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Introduction

A characteristic feature of the Schrödinger equation is the loss of the localization of wave packets during evolution, the dispersion. This effect can be measured by L ∞ -time decay, which implies a spreading out of the solutions, due to the time invariance of the L 2 -norm. The well known fact that the free Schrödinger group in R n considered as an operator family from L 1 to L ∞ decays exactly as c • t -n/2 follows easily from the explicit knowledge of the kernel of this group [24, p. 60].

In this paper we derive analogous L ∞ -time decay estimates for the Schrödinger equation on some connected graphs.

Let us now introduce some notations which will be used throughout the rest of the paper.

R is a connected graph made of edges e k , k ∈ I = I B ∪ I U , where I B , I U are finite sets of N (the set of positive integers) and I U is non empty. R B is the compact core of R, i.e., the subgraph of R made of the edges e k , k ∈ I B . R U = R \ R B corresponds to the non-compact part of R that is made of a finite number of infinite star graphs, edges of R U are called outer edges.

For all k ∈ I B , e k has a finite length ℓ k , hence e k is identified with (0, ℓ k ).

For all k ∈ I U , e k has a infinite length, hence e k is identified with (0, +∞).

V is the set of vertices of R.

For all v ∈ V , I v = set of edges having v as vertex.

V ext is the set of exterior vertices of R (#I v = 1), while V int is the set of interior vertices of R (#I v ≥ 2).

Finally let V connecting be the set of connecting vertices of R, namely the subset of v ∈ V int such that I v ∩ I U ̸ = ∅. Without loss of generality, we can assume that for any edge e ∈ V connecting , #I v ≥ 3.

By convention, the vertices of V int remain interior vertices of R B , hence the set of exterior vertices of R B is V ext . An example of a such a graph is presented in Figure 1, there vertices are represented by a dot, and V ext = {v 1 , v 2 }, V int = {v 3 , v 4 , v 5 , v 6 }, V connecting = {v 4 , v 5 , v 6 }. Consequently, R B is made of edges joining v 1 v 6 , v 6 v 5 , v 5 v 4 , v 5 v 3 , v 3 v 4 and v 3 v 2 (hence #I B = 6), and R B is made of four half-lines (one emanetating from v 4 , two emanetating from v 5 and one emanetating from v 6 ).

• • • • • • v 1 v 2 v 3 v 4 v 5 v 6
Introduce H = L 2 (R) = ⊕ k∈I L 2 (e k ) the Hilbert space direct sum of the L 2 (e k ), k ∈ I with inner product

((u k ), (v k )) H = k∈I (u k , v k ) L 2 (e k ) .
The present paper is organized as follows. The kernel of the resolvent needed for the proof of Theorem 3.1, is given in section 2. The calculation of the resolvent is equivalent to the resolution of a linear system which describes the impact of the transmission conditions on the coefficients of the scattering matrix. In the general setting of this section we assume that determinant of the matrix of this system factorizes in a factor whose zeros are the eigenvalues of the Hamilton operator and a nonzero factor together with hypotheses on the structure of the Cramer solution formula. These hyptheses imply the existence of a decomposition of the kernel of the resolvent into a meromorphic term in the whole complex plane with poles on the positive real axis and a term which is continuous on the real line but discontinuous when crossing it.

The poles are shown to be the eigenvalues of the operator, the continuous term creates the absolutely continuous spectrum. The absence of further terms proves the absence of a singular continuous spectrum. Note that in [START_REF] Cacciapuoti | Topology-induced bifurcations for the nonlinear Schrödinger equation on the tadpole graph[END_REF][START_REF] Noja | Bifurcations and stability of standing waves in the nonlinear Schrödinger equation on the tadpole graph[END_REF] the eigenvalues and eigenvectors are given without this detailed analysis of the rest of the spectrum; there the authors further consider the bifurcation of solutions of the nonlinear Schrödinger equation from the eigenvectors of the linear operator.

In section 3 we give the proof of the main result of the paper (Theorem 3.1). To this end we replace the formula of the resolvent into Stone's formula and prepare all terms for the application of the Lemma of van der Corput. For this section we assume that the second factor of the matrix mentioned above is bounded away from zero. This hypthesis has an impact on the geometry of the metric graph as can be seen in section 5. It implies that the inverse of the second factor is a quasiperiodic function and can thus be developed in a trigonometric series thanks to a theorem of harmonical analysis. This leads to a decomposition of the solution formula in terms which can be treated by the van der Corput Lemma without amplitude, implying a time decay-rate at least as t -1/2 . Section 4 is devoted to the analysis of the evolution of the local probability density in terms of the probability flow. The Schrödinger group is a group of isometries. This is linked to the interprétation of |u| 2 as the probability density of the position of the particle. Due to this isometry property, probability behaves as an incompressible fluid, which leads to the possibility to define a probability flow. Using this idea, we prove that the rate of change of the probability of the position of the particle to be in the sub-graph R B made of the bounded edges is equal to i times the flow from R B to its complement R U . This type of equation is in general called continuity equation (for the basic concept see [START_REF] Likharev | Essential Graduate Physics -Quantum Mechanics[END_REF], section 1.4). It allows us to prove the boundedness of the rate of change of the probability in R B . For the proof we use the fact that the values of the flow at the contact vertices between R B and R U can be controlled by the H 2 -norm of the solution on R U , using the Sobolev embedding H 2 (e k ) ⊂ C 1 (e k ). Using similar arguments we prove that the rate of change of the probability in R B decays at least as t -1

In the last section we consider several special metric graphs with semi-infinite ends. These examples show that our hypotheses to obtain the time decay-rate at least as t -1/2 include the possibility of circles (made of one or several edges). In the study of the Y-graph and the tadpole with two heads we show that our hypotheses for time-decay require that the two bounded edges have commensurable lengths. For the tadpole with two heads we find nice fomulas in the resolvent and the solution on the unbounded edge, which are valid regardless the ratio of the lenghts of the two bounded edges. Note that the solution formula includes all frequencies up to infinity, a result which is inaccessible in the general context of sections 2 and 3.

Kernel of the resolvent

Given z ∈ C + := {z ∈ C : ℑz > 0} and f ∈ L 2 (R), we are looking for u ∈ D(H) solution of (2.1) ∆ R u + z 2 u = f in R.
Hence as in [9, § 3.2] we look for u in the form

u k (x) = c k e -izx + d k e izx (2.2) + 1 2iz ℓ k 0 e iz|x-y| f k (y) dy, ∀x ∈ (0, ℓ k ), k ∈ I B , u k (x) = d k e izx (2.3) + 1 2iz ∞ 0 e iz|x-y| f k (y) dy, ∀x ∈ (0, +∞), k ∈ I U ,
where f k is the restriction of f to the edge e k ; c k , d k are constants (that depend on z and f ) fixed in order to satisfy the transmission conditions. Indeed from these expansions, we clearly see that for any k ∈ I, one has:

u ′′ k + z 2 u k = f k in e k . Now we see that the transmission conditions are equivalent to (2.4) D(z)((c k , d k ) k∈I B , (d k ) k∈I U ) ⊤ = b(z, f ),
where D(z) is a square matrix of size N = 2#I B + #I U whose entries are linear combinations of 1 and of e ±izℓ k (with k ∈ I B ) with coefficients independent of z and the right-hand side b(z, f ) is a column of size N whose entries are linear combinations of

1 z ∞ 0 e izy f k (y) dy, ∀k ∈ I U ,
and of 1 z

ℓ k 0 e izy f k (y) dy, 1 z ℓ k 0 e iz(ℓ k -y) f k (y) dy, ∀k ∈ I B ,
still with coefficients independent of z. Hence a solution to (2.4) exists if and only if the determinant of D(z) is different from zero. According to Theorem 3.2 of [START_REF] Exner | Equivalence of resolvent and scattering resonances on quantum graphs[END_REF], the zeroes of D(z) correspond to the scattering resonances of the graph (see [START_REF] Berkolaiko | Introduction to quantum graphs[END_REF][START_REF] De Verdìère | Topological Resonances on Quantum Graphs[END_REF]), which are situated in ℑz ≤ 0. Nevertheless, let us analyze this determinant, for any z ∈ C + ∪ R * , with R * = R \ {0}. For that purpose, we introduce a subset S d of σ(-∆ Dir R B ) defined as the set of λ ∈ σ(-∆ Dir R B ) such that there exists an eigenvector φ ∈ D(∆ Dir R B ) such that (2.5)

φ(v) = 0, ∀v ∈ V connecting .
As V connecting is not empty, we deduce that 0 cannot be in S d .

For future uses, if S d is non empty, we denote by S d := {λ 2 m } m∈N , with λ m > 0, where λ 2 m is repeated according to its multiplicity (corresponding to the number of associated eigenvectors φ satisfying (2.5)). For all m, we then denote by φ (m) the eigenvector of -∆ Dir R B associated with λ 2 m (and satisfying (2.5)). Proof. As usual, det D(z) = 0 if and only if the homogeneous system associated with (2.4) has a non-trivial solution, hence if and only if a non-trivial solution u of (2.1) in the form (2.2)-(2.3) with f = 0 exists. In this case, as u satisfies u ′′ k + z 2 u k = 0 in e k , ∀k ∈ I, by multiplying this identity by ūk , integration by troncating the infinite edges up to a positive real number R, we have

k∈I B e k (u ′′ k + z 2 u k )ū k dx + k∈I U R 0 (u ′′ k + z 2 u k )ū k dx = 0.
Hence by integration by parts and using the transmission conditions, we find that

k∈I B e k (|u ′ k | 2 -z 2 |u k | 2 ) dx + k∈I U R 0 (|u ′ k | 2 -z 2 |u k | 2 ) dx - k∈I U u ′ k (R)ū k (R) = 0.
But due to (2.3) with f = 0 we have u ′ k = izu k , ∀k ∈ I U , and therefore the previous identity becomes

k∈I B e k (|u ′ k | 2 -z 2 |u k | 2 ) dx + k∈I U R 0 (|z| 2 -z 2 )|u k | 2 dx -iz k∈I U |u k (R)| 2 = 0.
Writting z = a + ib with b ≥ 0, we get equivalently

k∈I B e k (|u ′ k | 2 + (b 2 -a 2 -2iab)|u k | 2 ) dx (2.6) +2(b 2 -iab) k∈I U |d k | 2 R 0 e -2bx dx -i(a + ib) k∈I U |d k | 2 e -2bR = 0.
If a = 0, then taking the real part of this identity, we get

k∈I B e k (|u ′ k | 2 + b 2 |u k | 2 ) dx +2b 2 k∈I U |d k | 2 R 0 e -2bx dx + b k∈I U |d k | 2 e -2bR = 0.
And since b > 0, we deduce that u is zero, which is impossible.

If a ̸ = 0, by taking the imaginary part of the identity (2.6), we find 

d k = 0, ∀k ∈ I U .
This means that u is identically equal to zero on the outer edges of the graph, and hence z 2 = a 2 is an eigenvalue of the Laplace operator on the graph R B with Dirichlet boundary conditions at all exterior vertices v ∈ V ext with eigenvector u. In other words, z 2 belongs to the set of eigenvalues σ(-∆ Dir R B ). Since additionally, u = 0 on the outer edges of the graph, u is zero at the vertices v ∈ I connecting , and therefore z 2 belongs to S d . □ Lemma 2.1 suggests that the point spectrum corresponds to S d , this is indeed the case.

2.2.

Corollary. With S d introduced before, it holds

σ pp (H) = S d .
Proof. From the previous Lemma, any element z 2 of S d belongs to σ pp (H). On the contrary let λ > 0 be an eigenvalue of H of eigenvector u, then for any k ∈ I, u k ∈ L 2 (e k ) is in the form

u k (x) = c k e -izx + d k e izx , ∀x ∈ e k ,
with z = √ λ and c k , d k are complex number fixed to satisfy the transmission conditions. From the L 2 property of u k , k ∈ I U , we deduce that (2.9)

c k = d k = 0, ∀k ∈ I U .
Indeed for any R > 0, direct calculations yield

R 0 |c k e -izx + d k e izx | 2 dx = R(|c k | 2 + |d k | 2 ) + 2ℜ c k dk 1 2iz (e 2izR -1) .
Hence by Cauchy-Schwarz's and Young's inequalities, we get

R 0 |c k e -izx + d k e izx | 2 dx ≥ R - 1 z |c k | 2 + |d k | 2 .
Letting R goes to infinity, we find that (2.9) holds, since the left-hand side of this estimate is uniformly bounded in R. This implies that u is identically equal to zero on the infinite edges and the arguments of the proof of Lemma 2.1 imply that λ belongs to S d .

In the case λ = 0, u satisfying

u ′′ k = 0 on e k , ∀k ∈ I U , we get k∈I e k u ′′ k ūk dx = 0,
and by integration by parts and using the transmission conditions, we arrive at

k∈I e k |u ′ k | 2 dx = 0,
hence u is constant on each edge. By the L 2 property of u, we then deduce that

u k = 0 on e k , ∀k ∈ I U ,
and by the continuity property, we conclude that u is zero and therefore 0 is not an eigenvalue of H. □

This result is in accordance with Corollary 2.1 of [START_REF] De Verdìère | Topological Resonances on Quantum Graphs[END_REF].

The previous results also allow to deduce the kernel of the resolvent.

2.3. Theorem. Let f ∈ H. Then, for x ∈ R and z ∈ C such that ℑz > 0, recalling that R(z 2 , H) = (z 2 I -H) -1 , we have (2.10) [R(z 2 , H)f ](x) = R K(x, x ′ , z 2 )f (x ′ ) dx ′ ,
where, by setting d(z) = det D(z), the kernel K is defined as follows:

(2.11) K(x, y, z 2 ) = 1 2iz e iz|x-y| + 1 d(z) σ=±, τ =± c k,σ,τ (z)e iz(σx+τ y) , ∀x, y ∈ e k , k ∈ I B , (2.12) K(x, y, z 2 ) = 1 2izd(z) σ=± c k,k ′ ,σ (z)e iz(σx+y) , ∀x ∈ e k , y ∈ e k ′ , k ∈ I B , k ′ ∈ I U , (2.13) K(x, y, z 2 ) = 1 2iz e iz|x-y| + c k (z) d(z) e iz(x+y) , ∀x, y ∈ e k , k ∈ I U , (2.14) K(x, y, z 2 ) = 1 2izd(z) τ =± c k,k ′ ,τ (z)e iz(x+τ y) , ∀x ∈ e k y ∈ e k ′ , k ∈ I U , k ′ ∈ I B ,
where the functions c k,σ,τ , c k,k ′ ,σ , c k and c k,k ′ ,τ are linear combinations of 1 and of e ±izℓj (with j ∈ I B ) with coefficients independent of z but that may depend on k, k ′ , σ and τ (hence holomorphic functions).

Proof. By the previous Lemma, d(z) is different from zero for any z ∈ C such that ℑz > 0, therefore by solving the linear system (2.4), inserting the obtained values of c k and

d k in (2.2)- (2.
3) and using the form of the coefficients of the matrix D(z) and of the right-hand side b(z, f ), we arrive at (2.10) with kernels in the announced forms. □

As usual, to obtain the resolution of the identity of H, we want to use the limiting absorption principle that consists to pass to the limit in K(x, y, z 2 ) as ℑz goes to zero. But in view of the presence of the factor d(z) in the denominator of the kernels, this limit is a priori not allowed as d may have zeroes on the real line. The solution is to split up the kernel K(x, y, z 2 ) into a meromorphic part K p in the whole complex plane with poles at the points ±λ m and a part K c which is continuous on the real line but discontinuous when crossing it. To be able to do so, we make the following assumption, that are satisfied for the operator H on a large class of graphs R.

2.4.

Assumption. The determinant d(z) can be factorized in the form

(2.15) d(z) = d d (z)d c (z), ∀z ∈ C + ∪ R,
with two holomorphic functions d d , d c on C that are linear combinations of 1 and of e ±izℓ k (with k ∈ I B ) with coefficients independent of z and such that

d d (z) = 0 ⇔ z 2 ∈ S d ,
and therefore

d c (z) ̸ = 0, ∀z ∈ R.
There exist two matrix valued functions

M c : C + ∩ R * → C N ×N : z → M c (z), M p : C + ∩ R * → C N ×N : z → M p (z),
whose entries are linear combinations of 1 and of e ±izℓ k (with k ∈ I B ) with coefficients independent of z (hence holomorphic on C) such that the adjugate of D(z) admits the splitting

(2.16) adj(D(z)) = M p (z) + d d (z)M c (z), ∀z ∈ C + ∩ R * .
Further for all m ∈ N, there exists a matrix M m , such that

(2.17) D(z) -1 = 1 z -λ m M m + R m (z),
for all z in a neighborhood of λ m , with R m holomorphic at λ m .

As D(z) -1 = d(z) -1 adj(D(z)), (2.16) directly implies that D(z) -1 can be written as

(2.18) D(z) -1 = 1 d(z) M p (z) + 1 d c (z) M c (z), ∀z ∈ C + .
Note further that the assumption (2.17) implies in particular that

I = 1 z -λ m M m D(z) + R m (z)D(z),
for all z in a neighborhood of λ m and consequently passing to the limit in z → λ m , we find that

(2.19) M m D(λ m ) = 0.
With this assumption, we can then split up the ratios

c k,σ,τ (z) d(z) , c k,k ′ ,σ (z) d(z) , c k (z) d(z) and c k,k ′ ,τ (z) d(z)
into a continuous part and a meromorphic one:

c k,σ,τ (z) d(z) = c p k,σ,τ (z) d(z) + c c k,σ,τ (z) d c (z) , c k,k ′ ,σ (z) d(z) = c p k,k ′ ,σ (z) d(z) + c c k,k ′ ,σ (z) d c (z) , c k (z) d(z) = c p k (z) d(z) + c c k (z) d c (z) , c k,k ′ ,τ (z) d(z) = c p k,k ′ ,τ (z) d(z) + c c k,k ′ ,τ (z) d c (z) .
These splittings lead to the natural splitting of the kernel K into

(2.20) K(x, y, z 2 ) = K c (x, y, z 2 ) + K p (x, y, z 2 ),
where

(2.21) K c (x, y, z 2 ) = 1 2iz e iz[x-y] + σ=±, τ =± c c k,σ,τ (z) 2izd c (z) e iz(σx+τ y) , ∀x, y ∈ e k , k ∈ I, (2.22) K p (x, y, z 2 ) = σ=±, τ =± c p k,σ,τ (z) 2izd(z) e iz(σx+τ y) , ∀x, y ∈ e k , k ∈ I B , (2.23) K p (x, y, z 2 ) = σ=± c p k,k ′ ,σ (z) 2izd(z) e iz(σx+y) , ∀x ∈ e k , y ∈ e k ′ , k ∈ I B , k ′ ∈ I U , (2.24) K p (x, y, z 2 ) = c p k (z) 2izd(z) e iz(x+y) , ∀x, y ∈ e k , k ∈ I U , (2.25) K p (x, y, z 2 ) = τ =± c p k,k ′ ,τ (z) 2izd(z) e iz(x+τ y) , ∀x ∈ e k y ∈ e k ′ , k ∈ I U , k ′ ∈ I B .
Before going on, we want to show that some coefficients c p 's are zeroes. For that purposes, we first give a relationship between an orthogonality property of f with the range of the matrix D(λ m ).

2.5. Lemma. Let f be in L 2 (R) with a compact support. The system (2.4) with z = λ m , namely

(2.26) D(λ m )X m = b(λ m , f ),
admits a solution if and only if f is orthogonal to all eigenvectors φ of -∆ Dir R B associated with the eigenvalue λ 2 m .

Proof. As D(λ m ) is a square matrix, the system (2.26) has a solution if and

only if b(λ m , f ) is orthogonal to K m vectors Y ℓ , ℓ = 1, • • • K m
, where K m is the dimension of ker D(-λ m ), that here coincides with the multiplicity of λ 2 m (as eigenvalue of -∆ Dir R B with the additional nullity at the interior nodes belonging to the infinite edges). As f has a compact support, using the form of b(λ m , f ), this is equivalent to

(2.27) (f, ψ m ) R = 0, ∀m = 1, • • • , K m ,
for some ψ m ∈ L 2 loc (R). To show that the ψ m 's correspond to the eigenvectors of -∆ Dir R B associated with the eigenvalue λ 2 m , it suffices to notice that for any u ∈ D(H) with a compact support, the system (compare with (2.1)) ∆ R u + λ 2 m u = f in R has a solution with f defined as the left-hand side of this identity. Using the procedure of the beginning of this section, the system (2.26) has a solution and therefore ψ m satisfies (∆ R u + λ 2 m u, ψ m ) R = 0, for any u ∈ D(H) with a compact support. By taking different functions u, we deduce that ψ m satisfies the differential equation ψ ′′ m + λ m ψ m = 0, on all edges as well as the continuity and Kirchoff law at the interior nodes and Dirichlet bc at the exterior nodes. Hence our previous arguments show that indeed ψ m corresponds to the eigenvectors of -∆ Dir R B associated with the eigenvalue λ 2 m . □ 2.6. Corollary. Let f ∈ L 2 (R) with a compact support be orthogonal to all eigenvectors φ of -∆ Dir R B associated with the eigenvalue λ 2 m . Then the solution

X(z) = ((c k (z), d k (z)) k∈I B , (d k (z)) k∈I U ) ⊤ of (2.4) remains bounded in a neighborhood of λ m , namely ∥X(z)∥ 2 ≤ C∥f ∥ L 1 (R) ,
with a positive constant C independent of f but depending on λ m .

Proof. Recalling that X m is a solution of (2.26), we notice that

D(z) -1 b(λ m , f ) = D(z) -1 D(λ m )X m .
Then using the assumption (2.17) as well as (2.19) we get

D(z) -1 b(λ m , f ) = R m (z)D(λ m )X m , which means that D(z) -1 b(λ m , f ) is holomorphic at λ m .
Coming back to X(z), we may write

X(z) = D(z) -1 b(z, f ) = D(z) -1 b(λ m , f ) + D(z) -1 (b(z, f ) -b(λ m , f )),
and again using the assumption (2.17), we arrive at

X(z) = D(z) -1 b(λ m , f ) + R m (z)(b(z, f ) -b(λ m , f )) + 1 z -λ m M m (b(z, f ) -b(λ m , f )). Since b(z, f ) is meromorphic at λ m , the ratio b(z, f ) -b(λ m , f ) z -λ m
admits a limit as z goes to λ m , hence X(z) as well. □ 2.7. Corollary. We have c p k = 0, ∀k ∈ I U . as well as

c p k0,k,σ = 0, ∀k 0 ∈ I B , k ∈ I U , σ = ±.
Proof. Fix k ∈ I U and take an arbitrary function φ ∈ D(0, ∞) and define f on R as equal to φ on e k and zero elsewhere. As f clearly satifies the assumption of the previous corollary, we have

e k c p k (z) d(z) e iz(x+y) f (y) dy ≤ C∥φ∥ L 1 (0,∞) ,
for all z in a neighborhood of λ m , with a positive constant C independent of φ but depending on λ m . Hence for a fixed y 0 ∈ e k , by taking a sequence of φ n such that

φ n → δ y0 in D ′ (0, ∞),
and such that

∞ 0 φ n (y) dy = 1, we find that c p k (z) d(z) e iz(x+y0) ≤ C,
for all z in a neighborhood of λ m . This obviously implies that c p k (z) is zero near λ m . The same argument can be used for the c p k0,k,σ 's. □ 2.8. Corollary. We have

c p k,k ′ ,τ = 0, ∀k ∈ I U , k ′ ∈ I B , τ = ±.
Proof. Direct consequence of the symmetry

K(x, x ′ , z 2 ) = K(x ′ , x, z 2 ),
and of the previous Corollary. □

With these results, we are able to give the expression of the resolution of the identity E of H.

2.9. Theorem. Let the assumption 2.4 be satisfied. Take f, g ∈ H with a compact support and let 0 < a < b < +∞. Then for any holomorphic function h on the complex plane, we have

(h(H)E(a, b)f, g) H = - 1 π R (a,b) h(λ) R f (x ′ )ℑK c (x, x ′ , λ) dx ′ dλ ḡ(x)dx + m∈N:a<λ 2 m <b h(λ 2 m )(f, ψ m ) H (ψ m , g) H , (2.28)
where for all λ > 0, K c (x, x ′ , λ) was defined before.

Proof. First by Stone's formula, we have (see for instance Lemma 3.13 of [START_REF] Mehmeti | Spectral Theory and L ∞ -time Decay Estimates for Klein-Gordon Equations on Two Half Axes with Transmission: the Tunnel Effect[END_REF] or Proposition 4.5 of [START_REF] Ali Mehmeti | Multiple tunnel effect for dispersive waves on a star-shaped network: an explicit formula for the spectral representation[END_REF])

(h(H)E(a, b)f, g) H = lim δ→0 lim ε→0 1 2iπ b-δ a+δ [h(λ)R(λ -iε, H) -R(λ + iε, H)] dλf, g H .
First using (2.20), we can write

(h(H)E(a, b)f, g) H = I c + I p ,
where

I c = lim δ→0 lim ε→0 1 2iπ b-δ a+δ h(λ) [R c (λ -iε, H) -R c (λ + iε, H)] dλf, g H , I p = lim δ→0 lim ε→0 1 2iπ b-δ a+δ h(λ) [R p (λ -iε, H) -R p (λ + iε, H)] dλf, g H .
where R p (resp. R c ) is the operator corresponding to the kernel K p (resp. K c ).

As R c (λ -iε, H) = R c (λ + iε, H), we can write

I c = - 1 π lim δ→0 lim ε→0 b-δ a+δ h(λ)ℑR c (λ + iε, H)dλf, g H = - 1 π lim δ→0 lim ε→0 b-δ a+δ h(λ)(ℑR c (λ + iε, H)f, g) H dλ = - 1 π lim δ→0 lim ε→0 b-δ a+δ h(λ) R R ℑK c (x, x ′ , λ + iε)f (x ′ )dx ′ g(x)dxdλ.
At this stage, we take advantage of Theorem 2.3 and (2.20). First by (2.11) to (2.14) and by (2.20), we see that

K c (x, y, λ + iε) -→ K c (x, y, λ), as ε -→ 0.
Furthermore we see that

|K c (x, y, λ + iε)| ≤ C |λ + iε| , ∀λ ∈ (a, b), x, y ∈ R,
for x, y ∈ R for some positive constant C independent of x, y. This allows to pass to the limit in ε -→ 0 by using the convergence dominated theorem to obtain that

lim δ→0 lim ε→0 b-δ a+δ h(λ) R R ℑK c (x, x ′ , λ + iε)f (x ′ )dx ′ g(x)dxdλ = b a h(λ) R R ℑK c (x, x ′ , λ)f (x ′ )dx ′ g(x)dxdλ.
Hence it remains to manage the term I p . As before we can write

I p = 1 2iπ lim δ→0 lim ε→0 b-δ a+δ R B R B h(λ)(K p (x, x ′ , λ -iε) -K p (x, x ′ , λ + iε))f (x ′ )dx ′ g(x)dxdλ.
First by Lemma 2.11 below, we can show that

lim ε→0 b-δ a+δ R B R B h(λ)(K p (x, x ′ , λ -iε) -K p (x, x ′ , λ + iε))f (x ′ )dx ′ g(x)dxdλ = lim ε→0 b-δ a+δ R B R B (h(λ -iε)K p (x, x ′ , λ -iε) -h(λ + iε)K p (x, x ′ , λ + iε))f (x ′ )dx ′ g(x)dxdλ.
Now, for a fixed δ > 0, we can always assume that a + δ and b -δ are always different from λ 2k and therefore

lim ε→0 ε -ε R B R B h(c δ + iy)K p (x, x ′ , c δ + iy)f (x ′ )dx ′ g(x)dxdy = 0,
for c δ = a + δ or b -δ. Consequently if we define the contour C ε,δ by the lines λ -iε, λ + iε with λ ∈ (a + δ, b -δ) and a + δ + iy, b -δ + iy, with y ∈ (-ε, ε), we deduce that

I p = -lim δ→0 lim ε→0 1 2iπ C ε,δ R B R B h(λ)K p (x, x ′ , λ)f (x ′ )dx ′ g(x)dxdλ.
Now recalling the expression (2.22), we perform the change of variable µ = √ λ, that leads to

- 1 2iπ C ε,δ R B R B h(λ)K p (x, x ′ , λ)f (x ′ )dx ′ g(x)dxdλ = 1 2π D ε,δ h(µ 2 ) k∈I B ,τ =±, σ=± c p k,σ,τ (µ) d(µ) e k e k e iµ(σx+τ x ′ ) f (x ′ )dx ′ g(x)dxdµ,
where

D ε,δ = { √ λ : λ ∈ C ε,δ
} is another contour in the complex plane. At this stage we can apply residue theorem and deduce, after simple calculations of the residues, that

- 1 2iπ C ε,δ R B R B h(λ)K p (x, x ′ , λ)f (x ′ )dx ′ g(x)dxdλ = m∈N:a+δ<λ 2 m <b-δ h(λ 2 m ) k∈I B ,τ =±, σ=± c p k,σ,τ (µ) d(µ) e k f (x ′ ) e iλmτ x ′ dx ′ e k g(x) e iλmσx dx = m∈N:a+δ<λ 2 m <b-δ h(λ 2 m )(f, ψ m ) H (ψ m , g) H .
This proves the result by passing to the limit in δ → 0. □ As direct consequences of the previous Theorem, we get the next results.

2.10. Corollary. If the assumption 2.4 holds, then the operator H has no singular spectrum and

P ac f = f -P pp f, ∀f ∈ H,
where

P pp f = m∈N (f, ψ m ) H ψ m .
2.11. Lemma. Under the assumption of the previous theorem, one has

lim ε→0 b-δ a+δ R B R B h(λ)K p (x, x ′ , λ ± iε)f (x ′ )dx ′ g(x)dxdλ = lim ε→0 b-δ a+δ R B R B h(λ ± iε)K p (x, x ′ , λ ± iε)f (x ′ )dx ′ g(x)dxdλ.
Proof. The proof is based on the use of the Lebesgue's convergence theorem. Let us prove it in the case λ + iε.

Writing b-δ a+δ h(λ)K p (x, x ′ , λ + iε)dλ = b-δ a+δ (h(λ) -h(λ + iε))K p (x, x ′ , λ + iε)dλ + b-δ a+δ h(λ + iε)K p (x, x ′ , λ + iε)dλ,
we only need to show that

lim ε→0 b-δ a+δ R B R B (h(λ) -h(λ + iε))K p (x, x ′ , λ + iε)f (x ′ )dx ′ g(x)dxdλ = 0.
Since for any λ ̸ = λ 2 m , one has (h(λ) -h(λ + iε))K p (x, x ′ , λ + iε) → 0, as ε → 0, to apply Lebesgue's convergence theorem, it suffices, for instance, to show that (h(λ) -h(λ + iε))K p (x, x ′ , λ + iε) is uniformly bounded (in ε). But in view of the definition (2.22) of K p , we only need to estimate the ratio

q(λ, ε) := h(λ) -h(λ + iε) d( √ λ + iε) .
Now using a Taylor expansion, we can say that for z small enough, say |z| < η, we have

d( λ 2 m + z) = d ′ (λ m ) 2λ m z + o(z).
Hence applying this property to λ -λ 2 m + iε for one m ∈ N, we find that

d( √ λ + iε) ∼ d ′ (λ m ) 2λ m (λ -λ 2 m + iε), for (λ -λ 2 m ) 2 + ε 2 < η 2 . Hence for |λ -λ 2 m | < η 2 and ε < η 2 , we deduce that d √ λ + iε ∼ 1 2λ m |λ -λ 2 m + iε| ≥ ε 2λ m .
Since h is holomorphic, we clearly have

|h(λ) -h(λ + iε)| ≤ Cε, ∀λ ∈ [a, b],
for some C > 0 (independent of λ and ε). Therefore for any λ such that |λ -λ 2 m | < η 2 for some m ∈ N, and for any ε < η 2 , one has

|q(λ, ε)| ≤ C ′ ,
for some C ′ > 0 (independent of λ and ε).

It then remains to treat the case where |λ -λ 2 m | ≥ η 2 for all m ∈ N. But in that case, as

√ λ + iε -λ m = λ + iε -λ 2 m √ λ + iε -λ m ,
for ε small enough, we get

| √ λ + iε -λ m | ≥ C"η,
for some C" > 0 (independent of λ and ε). This implies that

d λ + iε) ≥ δ,
for some δ > 0 (independent of λ and ε) and again implies that q(λ, ε) is uniformly bounded in that case as well.

□

3. The dispersive estimates 3.1. Theorem. In addition to the assumption 2.4, suppose that there exists a positive constant α such that

(3.29) |d c (µ)| ≥ α, ∀µ ∈ R.
Then there a positive constant C such that for all t ̸ = 0,

(3.30) e -itH P ac L 1 (R)→L ∞ (R) ≤ C |t| -1/2 ,
where in a natural way

L 1 (R) = ⊕ k∈I L 1 (e k ), and 
L ∞ (R) = ⊕ k∈I L ∞ (e k ).
Proof. For any 0 < a < b < ∞, by Theorem 2.9 for any x, y ∈ R, we have found the following expression for the kernel of the operator e -itH I (a,b) P ac :

+∞ 0 e -itλ I (a,b) (λ)E ac (dλ)(x, y) = - 1 π b a e -itλ I (a,b) (λ)ℑK c (x, y, λ)dλ,
and by the change of variables λ = µ 2 , we get

+∞ 0 e -itλ I (a,b) E ac (dλ)(x, y) = - 2 π √ b √ a e -itµ 2 I (a,b) (µ 2 )ℑK c (x, y, µ 2 )µ dµ.
Now recalling the definition of K c , we have to distinguish between the following cases:

(

1) If x, y ∈ R U , then 2iµK c (x, y, µ 2 ) = e iµ|x-y| + c c k (µ) d c (µ) e iµ(x+y) , k ∈ I U .
Hence in that case, we have to estimate

√ b
√ a e -itµ 2 e iµ|x-y| dµ , and

√ b √ a e -itµ 2 c c k (µ) d c (µ) e iµ(x+y) dµ .
The first term is directly estimated by van der Corput Lemma [26, Proposition 2, p. 332]:

√ b √ a e -itµ 2 e iµ|x-y| dµ ≤ 4 √ 2 √ t , ∀ t > 0.
For the second term, as c c k (µ) is a linear combination of 1 and e ±iµℓ k , k ∈ I B , with coefficients independent of µ, we are reduced to estimate This property guarantees that

√ b √ a e -itµ 2 1 d c (µ) e iµ(x+y+ℓ) dµ ≤ λ∈D |d λ | √ b
√ a e -itµ 2 e iµ(x+y+ℓ+λ) dµ .

Again this right-hand side is estimated by van der Corput Lemma to conclude that

√ b √ a e -itµ 2 1 d c (µ) e iµ(x+y+ℓ) dµ ≤ 4 √ 2 √ t λ∈D |d λ |.
All together we have proved that

(3.32) +∞ 0 e -itλ I (a,b) (λ)E ac (dλ)(x, y) ≤ C √ t , ∀ x, y ∈ R U , t > 0,
where C is a positive constant independent of x, y, t, a, b.

(2) If x ∈ R B and y ∈ R U , then 2iµK c (x, y, µ 2 ) = σ=± c c k,k ′ ,σ (µ) d c (µ) e iµ(σx+y) , k ∈ I B , k ′ ∈ I U .
The same arguments as before imply that

(3.33) +∞ 0 e -itλ I (a,b) (λ)E ac (dλ)(x, y) ≤ C √ t , ∀x ∈ R B , y ∈ R U , t > 0,
where C > 0 is independent of x, y, t, a, b.

(3) If x ∈ R U and y ∈ R B , then 2iµK c (x, y, µ 2 ) = τ =± c c k,k ′ ,τ (µ) d c (µ) e iµ(x+τ y) , k ∈ I U , k ′ ∈ I B .
We deduce as before that

(3.34) +∞ 0 e -itλ I (a,b) (λ)E ac (dλ)(x, y) ≤ C √ t , ∀x ∈ R U , y ∈ R B , t > 0,
where

C > 0 is independent of x, y, t, a, b. (4) If x, y ∈ R B we have 2iµK c (x, y, µ 2 ) = e iµ|x-y| + σ=±,τ =± c c k,σ,τ (µ) d c (µ) e iµ(σx+τ y) , k ∈ I B .
As before we deduce that

(3.35) +∞ 0 e -itλ I (a,b) (λ)E ac (dλ)(x, y) ≤ C √ t , ∀x, y ∈ R B , t > 0,
where C > 0 is independent of x, y, t, a, b.

The estimates (3.32) to (3.35) imply that for all

f ∈ L 2 (R) ∩ L 1 (R) (3.36) ∥e -itH I (a,b) (H)P ac f ∥ ∞ ≤ 2C √ t ∥f ∥ 1 , ∀t > 0,
where C > 0 is independent of t, a, b.

As e -itH I (a,b) (H)P ac f converges to e -itH P ac f in L 2 (R) as a → 0 and b → ∞, by extracting a subsequence, we have that e -itH I (a,b) (H)P ac f → e -itH P ac f a.e., and therefore (3.36) implies that

(3.37) ∥e -itH P ac f ∥ ∞ ≤ C √ t ∥f ∥ 1 , ∀t > 0,
where C > 0 is independent of t. By the density of L 2 (R) ∩ L 1 (R) into L 1 (R), we conclude that this estimate remains valid in the whole L 1 (R). □

Without the assumption (3.29), we can prove the same decay but for data in a fixed frequency band, namely we have the next result.

3.2.

Theorem. Let the assumption 2.4 be satisfied. Then for all 0 ≤ a < b < ∞ there a positive constant C (that may depend on b) such that for all t ̸ = 0,

(3.38) e -itH I (a,b) (H)P ac L 1 (R)→L ∞ (R) ≤ C |t| -1/2 .
Proof. The proof is the same as before except for terms like (3.31). Indeed in that case, we simply notice that d c (µ) is non zero on [0, b] and is smooth (in the variable µ), consequently by a variant of van der Corput Lemma [26, Corollary, p. 334], we have

√ b √ a e -itµ 2 1 d c (µ) e iµ(x+y+ℓ) dµ ≤ 4 √ 2 √ t 1 |d c ( √ b)| + √ b √ a |d ′ c (µ)| |d c (µ)| 2 dµ .

This directly implies that

√ b √ a e -itµ 2 1 d c (µ) e iµ(x+y+ℓ) dµ ≤ C √ t ,
with a positive constant C that may depend on b. □

Probability densities and probability flows

Let us start with the following definition.

Definition: If u(t) = e -itH u 0 , t ∈ R, with u 0 ∈ D(H), then for all k ∈ I, we define its probability density ρ k and probability flow j k by

ρ k = |u k | 2 , j k = u k u k,x -u k u k,x .
We first recall the continuity equations on each edge of the graph. 4.1. Lemma. Let u 0 ∈ D(H) and u(t) = e -itH u 0 , t ∈ R. Then we have

i d dt e k ρ k = i d dt ∥u k ∥ 2 L 2 (e k ) = j k (0) -j(l k ), ∀k ∈ I B , (4.39) i d dt e k ρ k = i d dt ∥u k ∥ 2 L 2 (e k ) = j k (0), ∀k ∈ I U . (4.40)
Proof. These identities as based on simple integration by parts. Namely as u k satisfies iu k,t = -u k,xx on e k , we have

i d dt ∥u k ∥ 2 L 2 (e k ) = e k (iu k,t u k -u k iu k,t ) = - e k (u k,xx u k -u k u k,xx ).
By an integration by parts, we directly find (4.39) and (4.40). □ 4.2. Theorem. Let u 0 ∈ D(H) and u(t) = e -itH u 0 , t ∈ R. Then we have

i d dt k∈I B e k ρ k = i d dt k∈I B ∥u k ∥ 2 L 2 (e k ) = - k∈I U j k (0). (4.41) Proof. As H is a selfajoint operator, ∥e -itH ∥ L(H) = 1, consequently k∈I ∥u k (t)∥ 2 L 2 (e k ) = k∈I ∥u 0,k ∥ 2 L 2 (e k ) , ∀t ∈ R.
This implies that

i d dt k∈I B ∥u k ∥ 2 L 2 (e k ) = -i d dt k∈I U ∥u k ∥ 2 L 2 (e k ) , (4.42) 
and we conclude using (4.40). □

The previous theorem means that the time derivative of the square of the L 2 -norm (of the solution of the Schrödinger equation) on the bounded edges of the graph equals i k∈I U j k (0). In other words, the rate of change of the total probability on the bounded part of the graph is equal to i times the probability flow at the connecting vertices.

Let us now show that the hypothesis on u 0 implies that the probability flow remains bounded uniformly in time.

4.3.

Corollary. Let u 0 ∈ D(H) and u(t) = e -itH u 0 , t ∈ R. Then there exists a positive constant C such that

d dt k∈I B e k ρ k (t) = d dt k∈I B ∥u k (t)∥ 2 L 2 (e k ) ≤ C∥u 0 ∥ 2 D(H) , ∀t ∈ R. (4.43)
Proof. As u 0 belongs to D(H), we have Hu(t) = e -itH (Hu 0 ), and therefore

∥Hu(t)∥ L 2 (R) = ∥Hu 0 ∥ L 2 (R) , ∀t ∈ R.
This means that u k belongs to H 2 (e k ), for all k ∈ I and that there exists a positive constant C 1 such that for all t ∈ R, one has

k∈I ∥u k (t)∥ 2 H 2 (e k ) ≤ C 1 k∈I (∥u k (t)∥ 2 L 2 (e k ) + ∥Hu k (t)∥ 2 L 2 (e k ) ) = C 1 (∥u 0 ∥ 2 L 2 (R) + ∥Hu 0 ∥ 2 L 2 (R) ) = C 1 ∥u 0 ∥ 2 D(H) .
Now using the embedding of H 2 (e k ) into C 1 (ē k ), we deduce that there exists a positive constant

C 2 such that |j k (t, 0)| ≤ C 2 ∥u 0 ∥ 2 D(H) , ∀k ∈ I, t ∈ R.
Using this estimate in (4.41), we obtain (4.43), reminding that the number of unbounded edges is finite. □

We end up this section by showing that if the L 1 -L ∞ decay is in |t| -1/2 , then the sum of the probability flow at the endpoint of the infinite edges tends to zero as |t| -1 for smoother initial data.

4.4. Corollary. Let the assumptions of Theorem 3.1 be satisfied and assume that u 0 ∈ D(H) ∩ L 1 (R), that u 0 = P ac u 0 , as well as Hu 0 ∈ L 1 (R) and let u(t) = e -itH u 0 , t ∈ R. Then there exists a positive constant C such that

d dt k∈I B ∥u k (t, •)∥ 2 L 2 (e k ) ≤ C|t| -1 ∥u 0 ∥ L 1 (R) (∥u 0 ∥ L 1 (R) + ∥Hu 0 ∥ L 1 (R) ), ∀t ∈ R \ {0}. (4.44)
Consequently, for all t 2 > t 1 > 0, one has

k∈I B ∥u k (t 2 , •)∥ 2 L 2 (e k ) - k∈I B ∥u k (t 1 , •)∥ 2 L 2 (e k ) (4.45) 
≤ C ln t 2 t 1 (∥u 0 ∥ L 1 (R) (∥u 0 ∥ L 1 (R) + ∥Hu 0 ∥ L 1 (R) ).
Proof. By our assumption on u 0 , Theorem 3.1 yields

(4.46) ∥u(t, •)∥ L ∞ (R) ≤ C 1 |t| -1/2 ∥u 0 ∥ L 1 (R) and ∥Hu(t, •)∥ L ∞ (R) ≤ C 1 |t| -1/2 ∥Hu 0 ∥ L 1 (R) ,
for some positive constant C 1 (independent of t). Now fix k ∈ I U , then the restriction of u k on (0, 1) satisfies

∥u k (t, •)∥ H 2 (0,1) ≤ C 2 (∥u k (t, •)∥ L 2 (0,1) + ∥Hu k (t, •)∥ L 2 (0,1) ),
for some positive constant C 2 (independent of t). Hence

∥u k (t, •)∥ H 2 (0,1) ≤ C 2 (∥u k (t, •)∥ L ∞ (0,1) +∥Hu k (t, •)∥ L ∞ (0,1) ) ≤ C 2 1 |t| -1/2 (∥u 0 ∥ L 1 (R) +∥Hu 0 ∥ L 1 (R) )
. By the Sobolev embedding theorem we deduce that

|u k,x (t, 0)| ≤ C 3 ∥u k (t, •)∥ H 2 (0,1) ≤ C 3 C 2 1 |t| -1/2 (∥u 0 ∥ L 1 (R) + ∥Hu 0 ∥ L 1 (R) ), for some positive constant C 3 (independent of t).
This estimate and (4.46) directly lead to

|j k (t, 0)| ≤ C 4 |t| -1 ∥u 0 ∥ L 1 (R) (∥u 0 ∥ L 1 (R) + ∥Hu 0 ∥ L 1 (R) ), ∀t > 0, k ∈ I U ,
for some positive constant C 4 (independent of t). Using this estimate in (4.41), we obtain (4.44).

For the second assertion, for t 2 > t 1 > 0, as

k∈I B ∥u k (t 2 , x)∥ 2 L 2 (e k ) - k∈I B ∥u k (t 1 , x)∥ 2 L 2 (e k ) = t2 t1 d dt k∈I B ∥u k (t, x)∥ 2 L 2 (e k ) dt ≤ t2 t1 d dt k∈I B ∥u k (t, x)∥ 2 L 2 (e k ) dt,
we arrive at (4.45) using (4.44) □

Note that (4.42) and (4.44) directly imply that

d dt k∈I U ∥u k (t, •)∥ 2 L 2 (e k ) ≤ C|t| -1 ∥u 0 ∥ L 1 (R) (∥u 0 ∥ L 1 (R) + ∥Hu 0 ∥ L 1 (R) ), ∀t ∈ R \ {0}.
Note also that the estimate (4.45) means that the energy on the bounded part of the graph can oscillate between 0 and the total energy at time t = 0 but the variation is at most of logarithm type.

Some phenomena on special metric graphs

According to Theorem 3.1, the L 1 -L ∞ decay of e itH P ac in t -1 2 holds as far as the assumptions (2.15), (2.16), (2.17), and (3.29) are satisfied. Such assumptions are satisfied when the graph R B is a tree with V ext = ∅ as checked in [START_REF] Banica | Dispersion for the Schrödinger Equation on Networks[END_REF]. The simplest graph that does not enter in this class is the tadpole that we treated in [START_REF] Ali Mehmeti | Dispersive effects for the Schrödinger equation on the tadpole graph[END_REF].

In this section, we analyze different examples of more complex graphs that do not enter into the above class and for which all these assumptions hold (or not). 5.1. R is a tree with only one Dirichlet vertex. If R is a tree with only one Dirichlet vertex (see figure 2), then S d is empty, therefore the assumption (2.16) holds. where D R (z) is the matrix associated with R introduced in section 2, while DR (z) is the same matrix than D R (z), where in the starting system we replace on one infinite edge the term d k e izx by dk e -izx .

Note that the proof of the implication P(n) ⇒ P(n + 1) is given in [START_REF] Banica | Dispersion for the Schrödinger Equation on Networks[END_REF], hence we only need to check that P(1) holds. If R has one interior vertex of valency ℓ ≥ 3 (hence one finite edge that we can suppose to be 1 by a scaling argument) and ℓ -1 infinite edges, by simple calculations, we notice that detD R (z) = X -1 {(2 -ℓ)X 2 + ℓ}, with X = e iz . Therefore as |X| = 1, we deduce that

|detD R (z)| = |(2 -ℓ)X 2 + ℓ| ≥ ℓ -(ℓ -2) = 2.
Similarly simple calculations yield

det DR (z) = X -1 {(4 -ℓ)X 2 + ℓ -3}. Consequently we have det DR (z) det D R (z) = |(4 -ℓ)X 2 + ℓ -3| |(2 -ℓ)X 2 + ℓ| .
Now using the splitting e iz = cos z + i sin z and some trigonometric formulas, we see that

|(4 -ℓ)X 2 + ℓ -3| 2 |(2 -ℓ)X 2 + ℓ| 2 = (ℓ -3) 2 + 2(ℓ -3)(4 -ℓ) cos z + (4 -ℓ) 2 ℓ 2 + 2ℓ(2 -ℓ) cos z + (2 -ℓ) 2 ,
hence we are reduced to estimate the ratio

r(c) = (ℓ -3) 2 + 2(ℓ -3)(4 -ℓ)c + (4 -ℓ) 2 ℓ 2 + 2ℓ(2 -ℓ)c + (2 -ℓ) 2 , ∀c ∈ [-1, 1].
Since this function r is continuous in [-1, 1], it suffices to show that

(5.47) r(c) < 1, ∀c ∈ [-1, 1],
to deduce that P(1) holds. But this estimate is equivalent to

(ℓ -3) 2 + 2(ℓ -3)(4 -ℓ)c + (4 -ℓ) 2 < ℓ 2 + 2ℓ(2 -ℓ)c + (2 -ℓ) 2 , ∀c ∈ [-1, 1].
And by developping the left-hand side and right-hand side, we get equivalenty c < 10ℓ -21 10ℓ -24 .

We can conclude that (5.47) holds since 10ℓ-21 10ℓ-24 > 1 for all ℓ ≥ 3. □ 5.2. Bounded subgraph with commensurable lengths. In this case by a scaling argument, we can always assume that the lengths of the edges of the bounded graph R B are positive integers and consequently det D(z) is a polynomial P of the variable X = e iz . Hence (2.15) and (2.16) always hold, while (2.17) hold if all eigenvalues of S d are simple. Furthermore the assumption (3.29) also holds in such a case, because the zeroes of P are either in the unit sphere giving rise to the point spectrum or are outside this unit sphere leading to so-called resonances but that remains bounded away from the unit sphere since only a finite number of such eigenvalues exist.

Let us now consider some examples where the bounded graph has a cycle and/or with some incommensurable lengths.

5.3.

A triangle with infinite half-lines at the corners. We assume that R B is a triangle with three edges of length 1 and assume that an infinite edge is attached at each vertex, see Fig. 3. In that case, simple calculations show that 4. Let us notice that the case N = 1 corresponds to the tadpole [START_REF] Ali Mehmeti | Dispersive effects for the Schrödinger equation on the tadpole graph[END_REF]. By a scaling argument, we can assume that the length of the circle is 1. For the same reason than in the case of the tadpole, In such a case, it is not difficult to see that

S d = 2πN
S d = {(2kπ)
S d = {4k 2 π 2 : k ∈ N} ∪ 4k 2 π 2 ℓ 2 : k ∈ N ,
if ℓ is an irrational number or if ℓ = p q is a rational number with p and q two positive relatively prime numbers such that p or q is even, while

S d = {4k 2 π 2 : k ∈ N} ∪ 4k 2 π 2 ℓ 2 : k ∈ N ∪ {((2m -1)qπ) 2 : m ∈ N} if ℓ = p
q is a rational number with p and q two positive relatively prime odd numbers. For the first sequence, for all k ∈ N, the eigenvector u (1,k) associated with 4k 2 π 2 is in the form u (1,k) = (sin(2kπ•), 0, 0), while for the second sequence, for all k ∈ N, the eigenvector u (2,k) 

associated with 4k 2 π 2 ℓ 2 is in the form u (2,k) = 0, sin( 2kπ ℓ •), 0 .
In case of a rational number ℓ = p q with p and q two positive relatively prime odd numbers, the eigenvector associated with ((2m -1)qπ) 2 is in the form u (3,m) = (sin((2m -1)qπ•), -sin((2m -1)qπ•), 0), hence, this eigenvalue is simple.

Consequently if ℓ is a rational number, then the eigenvalues 2kπq are double and the other ones are simple, while if ℓ is irrational, all eigenvalues are simple.

Let us now check that the assumption (2.15) holds. Indeed direct calculations yield

D(z) =        1 1 0 0 -1 0 0 1 1 -1 1 -X 1 -X -1 0 0 0 0 0 1 -X ℓ 1 -X -ℓ 0 X -1 1 -X -1 X ℓ -1 1 -X -ℓ 1       
, where X = e -iz and for shortness X ℓ = e -iℓz . Hence we easily check that det D

(z) = (1 -X)(X ℓ -1)X -(1+ℓ) (-3 + X + X ℓ + 5X 1+ℓ ).
If ℓ is an irrational number or if ℓ = p q is a rational number with p and q two positive relatively prime numbers such that p or q is even, then (2.15) holds with d p (z) = (1 -e -iz )(e -izℓ -1), and d c (z) = e iz(1+ℓ) (-3 + e -iz + e -izℓ + 5e -iz(1+ℓ) ), since in this case the sole roots z of det D(z) are the zeroes of e -iz -1 and of e -izℓ -1. In the case of a rational number ℓ = p q with p and q two positive relatively prime odd numbers, we set Y = e -i z q , and notice that Y q = e -iz and Y p = e -izℓ , which allows to transform (-3 + e -iz + e -izℓ + 5e -iz(1+ℓ) ) into the polynomial

Q(Y ) = -3 + Y q + Y p + 5Y p+q .
Since Q(-1) = 0, we deduce that Q is divisible by Y + 1, hence there exists a polynomial R of degree p + q -1 such that

Q(Y ) = (Y + 1)R(Y ).
Furthermore, as Q ′ (-1) = -4(p + q) is different from zero, R(-1) is different from zero. Coming back to the original variable z, we have found that -3 + e -iz + e -izℓ + 5e -iz(1+ℓ) = (1 + e -i z q )R(e -i z q ). This proves that (2.15) holds with

d d (z) = (1 -e -iz
)(e -izℓ -1)(1 + e -i z q ), and d c (z) = e iz(1+ℓ) R(e -i z q ). Direct calculations show that

adj(D(z)) = X -(1+ℓ) (X -1)D 1 (z) + (1 -X ℓ )D 2 (z) + (1 -X)(X ℓ -1)D 3 (z) , with D 1 (z) =        0 0 0 0 0 0 0 0 0 0 0 0 0 q ℓ,2 (X) 0 0 0 0 s ℓ (X) 0 0 0 0 0 0        , D 2 (z) =        0 0 q ℓ,1 (X) 0 0 0 0 r ℓ (X) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0        , and 
D 3 (z) =        3X ℓ -1 2(1 -X ℓ ) 0 X ℓ -1 X ℓ + 1 X(3X ℓ -1) 2X(1 -X ℓ ) 0 X(X ℓ -1) X(1 + X ℓ ) 2(1 -X) 3X -1 X -1 0 X + 1 2X ℓ (1 -X) X ℓ (3X -1) X ℓ (X -1) 0 X ℓ (X + 1) 2(X ℓ + 1)(1 -X) 2(X -1)(1 -X ℓ ) (X ℓ 1)(X -1) (X + 1)(X ℓ -1) (X + 1)(X ℓ + 1)        , where q ℓ,1 (X) = -4X 1+ℓ + X ℓ + 1, q ℓ,2 (X) = -X + 4X 1+ℓ -1, r ℓ (X) = X 2 -2X + X 2+ℓ + 2X 1+ℓ , s ℓ (X) = -X 1+2ℓ -X 2ℓ -2X 1+ℓ + 2X ℓ .
Hence, if ℓ is an irrational number or if ℓ = p q is a rational number with p and q two positive relatively prime numbers such that p or q is even, the assumptions (2.16) and (2.17) hold (with

M c (z) = X -(1+ℓ) D 3 (z) and M p (z) = X -(1+ℓ) ((X -1)D 1 (z) + (1 -X ℓ )D 2 (z)), replacing X (resp. X ℓ
) by e -iz (resp. e -iℓz )).

On the contrary if ℓ = p q is a rational number with p and q two positive relatively prime odd numbers, we need to extract a factor (1 + e -i z q ) from D 3 (z). This is easily obtained again by using the change of unknown Y = e -i z q , and yields

Y q = e -iz = X and Y p = e -izℓ = X ℓ .
Consequently only the factor X + 1 and X ℓ + 1 contributes to this phenomenon since

X + 1 = Y q + 1 = (Y + 1)r q (Y ), X ℓ + 1 = Y p + 1 = (Y + 1)r p (Y ),
where

r p (Y ) = p-1 m=0 (-1) m Y p-1-m . This means that D 3 (z) = D 4 (z) + (1 + Y )D 5 (z),
Proof. The proof of the identity (5.50) consists in using the approach of section 2 in particular by solving the 5 × 5 system (2.4) with the specify right-hand side.

To show the property (5.51) we may notice that

γ(z) = X 1+ℓ -3 + X -1 + X -ℓ + 5X 1+ℓ -3 + X + X ℓ + 5X 1+ℓ .
Since X -1 = e iz , we remark that X -1 = X, therefore

-3 + X -1 + X -ℓ + 5X 1+ℓ = -3 + X + X ℓ + 5X 1+ℓ ,
in other word the numerator of the previous fraction is the conjuguate of its denominator. This directly leads to |γ(z)| = |X 1+ℓ | = 1.

□

The property (5.51) allows us to conjecture that the L 1 -L ∞ decay in |t| -1/2 for the third component of the solution of Schrödinger equation with an initial datum that is zero on the heads remains valid. Since we need to estimate the quantity (see the arguments of section 3)

√ b
√ a e itµ 2 γ(µ))e iµ(y-x) dµ , the variant of van der Corput Lemma [START_REF] Stein | Harmonic Analysis: Real-variable Methods, Orthogonality and Oscillatory Integrals[END_REF]Corollary,p. 334] is useless in this case since the derivative of γ is not integrable due to the property (5.49), therefore another tool should be used to prove this conjecture.

Note that the previous theorem also allows to give an explicit expression of the solution of the Schrödinger equation on the graph on the infinite edge once the intial data on the heads are zero and the one on the infinite edge is compactly supported. Namely we have 5.3. Theorem. Assume that e 3 is the infinite edge of the graph. Assume that u 0 = (0, 0, u 0,3 ) ∈ L 2 (R) with u 0,3 ∈ D(0, ∞), then the solution u = (u 1 , u 2 , u 3 ) of Schrödinger equation on the graph G satisfies (5.52) u 3 (t, x) = F -1 e -it• 2 (1 + γ)F(ũ 0,3 ) (x), ∀x > 0, t ∈ R, where ũ0,3 means the extension of u 0,3 by zero in (-∞, 0) and

F(ũ 0,3 )(z) = 1 √ 2π R e -izx ũ0,3 (x) dx, ∀z ∈ R.
denotes the usual Fourier transform of ũ0,3 .

Proof. For 0 < a < b, we have -sin(µ(x -y))ℑγ(µ) dy dµ.

By using the expression of the cosinus and the sinus in term of the imaginary powers, we see that e -itµ 2 (1 + ℜγ(µ))e iµx F(ũ 0,3 )(µ) dµ

+ i ( √ a, √ b)∪(- √ b,- √ a)
e -itµ 2 ℑγ(µ)e iµx F(ũ 0,3 )(µ) dµ

= 1 √ 2π ( √ a, √ b)∪(- √ b,- √ a)
e -itµ 2 (1 + γ(µ))e iµx F(ũ 0,3 )(µ) dµ.

Since F(ũ 0,3 ) is rapidly decreasing, hence integrable in R and due to the property (5.51), we can pass to the limit as a goes to 0 and b goes to infinity and find (5.52). □

But multiplying (5.53) by qnπ ℓ , we get

|q n π -z n | < π ℓq n ,
which means that we can write z n = q n π + r n , with

|r n | < π ℓq n ,
that tends to zero as n goes to infinity. This implies that d(z n ) = 2(-1) pn (1 -e 2irn ), that tends to zero as n goes to infinity.

Note that a similar phenomenon that the one described in Theorem 5.2 appears if ℓ is an irrational number.

Conclusion

For graphs for which some of our assumptions (2.15), (2.16), (2.17), and (3.29) do not hold, the question of the L 1 -L ∞ decay of e itH P ac remains open. We believe that (2.15), (2.16), and (2.17) are always satisfied, while we have seen that this is not always the case for (3.29). We actually conjecture that when (3.29) does not hold, the decay in t -1 2 is no more valid but deteriorates into t -s , with 0 < s < 1 2 .
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 1 Figure 1. A graph with #I B = 6 and #I U = 4
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 1 Lemma. It holds det D(z) = 0 with z ∈ C + ∪ R * if and only if z 2 belongs to S d .
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 202 -2by dx + e -2bR k∈I U |d k | 2 = 0. We now distinguish the case b > 0 from the case b = 0. 1. If b > 0, then by direct calculation of the second term of the previous identity we get equivalently 2b k∈I B e k |u k | 2 dx + k∈I U |d k | 2 = 0. Consequently d k = 0 for all k ∈ I U and u k = 0 on e k , ∀k ∈ I B , which directly implies that c k = d k = 0 for all k ∈ I B . Hence det D(z) cannot be equal to zero. 2. If b = 0, the identity (2.7) directly implies that k∈I U

e -itµ 2 1

 1 d c (µ) e iµ(x+y+ℓ) dµ where ℓ can take the value 0 or ±ℓ k , k ∈ I B . Now we exploit the assumption (3.29) and the fact that d c is a quasi-periodic function to deduce by Corollary 1 of [17, p. 164] that (see also [9, Lemma 3.4]) 1 d c (µ) = λ∈D d λ e iµλ , where D is a discrete set of real numbers and d λ ∈ C for all λ ∈ D such that λ∈D |d λ | < ∞.
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 2 Figure 2. A tree with only one Dirichlet vertex For this class of examples, the assumption (3.29) always holds. 5.1. Theorem. If R is a tree with only one Dirichlet vertex, then the assumption (3.29) always holds.
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 3 Figure 3. A triangle graph
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 45 Figure 4. A spider graph

(0

  I (a,b) u)(t) = (e -itH I (a,b) )u 0 ,and therefore by Theorem 2.9, we get(I (a,b) u) 3 (t, x) = -ℑK 33 (x, y, µ 2 )u 0,3 (y) dyµ dµ.Hence using the expression of the kernel (5.50), we get(I (a,b) u) 3 (t, x) = 1 π √ b √ a e -itµ 2 ∞ 0 u 0,3(y) cos(µ(x -y))(1 + ℜγ(µ))

2 ( 1 + 2 ( 1 + 2 2 ( 1 + 2 ( 1 + 2

 2121221212 3 (y) cos(µ(x -y))dy = √ 2π 2 e iµx F(ũ 0,3 )(µ) + e -iµx F(ũ 0,3 )(-µ) ,∞ 0 u 0,3 (y) cos(µ(x -y))dy = √ 2π 2i e iµx F(ũ 0,3 )(µ) -e -iµx F(ũ 0,3 )(-µ) .Inserting these two expressions in the previous one, we obtain(I (a,b) u) 3 (t, x) ℜγ(µ)) e iµx F(ũ 0,3 )(µ) + e -iµx F(ũ 0,3 )(-µ) +iℑγ(µ) e iµx F(ũ 0,3 )(µ) -e -iµx F(ũ 0,3 )(-µ) dµ ℜγ(µ))e iµx F(ũ 0,3 )(µ) dµ + √ b √ a e -itµ 2 (1 + ℜγ(µ))e -iµx F(ũ 0,3 )(-µ) dµ ℑγ(µ)e -iµx F(ũ 0,3 )(-µ) dµ .Performing the change of variable z = -µ in the second and fourth integrals, we find(I (a,b) u) 3 (t, x) ℜγ(µ))e iµx F(ũ 0,3 )(µ) dµ + ℜγ(-z)e izx F(ũ 0,3 )(z) dz + i √ b√ a e -itµ 2 ℑγ(µ)e iµx F(ũ 0,3 )(µ) dµ -ℑγ(-z)e izx F(ũ 0,3 )(z) dz .By noticing that γ(-z) = γ(z), we then have ℜγ(-z) = ℜγ(z), ℑγ(-z) = -ℑγ(z), and consequently we find (I (a,b) u) 3 (t, x)

  each eigenvalue being simple. Consequently by subsection 5.2, all the assumptions (2.15), (2.16), (2.17), and (3.29) hold.

* ,

  2 } k∈N ,

	each eigenvalue being simple. Consequently by subsection 5.2, all the assumptions (2.15), (2.16),
	(2.17), and (3.29) hold.

where

And again the assumptions (2.16) and (2.17

Consequently in the case of a rational number ℓ all the assumptions (2.15), (2.16), (2.17), and (3.29) are satisfied.

On the contrary, if ℓ is an irrational number, even if d(z) = det D(z) is different from zero for all real numbers z (and consequently Assumption 2.4 holds), let us check that (3.29) does not hold. Indeed by the Theorem from [START_REF] Hartman | Sur une condition supplémentaire dans les approximations diophantiques[END_REF] (see also [14, p. 18]) with a = b = 1 and s = 2, there exist two sequences of positive and odd integers p n and q n (that both tend to infinity) such that

Then we take the sequence z n = q n π.

With this choice we see that

But z n ℓ = q n πℓ and multiplying (5.48) by q n π, we deduce that

with |r n | < 8π qn , that hence tends to zero 0 as n goes to infinity. Consequently, one has (5.49)

Before passing to another example, let us study an interesting particular case, the case when the initial data are zero on the two heads. We first state a result for the resolvent.

Theorem.

Assume that e 3 is the infinite edge of the graph. Assume that f

where the kernel K 33 is defined by

with (recalling that X = e -iz )

Note that passing to the limit in (5.52) as t goes to zero, we find

and since

we deduce that F -1 (γF(ũ 0,3 )) (x) = 0, ∀x > 0, for any u 0,3 ∈ D(0, ∞). This is a surprising property that is not easy to check using the form of γ but is true due to our previous Theorem.

A Y graph.

Here we assume that R B is made of two intervals, one of lenght 1 and the other one of lenght ℓ, and that an infinite edge is attached at one of their extremities (the sole vertex of the graph), see Fig. 6.

In this case, one can show that det D(z) = e i(1+ℓ)z (1 + e -2iz + e -i2ℓz -3e -i2(1+ℓ)z ), and S d = ∅ if ℓ is an irrational number, otherwise

each eigenvalue being simple, if ℓ = p q is a rational number with p and q two positive relatively prime numbers.

Hence if ℓ is a rational number, by subsection 5.2 and the simplicity of the eigenvalues, all the assumptions (2.15), (2.16), (2.17), and (3.29) hold.

On the contrary, if ℓ is an irrational number, even if d(z) = det D(z) is different from zero for all real numbers z (and consequently Assumption 2.4 holds), let us check that (3.29) does not hold. Indeed in this case, by Liouville's theorem, there always exist two sequences of positive integers p n and q n (that both tend to infinity as n goes to infinity) such that (5.53) ℓ -p n q n < 1 q 2 n , ∀n ∈ N.

Let us now define the sequence z n = p n π ℓ .

With this choice we see that d(z n ) = 2(-1) pn (1 -e 2izn ).