,
that the reduced cost functional J, : U x [3r,T] — R : (v,7) — J.(G(v),7,7) is also continuously Fréchet
differentiable in v and 7 separately. Then, we will prove that J,. is in fact continuously Fréchet differentiable.

5.1 Fréchet differentiability of the reduced cost functional with respect to the path

In this subsection, we consider 7 € [3r, T fixed in the expression of the reduced cost functional (3.2). Our aim is to
prove that the mapping v — J.(G(7),~,7) from an open neighborhood U of U, into an appropriate state space R
is continuously Fréchet differentiable. We want to show that this mapping is continuously Fréchet differentiable and
to compute va,.(’y, 7), for every v € U.

Proposition 5.1. The mapping J.(-,7) : v — Jy(7,7) from U into R is continuously Fréchet differentiable and its
derivative is given by the following expression

Dy J(y,7) AQ/

)\Q / —ya(z,1)) - v(v, 67)(, t)dwdt (5.1)

/ —yo(z,t) - v(y, 07)(z, t)dzdt

= wH

+/ /VG(W)(:v,t)'Vv(%M)(:v,t))dwdtJrM(%M)Huo,ma,
0 Q

for all v € HY(0,T;R?), where we recall that v(vy,dv) := DG(¥) - §v is given by (4.2).

Proof.
Step 1: First term in J,.
. . A
Firstly, the mapping F : u € L?(0,T; L?(Q)) — S |u — yQH%%Qx]g—

+zp € R is continuously Fréchet differen-
tiable, and

5.3
DF(u)-h = Ag(u—yq,h)L2(x]5—5,54+30 » Vh € L*(0,T; L*(2)). (5.2)

In fact, from this expression it is obvious that DF is a Contmuous mapping from L?(0,T; L*(Q2)) into L2(0, T'; L?(2))*.
By composition F o G is a continuously Fréchet differentiable mapping from U ¢ H'(0,7T;R?) into R and

b (5.3)

[Mb]

A
DV (2Q|G(’Y> — yQ|%2(QX];£7;+72D> . (5’)/ = AQ (G( ) Yyq,v (7767))L2(QX]§—% T+

Step 2: Second term in J.
In a similar way, one proves that the mapping from U C H'(0,T;R?) into R which sends v onto )‘7“||G(’y) —
yQ||2L2(QX]T_T ;p 1 continuously Fréchet differentiable and that:

Ao
D“/ (2|G(7) - yQ”%Z(QX]T’I‘,TD> : 5'7 = Ao (G(’}/) — Yo, U(’% 6’7))L2(Q><]T—r,‘r[) : (54)

Step 3: Third term in J.
Also, the mapping H from L?(0,T; H'(Q)) to R which sends u to %HVUHQLQ(O T.12(0)2) 15 Fréchet differentiable and

DH (u) - h = (Vu, Vh) 12(01:12(2)%) Yh € L*(0,T; H(Q)).
It is continuously Fréchet differentiable as, for every ui,us belonging to L?(0,T; H(Q)),
|DH (u2) — DH(ul)HL2(O,T;H1(Q))* < [Vug — vulHLZ(O,T;L2(Q)3) < lue - ulHLZ(O,T;Hl(Q))
so that DH : L*(0,T; H*(Q)) — L?(0,T; H'(2))* is continuous. So by composition, the mapping from U C
H'(0,T;R?) into R, which sends v onto %||VG(7)H2L2(Q)3 is continuously Fréchet differentiable and

DW(%IIVG(W)II%Q(Q)S) -8y = (VG(), Vo3, 7)) 12 g5 (5.5)

7
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Step 4: Fourth term in Jy.

The mapping 7y — %||7||?{1(07T;R2) is continuously Fréchet differentiable from H'(0,T;R?) to R with derivative

A
D’Y(%”’YH%{NO,T;R?)) =M (7, ) o,rR2)-

(5.6)

where from that formula, it is clear that the mapping v — DW(%H’YH%H(O T_RQ)) is continuous from H!(0,T;R?)

into H1(0, T; R?)*.

As the sum of Fréchet differentiable mappings is continuously differentiable, jr(',’l') is Fréchet differentiable

and its derivative is given by (5.1).

O

Proposition 5.2. The mapping Dﬂ,JA,. (7, 7) = DyJp (7, 7) from U x [3r,T] into H'(0,T;R?)* is continuous.

Proof. Let us prove that the first term in the right hand side of equation (5.1) depends continuously on (v,7) €

U x [3r,T].Let us fix (7/,7") € U x [3r,T] and let us prove that

I+I it
o / (1) — yo(z, 1)) v(v, ) (x, )dadt — / o / —yola, ) v(y, 0v)(x, t)dzdt  (5.7)
-3 73
as (v, 7) tends to (7', 7') uniformly in 67 for (|67 g1 (g 7r2) < 1.
By the triangular inequality, we have
zt3 ,
[ €0 -vo) vt dwar - [ / ~ 1) (. 0(y',07) (. )
2732 272
! (58)
< [ [ G0 = 10) @0 63)(a.t) = (G) = ) (w10l 89) 1) '
0
+ [ 160N = 0) ot 39) 1) o,
where T =[5~ 5,5+ 5] A |5 — 5,5 + 5| and TAJ = (I\J)U (J\D).
For the first term in the right-hand side of (5.8), again by the triangular inequality, we get
/ / @ 2007, 67)(@.1) — (G(7) - 1) (. 0o(y,57) (z, ©)| dadt
SIG() = yo) DG(v)dy — (G(Y') - yQ))DG(’YI)(S'YHC([o,T];Ll(Q))
5.9
sl@ (v) — GO)DEMN S oo riins iy + (GO = ¥0) (DEMEY = DEW )6 ooy
SIGH) - G(V/)”c([O,T];Lz(sz)) ||DG(7)||x(H1(o,T;R2);W(o,T))
+[IG() - yQHC([O,T];LQ(Q)) DG () — DG(’Y/)||3(H1(0,T;R2);W(0,T)) —0asy =
by Theorem 4.1. Now let us look at the second term in the right-hand side of (5.8). As v(v,dv) = DG(7) - 6, we
obtain
G —yo)(z, t)v(v, 6v)(z,t)|dzdt
| 160 =)0 (e 510

S IGH) = va)lloqo.iz@) IPGO ) 2 o, rm2)w 0.0y meas(T) = 0 as 7 — 7,

The proof for the continuity of the second term is similar. Thus, we obtain (5.7).

since meas(T) — 0.

That the third term in (5.1) depends continuously on (7, 7), follows from the proof of the previous proposition as in

fact this mapping does not depend on the variable 7.

O
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5.2 Fréchet differentiability of the reduced cost functional with respect to time 7
We suppose in the following that the mappings yg and yq belong to C([0,T7]; L?(2)). Let us set:

fala,1) = 22 11G0) @, 1) ~ vale P,

gi(7) == /%; /fQ o)) dx)dt and go(r) = _/O;; (/QfQ(x,t)dx)dt.

We know that G(v) € C([0,T]; L?(£2)) by the compact embedding of W (0,T) in C([0,T]; L(£2)), and also yg and
yo by hypothesis, so that the mapping hq : ¢t € [0,T] = [, fo(x,t)dz € R is continuous on [0, T]. Consequently, g;
and go are differentiable at every point 7 € [3r, T], with

(5.11)

Degr(r) = gha(3 +5) = / ol
1 T /I“ T "’
Drga(1) = —5ha(5 — 3) = —5 fQ '3 — 5)d
Thus D, ffjf Jo fo(x, t)dx dt exists and
2 2
3t3 2 2
D, / /fQ v dt = 222 [ 160)@ 5+ 5) —vole 5+ 5)Pde = [ 1GO)(@ 5~ 5) ~vole. 5 — 5)Pda].
(5.12)
Using similar arguments with
Aol
fale,t) = 7 -1G() (. 1) — yale, 1),
it follows that D- [ [, fo(z,t)dz dt exists and at every point T € [3r, T]:
D, / /fQ x,t)dzdt = / |G()(x,7) — ya(z,7)|*dx 7/ IG(Y)(x, 7 — 1) —ya(z, T ,T)‘de} (5.13)
Consequently, D;J, (v, 7) exists and
D.J, )\Ql G(y I+ 0)%de— | |G -z )%
T ( ‘ ) (1’,2+2)| T | (’V)(xag 2) yQ( ' g 2)| €z
A 1 (5.14)
—|-fo /|G (x,7) — yQ(sr:7'|dx—/|G (x,7—71) —yalx, 7 —1)] dx}—t—BT
Using L?()) norms, this formula may be rewritten equivalently:
)\ 1 T T T T T T 2
Drdr(rim) = Z2-[[I60) 5+ 5) = vl 5+ D12~ 16O 5 = 5 = vl 5 = $l[fao)) o)
)\Q 1 2 ’
[HG 1) =002y — 1GOGT = 1) = g0l =) [Faey | + -

G being in particular a continuous mapping from U to W (0,T) and thus a fortiori from U to C([0,T]; L?(Q2)) and
the mappings yg and yq belonging to C([0, T]; L*()) by hypothesis, it follows from formula (5.15) that the mapping
D, J, is also continuous from U x [3r,T] in R. We have thus obtained the following proposition:

Pr0p051t10n 5.3. Supposing that the mappings yo and yq belong to C(]0, T] L?(Q)), then the partial derivative
D, J,(v,7) exists for every v € U and 7 € [3r,T]. Moreover the mapping Dy.J, : U x [3r,T] — R is also continuous.
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5.3 Continuous Fréchet differentiability of the reduced cost functional
By Propositions 5.2 and 5.3, using [11, (8.9.1)] or [7, Theorem 3.7.1], we obtain the following corollary:

Corollary 5.4. The reduced cost funtional J, is continuously Fréchet differentiable and for every (v,7) € U x [3r, T,
we have:
D(’Ya"') J”‘(’% T) : (6’77 67—) = D’YJT(’% T) : 5’7 + DTJT(/77 T) . 67—

for every (§v,07) € HY(0,T;R?) x Ry ([3r,T] — 7) with var(%r) given by (5.1) and D.J,(y,7) given by (5.15).

6 Adjoint System and Necessary Optimality Conditions

Our purpose is to derive first order necessary conditions as variational inequalities for an admissible control to be an
optimal one.
If we suppose I's convex, then U,q is a closed convex subset of H!(0,7;R?). In this case, provided that (7,7)
is a minimizer of Problem (1.6) (even local minimizer), the reduced functional .J, should satisfy the variational
inequalities

Dy J.(3,7)(y=7) =0 forall y € Uug (6.1)

and
D.J.(3,7)(t—=7) >0 forall 7 € [3r,T], (6.2)

given that J, is continuously Fréchet differentiable.

But in our setting, in general, the condition of convexity of U,q is not necessary verified. Then, (6.1) is no more true.
Therefore, we must introduce at any point v € U,q the cone of admissible directions and the related variational
inequality (6.4). More precisely, we recall from [9, pp.211-212] the following definition and result. We start by
introducing the cone of admissible directions:

Definition 6.1. Let V' be a normed vector space and U a non-empty subset of V. For every u € U, the cone of
admissible directions at u is
C(u) := {0y }u{d € V \ {0}; 3(uk)r>0 C U, such that uy # u Yk >0,

U, — U d } (63)

In the particular case of a closed convex subset of a normed space, we have [4, pp.107-108]:

lim up,=wand lm ——— =—
kmstoo T k—+oo [|lup —ul|  ||d]|

Proposition 6.2. Let V a normed vector space and U a convex closed subset of V.. For every u € U, the cone of
admissible directions C(u) at u is Ry (U — u).
Theorem 6.3. [9, p.212] Let V be a normed vector space and U a non-empty subset of V. Let f : O CV = R, a

function defined on an open set O of V' such that U C O. If f has at u € U a relative minimum compared to the
subset U and is Fréchet differentiable at u, then

Df(u)-du >0, for all du € C(u). (6.4)

Let us now come back to our present setting with V = H! (0,T;R2) and U = U,y. Since jT is Fréchet
differentiable, Theorem 6.3 is applicable and (6.4) implies the necessary conditions D,er(fy,%)&y > 0 for all
6y € C(3) and D, J.(3,7)(r —7) > 0 for all 7 € [3r,T], for an admissible control (7,7) € Uyq x [3r,T) to be optimal.
However, condition va,«(ﬁ7 7)oy > 0 for all §v € C(¥), would not be practical due to the appearance of v(¥, dv)
in (5.1). Indeed, to check this condition for each §y € C(%), we have to solve the initial boundary value problem
(4.5) with v = exp(w(¥))¥(¥) - 6. To remedy this difficulty, it is classical to introduce the “adjoint system” whose
solution p is called the adjoint state [24] of §. We claim that the adjoint system of our problem is the following
linear backward parabolic boundary value problem:

pepe + kAP = AF — t(Aoliz s 24 5(0(T — @) + Aol A1) (T —yo)) in Q=Qx]0,T],
kOyp + hp = 0,y on ¥ =TI%x]0,T], (6.5)

10



In fact, we have guessed the adjoint problem by using the formal Lagrange method described in [24, pp.120-122]
(6.6)

D ‘C(g?ﬁ/v'f’p)(y - Zj) > 0
(6.7)

241
22 which at first gives
for all y smooth functions satisfying y(-,0) = yo. Renaming y — 3 by y, it leads to the following variational inequality

s \
DyL(y,7,7,p)y =0
for all smooth functions y such that y(-,0) = 0. We want the folowing necessary optimality conditions to be verified
) =0,
(6.8)

Yy =20 for all y with y(,
for all 0y € C(7¥),

I_
272

244

Dyﬁ(g 7, TD

D, L(y,7,7,p)0y =0

D . L(y,7,7,p)(s—T) >0 forallsel[3rT]

25 Note that we define £ as the Lagrangian function associated with the problem (1.1)-(1.2)-(1.5)-(1.6), with respective
26 Lagrangian multipliers p; and ps
L(y,v,7,p1,p2) = Jr(y,7, T // pcyr — KAyY) - prdadt
(6.9)
//(ﬂc?uerhy—gﬂlzl hypls,) - p2dS(x)
27 The first necessary optimality condition leads to the adjoint equation
o _ Ao [T _
DyL(Y,7,7,p1,P2)y ) Y — yq)-ydrdt + — (4 — yo) - ydzdt
-z Ja T Jr—rJa
+/ /Vy Vydxdt—pc// Yt 'pldmdt—}—/i// Ay - prdzdt (6.10)
0o Ja Q Q
— m// Oy - p2dS(x)dt — h// y - padS(x
b b
25 We integrate by parts using Green’s formula in time and space with y(0) = 0 to get
545
/ (y — yg)-ydzdt + —/ / (¥ — yq) - ydzdt — // Ay - ydadt +// 0,y - ydS(z
-l—pc// Y- p1 tdwdt—pc/ (T) -pl(T)dx—Fn// Ap; - ydzdt — H// Oyp1 - ydS(z)dt (6.11)
Q
(x)dt = 0.

o :
—|—/<a// Oyy - p1dS(z)dt — KZ// Oy - p2dS(z)dt — h// y - p2dS(z)dt =0
) )
For all y € C§°(Q) the terms with y(0), y(T), and y, 0,y vanishes in 2 and on ¥ respectively. Therefore, (6.11)

(6.12)

249

implies
Aq _
510 — yo)ydedt + == Q]l[i——m‘-] (t)(y — ya) - ydadt
vy € C5°(Q).

A
j//ﬂ[i,l 4z -
r Q 2 272 2
—//Ay-ydxdt—l—pc//y-plytd:vdt—i-li//Apl-ydxdt—o
Q Q

w1 = yQ) + Al (t )(Q—zm)) € Ce2(Q) @ = {0}

250

Cg°(Q) being dense in L?(Q), we should have
(6.13)

pepre+ £ApL — Ay + (
(G = 50) + Al rr) (B — y0) ) in Q

251

Thus,
pepre + kApr = Ay — - ()\Q]l[
11
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In particular, the sum of the integrals over @) in equation (6.11) vanishes. Now, consider the set of all functions
y € C*(Q) such that % . 0,9, =0, and y(-,0) = 0. For such functions, it follows from (6.11) that

/ y(T)p1(T)dz =0 in Q. (6.14)
Q
The possible values y(T) form a dense subset of L?(f2), so that (6.14) implies

p1(T)=0 in Q. (6.15)

Now, we do not need to have yj,, = 0, ay = 0 any more, so we consider the functions y € C’l(Q) such that

y(-,0) = 0 to obtain:

// k(p1 — p2)0,ydS(z)dt + // (0,y — KOyp1 — hpa) - ydS(x)dt = 0. (6.16)
s >

The set {(y,, %

Z);y € C*(Q)} being dense in L?(X) x L*(X), we conclude that

v hps = 8,y E,
{58 p1 + hpe =0,y on (6.17)

p1 = P2 on Y .
Renaming p; by p, as pa2|s = p1|s = p|s, we obtain (6.5) for the adjoint system.

Definition 6.4. Let (7,7) be an optimal control of the minimizing problem (1.2)-(1.5)-(1.1)-(1.6) with associated
state y = G(7). A function p € W(0,T) is said to be a weak solution to the adjoint problem (6.5), if p(-,T) =0 in

b —pc//pt(x,t).v(x,t)dxdt—i—/i// Vp(m,t)Vv(;v,t)dacdt—l—h//p(;v,t).v(x,t)dS(x)dt

// VGH)(z,t) - Vou(z, t)da:dt+/\Q /fﬂ /Q ¥) —yo)(x,t) - v(x, t)dzdt (6.18)

r
2 2

)\Q / / —ya)(z,t) - v(z, t)dzdt,

for every v € L2(0,T; H'(Q2)).

Theorem 6.5. Let (7,7) be an optimal control and y = G(7) be the corresponding state. Then the backward
parabolic problem (6.5) has a unique weak solution p € W(0,T), i.e. a unique solution of the variational problem
(6.18) satisfying the terminal condition p(-,T) = 0.

Proof. First we start by a change of variables in (6.5) to get a classical parabolic forward problem. Let us set
p:QAx[0,T] - R: (2,8) = pla,T —&) and 0 : Q x [0,T] - R : (z,&) — v(z, T —&). Then, p(z,0) =
p(z,T), p(xz,T) = p(x,0), o(x,0) =v(x,T), v(z,T) = v(z,0), p(z,§) = p(x, T —§), and v(z,§) = v(z,T —&). Also

pc//ptxt (z,t)dzdt = pc//pth &v(z, T — fdmdf——pc//pgxf (z,&)dade.

Then, the variational formulation (6.18) is equivalent to the following classical forward one: p(-,0) = 0 and

pc//ﬁg(x,f) xfdxdf+n//Vp:c, vvxgdxd§+h// (z,€).5(z, £)dS (x)dE

/ / Vi(z, €).Vile, €)dude + 22 / _ / (7 - o) (@, €).5(x, €)duwds (6.19)

T—7+r 5
[ i) dads, Vo € LT @),

12
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where we have set G(7)(x,t) = y(x,t) and y(z,&) = y(z, T — £). This variational formulation is still equivalent to
(the proof of this equivalence is analogous to that of [15, Theorem 1.33]): 5(-,0) = 0 and

pc/Qﬁg(:c,g)w(x)dx—i—/i/ﬂV;b’(x@)Vw(x)dx—i-h/a p(z, &) w(x)dS(x)

Q
— [ Vile 9 Vul@hds+ 205 r s (6 [ (- o) ula)ds (6.20)
Q Q

+ ATQIL[Tfin‘FJrT] (5) /Q(é - gjg)(x,f)w(x)dx,Vw € Hl(Q)a for a.e. E E]OaT[

We define the bilinear form:
a: HY(Q) x Hl(Q) = R: (q,w) — alq,w),

where

a(q,w) = N/QVq(w).Vu)(x) dx + h/rq(x).w(x) ds(z).

a(+,+) is a bilinear and continuous form on H!(Q) x H!(Q) and coercive on V = H(Q) from [24, (2.14)]. Therefore,
by the Lax-Milgram’s Theorem , a(-,-) defines an isomorphism A from H'(Q) onto H*(Q2)* such that a(q, w) =<
Ag,w > i) i, for all (g,w) € HY(Q) x H* ().
Now, let us prove that:

L:[0,T] — H'()*: £ — L(&),

where
L&) : HY(Q) — R: w — L(&w,

with

Q

L(w :ATQH[ngfg,ngJrg](f) /Q(?j(x,@ —Jo(=,8))w(x)dr + )\TQ]I[T—?,T—%—H"] 3 / (y(x,€) — galz,§))w(z)dx
+ [ Vita.6).Vu(a)da.

belongs to L?(0,T; H*(2)*). Indeed, L(£) is a linear and continuous form on H'() since by Cauchy-Schwarz
inequality:

- A, = - Ao = -

ILE)(w)| < ([ly( Ol ) + TQH(Z/ = 9Q) (L2 ) + 7||(y —90) Oz [lwl a1 (6.21)

so that
~ )\Q ~ ~ )\Q =~ ~
1L @)+ < 19C o) + == =) Oz + ==y = F2) (4 llrz()-
Thus
~ >\Q ~ - AQ ~ ~
LI 20,7511 (2)+) < [|YllL2(0,7:m0 (2)) + TH.U —JQllL2Q) + 7||l/ —Jallr2(Q)- (6.22)

Applying [8, Theorem 11.7, p.192] there exists a unique p € W (0;T) such that

d

Pcdfg Qﬁ(f)(as)w(x)dx +a(p(-,€),w) = L(&)(w) in D'(]0,T[), for all w € H(Q). (6.23)

By [8, Theorem 11.6 p.191],

>H1(Q)*,H1(Q)

13



) and of the linear continuous form L(§) on

so that by the previous definitions of the bilinear continuous form a(

284

285 Hl(Q),We obtain

dp - -

(GO0) o iy 5 L THOT 0@+ [ o aw(w)is(a)
| Vit .90t )dxﬂ—n[TTzT c21©) [ 7). 0 (6.24)

+)\TQ]1[T 71— T+r](€)/g(§—?)Q)(x,ﬁ).w(a:)dx
O

s for all we HY(Q) and for a.e. £ €]0,T7, i. e., (6.20).
Proposition 6.6. If (7,7) € Uyq X [3r, T is an optimal control to the minimizing problem (1.6) with associated state
¥, T) verifies the variational inequalty

287 iti <O,
gy and p € W(0,T) the corresponding adjoint state that solves (6.5), then (

D.J,(7,7) - 67 =2acy / / exp (w(F) (1)) 5(3) (. £) - (67) (1)p(x, 1)dS (x)
+A / F(t) - y(t)dt + A /T'y’(t) -0 (t)dt >0,  for all 5y € C(¥)
0 0

w0 where C() denotes the cone of admissible directions to Uaq at 7 defined by (6.3) with V = H*(0,T;R?)

(6.25)

(3, 7) verifies also the variational inequality
DJ,(3,7)(s ~7) :%st[||G<a><»§+g>m<~,% + e - lIE
22 T (66 7) — vl ey — G 7
(6.26)

2
+ Br(s— T) >0, forallse [3T,T].

290

Proof. If (¥, 7) is an optimal control of the minimizing problem then from Theorem 6.3, the optimal control 4 must
(6.27)

201 . y % i
satisfy the following first order necessary optimality condition with respect to ~y

o satis
D,J.(3,7)-07 >0, ¥y €C®H).
203 By equation (5.1), we have:
$+3 5+5
D J(77 L /G 'y,&y)dxdt—— o /va ¥, 67) dxdt—l——/T T/G v(%,0%)dxdt
dzdtJr/ / VG®#) - Vu(¥,6%)dzdt + A / ~(t) - 65(t)dt + )\7/ ()67 ()dt >0
’ ’ (6.28)

/TT/

Using equation (6.18) with v = v(%, %), we obtain
— pc// pe(x, t)v(7, 09)(z, t)dzdt + H// Vp(z,t) - Vu(7,0%)(z, t)dzdt
? (6.29)
—!

Q
T T
+ h// x, t)v(¥,0%)(x, t)dS (z)dt + )\7/0 A(t) - 05(t)dt + )\,Y/O (t)o7'(t)dt > 0

294

D, J.(3,7) - 07 =

for all 65 € C(¥), where v(%,67) is the weak solution of the following system
in @,

pcdv(7,67) — kAv(Y,07) = 0
K0,0(7,67) + ho(3,69) = 2acr xp(w(7)}3(7).57  on By, 650)
KkOyv(7,0%) + hv(7,67) =0 on ¥y U X,

v(%,6%)(-,0) =0 in Q,
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and p the weak solution of (6.5). We now use the fact that v(%, %) is the weak solution of (6.30), and considering
p(+,-) as a test function of the weak formulation of (6.30), we integrate by parts in W(0,T') using [24, Theorem 3.11
p.148] noting that v(¥,6%)(-,0) = 0 and p(-,T) = 0, and obtain:

—pc pe(x,t) - v(¥,0%)(x, t)dxdt + K Vp(x,t) - Vo(7, 6%)(z, t)dzdt
i i
h / / P, ) - (7, %) (2, )dS ()t = 2acp / / e (W) D)IENO) - (el ()i

Substituting the above identity in (6.29) we obtain (6.25).

From Theorem 6.3, the optimal control (4, 7) must also satisfy the following first order necessary optimality
condition with respect to time given by

D J.(7,7)(s —7) >0, Vse€ [3r,T], (6.32)
as [3r,T) is a closed convex subset of R. Owing to (5.14), we obtain (6.26). O
Remark 6.7. The condition (6.32) can be simplified by taking the following arguments on s :
o If 7 €]3r,T], we consider s =T+ h or s =7 — h where h > 0, and obtain DTfT(’?,%) =0
o If7=3r then s —7 >0, for any s € [3r,T], so we have D;J,(7,7) > 0.
o IfT=T, then s — T <0, and deduce that DTJAT(:y,T') <0.
Corollary 5.4 and the previous proposition imply the following corollary:

Corollary 6.8. If (¥,7) € Uasq X [3r,T] is an optimal control to the minimizing problem (1.6), then
D(%T)jr("yﬁ)(éfy, 07) >0 for every (67,07) € C5.5)- (6.33)

We have introduced the Lagrangian functional previously, rather informally, in order to guess the adjoint problem.
Let us now define it rigorously:

Definition 6.9. The Lagrangian functional associated with Problem (1.1)-(1.2)-(1.5)-(1.6) is the mapping
L:W(0,T) x H*(0,T;R?) x [3r,T] x L*(0,T; H(Q)) - R
which sends (y,v,7,p) € W(0,T) x H*(0,T;R?) x [3r,T] x L?(0,T; H'(Q)) onto the real number:
L(y,,7,p) = Jr(y,7,7) — // (pcyep + £Vy - Vp)dedt — //(hy — gyls, —hypls,) - p dS(x)dt.  (6.34)
Q b
This rigorous defintion allows us to reformulate our first order necessary optimality conditions obtained in

Proposition 6.6 in terms of the Lagrangian functional:

Proposition 6.10. If (3,7) € Uyq % [3r,T] is an optimal control to the minimizing problem (1.6) with associated
state § and p € W(0,T) the corresponding adjoint state to y that solves (6.5), then (¥,T) verifies the variational
inequalty:

D L(y,7,T,p)67 >0  for all 65 € C(¥), (6.35)

where C(7) denotes the cone of admissible directions to Uyq at 7y defined by (6.3) with V = H(0,T;RR?).

(7,7) verifies also the variational inequality:

D, L(y,5,7,p)(s—T) >0 forall s € [3r,T). (6.36)
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Proof. In view of the definition of the Lagrangian function we have to prove that the mapping F : H'(0,T;R?) — R :

v = [fegy (@, )s, (2, )p(z, t)dS(x)dt = [[g g, (z,t)p(z,1)dS(z) fo Jr, 9+(z,t)p(x,t)dS(z)dt is continuously
Fréchet differentiable and that at every point v € H 1(O T;R?):

P 2 2
F'(y) -6y = %Ifz e mzlTYOF (g - Y()|07(t))gz p(x,t)dS(z)dt, for every 5y € H'(0,T;R?).
e 1

Let us firstly compute its GAteaux derivative at point v € H'(0,T;R?). Let us consider a sequence of positive real
numbers (h,),, oy converging to zero.

JIs g”+h”5”(m}f)__g”(x’t) (z,)dS(z) }BQJJQ (e~ mele O =hndvOF _ o=z l2=9OF) p 0 4)dS () dt
! n s 1 n

We want to apply Lebesgue dominated convergence theorem. We have:
e OO _ L gl 0RO (o 1)y () + (570,
so that:
ﬁ(efﬁlw*v(t%hnﬁv(t)lz el v(t)IQ) e*%lmﬂ(t)*hév(t)ﬁ[(x — Y (O)5Y(E))ge + [67(8)| 2o h]dR
— e ~rlo— () ( —(t)]|67(t))g2 as n — +o0.

Also by (e drl 1O OF —air e OF) = g [l o =il r O OF (o — o ()] 6(1)) o 107 (1) Bl
follows that:

F‘H
o
|

— e O -hady (O _ o~ Fle—v® 4 o hn
- < =5 (1@ = 1OV E)ge | + 1070 B 5]

Thus, the hypotheses of Lebesgue dominated convergence theorem are verified and

j‘f 9w+hn5w($ t) g~ (z,t) (.’E t)dS( )dt_) ?T(XngffZ 7z e R2 |o— ’Y(t)‘ ( —'y(t)|5’y(t))R2p(x,t)dS(x)dt
=8P [ ¢ “rz T OF () |0y (t gz p(x, t)dS(x)dt.

Consequently, the directional derivative F’(v) - v exists and:

F'(y)-0y= %Ileefﬁ\rfw(m? (x —v()|67(t))ge pl,t)dS(x)dt. (6.37)

Since p € W(0,T), pis, € L*(0,T;L*(T1)) and from H'(0,T;R?) — C([0,T];R?), it follows that F'(y) is a
continuous linear form on H'(0,7;R?). Thus, the GAteaux derivative of F at point v € H'(0,T;RR?) exists and
is given by (6.37). Let us show that the mapping H'(0,7;R?) — H'(0,T;R?)* : v+ F’(y) is continuous. This
will imply that the Fréchet derivative exists and is equal to the Gateaux derivative. Let 9 € H'(0,T;R?). For
8y € H'(0,T;R?) such that 1071l 1 0,782y < 1, we have:

[F/ () - 87 = F'(70) - 9] < |[ g, e 72 "7 O (q0(t) — 4(8)[87(8) ) P, £)dS ()]
+ [, ( ﬂ”“m—eﬂ“W“><<|Mompwow (x)d]
SHgmov%@Tmm@ww z)dt + [y |e” 7 T O om0 OF) e 1)|dS (x)dt
< ”'YO - ’YHC ([0,T];R2) ffgl‘p X t)|dS( ) t < ”’YO - ’Y||H1(07T;R2) s

(&

showing that F’(v) tends to F'(yp) in [Hl(O, T; R2)] “asy — o in H! (0, T;R?). Consequently, F is continuously
Fréchet differentiable and F’(v) - §v is given by formula (6.37). Thus by (6.9):

Do L(5,79,7,0)07 = Ay [ (1) - 63(8)dt + Ay [y 7' (t) - 87 (t)dt + F'(3) - 67, (6.38)

which by formula (6.37) coincides with the r.h.s. of (6.25).
Let us now prove that (7, 7) verifies also the variational inequality:

D . L(y,5,7,p)(s—7) >0 forall s e [3rT] (6.39)

It follows immediately from the definition of the Lagrangian function that D.L(y,7,7,p) = D, J.-(y,7,7,p) =
D, J.(3,7,p), so that the variational inequality (6.26) is equivalent to the variational inequality (6.39). O
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7 Second order Fréchet differentiability of the control-to-state operator

In this section, we aim to find explicitly the second order differential of G. To do that we proceed in the following
steps:

Step 1: Finding the second order differential in a formal way.

We already know the first order differential from (4.2). Giving an increment dvs to v in G, we formally get the
following by using the first order finite Taylor expansion,

ew(’y+6’yg)5/(,y + 572) . 671 — ew(’Y)+20R’~Y(’Y)'5"/2+0(||5’Y2"Hl(o,T;lRQ))[ag — (7 + (572)@)] . 6’)/1 by (49)
= "0+ 2¢rF(7) - 672 + 0(|[872| DI (F(7) = 072) - o7 (7.1)
= e"DF(y) - 71 + € (= 671 - 072 + 2¢rRT(Y) - I117(Y) - 672) + o(|[d72l]) - o

i olldrel)
where il_r}r}) W =0, then

D2G(3) (71, 672) = 2acra [0 (2er7(7) - 6917 (7) - 72 — 071 - 672)] (7.2)

Step 2: Let us prove that the right-hand side of (7.2) is well defined.

Let 671,072 € HY(0,T;R?). As H'(0,T;R?) — C([0,T];R?), we get that 6y1,d72 € C([0,T];R?).Therefore
571 - 692 € L%(0,T;R) being continuous on a compact interval and thus bounded.

In addition, we also have that % : (z,t) — 5(v)(z,t) = x — v(t) € R? is continuous on ¥; = T'; x [0, 7] and also v
which can be viewed as defined on ¥ by (z,t) > t = 67;(t) € R? for all (z,t) € £y (i = 1,2). Thus,

2crRV(Y) - 0117(7) - 072 — 071 - 672 € C(S1;R) — L (5).
Further, as e*(?) := e~V is bounded from above by 1 on ¥4, it belongs to L*>°(X;). Consequently
e (2crA(7) - S A(Y) - 62 — 571 - 672) € LP ().
Now o, as defined in (4.4), being a linear and continuous operator from L?(%;) into W (0,T), we get
o (e (2¢rF(7) - 071F(7y) - 672 — 071 - 072)) has sense (7.3)
and belongs to W (0,T), in particular to L2(0,T; H(Q)).

Step 3: If the second derivative of G at point 7, D2G(7), exists then D?G(v) belongs to the space
Z(H'(0,T;R?); Z(H'(0,T;R?); W(0,T)))
which is identified to the space of bilinear continuous mappings from H'(0,7;R?)? into W (0,7)
ZL(HY(0,T;R?); W(0,T)).

From this comes the idea that we must prove that the mapping

B, : (671,6%) = 2aco [e=* T (2ep5(7) - 0713(7) - 692 — 671 - 932)] (7.4)
is bilinear and continuous from H'(0,T;R?) x H*(0,T;R?) into W(0,T). Firstly, let us prove that

E,: HY(0,T;R?)? — L*(%;)
(671,672) 1= e~ (20R5() - 617 (7) - 672 = 671 - 572)

is bilinear and continuous from H!(0,T;R?)? into L?(3;).
From its definition, we clearly see that F, is bilinear. Further, F, is continuous since

|F (071, 672) (0, £)] = e RTO@OF 90 (2 — (1)) - 571 () (2w — ¥(£)).072() — 3 (E) - 592 (8)]
< 2cglz — (6% [571(8)] [072(6)] + [671(8)] [672(t))| (7.6)
< C(H’YHOO) H571||oo||5'72”oo )
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where ||8]]s0 := sup |B(t)|, VB € H(0,T;R?). Using that dv; € H'(0,T;R?) — C([0,T];R?) (i = 1,2), we have:

te[0,T

1E, (671, 67) o) = / (51, 672) (o, 1) Pl
= (7.7)
<e / 16911 211 e 10 2 o ey v,
1

Thus
[[Fy (671, 072) |22y < C s [1V]leo) 1071 1 0,7:82) |02l [ 1 (0,7R2) - (7.8)

Now, we know that o is a linear continuous operator from L?(¥;) into W(0,T). It follows that the composite
function o o Fy : (671,072) — o o F(671,072) is linear with respect to ;. The same can be done to prove the
linearity of o o F, with respect to év2. Moreover, as a composite function, o o F), is also continuous We have thus
proved that B, defined by (7.4) is a bilinear and continuous mapping from H'(0,7;R?) x H'(0,T;R?) into W (0, T).

Step 4: To prove that B, = 2acg o o F, defined by equation (7.4) is the second order derivative D*G(y) €
Z(HY(0,T;R?); W(0,T)) of the function G : H(0,T;R?) — W (0,T) at point 7, we need to prove that for every
dvo € HY(0,T;R?):

[IDG (v + 672) — DG(y) — By (-, 072)|| 2 (a1 (0,782 );w (0,7)) = 01072 1 (0,75%2)) (7.9)
i.e.

sup [[DG(y + 672) - 0v1 — DG(7) - 071 — By (071, 672)|lw0,7) = o(l|672l| a1 (0,1:r2))- (7.10)

Hovillg1co,rimz) <1

So, let us compute DG(y + 072) - dv1 — DG(7) - 071 — 2acgo o Fy(671,072). By (7.5), we have:

DG(y + 072) - 6v1 — DG() - 671 — 2acgo [ew("’)@c;ﬂ(v) oY) - 0v2 — dy1 - 62)
= 2acRro [6*0R|7(7+5W2)\2:y(7 +692) - 01 — e*CRW(V)lgﬁ/(,}/) -0 (7.11)
— e =T (2ep7(v) - 617 (7).072 — 1 - 67)].-

It suffices to consider the expression between the square brackets as o € £ (L*(X1); W(0,T)). We have :

[6*0R|:Y(’Y+5’Y2)\2fy(,y + 672).671 — 676’*‘&(7)%(7) SOy — B*CRl’Y(’Y)\Q(QCR:Y(,Y) SmA(Y) - 02 — om .572)} (z,t)
= [emerlr @720 (@ — 5 (8) = 692(1)) - o3 (1) = e OF (@ — 5 (1)) - om (1)

— e=erlr P Qep(a — (1)) - 931 (1) (= Y(1).-072(8) — 571 (£).072(8))].
(7.12)

Taking 071 (t) as factor in the three terms, (7.12) can be rewritten:
571 (t) - [e—CRIr—w(t)—th(t)\2 (z — () — 6792(t)) — e_CR|$_'Y(t)|2(x — (1)

. (7.13)
— e m T YOF (g (2 — (1)) - 6y2(t) (x — (1)) — 672(8))].

Step 5: To prove that D2G(y) exists and is equal to B, = 2acg o o F,, we must prove that:
[[DG(7y + 0v2).071 — DG(7) - 671 — 2acro o Fy (671, 6%2)|lwo,1) = o072l a0, 7:r2)

uniformly in 61 for |[071||g1(0,7;r2) bounded. By (7.13), this will be proved, if we show that:

sup 11672 || e—calr—v(t)—éw(t)\z(x — y(t) = 67(t)) — e—CRIm—v(t)\z(x — (1)

H‘;’YlHHl(o,T;n@)Sl

) (7.14)
—emem T 1O (2ep(0 (1)) - 692(8) (@ — (1)) — 692(1)) |

= o([[072l[m1.(0.7:%2))-

LZ(El)Z
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But [|071]|m1(0,myr2) < 1 so that a fortiori [[671[cc < ¢ for some positive constant c¢. Also due to the compact
embedding H'(0,T;R?) in C([0,T]; R?), a o(||672||s) is a fortiori a o(||672|| g1 (0, 7;r2))- Therefore it suffices to prove
that

| emertr=r =020 (o — (1) = ba(1)) — e en* O @ — (1))

—enlz—n(t)]? (7.15)
— 0P (e A(6). 8720 = 1) = 92(0) || 1o,y = 01072l oc)-
Substituting the direct equality
e—Crlz=1() =672 (W)* _ —crle—y(1)]* o—crll§72()]*—2(z—~(1)).672(1)]
in (7.15), it reduces to prove that
I e—crlz—y()|* [e_CR[|5'Y2(t)|2_2(1_7(t))~6’y2(t)] (x — ~(t) — 672(t)) (7.16)
— (2 =(t) = 2er(z — ¥(1)-0%2() (w = ¥(1)) + 072(B)] [| 25, )» = o(l1072]]o0)
e lo=(D)? (1872 (6) 2 =2(2 =7 (£))-672 ()]
e~ Crlz—y e Crllor2 —2(x—vy L0772 — 1z — t)y—9 t
|| [ ) =(t) = 97 (1) -

- QCR(w - 7(”)-572@)(@ - 7<t))] || L2(2)? = 0(||572||00)

Now, we may drop the factor e~erle=7®1” gince it is bounded from above by 1, so that it suffices to prove that

H (e—CRHé'Vz(t)\2_2(x—'y(t)).6vz(t)] — )(x —5(t) — 6v2(t)) — 2cr(z — Y(1)).0v2(t) (x — ¥(t)) H L2(3)?

(7.18)
= o([1672loo)-
Now, 072(t) and x — y(t) being bounded, it is sufficient to prove that
I = crlldn (0 = 2 = () Fb]w =30~ 0320) = 2en(e = 5O) SO 1Oz 0
= o([[672]lo0), '
= crl6n O — () - Fra(t)) — 2en(e 1(8))-072(£)072(8)| L2 (m1)2 = (1072l m1 0,7:82)) (7.20)

which is obvious.

Step 6: It is also clear from formula (7.4), that D?G is also continuous from U C H'(0, T;R?) into L (H* (0, T;R?); W(0,T)).

We have thus proved the following proposition:

Proposition 7.1. The control to state mapping G is twice continuously Fréchet differentiable from U C H*(0,T;R?)
into W(0,T). The second derivative D*G(v) at point v € U, is the bilinear continuous mapping which sends
(671, 072) € [HY(0,T;R?)]? to 2acry, where y = y(6v1,872) € W(0,T) is the weak solution of

pcory — KAy =0 n Q,

KOy + hy = € (2cpF(7).6m7(7).072 — 61.072)  on Ty, (7.21)
KOy +hy =0 on Yo U X3,

y(-,0)=0 in Q.
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8 Second order differentiability of the reduced cost functional

Proposition 8.1. For fized 7, the mapping v € U — jT-(’)/,T) € R is twice continuously differentiable and we have
for all 5v1, 8o in HY(0,T;R?):

Doy Jr(y,7) - [071,072] =

$+3
Ao [ / 7) = yo) (@, 1) Dy G(7) - [5717572](1’70+U(%fs’Yz)(I,t)-v(%571)(:z:,t))dxdt

r
2 2
T

/ — 40) (@)D, G () - (71, 672) (. 6) + 07, 672 (2, 0)-0(7,070) (@, 1) ) dadt - (81)

" / / (ww, 532) (2, £)- V(1. 091) (2. 1) + VC () (2. 1)V Dy Gl3). 61, 5] . 1)) vl
0 Jo

+ Ay (672, 671) 1 (0, 7:R2) -
Proof. Let us consider the first term in the right-hand side of .J, in (3.2),

3+3

v / |G(7)(,t) — yo(z,t)|*dvdt.
53
We may consider it as the composite function of
h:U = L*(Q)*: v = (G(7) —y@:. G(v) — yQ)

followed by the continuous bilinear mapping

[ (f,9) € L(Q)? — / flz, t)g(z, t)dzdt € R.

ey r
2 2

As we know that G is two times continuously differentiable from U into W (0,T) and thus a fortiori into L?(Q),
the mapping h is two times continuously differentiable. The expression of its first derivative follows immediately
from (4.2) and of its second derivative from (7.4). The continuous bilinear mapping [, -] is two times continuously
differentiable. Its first derivative at point (f,g) € L*(Q)? is the linear continuous mapping

(6f,69) € L*(Q)* = [0f, 9] + [f,d9] € R
and its second derivative at any point (f,g) € L*(Q) x L*(Q) is the bilinear continuous mapping
(Af,Ag), (3f,09)) € (L*(Q)* x L*(Q)?) = [6f. Ag] + [Af, dg] € R.

Thus by Theorem 5.4.2 of [7, p.72] the composite mapping corresponding to the first term of (3.2) is two times
continuously differentiable and the expression of its second derivative follows from formula (7.5.1) of [7, p.95] which
gives the expression of the second derivative of the composite of two functions.

The second term in (3.2) is treated similarly. For the third term,

//IVG (2. 1) Pt (5 57] = // o(7, 672) (@, £). oy, 571) (2, 1)

+ VG()(x,t).V D1y G(7).[071, 672]) dxdt.

The last but one term v — %Hv”fp(o r.re) 0 (3.2) is obviously of class C? and the computation of its second
derivative is immediate being the quadratic form associated with the continuous bilinear form of the scalar product
in H(0,T;R?). Therefore, we get (8.1). O

Proposition 8.2. The mapping U x [3r,T] — L(HY (0, T;R?);R) : (v,7) = Doy Jr(7,7) is continuous.
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Proof. Let us fix some 7/ € U C H'(0,T;R?) and some 7' € [3r, T]. We suppose that v in U moves to 7/ and that
T € [3r,T] moves to /. For the first part of the first term in the right hand side of equation (8.1), we have:

5+5
. /Q (G) — y@) (@, 1) Doy G(7). 1071, 7] (, )t — / - / 1) (@ ) Do G (V) [1, 542] (2, £) ]
3+3
.. / VN (@, 1) Dyy G(7)-[071, 672] (, t) davdlt|
g
e /Q(GW—?/@(%JHDWGM—DwGw.[an,mm,wdmﬂ
o4 (8.2)
*| i /Q(G(FY/) —yQ) (@, t) D1y G(Y').[071, 02 (x, t)dxdt

T+3
Bl /r' r Q(G('y’) —4Q)(x, 1) D1y G(7).[071, 072] (2, t) dadt|

Let us bound the first term in the right hand side in inequality (8.2). For 0y, v, € H'(0, T;R?) with |67 HHl(O,T;]R2) ,
||5’72||H1(0,T;R2) <L

e fQKG(w — G(Y)) (0, )]sy G (7).[071, 2] (, ) dvdlt
< [T IGO) = GO oy 1D G- [571, 630 ) ey
<T |Gy ) G HC(OT ;L2(Q)) [ DG (7). [5'717572]||c([o,T];L2(Q)) (8:3)
SIGO) = GO )lleqo,ryszz@) v G () 167, 072l o)
SIGO) = Gl oz @) 1P G gy a1 0,772 w0,y — 0 as ¥ =7
as D.,G(v) is continuous from H'(0,T;R?) into £ (H(0,T;R?); W(0,T)) so that || D, G(7)
is bounded for 7 near «'.

Let us now bound the second term in the right hand side of inequality (8.2): for §v;,dv. € H'(0,T;R?) with
<1:

.2, (1 0. 7m2): W (0.1))

671 ||H1(O,T;R2) ) H5'72HH1(0,T;R2)

| JZ2 a 2 Jo(G(Y) = yQ)(#, D)[D17 G(7) = Dyy G(Y)] (071, 072] (w, t)dwdt]

< fo I(G(Y) - yQ)("t)”L?(Q) ||[DWG(7) - D’Y’YG('V/)]'[(S'Yla 5’)’2]('70“1:2(9) dt

S ||G("Y/) - yQHc([o,T];Lz(Q)) (D1 G(7) — DWG(’Y/)]~[5’Yl,5’72”‘0([0’7*];L2(Q)) (8.4)
S DG () = Dy G071, 6%l 0,7y

<D G) = Do GOy a1 o imoraw oy — 088 7= 7

Let us finally bound the third term in the right hand side of inequality (8.2):

|f7jf Jo(G(Y) = y@) (@, 1) Dy G(Y).[071, 072 (2, ) dxdt—f:jf Jo(G(Y) =y@) (@, 1) Dyy G().[671, 672] (2, t)ddt|
S Jiag Jo (GO) —yo) (@, )] |DyrG(Y').[071,672)(,1)| dadt
SIGH) - yQHc( 0,T];L2()) D1~ G(7)]-[071, 672] HC( (0,T];L2()) Tveas (IAJ) (8.5)

SIGH) - yQ‘|C([07T];L2(Q)) 1D, G )Hg2(H1 0,T;R2);W (0,T)) "€as (IAJ) —OasT— 7'
Thus by inequality (8.2), as (v, 7) tends to (7', 7’), we have

r

5+3 T+
/1 / (G(Y) — y@) Dy G ()51, 62) ()t — / 40D Gy )o1, Sa) ()t (8.6)

i

- -
zm5 U0 T35
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For the second part of the first term in the right hand side of equation (8.1), we have:

3t3 T +3
| (7, 071)v(7y, 0v2) (z, t)dadt — (Y, 0m1)v(v', 0v2) (2, t)dadt|
[ e

< / (0(7, 67 )0 (7 42) — 02 )0 ( y2) e + | / o( s 691)0( 62) )],
IANT JQ

z_r C
For the second term in the right-hand side of the previous inequality :
| Jias Jov(Y, 0m)v(ys 0v2))dzdt] < [i 55 [l0(Y,691) (D)l 2oy 10(75 072) (, E)ll 2

5 HU(’Y’, 671)HC([0,T];L2(Q)) ||U(»}/’ 672) ||C([O7T];L2(Q)) meas(IAJ) (8.8)
2
5 ||DG(’}/)H3(H1 (O,T;Rz);W(O,T)) meas([AJ)

which tends to zero uniformly in 671,72 € {0y € H(0, T; R?); 167 1 (0,7 p2y < 1} as 7 — 7.
For the first term in the right hand side of inequality (8.7):

| JEE Jo 00, 0m)0(7,872) = vy, 7)o, 672))dard
<217 (00, 0m) = v(y 0m))o(y, yo)dadt] + | [212 [ 0(+',671)) (07, 872) = (v, 872))drdi]
S I(DG(y) - DG( Novllcoryz2 ) PGl 0,702
+ [(DG(v) = DG(Y)dv2ll oo,z () IPG(Y )07l e o.1:0202)) (8.9)
S (DG(y) — DG ( ))571||W(0 T) DG (y )5W2||W(0,T)
+ (DG(v) = DE(Y))07z2llw 0,7y IDG (V)7 llw 0,7y

S IDG() = DGO (o 0,782y w (0,1 (”DG(V)||$(H1(O,T;]R2);W(O,T)) + HDG(W/)Hz(Hl(o,T;W);W(O,T))) )

which tends to zero uniformly in dy1, 87 € {8y € H' (0, T;R?); 07| g1 (g 12y < 1} and in 7 as v — /. Consequently
by inequality (8.7):

I

r
2 2

2

5/v(%fhl)v(%572)(x,t)da:dt%/2 / v(y, 671)v(y, 672) (2, t)dadt, (8.10)
@ T-%

uniformly in 671,872 € {6y € H'(0,T; R?); 1071l 1 (0,7.m2) < 1} as (v, 7) = (7, 7).

By (8.6) and (8.10), the first term in the right-hand side of equation (8.1) is continuous in (v, 7). The proof is similar
for the second term in the right-hand side of equation (8.1), and the third term in the right-hand side of equation
(8.1) depends only on v and not on 7. Its continuity with respect to « follows from Proposition 3.3, Proposition 7.1
and Theorem 4.1. O

Let us investigate the partial derivative with respect to 7 of D.,.J, given (5.1).

Proposition 8.3. The mapping [3r,T] — H*(0,T; R?)* : 7+ D,er(fy,T) is differentiable and:

ijr(%T)'[fs’Yl,(STQ] =

% /Q (0 =)@ 5 + Hv(r.om)(@, 5 + 5) = (GO) —vo)(a § = Ho(om)@. 5 = 5))de gy
2272 [ ((G() = o) (w0 m).7) = (6(0) = )7 = 1)y )7 = 1)) o

Proof. We have formula (5.1) for DAYJAT(’y,T) - 0y1. We must prove that its derivative with respect to 7 exists
uniformly in dv; for ||671 g1 (0,;r2) < 1 and prove that it is given by the right-hand side of (8.11). Fortunately,
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due to the compact embedding of H'(0,T;R?) into C([0,7]);R?), and the continuity of o in (4.2) from L?(%;) into
W(0,T), the set {D,G(v) - 61; [|071 | 1 (0,7;r2) < 1} is compact in W (0,T) and also in C([0,T]; L*(2)) due to the
continuous embedding from W (0,7T) into C([0,T]; L?(£2)). Thus for every € > 0, there exists § > 0 such that for
every 6y1 € H'(0,T;R?) such that |61 | g2 o,7r2y) < 1,0 <t — (5 + %) < 6 implies

|(D,G() - 57) (1) — DyG(Y) - o (- & +

This implies that

Do) =

<e.

G5 +5) =yl 5+ 5DIDLG() - 371) (1) — (DGO - 0m) (5 5 + 5 11 g
YQ

(5+5 HL2(Q

if5+5<t<g+5+4.

(8.12)

As DG(v) is a linear continuous operator from H'(0,T;R?) into W(0,T), we have |DG(v) - évllwo,r) < ¢
for [|671]/#1(0,7;r2) < 1 and by the continuous embedding from W (0,T) into C([0,T]; L*(R2)), we have a fortiori
DG () - 0villeqo,m;22(@)) < ¢ for [[071 ]| g1(o,rmey < 1 for some constant ¢ > 0. Thus, we have also:

|G =yl 1) = (GO,

T
2 2
<Dy G()-0mlloqorysce @y (G

1) =y (1) — (G (5 +35)

+2) = vl 5 + HND,G().0m)(1) |

for 5+ 5 <t< 3+ 5+0if § > 0 is choosen sufficiently small.

Now, let us set
Ao
r

ft,0m) =

We have that:

r+h+g

i( /0 T b st — /O Hf(t,m)dt) - / ;

1 [3+5+3
:E/ (f(t,0m) = F(5 +

T r
zt3

By inequalities (8.12) and (8.13), H [z LA (f(t,0m) —

7—+r

LY (©)

- yQ('? % + %)) HLz(Q) <e

/Q (G (1) — vl t)) v(y, 531) (@, t)da

h
l"r%

f(t, 5’)/1 )dt

1
2,6m)) dt + if(% +5,071)-

(8.13)

(8.14)

f(5+3, 671)) dt H will be smaller than e for sufficiently

small h uniformly in 6y, € H'(0,T;R?) for ||671 | g1 (0,7;r2) < 1. This proves that the right-derivative at point 7 of

Ao [TT2
s 22 [ [ (@)t~ vale1) vl 07 )

is equal to

2rl}GWM%%+9‘ﬂd%%+%UWWﬁwﬂ%§+ng

Similar reasoning shows that this is also true for the left derivative at point 7. Writing the integral

5
i?é AxGW%w@@wrwmﬁﬂutMﬁ

]/ )(@,t) — yo(z,t)) -

L feo

we obtain that the partial derivative with respect to the variable 7 of

3+3
57 € HY(0,T;R?) s AQ/ /

23

—yo(a,t)) v

o(3,67) (@, t)dedt

x,t) - v(y,0v1)(x, t)dxdt,

(8.15)

(8.16)

(8.17)
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exists and is given by the first term in the right-hand side of (8.11).
Similar reasonings show that the partial derivative with respect to the variable 7 of

6t € HY(0,T;R?) s 2o / / — ya(z,t)).v(y, 67)(x, t)dzdt

exists and is given by the second term in the right-hand side of (8.11).
O

Proposition 8.4. The mapping Dy J, : U x [3r,T] — R : (v,7) = D, J,(7v,7) is continuous from U x [3r, T] into
L (HY(0,T;R?),R; R).

Proof. Let us prove that the first term in the right-hand side of equation (8.11) defines a continuous mapping from
U x [3r,T] into £ (H'(0,T;R?) x R;R), the proof being similar for the other terms. This amounts to prove that
the mapping
U x [3r,T] — H*(0,T;R?)*
() [ = [ (GO) = v 5 + B)utr m)(o. 5 + 5o

is continuous, the proof being similar for the second part of this term. Let us fix some (7', 7') in U x [3r,T]. We
must prove that when (v, 7) in U x [3r, T] tends to (7', 7’), that

(60) = v0)(w. 5 + S om)la 5 + 5)de — [o(G0) —s0) T + B om)le G+ e (818)
uniformly in 61 for [|671 | g1 (0,7r2) < 1. Now
I/ ) = Q) (@, § + Ho(y,6m) (@, § + §)dr — [o(G(Y) —yo)(e, T + 5oy, 0m)(z, 5 + §)da]
< /Q (G(Y) —y@) (@, 5 + 5)v(r, 0n)(@, 5 + 5) = (G(Y) —we) (@, 5 + 5)v(v, 0m) (2, 3 + §)|dw (8.19)
GO = yo)(@, 5 + ey, 0m) (@, § +5) = (G0) —wo)(w, T + 500 6m)(e, 5 + 5)lde
The second term in the right-hand side of (8.19) can still be decomposed as
J G0 =)@ 5 + 510 8m) (0. 5+ 5) = (G0) = wo) . + 5l ) (w. F +5)lds
< /Q (G(Y) = y@)(@, 5 + 5y, 67) (2, 5+ 5) = (G(Y) —yo) (@, 5 + 5l o) (x, 5 + 5)ldz (8.20)
+ ) GO = yo)(@, T + D0 )@, § + ) — oy, ) (@, 5 + )llde
Now {v(v',d71);6v1 € H*(0,T;R?) and 10711l 71 0,72y < 1} is compact in C([0,T]; L*(Q)) as Dw(y') defined by

(4.9) is a compact mapping from H'(0,T;R?) into C(T'; x [0,7]) and thus equicontinuous by Ascoli’s theorem [11,
(7.5.7)]. Consequently, given & > 0:

£

< :
PO 14 (G0 -yl (5 + )

[v6 M) 5+ 5) o om) 5 + )

N
oI

L2()

for 7 sufficiently close to 7/ and this for all 6y € H'(0,T;R?) such that ||§v; I #71 (0,7;r2) < 1. This implies that:

/Q (G(Y) —yo)(@ 5 + I om) (@, 5 +5) — vy, 67)(z, 5 + 5)llde < 5. (8.21)
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On the other hand

/|(G(7') —yo) (@, 5 + 5)0(v,07)(@, 5 +5) = (G(V) — ya) (@, T + 5)o(v,0m)(@, § + 5)|da

/ (G0 ~ve)(@ 5 +5) — (C€(0) — )@ 5 + Pl 6n)(e, § + §lde
(8.22)
< @) ~va) 5+ 5) - €0 —w) 5+ 5| o 105+ 5) ] s
. - r 9
< IDEE Nz ormnciomnon [ (€0) =10)05+5) ~C) ~1)( 5 +5) o <5

if 7 is sufficiently close to 7’.
From (8.20), (8.21) and (8.22) follows that

/Q (G(Y) = y)(@: 5 + 5y )@ 5 +5) = (G() —ya)@, T + 5oy on)(@, 5 +5)ldr < (8.23)

if 7 is sufficiently close to 7/ for all 67, € H*(0,T;R?) such that 10711 g1 0,72y < 1.
Let us now work on the first term in the right-hand side of (8.19). We have v(vy,dv1) = DG(v,d71) = DG(¥,d71) =
v(y',dv1) in C([0,T]; L?(Q?)) uniformly in éy; € H(0,T;R?) for 1071l 0,72y < 1, as DG(y) — DG(7') in
Z(HY(0,T;R?); W(0,T)) and thus a fortiori in Z(H'(0,T;R?); C([0,T); L*(£2))) when v tends to 4/ in U C
H'(0,T;R?). Consequently v(v,671)(-, 3 + %) tends uniformly in 6y, € H*(0,T;R?) for 1071l g1 (0,7,m2) < 1 and
uniformly in 7 to v(y/,6v1)(-, 5 + §) in L*(€2) when ~ tends to +'.
G being continuous from U € H*(0, T;R?) into W(O,T) by the continuous injection W (0,T) < C([0,T]; L*(Q)),
G(y) = G(v') in C([0,T]; L*(Q)) when v tends to 7' in U C H'(0,T;R?) so that (G(v) — yg)(z, 3
(G(Y) —yo)(x, 5 + %) in L*(Q) uniformly in 7 (let us recall that we have supposed that yQ e C([0,T); L?
These two facts imply that (G(v) —yq)(-, 5 +5)v(v,071)(-, T+ 5) tends to (G(Y') —yq) (-, T+ 5)v(v,071)
in L}(Q) uniformly in §vy; € H(0, T; R?) for ||571||H1(07T;R2) § 1 and uniformly in 7, so that

/Q (G(Y) = Q) (@, 5 + §v(v,0m) (@, 5+ 5) = (G(V) —yo) (@, 5 + Ho(v,0m) (2, 5 + 5)lde (8.24)
tends to 0 uniformly in 7 and in 0y for [|671 || g1 (o,rr2) < 1, when « tends to ' in U ¢ H'(0,T;R?).
By (8.23) and (8.24), (8.18) follows. O
Now we want to prove that:

Proposition 8.5. The mapping
U—-R:vy— D;Jp(vy,7)

is Fréchet differentiable and

-D'y'rj'r(’% T)'[57_17 572] -

220 [ [(E0) = w0)(w 5+ Dalnbn)(e. 5+ 5) = (G0) ~wa)(@ = Datnbm)e 5~ 5)]de (g
#a [ [(60) = ) (e, n)03.09)(w7) = (GO) =~ yo) 7 = 1)y Sra) = )]

Proof. We know by (5.14) that:

A Ao 0T . )
D.J,(.)am = 250 [ 160) ~so)a§ + H)Pde — [ 1(GO) ~ o). — )]

/\ 57’ (8.26)
s 1 /| —yq) x7'|d:c—/|G (z,7—1) —yalx, 7 —1)] d:c}—&—,BT(?ﬁ.
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We want to prove that its partial derivative with respect to « exists and to compute it. Let us consider the first
term %5% [fg (G(7) — yo)(z, 5 + %)|?dz| in the right hand side of (8.26). We may consider the function

F:UcCHY0,T;R?) - Z(R;R) ~R: v+ /Q Gz, 5+ 5) —yolz, T + 5)|°dx

as the composite of the functions
Go: U — C([0,T]; L*(Q)): v — G(7)
followed by the function
T, - C([0,T]; L*(92)) = C([0, T L*()): f = f —yq
followed by the function
To: C([0,T); L*()) — L*(Q): g+ (5 + §)
followed by the function
diag : L*(Q) — L*(Q) x L*(Q): h > (h,h)

and still followed by the bilinear continuous mapping

[, ] L2(Q) x L*(Q) = R (¢,9) = (¢¥) 120

where (-|-)12(n) denotes the scalar product in L?(£2).

G> is two times continuously differentiable, T, is infinitely continuously differentiable, T} is a linear continuous
function and thus also infinitely continuously differentiable, diag is a linear continuous function and thus also infinitely
continuously differentiable, and [, ] being a bilinear continuous mapping is also infinitely continuously differentiable.
Thus F is certainly continuously differentiable and its derivative D, F' is the composite of the derivatives of these
functions, so that

DF() -1 = [

(@05 +5) ~vale§ +5) -vlrom)(w § + 5)]ds

The proof is similar for the other terms in the right hand side of (8.26). O

By inspection of formula (8.25), we see that D,wj,. (v,7) is equal to ij,. (7,7), so that by Proposition 8.4, it
follows immediately:

Corollary 8.6. The mapping DrJ, : U x [3r,T] = R : (7,7) = Dy, Jp(7,7) is continuous from U x [3r,T] into
L (HY0,T;R?),R; R).

This follows also from the proof of the previous proposition.

Proposition 8.7. Let v be fized in U. Let us suppose that yp € L?(X3) and that the initial condition yo of the initial
boundary value problem (1.2) belongs to L?(S). Then the time derivative ‘fi—ff of its weak solution y = G(y) € W(0,T)
belongs to C([e, T); L2(2)) for every e €]0,T].

Proof. 1. From g, (z,t) = %4 exp (— 2%)@ —y(t)|%(t))rz and v € H*(0,T;R?), which implies v €
C([0,T]; R?) and + € L?(0,T;R?), follows that ¢, € L*(X1).

2. Let us consider the “derivated problem with respect to time” of the initial boundary value problem (1.2) with
initial condition vy € L?(£):

pcov — kAv =0 in @ = 2x]0, T,

KOV + hv = gy on ¥ =TI'1x]0,T7,

KO,V +hv =0 in ¥o =Ty x]0,T7, (8.27)
KkO,v + hv = hyp in X3 =T3x]0,T7,

v(z,0) = vo(x) for z € Q,
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whose variational formulation is:

pc < %(-,t),f > H1(Q)*, H1(Q) -‘rlifQ Vo(z,t) - VE(x) d;v—&-hf[m v(z,t) {(z) dS(z)
- fF1 Gy (x,t) E(x) dS(z) + hfr yp(x,t) £(z) dS(x), V& € HY(Q), (8.28)
with v( 0) = vo.

We will precise later what is vo. As ¢, € L*(34), for a.e. t €]0, T, the mtegral Jr, 9+(z,t) &(z) dS(x) has sense for
all ¢ € H'(Q). Due to our hypothesis that g5 € L*(23), the integral [ gp(z,t) &(z) dS(z) has sense V€ € H'(Q).
Thus problem (8.27) admits one and only one weak solution v € W (0, T) i.e. satisfying v(-,0) = vo and (8.28);) for
a.e. t €]0,T[. Setting

= Jy v(@, 7)dr + o, (8.29)
with §o € H'(Q) specified later on, we have:
§e (0, T HY(Q) (8.30)
and
dl/ 2
— e L0, T H'(Q), (8.31)

so that a fortiori § € W(0,T). Integrating equation (8.28)(;) with respect to ¢ from 0 to ¢, we have:
pc < v(-1),& >m1) m1 ) —pc < v(+,0),& >H10) 5 (Q) —‘rl'i/ Vij(z,t) - VE(x) da
Q

. / Vio(x) - VE@) du+h | §ln0E@) dS@) —h [ Go(x)E(x) dS(a)
Q o0 o0

(8.32)

- / 0 (2.1) E(x) dS(z) - / 01(2,0) €(x) dS(@) + 1 [ yp(.t) £(z) dS(z)

s

—h | yp(x,0) &(x) dS(z).

s

This equation may be rewritten:

pe < %( £),€ >mr () 1 (@) +/~”v/ Vi(z,t) - VE(z) de+h | gz, t)é(z) dS(x)
Q o0

= pe < 0(0),€ > gy (@) A /Q Vio(z)- V() dz+h | go(2)é@) dS(z) — /F 0,(2,0) £(z) dS(z) (3.33)

o0

—h yg(x,0) &(z) dS(x) +/ gy(x,t) {(x) dS(z) +h ye(x,t) £(x) dS(z)

I's IS} s

Let us now define jo € H'(Q) as the weak solution of the stationary problem:

(8.34)

(=kA + pc)go = 0 in Q,
ayo + hijo = v on 99,

where v € L?(T') is defined by:
P(z) = 0 on I'y, (8.35)

g(2,0) on I'y,
hyp(z,0) on I's.

By [24, Theorem 2.6, pp.35-36], problem (8.34)-(8.35) possesses one and only one weak solution §jp € H!(Q) i.e.
verifying
K Jo Vijo(x) - VE(x) dw + pe [oiio(2)§(x) da + h [ooio()€(x) dS(x)

*frlgv(mao)f( z) dS(z fr h yp(x,0)é(x) dS(x) =0, V& € HY(Q). (8.36)

Moreover:
Follar) S 1Yllzay S X+ lys( 0)llL2(r))- (8.37)
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Let us observe however that gy depends on ~(0), see (1.4). By the equation (—kA + pc)go = 0 follows also that
Afo € HY(Q). Choosing as initial condition in the “derivated problem with respect to time” (8.27): v(-,0) = 7o,
using (8.36), equation (8.33) simplifies into
pc < %( ), & >y, m (@) + Ii/ Vij(z,t) - VE(x) de + h/ glx,t)¢(x) dS(x)
Q a0
(8.38)
= [ arat) s@ as@ + [ sled) @) dS(a),
1 3

for every ¢ € H'(f2), which is the same variational equation (2.2). Also 7 and y both belong to the same functional
space W(0,T), but the initial conditions are different: §(-,0) = go by (8.29), whereas for problem (1.2): y(-,0) = yo.

So we consider in W(0,T), the weak solution of the auxiliary initial boundary value problem:

pca — kAz =0, in Ox]0,T7,
K%+ hz =0, on ¥ :=Tx]0,T], (8.39)
2(+,0) = yo — Yo-

From (8.39) and (1.2), it is clear that y = §+ 2 so that = ZZZ + % — ¢+ % We know that v € W(0,T) and thus
a fortiori belongs to C([0,T]; L*(€)). It remains thus to prove that % belongs to C([e, T]; L*(Q2)) for every € €]0,T7.
We may consider problem (8.39) as an abstract parabolic problem in the space L?(2). For this, we introduce the
linear operator A in L?(Q):

D(A) = {¢ € H'(Q); A¢ € L*(Q) and k55 +h( =0 on I'},
(8.40)
A:D(A) = L*() : ( 2 AC,

where Au must be taken in the sense of distributions and 85 in the boundary condition /4:8“ + hu = 0 on 01 in the
sense of the normal trace in H~2 () of Vu € H(div; Q) [22, p.6, pp.9-12].

Proceeding similarly as in the proof of [20, Theorem 2.7, Chapter 7] (see Appendix), it can be proved that A

generates a holomorphic semigroup of contractions (Pt) >0 1D L?(Q2). A holomorphic semigroup is regularyzing

i.e. for every zo € L?(Q2), and every t > 0: Pizg € D(A). Consequently, we may write for z solution of the initial
boundary value problem (8.39): z(t) = Pi(yo — Jo) = Pi—eP-(yo — 9o) for t > €. Consequently:

dz

() = Pr_cAP-(yo — fio) for t > £ (8.41)

so that % € C([e, T]; L*(Q)). From % () = v+ % (t) and v € C([0,T]; L*(R)) follows that % € C([e, T]; L*(2)).
Proposition 8.8. Supposing moreover that Dyyq € C([r, 2T); L*(2)) and Dyyq € C([2r, T); L*()), the mapping
39, T] = R: 7 DyJ.(v,7)

is differentiable, and we have:

A

Dep (7, 7). [0, 072) = 29500 ( / (GO = yQ)(@. 5 + 5)DG() = yo) (@, 5 + §)dw

205205 ([ (G(3) = yg) 2.7)D1(G 1) = o) .7)

- [ (66) = wa)(am = DAG) = o) .7~ i),
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Proof. Firstly, let us observe that due to the preceding proposition and our hypotheses on D;yq and D;yq, that the
integrals in the right hand side of (8.42) have sense. Let us consider the first term in the right-hand side of (8.26)
which up to multiplicative constants is:

/Q G2, 5 +5) —yolz, 5 + 5)[Pda, (8.43)
the other terms being similar. We may consider it as the composite of the functions
[3r, 7] = L*(2)*: 7 = ((G(7) = 9Q)(+ 5 + 5), (G(7) —yQ)(, F +3))
followed by the continuous bilinear mapping
] I2@) x PHR) 5 R (L) = [ f@lgla)de.

We know that G(v) € W(0,T) < C([0,T]; L*(Q)) and by the previous proposition that D;G(7) belongs to
C([e, T); L*(2)) for every e €]0,T[. Thus the mapping

3, T] = L*(Q)*: 7= (G(v) = 9@) (- § + 5). (G(7) —y)(+ § +5))
is continuously differentiable. Consequently the composite function
3, 7] = R: 7 /Q G (@, T+ 1) — yola, T + )P, (8.44)
is of class C! and its derivative given by

7€ [B3rT] — /Q [(GV(@, 5 +5) —yolx, 5+ 5)(DG(Y) (2,5 + 5) — Dyolz, 5+ 5))] de € R. (8.45)

Lemma 8.9. For every ¢ €]0,T[, the mapping
U — C([e, T); L*(Q)): v = DG () (8.46)
is continuous.

Proof. The proof follows by inspection of the proof of Proposition 8.7:

By (1.4):
2P |z — ()]
gy(z,t) = a5 €ap ( - QT), (8.47)
from which it follows that
, 8aP [z —1(@®) .
gr(@1) = =7 eap ( - ZT) (@ — (1) [3(t))ge. (8.48)

Consequently, if v, — v in U C H'(0,T;R?) follows that (y,|¥n)rz — (7|¥)r2 in L?(0,T) so that g,, — ¢
in L?(%;). Thus the mapping U C H'(0,T;R?) — L*(31) : v +— ¢, is continuous. Also, by (8.34) and (8.35),
Jo € H'(Q) depends continuously on ~(0). Consequently v € W(0,T) < C([0,T]; L*(€2)) solution of (8.28) with
initial condition vy = gy depends continuously on v € H'(0,T;R?). z is solution of the initial boundary value problem
(8.39) and it follows from (8.41) that % € C([e, T]; L*(€2)) depends continuously on g and thus on v € H'(0,T;R?).
As % = v+ % (see the end of the proof of Propostion 8.7), it follows that D,G(v) = % € C([e,T); L*(£2)) depends
continuously on v € H*(0,T;RR?).

O

Corollary 8.10. Under the assumptions of Proposition 8.8, the mapping D, J.: U x [Br,T] = R : (v,7) —
D, J. (7, 7) is continuous.

29



545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

Proof. This follows by inspection of the right-hand side of equation (8.42) and the preceding lemma. O
Corollary 8.11. Under the assumptions of Proposition 8.8, J, is of class C?.

Proof. This follows from the existence and continuity of the first and second partial derivatives of J, by applying [7,
Prop.5.2.1, p.69]. O

Corollary 8.12. Under the assumptions of Proposition 8.8, supposing that T'g is a closed convex subset of 'y, let the
control (7, 7) € Uaqx[3r, T satisfy the first-order necessary condition J, (5,7)(y—7, 7—7) > 0, ¥(y,7) € Uaax [3r, T
and that there exists some 6 > 0 such that for every (v, 7) € Ugq X [3r,T]:

7

Jo Oy =37 = 1), (v =7 = D) 20l (y =3, 7 = DlFn 0,172 - (8.49)

Then, there are constants € > 0 and o > 0 such that we have the following quadratic growth property:
T ) 2 (3, 7) + 0 (1,7) = (D)1 0,782 xR (8.50)

for every (7, 7) in Uaa % [3r,T] such that ||(y,7) — (3, T)l| g1 (0,7;r2)xr < €. In particular, J,. has a local minimum in
Uaa % [3r,T] at (7,7).

Proof. From the hypothesis on I's follows that U,q is a closed convex subset of H'(0,T;R?), so that the result
follows from [24, Theorem 4.23 pp.231-232] by the previous corollary. O

9 Appendix

In this appendix we give the detailed proof that the operator A defined by (8.40) generates a holomorphic semigroup
as in Theorem 2.7 from [20, Chapter 7] where the domain of the operator is defined by the Dirichlet homogeneous
boundary condition and not by a homogeneous Robin boundary condition.

Proposition 9.1. Let Q be a bounded Lipschitz domain in R3. Then the linear operator A in L*(Q) defined by
(8.40) is a linear closed operator in L*(S).
Moreover A=t exists and is a bounded linear operator in L?(2) (thus 0 belongs to the resolvent set p(A) of A).

Proof. 1°) Let us suppose that u € D(A) and let us set f = - Au. For every v in HY(Q):

Jof(@)o(z) dz = 2% [ (div Vu)(z)v(z) do
= ? < V’U, v,v >H 1/2(39) H1/2(SQ) pCfQ(VU)(J?) . V’U(ﬂf) dx
faQ ) dS(x fg (Vu)(z) - Vu(z) dz
Thus: b
%fQW(x) - Vu(z) dr + ;fmu(m)v( = — o f(@)v(z) dz, Yo € H'(Q). (9.1)

2°) Reciprocally, let f be given in L?(£2). The bilinear form on H'(Q) x H'(Q) which sends (u,v) € H*(Q2)? onto
the real number

h
ifQVu(x) -Vo(z) de + — [ou(z)v(z) dS(z)
pc pc
is bilinear, continuous and coercive on H'(Q) as
fﬂ\vu )[dx + fmu 2 dS(x))"/?
is an equivalent norm on H*(f2). Thus by Lax-Milgram lemma, there exists a unique solution u € H*(Q) of (9.1) that

satisfies ||u||H1(Q Sl 2 Considering test functions v € D(Q) CH'(Q), (9.1) gives us 2 [, Vu(z) - Vo(z) do =
—[of(z ) dz, Yv € D(Q) i. e. 2-Au = f in the sense of distributions. f belonging to L?(Q), this implies that
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Au € L*(Q). Thus Vu € H(div; Q). Consequently, g—;‘ = Vu - v has sense and belongs to H~2(T') and by [22, (1.19)
p.9J:

e <gg’v>H‘%(F)7H%(F) pe oe (V- v U>H—%(P),H%(r) - ﬁfQVu(x) - Vo(z) dz
pCfQ div(Vu)(z)v(z) dz 9.2)
= ﬁfQVu(x) -Vou(z) de + & fQ Au ) (z) do = ﬁfQVu(x) - Vo(z) da
—I—fQ (x) dx.
Consequently by (9.1) :
k /Ou > h .
— (=, =—— [ou(z)v(z) dS(x), Yv € H (), (9.3)
pc <3V H™3(T),H3 (T PCfaQ
and thus
ou .
k—+hu,v =0, Yv € H (). (9.4)
v H™2(I),HZ2 ()

Thus v € D(A) and Au = f. Moreover
lull g2y S Nl p2ey - (9.5)

implying that A~! is a linear continuous operator in L?(f2), in particular a linear closed operator. Consequently, A
is also a linear closed operator in L?(f2). This shows also that 0 belongs to the resolvent set of A. O

Proposition 9.2. The linear operator A in L*(2) defined by (8.40) generates a holomorphic semigroup in L*(£2).

Proof. Firstly, it is obvious that we can extend our linear operator A in a linear operator A in L?(Q;C) =
L2(Q2) & i L*(Q) by setting:

D(A;C) = {¢ € H(;C); A¢ € L*(Q;C) and m% +h(=0o0nT},

A:D(A;C) - L*(Q;C) : ¢ — %A(j
For ¢ € D(A;C), setting &€ = Re(¢) and 1 = Im(¢), we have:

Re(A¢, Q)20 = = e Re(AC, Q) r2(0i0) = RefQAC z)((x) dx
— 2 Jo|VE(@)[? d - —fﬂlvn )? dx + “fm x)E(x) dS(x)
+2e fan )n(z )dS( ) (9.6)
— 2 JolVE(@)? da - *fQIVn da — I [1o€(x)? dS(x)

pcfaﬂn dS( )
S 07

Im(AG, Q)2 (a0) = 52 Im(AC>C)L2(sz;C) = o Im JoAl(z)¢(x) da
—: fQAf (z)dx + :CfQAn(x) (z)dx

= £ [, Ve(@) - Vi(a) fQVn VE(x)de — £ [o 55 (@)n(x)dx (9.7)
+pcfQ ( )dx
fQ z)dr — fnn =0.

It follows from (9.6) and (9.7), that W~(A) C] — 00, —cn.g.] for some strictly positive constant ¢y r. where the
numerical range W (A) of the operator A is defined by [20, p.12]:

W (A) := {(A¢, Q) L2 () ¢ € D(A), €]l L2 ey = 1} (9.8)

1°) Let us denote by X the complementary of W(A) in C ie. ¥ = C\W(A). From the definition of W (A) follows
that for every A € ¥ and for every ¢ € D(A) such that [[C[|;2q.c) =1

0 < d(A\W(A)) < A= (A, r2c)| = (M = A)¢, Q) r2ai0)] < ||AC = AL (9.9)
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This last inequality implies in particular that the linear operator A — A is injective, for every A € .

2°) Let (2n),cy be a sequence in the range of A\ — Aie. z, € RI\ — A) such that z, # z, for n # m € N and
converging to some z € L?(Q;C). For every n € N, there exists ¢, € D(/Nl) such that z, = (A — fl)(n M- A
being injective for every A € X, (,, # (,,, for n # m € N. So for every m # n € N, we have:

l2n — 2m || H vy Gn—Cm -
s = |(M = A) ()] > d(\, W (A)) >0
||Cn_Cm|| HCn_CmH
by inequality (9.9), so that [|(, — Gl < T(A)) |20 — Zml|, for every (n,m) € N%. Thus ((n),,¢y is also a Cauchy

sequence in L?(Q; C) and therefore converges to some ¢ € L?(Q;C). A\ — A being a closed linear operator as A is a
closed linear operator by Proposition 9.1 , ¢ € D(A) and (M — A){ = z. Thus R(\ — A) is a closed subspace of
L?(Q;C).

3°) By (9.6) and (9.7), |(AC, Q20| = co HCH2L2(Q;C) for some constant ¢g > 0. Thus by Lax-Milgram lemma [13,
pp.207-208], A is also surjective. Consequently 0 which belongs to © belongs also to p(;l).

4°) Let A € N p(A) . For every z € L*(Q;C) :

121l = (M = A)R(; A)2|| > d(A, W(A)) > 0

if HR (N ZH = 1 by inequality (9.9). Thus HR()\;A)ZH 1 = Jlz]| = d(X, W(A)) Consequently, for every
z € LX(2;C)\ {0} :

HR()\;A)Z >d\W(A)) (9.10)
so that: 1
A 270).
||R()\,A)z|| < SO (A llz]|,Vz € L*(Q;C)
and thus
RN A)|| < ;N,V/\ € XN p(A). (9.11)
d(A, W (4))

5°) Let Xy be a connected component of X. 3 being an _open subset in C, ¥, is also an open subset in C. Let
us consider Xo N p(A) and let us suppose that o N p(A) # . Then the spectrum o(A) of A is contained in
the complementary (X = C\Xg i.e. XN p(A) = By (for a proof of this see the last paragraph in the proof of
Theorem 3.9. in [20, pp.12-13] : it consists in proving that ¥ N p(A) which is obviously an open set of ¥y is also
closed in ¥y by using (9.11) and then concluding by using the connectivity of ¥). Consequently as 0 belongs to
C\] — 00, —en.r] N p(A) and C\] — 00, —cn.r] C B, 0(A) C] — 00, —cn.g] and C\] — oo, —cn.r.] C XN p(A).

6°) By (9.11), the previous point and W (A) C] — oo, —cn.r]

1
d(/\’] — 00, _CN.R.])

RN A)| < ,VA € C\] — 00, —cn.r.]- (9.12)

Consequently, for every 0 < ¢ < 7, there exists a constant M > 0 such that
~ T
p(A) > (A€ G |arg(N)] < 5 +5}U {0}

and

1RO ) < 2L for {x € C\{0}; ] arg(V)] < g+5}. (9.13)

A
By [20, Theorem 5.2. pp. 61-63], A is thus the generator of a holomorphic semigroup of angle Zin L*(9;C). O

Corollary 9.3. A is the generator of a differentiable semigroup (P;),~, in L*(2) . Consequently, for every
u € L?(Q), Pou e D(A) fort > 0.

Proof. This follows from [20, Theorem 5.2.(d) p.63] (for the definition of a differentiable semigroup see [20, Definition
4.1 p.51)). O
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